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A
bstract. The drift method was recently developed to study queuing systems in steady
state. It was used successfully to obtain bounds on themoments of the scaled queue lengths
that are asymptotically tight in heavy traffic and in a wide variety of systems, including
generalized switches, input-queued switches, bandwidth-sharing networks, and so on. In
this paper, we develop the use of transform techniques for heavy-traffic analysis, with a
special focus on the use of moment-generating functions. This approach simplifies the
proofs of the drift method and provides a new perspective on the drift method. We
present a general framework and then use the moment-generating function method to
obtain the stationary distribution of scaled queue lengths in heavy traffic in queuing
systems that satisfy the complete resource pooling condition. In particular, we study load
balancing systems and generalized switches under general settings.
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1. Introduction
Exact analysis of queuing systems that arise in the study of stochastic processing networks (SPNs) is usually
intractable, so it is common to analyze them in various asymptotic regimes to get insights into their
behavior. A very popular regime in the literature is the heavy-traffic regime, where the system is loaded very
close to its maximum capacity. This regime is sometimes called the classical or conventional heavy-traffic regime.
One of the advantages of the heavy-traffic limit is that many queuing systems behave as if they live in a much
lower-dimensional subspace of the state space in the limit. This phenomenon is known as state space collapse
(SSC). If the heavy-traffic limit is taken such that exactly one resource constraint is made tight, then the system
is said to satisfy the complete resource pooling (CRP) condition (Harrison and López 1999, Williams 2000, Dai
and Lin 2008).

Over the past decades, several queuing systems that satisfy the CRP condition have been successfully and
extensively studied using diffusion limits and Brownian motion processes. This approach was first developed
by Kingman (1962a), where a G/G/1 queue was studied in heavy traffic. Later, it was successfully applied in a
variety of systems that satisfy the CRP condition (Harrison 1988, 1998; Williams 1998, 2000; Harrison and
López 1999; Stolyar 2004; Gamarnik and Zeevi 2006). In this approach, a scaled version of the queue lengths
process is considered, and it is shown that it converges to a reflected Brownian motion (RBM) process. SSC is
then established to show that this RBM process lives in a lower-dimensional subspace. Because the queue
lengths cannot be negative, they reflect at the origin, so this lower-dimensional Brownian motion process is
called an RBM process. Such a result is called process-level convergence and may be useful in approximating
transient behavior. The next step is to obtain the stationary distribution of this RBM, which is usually the same
as the heavy-traffic limiting stationary distribution of the original (unscaled) queuing system. However, this
must be formally established by proving that the limit to steady state and the limit to heavy traffic
(equivalently, the limit to the RBM) can be interchanged. Showing this interchange of limits is challenging in
many systems because one needs to establish tightness of a sequence of probability measures. Although this
method has been used successfully to study a wide variety of problems that satisfy the CRP condition, it is
challenging to study systems where the CRP condition is not satisfied.
275
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In addition, three different direct methods were developed to study queuing systems in heavy traffic without
considering the scaled process and the diffusion limits (Dai 2018). Therefore, none of these direct methods
requires the interchange of limits step. They are the drift method (Eryilmaz and Srikant 2012, Maguluri and
Srikant 2016, Maguluri et al. 2018, Wang et al. 2018, Zhou et al. 2018), Stein’s method (Gurvich 2014,
Braverman et al. 2017a, Braverman and Dai 2017), and the basic adjoint relationship (BAR) method (Braverman
et al. 2017b). We briefly describe each of them.

The main idea in the drift method is to carefully choose a test function and to equate the expected value of
the test function in steady state to the same value at the following time step. Equating the expected value of the
test function in two different time steps is also known as setting to zero the drift of the test function (see Definition 1
for a formal definition of this expression). Because this method does not involve the use of diffusion limits,
SSC must be established independently, and this is done using the Lyapunov drift arguments and the moment
bounds developed by Hajek (1982) and Bertsimas et al. (2001). When selecting a test function, one needs to
keep in mind that one of the reasons to perform heavy-traffic analysis is SSC. Therefore, test functions that
depend on the geometry of the region where SSC occurs yield bounds that are tight in heavy traffic. Usually, if
quadratic test functions are used, bounds on the mean of the queue lengths are obtained. To obtain bounds on
the mth moments, polynomial test functions of degree (m + 1) are used. The complete steady-state distribution
in heavy traffic is obtained once all the moments are obtained inductively, under some mild conditions (see
section 4.10 in Gut (2012) for a formal discussion of these conditions). For example, in the case of a single-
server queue, the test functions q, q2, q3, . . . are used inductively, where q denotes the queue length.

This approach was first used to reprove known heavy-traffic results in a class of queuing systems that
satisfy the CRP condition (Eryilmaz and Srikant 2012) and include a load-balancing system and an ad hoc
wireless network in the presence of interference and fading (time-varying channel conditions). The drift
method was later applied successfully to obtain the heavy-traffic mean of the sum queue lengths even in
systems that do not satisfy the CRP condition, such as the input-queued switch (Maguluri and Srikant 2016,
Maguluri et al. 2018) and bandwidth-sharing networks (Wang et al. 2018). However, it was recently shown
that when the CRP condition is not satisfied, the drift method with polynomial test functions does not have all
the information needed to obtain all the higher moments and the distribution of the queue lengths (Hurtado-
Lange and Maguluri 2019).

In this paper, we develop the moment-generating function (MGF) method in systems that satisfy the CRP
condition by generalizing the drift method to directly study the stationary distribution (as opposed to the
moments) in heavy traffic. The key insight is that instead of using the polynomial test functions of increasing
degrees inductively as in the drift method, all the polynomials can be combined in Taylor series to obtain an
exponential test function. For example, in the case of a single-server queue, combining q, q2, q3, . . . in Taylor
series (with appropriate coefficients), we obtain eθq for some constant θ, and E[eθq] is the MGF of q. The MGF
method is similar to the drift method in the sense that we use the same notion of SSC and we set to zero the
drift of a carefully chosen test function in steady state. However, in the drift method, one needs to perform an
inductive argument to compute the stationary distribution, whereas the MGF method immediately yields the
stationary distribution.

While the drift method is based on setting the drift of carefully chosen polynomial test functions to zero, the
BAR method uses carefully chosen exponential functions. The focus in the BAR method is to choose the
exponential functions to get a handle on the jumps in a continuous time system under general arrivals and
services. In this paper, we illustrate how the MGF method can be thought of as a natural generalization of the
drift method using exponential test functions and, in that sense, is similar in spirit to the BAR method. Using
the BAR method, it was shown by Braverman et al. (2017b) that in heavy traffic, the stationary distribution of a
generalized Jackson network is identical to that of an appropriately defined RBM. In contrast, the focus in this
paper is to incorporate SSC and to evaluate the closed-form stationary distribution in heavy traffic in a variety
of systems under the CRP condition. Moreover, although the BAR method was developed to study continuous
time systems, we focus on studying discrete time systems in this paper.

The drift method and the BAR method are focused on computing the stationary distribution of the scaled
queue lengths in heavy traffic. By contrast, Stein’s method is focused on computing rates of convergence to the
limiting distribution. Stein’s method for studying queuing systems was first introduced by Gurvich (2014).
Erlang-A and Erlang-C queuing models were studied using Stein’s method by Braverman et al. (2017a), and
M/Ph/n +M systems were studied by Braverman and Dai (2017). Similar to the MGF method, a key step in
using Stein’s method for some results is in establishing SSC. Stein’s method was used to study load-balancing
systems in the mean field regime (Ying 2016, 2017), in the Halfin–Whitt regime (Braverman 2020), and in the
sub-Halfin–Whitt regimes (Liu and Ying 2019). Universal approximations for queues with abandonment were
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obtained using Stein’s method by Huang and Gurvich (2018). More recently, a single-server queue in heavy
traffic was studied using Stein’s method by Gaunt and Walton (2020). Gurvich et al. (2013) studies Erlang-A
system and obtains universal approximations using excursion-based analysis as opposed to using Stein’s method.

In this paper, we develop the MGF method and illustrate its power to study a variety of queuing systems
that satisfy the CRP condition. In order to introduce the method, and to showcase its simplicity, we first
present a sketch of the MGF method in the case of a single-server queue operating in discrete time in Section 3.2.
We show that the stationary distribution of scaled queue lengths in heavy-traffic limit converges to an ex-
ponential distribution. This is, of course, a classic result first proved by Kingman (1962a) using the diffusion-
limit method and later by Eryilmaz and Srikant (2012) using the drift method.

We then develop the MGF method framework and apply it to load-balancing systems and generalized
switches. In both cases, we study the queuing systems under some general conditions, and we exemplify with
specific systems that satisfy those conditions. In Section 4, we study load-balancing systems and identify that
the join-the-shortest-queue (JSQ; Winston 1977, Foschini and Salz 1978) and the power-of-two choices
(Mitzenmacher 1996, 2001; Vvedenskaya et al. 1996) routing policies satisfy the assumptions. In Section 5, we
study generalized switches (Stolyar 2004) under the CRP condition, operating under the maxweight sched-
uling algorithm (Tassiulas and Ephremides 1992). We also show that ad hoc wireless networks operating under
the maxweight scheduling algorithm satisfy our assumptions. All these systems are assumed to satisfy the
CRP condition, and they are operated under algorithms that ensure that SSC occurs into a one-dimensional
subspace. We show that the stationary distribution of this one-dimensional component is exponential. In
addition to MGFs, which are the two-sided Laplace transforms of the probability distribution, one may use
other transforms such as one-sided Laplace transforms and characteristic functions. We present a brief
discussion about other transform methods in Remark 2 at the end of Section 3.3.

The primary contribution of this paper is the development of the MGF method, which is a simple
framework to compute the stationary distribution of the scaled vector of queue lengths in heavy traffic. This is
done by considering the previously mentioned set of systems. The paper also shows how the MGF method can
be thought of as a generalization of the drift method by considering a richer class of test functions. This class of
test functions leads to substantially different proofs that are much simpler than in the drift method, as will be
illustrated in the following sections. However, unlike the drift method, the MGF method does not involve an
art of picking a test function because the test function is essentially the MGF. Although most of the results that
we present have already been established in the literature using diffusion limits and the drift method the
purpose of this paper is to develop a framework based on transform techniques and illustrate its power and
simplicity. A secondary contribution is that the load-balancing system we consider is allowed to have cor-
related servers, and the generalized switch is allowed to have correlated arrival processes. Under the CRP
condition and control algorithms that ensure SSC to a one-dimensional subspace, we show that even under
correlated arrivals or services, the heavy-traffic-scaled stationary distribution continues to be exponential
(Theorems 2 and 3, respectively). It is possible to allow for this generalization using other methods, but we
illustrate the simplicity of such generalizations using the MGF method.

The focus of this paper is on queuing systems that satisfy the CRP condition. However, the long-term goal of
developing the MGF method is to characterize the heavy-traffic stationary distribution of systems that do not
satisfy the CRP condition, such as input-queued switches (Maguluri and Srikant 2016, Maguluri et al. 2018).
This will form the basis for future work on input-queued switches, which is briefly discussed in Section 6. This
approach is similar to the one taken in the development of the drift method, which was first proposed by
Eryilmaz and Srikant (2012) to prove known results in systems under the CRP condition. The drift method
was later generalized to study the input-queued switch when the CRP condition is not satisfied (Maguluri and
Srikant 2016, Maguluri et al. 2018).

1.1. Notation
In this section, we introduce the notation that we will use in this paper. We use P A[ ] to denote the probability
of the event A, E X[ ] to denote the expected value of the random variable X, Cov X,Y[ ] to denote the covariance
between the random variables X and Y, and Var[X] to denote the variance of the random variable X. The
indicator function of an event A is 1{A}; that is, 1{A} is one if A is true and zero otherwise. Convergence in
distribution is denoted by �⇒.

We use R to denote the set of real numbers and Rn to denote the set of n-dimensional vectors with real
components. We use R+ and Rn+ to denote the set of nonnegative numbers and the set of n-dimensional vectors
with nonnegative elements, respectively. Vectors are written in bold letters, and we use the same letter, but not
bold, and with a subindex to denote their elements. For example, for a positive integer n, the vector x ∈ Rn has
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elements xi ∈ R for i ∈ {1, . . . , n}. We use 1 to denote a vector of ones and 0 to denote a vector of zeroes; that is,
if x � 1, then xi � 1 for all i ∈ {1, . . . , n}, and if x � 0, then xi � 0 for all i ∈ {1, . . . ,n}. The dot product of two
vectors x and y is denoted by 〈x, y〉, and the Euclidean norm is denoted by ‖x‖; that is, ‖x‖ � ̅̅̅̅̅̅̅〈x, x〉√

. For each
i ∈ {1, . . . , n}, we use e(i) to denote the ith canonical vector, that is, a vector with elements e(i)i � 1 and e(i)j � 0 for
all j 	� i. Given a fixed vector c ∈ Rn and a parameter b ∈ R, the set {x ∈ Rn : 〈c, x〉 � b} is a hyperplane, and the
set {x ∈ Rn : 〈c, x〉 ≤ b} is a half-space.

We say that f (x) is O(g(x)) if limx↓0 | f (x)/g(x)| is finite, and we say that f (x) is o(g(x)) if limx↓0( f (x)/g(x)) � 0.

2. Related Work
In this section, we present an overview of related work on heavy-traffic analysis of queuing systems in
general, as well as the different systems that we study in particular.

MGFs have been used in the literature to study queuing systems, such as the classical analysis of the M/G/1
queue (Harrison and Patel 1992). However, here we use the MGF to study heavy-traffic-scaled queue lengths
because the queue lengths go to infinity in the heavy-traffic limit. There has been only a little work in the
literature that uses transform methods for heavy-traffic analysis. Characteristic functions were used by
Köllerström (1974) and Kingman (1961) to study heavy-traffic queuing systems, and MGFs were used by
Lehoczky (1996, 1997). In contrast, the primary focus of this work is to develop transform methods for heavy-
traffic analysis that incorporate SSC.

The single-server queue was first studied in heavy traffic by Kingman (1961) using characteristic functions
and tools from complex analysis. Köllerström (1974) also used characteristic functions to study single-server
queues. The diffusion limits method to study queuing systems was developed by studying the single-server queue
(Kingman 1962a). The well-known Kingman bound for the expected waiting time in a single-server queue was
developed in the 1960s (Kingman 1962b), and later, Marshall (1968) used similar arguments to compute
bounds on the second moment. These formed the basis for the drift method, which was developed by Eryilmaz
and Srikant (2012). The single-server queue was also presented as an illustrative example of the BAR method
(Braverman et al. 2017b). Most of these papers study the delay in G/G/1 queue in continuous time, which
evolves according to Lindley’s equation (Lindley 1952). Similar to Eryilmaz and Srikant (2012), in this paper,
we study the queue lengths in discrete time. The queue lengths process evolves according to (3), which is equivalent
to Lindley’s equation for the waiting time of the (k + 1)th customer in a G/G/1 queue. Consequently, the
results established for queue lengths in discrete time can be easily extended to delay in continuous time.

The load-balancing system (also known as the supermarket checkout model) has been widely studied since the
1970s. It was shown that the JSQ policy minimizes the mean delay among the class of policies that do not
know the job durations (Winston 1977, Weber 1978, Ephremides et al. 1980). Heavy-traffic optimality of the
JSQ policy in a system with two servers was established by Foschini and Salz (1978) using the diffusion limits
approach, where they also introduced the notion of SSC. Since then, the load-balancing system has been
studied extensively both to improve performance and to decrease the complexity of the algorithms (Lu et al.
2011; Chen and Ye 2012; Ying 2016, 2017; Stolyar 2017; Ying et al. 2017; Eschenfeldt and Gamarnik 2018; Li
et al. 2018; Zhou et al. 2018; Braverman 2020). One lower-complexity algorithm that has received attention is
the power-of-two-choices algorithm (Mitzenmacher 1996, 2001; Vvedenskaya et al. 1996; Chen and Ye 2012).
An exhaustive survey of the literature on load balancing is presented by van der Boor et al. (2018). The most
relevant work for our purposes is the study of the JSQ policy under the drift method by Eryilmaz and
Srikant (2012) and that of the power-of-two-choices algorithm by Maguluri et al. (2014).

The maxweight algorithm was first proposed by Tassiulas and Ephremides (1992) in the context of
scheduling for downlinks in wireless base stations. This algorithm was later adapted to be used in a variety of
systems, including ad hoc wireless networks, input-queued switches (McKeown et al. 1996), and cloud
computing (Maguluri et al. 2014), and was generalized into the backpressure algorithm (Tassiulas and
Ephremides 1992) in networks and was studied extensively by Stolyar (2004), Gupta and Shroff (2010),
and Meyn (2008). The generalized switch model subsumes many of these systems and has been studied under
the CRP condition using the diffusion limits approach (Stolyar 2004) and the drift method (Eryilmaz and
Srikant 2012). We use the notion of SSC as developed by Eryilmaz and Srikant (2012). Dai and Lin (2008)
generalize the results in Stolyar (2004) to SPNs where the jobs can join a queue after being served.

3. The MGF Method
In this section, we introduce the MGF method to compute the distribution of scaled queue lengths in heavy
traffic. This section is organized as follows. In Section 3.1, we define a general queuing model; in Section 3.2,
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we introduce the method with a single-server queue as a simple example; and in Section 3.3, we describe the
MGF method as a step-by-step procedure so that it can be applied in the context of a variety of queu-
ing systems.
3.1. A General Queuing Model
We first introduce a general queuing model for an SPN that includes the single-server queue, the load-
balancing system, and the generalized switch as special cases. We provide the details of each system in the
corresponding section.

Consider a single-hop queuing system operating in discrete time, with n separate servers. Each server has an
infinite buffer, where jobs line up if the server is busy. For k ≥ 1 and i ∈ {1, . . . ,n}, let qi(k) be the number of jobs
in the ith queue at the beginning of time slot k, that is, the number of jobs waiting to be served and the job that
is being served (if any). Let q(k) be an n-dimensional vector with elements qi(k) for i ∈ {1, . . . ,n}. Given that the
vector of queue lengths in time slot k is q(k), let ai(q(k)) be the number of arrivals to the ith queue in time slot k
and si(q(k)) be the potential number of jobs that can be served from queue i in time slot k. We say that si(q(k)) is
potential service because if there are not enough jobs in line, then fewer than si(q(k)) jobs are processed. For
ease of exposition, and with a slight abuse of notation, from now on we write a(k) and s(k) instead of a(q(k))
and s(q(k)), respectively. We assume that ai(k) and si(k) are upper bounded by constants. Specifically, let Amax
and Smax be finite constants such that ai(k) ≤ Amax and si(k) ≤ Smax with probability one for all i ∈ {1, . . . ,n} and
all k ≥ 1. The difference between potential and actual service is called unused service, which we denote as
ui(q(k)). We also write u(k) instead of u(q(k)) from now on for ease of exposition. In some queuing systems, the
control problem is to decide the vector a(k) in each time slot (e.g., the load-balancing system) and, in others,
the vector s(k) (e.g., the generalized switch). We give more details about these selection processes in the
systems that we study in Sections 4 and 5, respectively.

In each time slot, the order of events is as follows. First, queue lengths are observed. Second, given the
vector of queue lengths q(k), the control problem is solved. Then arrivals occur, and at the end of each time
slot, jobs are processed by the servers. Therefore, the dynamics of the queues are as follows:

qi k + 1( ) � max qi k( ) + ai k( ) − si k( ), 0{ }
, ∀i ∈ 1, . . . ,n{ }, ∀k ≥ 1. (1)

For each i ∈ {1, . . . ,n}, the variables ai(k) and si(k) depend only on q(k) (or they are independent of q(k)); then (1)
implies that the process {q(k) : k ≥ 1} is a Markov chain.

We can also describe the dynamics of the queues using unused service instead of the maximum as follows:

qi k + 1( ) � qi k( ) + ai k( ) − si k( ) + ui k( ), ∀i ∈ 1, . . . ,n{ }, ∀k ≥ 1. (2)
Observe that (2) implies that

qi k + 1( )ui k( ) � 0, ∀i ∈ 1, . . . ,n{ }, ∀k ≥ 1, (3)
because the unused service is nonzero only when the potential service is larger than the number of jobs
available to be served (queue lengths and arrivals), and in this case, the queue is empty in the next time slot. If
i 	� j, then we do not necessarily have qi(k + 1)uj(k) � 0 because the fact that queue j is empty at the end of time
slot k does not imply that queue i will be empty at the beginning of time slot k + 1, and vice versa. It turns out
that getting a handle on the unused service plays an important role in heavy-traffic analysis, and (3) will be an
important tool in the analysis. Equation (3) can be thought of as a defining property of the queuing process
and is analogous to the Skorohod map (Skorokhod 1961).

In this paper, we add a line on top of the variables and vectors to denote steady state. Specifically, let q̄,
ā Δ� a(q̄), s̄ Δ� s(q̄), and ū Δ� u(q̄) be steady-state vectors that represent the queue lengths at the beginning of a time
slot and arrivals, potential service, and unused service in one time slot in steady state, respectively. Let q̄+ Δ� q̄ +
ā − s̄ + ū denote the queue length at time k + 1 in terms of the queue length, arrival, and service at time k,
assuming that the system is in steady state. The precise definition of each of these steady-state vectors depends
on the control problem, so we provide them in Section 3.2 for the single-server queue, in Section 4 for the load-
balancing system, and in Section 5 for the generalized switch.

The MGF method will be used to compute the joint distribution of the scaled vector of queue lengths in
heavy traffic, so before introducing the framework, we specify what we mean by heavy traffic and how we
parametrize the queuing systems to obtain the limit. The heavy-traffic limit is the limit as the arrival-rate
vector approaches the boundary of the capacity region of the system. The capacity region of an SPN is the set
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of arrival-rate vectors such that the system can be positive recurrent. In other words, if the arrival-rate vector is
in the interior of the capacity region, there exists an algorithm that solves the control problem and is such that
the queue lengths process is positive recurrent; if the vector of arrival rates is outside the capacity region, no
algorithm can ensure positive recurrence. We use # to denote the capacity region, and we parametrize the
heavy-traffic limit as follows. Take ε > 0 and consider a set of queuing systems parametrized by ε. The
parametrization is such that ε represents how far away the vector of arrival rates is from a fixed point r in
the boundary of #. Then the heavy-traffic limit is the limit as ε↓0. In this paper, we add a superscript (ε) when
we refer to the parametrized queuing system. More details on the parametrization of each queuing system will
be provided once the models are completely specified, that is, in Section 3.2 for the single-server queue, in
Section 4 for the load-balancing system, and in Section 5 for the generalized switch.

Before introducing the MGF framework in the context of a single-server queue, we formally define the drift
of a function, and we explain what set the drift to zero means.

Definition 1 (Drift of a Function). Let V : Rn → R+ be a function. We define the drift of V at q as

ΔV q
( )

Δ� V q k + 1( )( ) − V q k( )( )( )
1{q(k) � q}.

If E[V(q(k))] < ∞ for k such that the Markov chain {q(k) : k ≥ 1} is in steady state, we say that we set the drift of
V to zero when we use the property

E ΔV q k( )( )[ ] � 0,

where the expected value is taken with respect to the stationary distribution.

Observe that we can set to zero the drift of any function with finite expected value by definition of
steady state.

3.2. MGF Method in the Single-Server Queue
Before presenting the details of the MGF framework, we use it in the simplest queuing system: a single-server
queue. We provide a proof of the well-known result that the scaled queue length of a single-server queue has
an exponential distribution in heavy traffic to illustrate the method and to show its simplicity. We do not
provide all the details of our proofs because the single-server queue is a special case of the load-balancing
system (n � 1), and this system is studied in detail in Section 4.

Consider a single-server queue operating in discrete time. Arrivals and potential service in each time slot are
assumed to be independent sequences of independent and identically distributed (i.i.d.) random variables.
Because they are also assumed to be finite with probability one (as specified in Section 3.1), their MGFs E[eθa(1)]
and E[eθs(1)] exist for all θ ∈ R.

Let λ Δ�E a(1)[ ]
and μ Δ�E s(1)[ ]

. Observe that λ and μ are the rates of arrival and service, respectively, because
they are the expected number of arrival/services in one time slot. Then the capacity region of the single-server
queue is # � {λ ∈ R+ : λ ≤ μ}. We consider a set of single-server queues parametrized by ε with a fixed service
process of rate μ and arrival rate λ(ε) Δ�μ − ε.

Let ā(ε) and s̄ be steady-state random variables that have the same distribution as a(ε)(1) and s(1), re-
spectively. Then λ(ε) � E[ā(ε)] and μ � E[s̄]. Let (σ(ε)a )2 � Var[ā(ε)] and σ2s � Var[s̄].

In the rest of this section, we prove Theorem 1. This is a well-known result, and there are proofs using
diffusion limits (Kingman 1962a) and the drift method (Eryilmaz and Srikant 2012) in the literature. We
present an alternate proof that is simpler than the two proofs mentioned previously and will serve as a
template for the MGF method.

Theorem 1. Let ε ∈ (0, μ), and consider a set of single-server queues parametrized by ε, as described previously. Let q̄(ε) be a
steady-state random variable such that {q(ε)(k) : k ≥ 1} converges in distribution to q̄(ε) as k ↑ ∞. Furthermore, assume that
limε↓0 σ(ε)a � σa. Then εq̄(ε) ⇒ Υ as ε↓0, where Υ is an exponential random variable with mean (σ2a + σ2s )/2.

It is well known that for all ε ∈ (0, μ), the Markov chain {q(ε)(k) : k ≥ 1} is positive recurrent. For instance, the
reader can find a proof using the Foster–Lyapunov theorem in Srikant and Ying (2014, theorem 3.4.2). Then q̄(ε)
is well defined.

Before presenting the proof, we prove two lemmas. The first lemma is a different version of (3) and is key in
the MGF method. For other queuing systems, we use a weaker version of this lemma that is sufficient for the
MGF method (see Step 1 in Section 3.3 for more details).
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Lemma 1. Consider a single-server queue parametrized by ε, as described previously. Then, for all α, β ∈ R and each k ≥ 1,
we have

eαq
(ε) k+1( ) − 1

( )
e−βu

(ε) k( ) − 1
( )

� 0.

Proof. It follows from (3) and because ex − 1 � 0 if and only if x � 0. □

The next lemma gives the first moment of the unused service in steady state, and it will be used at the end of
the proof of Theorem 1.

Lemma 2. Consider a single-server queue parametrized by ε ∈ (0, μ), as described previously. Then

E ū(ε)
[ ]

� ε.

Proof. We set to zero the drift of the linear test function V1(q) � q, and we obtain

0 � E q̄(ε)
( )+−q̄(ε)[ ]

� E q̄(ε) + ā(ε) − s̄ + ū(ε)
( )

− q̄(ε)
[ ]

,

where the last equality holds by definition of (q̄(ε))+. Rearranging terms, we obtain

E ū(ε)
[ ]

� E s̄ − ā(ε)
[ ]

� μ − μ − ε
( ) � ε. □

Now we prove Theorem 1.

Proof of Theorem 1. If we expand the product in Lemma 1 and rearrange terms, we obtain

eθεq
(ε) k+1( ) − eθε q(ε) k( )+a(ε) k( )−s k( )( ) � 1 − e−θεu

(ε) k( ). (4)
Observe that (4) holds for all k ≥ 1. In particular, it holds in steady state. Also, it can be shown that E[eθεq̄(ε) ] <
∞ in an interval around zero. We omit the proof because in Lemma 11 we provide a proof for the load-
balancing system, which is a more general case. Therefore, E[eθε(q̄(ε))+ ] � E[eθεq̄(ε) ]. Taking the expected value
with respect to the stationary distribution in (4), we obtain

E eθεq̄
(ε)

1 − eθε ā(ε)−s̄( )( )[ ]
� 1 − E e−θεū

(ε)[ ]
.

Because ā(ε) and s̄ are independent of the queue length, rearranging terms, we obtain

E eθεq̄
(ε)[ ]

�
1 − E e−θεū(ε)

[ ]
1 − E eθε ā(ε)−s̄( )[ ] . (5)

Now we take the heavy-traffic limit. Observe that the right-hand side yields a 0
0 form in the limit as ε↓0. Then

we take Taylor series of each term with respect to θ, around θ � 0. The technical details of why this expansion
can be done are established in Lemma 3, which is presented in Section 3.3. For the numerator, we obtain

1 − E e−θεū
(ε)[ ]

� θεE ū(ε)
[ ]

− θε( )2
2

E ū(ε)
( )2[ ]

+O ε3
( )

� θε2 +O ε3
( )

, (6)
where the last equality holds by Lemma 2 and because E (ū(ε))2

[ ]
is O(ε). Details of this argument will

be provided in Section 4 for the load-balancing system (see Claim 1), but the main idea is that ū(ε) is a bounded
random variable. For the denominator, we obtain

1 − E eθε ā(ε)−s̄( )[ ]
� −θεE ā(ε) − s̄

[ ]
− θε( )2

2
E ā(ε) − s̄

( )2[ ]
+O ε3

( )
� θε2 − θε( )2

2
σ(ε)a

( )2+σ2s + ε2
( )

+O ε3
( )

, (7)
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where the last step holds because E[ā(ε)] � μ − ε and by the definition of variance.
If we replace (6) and (7) in (5) and cancel out θε2 from the numerator and denominator, we obtain

E eθεq̄
(ε)[ ]

� 1 +O ε( )
1 − θ

2
σ(ε)a

( )2+σ2s( )
+O ε( )

.

Therefore, taking the heavy-traffic limit, we obtain

lim
ε↓0

E eθεq̄
(ε)[ ]

� 1

1 − θ σ2a+σ2s
2

( ) . (8)

Because the right-hand side is the MGF of an exponential random variable with mean (σ2a + σ2s )/2, Equation (8)
implies that εq̄(ε) converges in distribution to such an exponential random variable (Gut 2012, theorem 9.5 in
section 5). □

In this section, we exemplified the MGF method in an intuitive fashion for the simplest queuing system. In
the next section, we generalize these steps for other queuing systems that satisfy the CRP condition.

3.3. General Framework
In the preceding section, we proved a well-known result using the MGF method in the case of the simplest
queuing system, that is, the single-server queue. In this section, we describe the method in detail for more
general queuing systems that satisfy the CRP condition. Before presenting the framework, we present a formal
definition of the CRP condition. We use the definition provided by Stolyar (2004).

Definition 2 (CRP Condition). Consider a set of queuing systems parametrized by ε, as described in Section 3.1,
where the capacity region is #. Suppose that in heavy traffic (i.e., as ε↓0), the vector of arrival rates approaches a
point r in the boundary of#. We say that the queuing system satisfies the CRP condition if the outer normal vector to
# at r is unique up to a scalar coefficient.

This implies that the system can be operated such that all the servers pool together in the heavy-traffic limit
(Harrison and López 1999, Williams 2000, Dai and Lin 2008). Intuitively, this means that the queuing system
behaves as a one-dimensional queuing system (i.e., as a single-server queue) if it is operated under a good
control algorithm. Therefore, the MGF method is essentially similar to the proof of Theorem 1 after one
establishes SSC on a one-dimensional subspace of the state space.

In order to use the MGF method, one needs to make sure that two prerequisites are satisfied. We state them
before presenting the framework.

Prerequisite 1 (Positive Recurrence). Prove that the Markov chain {q(ε)(k) : k ≥ 1} is positive recurrent for ε > 0.

Positive recurrence is a requirement to make sure that there exists a steady-state random vector q̄(ε) such that
the queue lengths process {q(ε)(k) : k ≥ 1} converges in distribution to q̄(ε) as k ↑ ∞.

Prerequisite 2 (SSC). Prove SSC into a one-dimensional subspace.

Let c ≥ 0 be the direction into which SSC occurs. For simplicity, we assume that ‖c‖ � 1. Then _ Δ� {y ∈
Rn : y � αc , α ≥ 0} is the cone where the state space collapses in heavy traffic. For any n-dimensional vector x,
let x‖ Δ� 〈x, c〉c be the projection of x on _, and let x⊥ Δ� x − x‖. In this step, it should be proved that E[‖q̄(ε)⊥ ‖2] is
o(1/ε2), which is equivalent to proving that ε2E[‖q̄(ε)⊥ ‖2] is o(1).

The queuing systems that we study in this paper actually exhibit a stronger form of SSC, where E[‖q̄(ε)⊥ ‖m] is
O(1) for all m � 1, 2, . . .. However, a weaker form of SSC is studied by Wang et al. (2017, 2018).

From this notion of SSC, we conclude that

lim
ε↓0

ε2E ‖q̄(ε)⊥ ‖2
[ ]

� 0;

that is, ε‖q̄(ε)⊥ ‖ converges to zero in the mean-squares sense and therefore in probability.
In the case of the single-server queue, we did not have to verify Prerequisite 2 because the state space is

already one-dimensional. Now we present the MGF method.
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Step 1. Prove an equation of the form

E eθε〈c, q̄
(ε)( )+〉 − 1

( )
e−θε〈c,ū

(ε)〉 − 1
( )[ ]

is o ε2
( )

, (9)

and compute an expression for the MGF of ε〈c, q̄(ε)〉.
The key in the MGF method is to handle unused service and its interaction with the queue lengths, arrivals,

and potential service. In the drift method, the unused service is handled with (3). However, in this case, we
want to work with an exponential transform of the queue lengths, so we need to write (3) in a different way. In
the case of the single-server queue, we used Lemma 1, which, in fact, is much stronger than what we actually
use in the MGF method. For more general queuing systems, we use (9).

To prove an equation of the form of (9), it is essential to use SSC. After proving (9), we need to obtain an
expression for the MGF of ε〈c, q̄(ε)〉 that is valid for all traffic. We sketch some algebraic steps that are useful to
do so. Expanding the product on the left-hand side of (9), we obtain

E eθε〈c, q̄
(ε)( )+〉 − 1

( )
e−θε〈c,ū

(ε)〉 − 1
( )[ ]

� E eθε〈c, q̄
(ε)( )+−ū(ε)〉[ ]

− E eθε〈c, q̄
(ε)( )+〉[ ]

+ 1 − E e−θε〈c,ū
(ε)〉

[ ]
(10)

(a)� E eθε〈c,q̄
(ε)+ā(ε)−s̄(ε)〉

[ ]
− E eθε〈c, q̄

(ε)( )+〉[ ]
+ 1 − E e−θε〈c,ū

(ε)〉
[ ]

(b)� E eθε〈c,q̄
(ε)+ā(ε)−s̄(ε)〉

[ ]
− E eθε〈c,q̄

(ε)〉
[ ]

+ 1 − E e−θε〈c,ū
(ε)〉

[ ]
, (11)

where (a) holds by the dynamics of the queues described in (2) and by definition of (q̄(ε))+, and (b) holds if the
MGF of ε〈c, q̄(ε)〉 exists in an interval around zero (this must be proved). In such a case, by definition of steady
state, we have E[eθε〈c,(q̄(ε))+〉] � E[eθε〈c,q̄(ε)〉], which is equivalent to setting to zero the drift of the test func-
tion V(q) � eθε〈c,q〉.

Observe that when we first expand the product in (10), we obtain two terms that are related to the unused
service (the first and last terms). We use (2) to deal with the first one, and we write (q̄(ε))+ − ū(ε) in terms of q̄(ε),
ā(ε), and s̄(ε). The last term is the MGF of ε〈c, ū(ε)〉, and we deal with it in the second step of the MGF method.

Using (11) in (9) and reorganizing terms, we obtain

E eθε〈c,q̄
(ε)〉 1 − eθε〈c,ā

(ε)−s̄(ε)〉
( )[ ]

� 1 − E e−θε〈c,ū
(ε)〉

[ ]
+ o ε2

( )
. (12)

From (12), we can obtain an expression for the MGF of ε〈c, q̄(ε)〉 that is valid for all traffic. However, the steps
to obtain it depend on the properties of each queuing system. For example, in the case of the single-server
queue, we know that the arrival and potential service processes are independent of the queue lengths. Then we
can separate the product on the left-hand side, and we obtain (5).

Step 2. Bound unused service and take heavy-traffic limit.
Observe that the MGFs of ε〈c, ā(ε)〉 and ε〈c, s̄(ε)〉 exist for all θ ∈ R because the random variables are bounded

by assumption. Furthermore, by definition of unused service, we have 0 ≤ ū(ε) ≤ s̄(ε) component-wise. Then the
MGF of ε〈c, ū(ε)〉 exists for all θ ∈ R. Also, in Step 1 (before obtaining (11)), it was proved that the MGF of
ε〈c, q̄(ε)〉 exists in an interval around zero. Therefore, as ε↓0, Equation (12) yields 0 � 0. As mentioned pre-
viously, depending on the queuing system, we will use different approaches to obtain an expression for the
MGF of ε〈c, q̄(ε)〉 that is valid for all traffic from (12). For example, in the case of the single-server queue, we
obtained (5), which yields a 0

0 form in the limit as ε↓0. Therefore, to compute the heavy-traffic limit, we take Taylor
series of each term around θ � 0, except for the MGF of ε〈c, q̄(ε)〉. To do this, we use the following lemma.

Lemma 3. Let X(ε) be a set of random variables indexed by ε > 0. Assume that X(ε) is bounded for all ε; that is, there exists a
constant Kmax (that does not depend on ε) such that X(ε) ≤ Kmax with probability one. Define fε,X(θ) Δ� eθεX(ε)

. Then

E fε,X θ( )[ ] − 1 − θεE X(ε)
[ ]

− θε( )2
2

E X(ε)
( )2[ ]⃒⃒⃒⃒ ⃒⃒⃒⃒

≤ Cε3,

where C is a finite constant. With a slight abuse of notation, we write the inequality as follows:

E fε,X θ( )[ ] � 1 + θεE X(ε)
[ ]

+ θε( )2
2

E X(ε)
( )2[ ]

+O ε3
( )

. (13)
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We present the proof of Lemma 3 in Appendix A.

Remark 1. Because we are working with a bounded random variable, the proof that we presented of Lemma 3 was
straightforward. However, in general, one needs an assumption on the existence of the MGF.

Expanding each term on the right-hand side of (12) in Taylor series according to Lemma 3 yields terms
related to the moments of the unused service. As illustrated in the case of the single-server queue, it suffices to
handle the first moment. To do this, we set to zero the drift of the linear test function V1(q) � 〈c, q〉; that is, we
set E[〈c, (q̄(ε))+〉] � E[〈c, q̄(ε)〉] (which is finite because in Step 1 it was proved that the MGF of ε〈c, q̄(ε)〉 exists in
an interval around zero). For example, see Lemma 2 in the case of the single-server queue, which is used in (6).

From this step, we obtain an expression for the limit as ε↓0 of the MGF of ε〈c, q̄(ε)〉. This proves convergence
in the distribution of ε〈c, q̄(ε)〉 to a random variable Y, which turns out to be exponential in the cases we study
in this paper. Then εq̄(ε)‖ � ε〈c, q̄(ε)〉c ⇒ Yc as ε↓0 because c is a fixed vector. We also know from SSC in

Prerequisite 2 that εq̄(ε)⊥ → 0 in probability as ε↓0. Then, by Slutsky’s theorem (Gut 2012, theorem 11.4 in
section 5), we obtain that εq̄(ε) � εq̄(ε)‖ + εq(ε)⊥ ⇒ Yc as ε↓0.
Remark 2. In order to set E[eθε〈c,(q̄(ε))+〉] � E[eθε〈c,q̄(ε)〉] in Step 1, one must first prove the existence of the MGF of
ε〈c, q̄(ε)〉 in an interval around zero. An alternative approach (where this difficulty does not arise) is to use
characteristic functions because they always exist. However, workingwith characteristic functions involves the use
of complex analysis. Another way to overcome this difficulty is to use a one-sided Laplace transform, that is, to
consider θ < 0. The one-sided Laplace transform of ε〈c, q〉 always exists because ε, c, and q are nonnegative. If one
chooses to work with other transforms, such as the characteristic function or one-sided Laplace transform, to get
around the issue of the existence of the MGF, then one needs to assume that certain moments exist in a counterpart
of Lemma 3. For instance, theorem 2.3.3 in Lukacs (1970) can be used when one is working with characteris-
tic functions.

4. Load-Balancing Systems
In this section, we use the MGF method in the context of load-balancing systems, also known as supermarket-
checkout systems. We first define the model, and then we use the MGF method to prove that the steady-state
distribution of the scaled vector of queue lengths is exponential in heavy traffic.

4.1. Load-Balancing Model
Consider a system with n separate queues, as described in Section 3.1. For each i ∈ {1, . . . , n}, {si(k) : k ≥ 1} is a
sequence of i.i.d. random variables with μi Δ�E[si(1)], and let μΣ

Δ�
∑n

i�1 μi. We consider this system in a general
setting, so we do not assume independence of the servers. For i, j ∈ {1, . . . ,n}, let Cov[si, sj] be the covariance
between si(1) and sj(1). There is a single stream of arrivals that we model as a sequence {a(k) : k ≥ 1} of i.i.d.
random variables such that a(k) is the number of arrivals to the system in time slot k. In this queuing system,
the control problem is to route the arrivals to one of the n queues in each time slot. We assume that the routing
policy is fixed for all k ≥ 1, but we do not assume any particular policy. After routing, ai(k) is the number of
arrivals routed to the ith queue in time slot k for i ∈ {1, . . . ,n}. We assume that a(k) ≤ Amax with probability one
for all k ≥ 1 and that the arrival process is independent of the queue length and service processes. The
dynamics of the queues are according to (2). It is well known that the capacity region of the load-balancing
system is # � {λ ∈ R+ : λ ≤ μΣ}. A proof can be found in appendix A of Eryilmaz and Srikant (2012).

To study the heavy-traffic limit of this queuing system, we parametrize the arrival process as follows. For
ε ∈ (0, μΣ), we consider a load-balancing system as described previously, where the arrival process {a(ε)(k) :
k ≥ 1} is such that E[a(ε)(1)] � μΣ − ε and Var[a(ε)(1)] � (σ(ε)a )2. In other words, the arrival rate approaches the
point r � μΣ in the boundary of # as ε↓0. Because the capacity region # of the load-balancing system is one-
dimensional, the CRP condition (as defined in Definition 2) is trivially satisfied.

4.2. MGF Method Applied to Load-Balancing Systems
In this section, we state the main theorem of this section and provide some examples, and in the next section,
we prove the theorem using the MGF method as developed in Section 3.3. Before presenting the formal
statement of the result, we introduce the following definitions.

Definition 3 (Throughput Optimality). A routing algorithm ! is throughput optimal for the load-balancing sys-
tem described in Section 4.1 if the Markov chain {q(ε)(k) : k ≥ 1} operating under ! is positive recurrent for
all ε ∈ (0, μΣ).
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Definition 4 (SSC). Consider a routing algorithm !, and let

_ Δ� x ∈ Rn : xi � xj, ∀i, j ∈ 1, . . . ,n{ }{ }
;

that is, c � 1̅
n̅

√ 1. For any vector y ∈ Rn, let y‖ be the projection of y on _, and let y⊥ Δ� y − y‖. We say that
the algorithm ! satisfies SSC if the load-balancing system described in Section 4.1 operating under ! satisfies
the following property:

E ‖q̄(ε)⊥ ‖2
[ ]

is o
1
ε2

( )
,

where q̄(ε) is a steady-state random vector such that {q(ε)(k) : k ≥ 1} converges in distribution to q̄(ε) if it is
positive recurrent.

Observe that if an algorithm ! satisfies SSC (as defined previously), then SSC occurs in the one-dimensional
space _. Therefore, a load-balancing system operating under such an ! behaves as a single-server queue in the
heavy-traffic limit.

Now we formally present the result that we prove using the MGF method.

Theorem 2. Let ε ∈ (0, μΣ), and consider a set of load-balancing systems parametrized by ε, as described in Section 4.1.
Suppose that the routing algorithm is throughput optimal and that it satisfies SSC. For each ε ∈ (0, μΣ), let q̄(ε) be a steady-
state random vector such that the queue lengths process {q(ε)(k) : k ≥ 1} converges in distribution to q̄(ε). Assume that the
MGF of ε

∑n
i�1 q̄i exists; that is, E[eθε

∑n
i�1 q̄

(ε)
i ] < ∞ for θ ∈ [−Θ,Θ], whereΘ > 0 is a finite number, and that limε↓0 σ

(ε)
a � σa.

Then εq̄(ε)�⇒Υ̃1 as ε↓0, where Υ̃ is an exponential random variable with mean (σ2a +∑n
i�1

∑n
j�1 Cov[si, sj])/(2n).

Now we introduce two routing policies that satisfy SSC, as defined previously. We first define the policies.

Definition 5 (JSQ andPower of TwoChoices). Consider a load-balancing system as described in Section 4.1. Then, for
each k ≥ 1, given the vector of queue lengths q(ε)(k), a routing policy selects i∗(k) and sends arrivals according to the
following formula:

a(ε)i k( ) � a(ε) k( ), if i � i∗ k( ),
0, otherwise.

{
a. The routing policy JSQ sends all arrivals in time slot k to the queue with the least number of jobs,

breaking ties at random. Formally, under JSQ routing policy,

i∗ k( ) ∈ argmin
i∈ 1,...,n{ }

q(ε)i k( )
{ }

,

breaking ties at random.
b. The routing policy power of two choices selects two queues uniformly at random, say i1, i2 ∈ {1, . . . ,n},

and sends all arrivals in time slot k to the queue with the least number of jobs between those two, breaking ties
at random. Formally, under the power of two choices, if queues i1 and i2 are selected, then

i∗ k( ) ∈ argmin
i∈ i1,i2{ }

q(ε)i k( )
{ }

,

breaking ties at random.

In the following two corollaries, we show that these routing policies satisfy the assumptions of Theorem 2,
and therefore, the scaled vector of queue lengths in a load-balancing system operating under any of these
policies has an exponential distribution in heavy traffic.

Corollary 1. Consider a set of load-balancing systems parametrized by ε ∈ (0, μΣ), as described in Section 4.1, operat-
ing under JSQ routing policy. Then εq̄(ε)�⇒Υ̃11 as ε↓0, where Υ̃1 is an exponential random variable with mean
(σ2a +∑n

i�1
∑n

j�1 Cov[si, sj])/(2n).
A particular case of the queuing system described in Corollary 1 is the load-balancing system operating

under JSQ with independent servers. In this case,
∑n

i�1
∑n

j�1 Cov[si, sj] reduces to the sum of variances of the
servers. This is one of the systems studied by Eryilmaz and Srikant (2012).
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Proof. We only need to show that JSQ is throughput optimal, that it satisfies SSC, and that there exists Θ > 0 such
that E[eθε∑n

i�1 q̄
(ε)
i ] < ∞ for all θ ∈ [−Θ,Θ]. Eryilmaz and Srikant (2012) prove throughput optimality and SSC in the

case of independent servers. However, their proofs hold for correlated servers. The proof of throughput optimality
can be found in appendix A of Eryilmaz and Srikant (2012).

The SSC result proved by Eryilmaz and Srikant (2012) is stronger than the property presented in Definition 4. In
fact, they prove that E[‖q̄(ε)⊥ ‖m] is upper bounded by a constant for each m � 1, 2, . . . . This clearly implies that
Definition 4 is satisfied. We provide a sketch of their proof of SSC in Section B.1 of Appendix B.

The existence of an MGF of ε
∑n

i�1 q̄
(ε)
i in an interval around zero is proved in Section B.2 of Appendix B. □

Corollary 2. Consider a set of load-balancing systems parametrized by ε, as described in Section 4.1, operating under power of
two choices and where all the servers are identical. Then εq̄(ε)�⇒Υ̃21 as ε↓0,where Υ̃2 is an exponential random variable with
mean (σ2a +∑n

i�1
∑n

j�1 Cov[si, sj])/(2n).
Proof. Similar to the proof of Corollary 1, we check throughput optimality, SSC, and existence of MGF. Maguluri
et al. (2014) prove SSC in the case of independent servers in section 4.3 of their article, but their proof holds true if
this assumption is dropped. Their proof is along the lines of the proof for JSQ in Section B.1 of Appendix B, sowe do
not present it here. Throughput optimality can be proved using the Foster–Lyapunov theorem and the calculations
that Maguluri et al. (2014) develop in the proof of SSC, and existence of MGF is similar to the case of JSQ. We omit
these proofs in this paper because our goal is to introduce the MGF method. □

Observe that the assumption of identical servers is essential for the power-of-two-choices algorithm to be
throughput optimal. The case where the servers are not identical was studied by Chen and Ye (2012) using the
diffusion-limits approach. The routing policy there randomly selects d servers in each time slot, where the
probability of choosing server i is proportional to its service rate μi for all i ∈ {1, . . . ,n}. Then the arrivals are
sent to the server with the shortest queue among the d selected servers. Chen and Ye (2012) prove that this
queuing system satisfies the CRP condition and that the distribution of the scaled vector of queue lengths is
exponential. A similar result can be obtained using the MGF method once the SSC as in Definition 4 is
established. This is a straightforward extension, and we do not present the details here because the focus is on
illustrating the MGF approach.

In this section, we presented the main theorem of this section and two examples where the assumptions of
the theorem are satisfied. Observe that in both cases we only needed to check that the conditions of the
theorem are satisfied. In fact, if we want to prove that the scaled vector of queue lengths of the load-balancing
system operating under any other routing policy has an exponential distribution, we only need to check these
three assumptions.

4.3. Proof of Theorem 2
In the rest of this section, we prove Theorem 2 using the MGF method. Before presenting the proof, we
specify notation.

Let ā(ε) be a steady-state random variable with the same distribution as a(ε)(1), and let ā(ε) Δ� a(ε)(q̄) be the
vector of arrivals to each queue after routing in steady state. The vector ū(ε) is defined as in Section 3.1.
Observe that in this case the vector s̄ is independent of q̄(ε), and it has the same distribution as s(1) because the
potential service sequences {si(k) : k ≥ 1} are i.i.d. and independent of the queue lengths processes for
each i ∈ {1, . . . , n}.
Proof of Theorem 2. For ease of exposition, we omit the dependence on ε of the variables in this proof. We use the
MGF method. Before applying the steps, we need to verify that the prerequisites are satisfied; that is, we need to
check positive recurrence and SSC. In fact, one of the assumptions of the theorem is that the routing policy is
throughput optimal. Therefore, for any ε > 0, the Markov chain {q(ε)(k) : k ≥ 1} is positive recurrent. Also, SSC is
satisfied by assumption. Now we go through the steps of the MGF method.

Step 1. Prove an equation of the form of (9), and compute an expression for the MGF of ε〈c, q̄(ε)〉.
We first prove the following lemma.

Lemma 4. Consider a load-balancing system parametrized by ε, as described in Theorem 2. Then there exists θmax > 0 finite
such that for any real number θ ∈ [−θmax, θmax], we have

E eθε
∑n

i�1 q̄(ε)i( )+ − 1
( )

e−θε
∑n

i�1 ū
(ε)
i − 1

( )[ ]
is o ε2

( )
.
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We present the proof of Lemma 4 in Section B.3 of Appendix B.
Because 〈c, q〉 � (∑n

i�1 qi)/
̅̅
n

√
proving an equation of the form of (9) is equivalent to Lemma 4 using θ/

̅̅
n

√
instead of θ. For ease of exposition, we work with θ in the rest of this proof.

Note that P ā −∑n
i�1 s̄i 	� 0

[ ]
> 0 whenever ε > 0. If we expand the product in the expression of Lemma 4 and

we follow the steps sketched after Step 1 in Section 3.3, we obtain

E eθε
∑n

i�1 q̄i 1 − eθε
∑n

i�1 āi−s̄i( )
( )[ ]

� 1 − E e−θε
∑n

i�1 ūi
[ ]

+ o ε2
( )

. (14)

Recall that
∑n

i�1 āi � ā and that ā and s̄ are independent of q̄ by definition. Therefore, reorganizing terms,
we obtain

E eθε
∑n

i�1 q̄i
[ ]

�
1 − E e−θε

∑n
i�1 ūi

[ ]
+ o ε2

( )
1 − E eθε ā−∑n

i�1 s̄i( )[ ] , (15)

which gives an expression for the MGF of ε
∑n

i�1 q̄i that is valid for all traffic.

Step 2. Bound unused service and take heavy-traffic limit. Equation (15) yields a 0
0 form in the limit as ε↓0, just

like (5), in the case of the single-server queue. Equivalently, we can observe that (14) yields 0 � 0 in the limit as ε↓0.
Then we take Taylor series of the numerator and the denominator of (15) at θ � 0 to obtain the limit. To take Taylor
expansion, we use Lemma 3.

In order to bound the numerator, we need to compute E
∑n

i�1 ūi
[ ]

, so we start with a lemma.

Lemma 5. Consider a load-balancing system parametrized by ε ∈ (0, μΣ), as described in Section 4.1, operating under a
throughput optimal routing policy. Then

E
∑n
i�1

ū(ε)i

[ ]
� ε.

Proof. We set to zero the drift of V1(q) � 〈c, q〉 in steady state. In this case, from the definition of _ in Definition 4,
we have c � (1/ ̅̅

n
√ )1. Then we obtain

0 � E V1 q̄+
( ) − V1 q̄

( )[ ]
� 1̅̅

n
√ E

∑n
i�1

q̄+i −∑n
i�1

q̄i

[ ]

(a)�
1̅̅
n

√ E
∑n
i�1

q̄i + āi − s̄i + ūi
( ) −∑n

i�1
q̄i

[ ]

(b)�
1̅̅
n

√ E ā −∑n
i�1

s̄i +
∑n
i�1

ūi

[ ]
,

where (a) holds by definition of q̄+, and (b) holds because ā � ∑n
i�1 āi by definition of ā and āi. Rearranging

terms and canceling 1/
̅̅
n

√
, we obtain

E
∑n
i�1

ūi

[ ]
� ∑n

i�1
E s̄i[ ] − E ā[ ]

(a)�
∑n
i�1

μi − μΣ − ε
( )

(b)� ε,

where (a) holds because E ā[ ] � μΣ − ε, and (b) holds by definition of μΣ. □



Hurtado-Lange and Maguluri: Transform Methods for Heavy-Traffic Analysis
288 Stochastic Systems, 2020, vol. 10, no. 4, pp. 275–309, © 2020 The Author(s)

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.1

03
] 

on
 1

4 
Ju

ly
 2

02
6,

 a
t 0

3:
59

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 

Now we expand the numerator and denominator of (15) in Taylor series. We start with the numerator, and
we obtain

1 − E e−θε
∑n

i�1 ūi
[ ]

� 1 − E fε,−∑n
i�1 ūi θ( )

[ ]
� θεE

∑n
i�1

ūi

[ ]
− θε( )2

2
E

∑n
i�1

ūi

( )2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +O ε3

( )
� θε2 − θε( )2

2
E

∑n
i�1

ūi

( )2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +O ε3

( )
, (16)

where the last equality holds by Lemma 5. Now we need to bound the second moment of the sum of
unused services.

Claim 1. Consider a load-balancing system as described in Theorem 2. Then

θε( )2
2

E
∑n
i�1

ū(ε)i

( )2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ is O ε3

( )
.

We prove the claim in Section D.1 of Appendix D. Using the claim in (16), we obtain

1 − E e−θε
∑n

i�1 ūi
[ ]

� θε2 +O ε3
( )

. (17)
For the denominator, we obtain

1 − E eθε ā−∑n
i�1 s̄i( )[ ]

� 1 − E fε, ā−∑n
i�1 s̄i( ) θ( )

[ ]
� −θεE ā −∑n

i�1
s̄i

[ ]
− θε( )2

2
E ā −∑n

i�1
s̄i

( )2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +O ε3

( )
� θε2 − θε( )2

2
σ(ε)a

( )2+∑n
i�1

∑n
j�1

Cov si, sj
[ ] + ε2

( )
+O ε3

( )
, (18)

where the last step holds because E ā[ ] � μΣ − ε, E[∑n
i�1 s̄i] � μΣ, and by the definition of covariance.

Using (17) and (18) in (15), and because O(ε3) is o(ε2), we obtain

E eθε
∑n

i�1 q̄i
[ ]

� θε2 + o ε2
( )

θε2 − θε( )2
2

σ(ε)a

( )2+∑n
i�1

∑n
j�1 Cov si ,sj[ ]+ε2

( )
+O ε3

( ) .
Canceling θε2 from the numerator and denominator, we obtain

E eθε
∑n

i�1 q̄i
[ ]

� 1 + o 1( )
1 − θ

2
σ(ε)a

( )2+∑n
i�1

∑n
j�1 Cov si ,sj[ ]

( )
+O ε( )

.

Therefore, taking the limit, we obtain

lim
ε↓0

E eθε
∑n

i�1 q̄i
[ ]

� 1

1 − θ

2
σ2a +

∑n
i�1

∑n
j�1

Cov si, sj
[ ]( ) ,

which is the MGF of an exponential random variable with mean (σ2a +∑n
i�1

∑n
j�1 Cov[si, sj])/2. Then ε〈c, q̄〉c �

(ε/n)∑n
i�1 qi1 ⇒ Υ̃1 as ε↓0, where Υ̃ is an exponential random variable with mean (σ2a +∑n

i�1
∑n

j�1Cov[si,sj])/(2n).
Therefore, we conclude that εq̄(ε) � εq̄(ε)‖ + εq̄(ε)⊥ ⇒ Υ̃1 as ε↓0. □
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5. Generalized Switch
In this section, we apply the MGF method in the context of a generalized switch operating under maxweight.
We compute the distribution of the scaled vector of queue lengths in heavy traffic under the assumption that
CRP is satisfied. The generalized switch is a model that was first introduced by Stolyar (2004), and it
represents a generalization of a variety of queuing systems, such as the input-queued switch (McKeown et al.
1996), cloud computing (Maguluri et al. 2014), downlinks in wireless base stations (Tassiulas and Ephremides
1992), and so on.
5.1. Generalized Switch Model
Consider a system with n separate queues, as described in Section 3.1. For each i ∈ {1, . . . ,n}, let {ai(k) : k ≥ 1}
be a sequence of i.i.d. random variables such that ai(k) is the number of arrivals to queue i in time slot k. For
i, j ∈ {1, . . . , n}, let Cov ai, aj

[ ]
be the covariance between ai(1) and aj(1). The servers interfere with each other.

Then the vector of service rates must satisfy feasibility constraints in each time slot. Additionally, there are
conditions of the environment that affect these constraints. We group all these conditions in a random variable
called channel state. For each k ≥ 1, let T(k) be the channel state in time slot k. The sequence of random variables
{T(k) : k ≥ 1} is i.i.d., and it is independent of the queue lengths and arrival processes. We assume that the
state space of the channel state is a finite set 7, and we let ψ be the probability mass function of T(1); that is,
for each t ∈ 7, the probability of observing state t is ψt Δ�P T(1) � t[ ]. For each t ∈ 7, let 6(t) be the set of feasible
service-rate vectors under channel state t. We also assume that if x ∈ 6(t) for some t ∈ 7, then all vectors that
are strictly dominated by x are feasible. In other words, if y is a nonnegative vector that satisfies y ≤ x
component-wise, then y is also a feasible service rate vector if the channel state is t. In particular, the projection
of x ∈ 6(t) on each of the coordinate axes is a feasible service rate vector as well. We assume that 6(t) is finite for
each t ∈ 7, so we only consider maximal feasible schedules and their projection on the coordinate axes in 6(t).
With this assumption, we do not lose much generality because the vector s(k) is the potential (not actual)
service rate vector, and we are interested in the heavy-traffic limit.

In this queuing system, the control problem (which is a scheduling problem) is to select s(k) in each time slot
after realizing the channel state. Let s(k) be the solution of the scheduling problem in time slot k. Because 6(t) is
finite for each t ∈ 7 and 7 is also finite, there exists a constant Smax such that si(k) ≤ Smax for all i ∈ {1, . . . ,n}
and all k ≥ 1.

It is known (Eryilmaz and Srikant 2012) that the capacity region of this queuing system is

# � ∑
t∈7

ψt ConvexHull 6(t)
{ }

. (19)

Providing a formal proof of (19) is beyond the scope of this paper, but we intuitively explain why it holds.
First, suppose that the channel state is fixed and that the set of feasible service rate vectors is 6(1). Then the
capacity region should have all vectors x that satisfy x ≤ s for all s ∈ 6(1). Because 6(1) contains the projection of
its elements on the coordinate axis, the set of such vectors x is ConvexHull{6(1)}. Now, if we consider the
channel state as a random variable, recall that ψt is the probability that the channel state is t, and if the channel
state is t, then the set of feasible service rate vectors is 6(t). Then (19) just gives the capacity region associated
with each channel state, weighted by the probability that each channel state is observed.

Recall that, by assumption, each set 6(t) is finite. Then, for each t ∈ 7, the set ConvexHull{6(t)} is the convex
hull of finitely many points. Therefore, ConvexHull{6(t)} is a polytope, that is, a bounded polyhedron. Also,
the state space of the channel state 7 is finite by assumption. Then (19) is the weighted sum of finitely many
polytopes. This implies that # is also a polytope. In order to exploit this structure, we describe it as the
intersection of a finite number of half-spaces, where each half-space defines a facet of #. Let L be the minimal
number of half-spaces required to describe #, and for each 	 ∈ {1, . . . , L}, let c(	) ∈ Rn and b(	) ∈ R be the
parameters that define each facet of the polytope. In other words, we describe # as follows:

# � x ∈ Rn
+ : 〈c(	), x〉 ≤ b(	), for all 	 ∈ 1, . . . , L{ }

{ }
. (20)

Without loss of generality, we can assume that c(	) ≥ 0, ‖c(	)‖ � 1, and b(	) > 0 for all 	 ∈ {1, . . . , L} because we
assumed that the sets 6(t) contain the projection on the coordinate axes of all their feasible vectors. Therefore,
the capacity region is coordinate convex. For each 	 ∈ {1, . . . , L}, let ^(	) Δ� {x ∈ # : 〈c(	), x〉 � b(	)} be the 	th facet
of the polytope #.



Hurtado-Lange and Maguluri: Transform Methods for Heavy-Traffic Analysis
290 Stochastic Systems, 2020, vol. 10, no. 4, pp. 275–309, © 2020 The Author(s)

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.1

03
] 

on
 1

4 
Ju

ly
 2

02
6,

 a
t 0

3:
59

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 

In this paper, we assume that the scheduling problem is solved using the maxweight algorithm in each time
slot; that is, if the channel state is t, then the selected schedule satisfies

s k( ) ∈ argmax
x∈6(t)

〈x, q k( )〉, (21)

and ties are broken at random.
From (19) and (21), observe that the service rate vector s(k) does not necessarily belong to the capacity region

# because ψt ≤ 1 for all t ∈ 7. To overcome this difficulty, we define the following random variable. For each
	 ∈ {1, . . . ,L} and each t ∈ 7, define the maximum c(	)-weighted service rate available in channel state t (Eryilmaz
and Srikant 2012) as

b(t,	) � max
s∈6(t)

〈c(	), s〉. (22)

In other words, given that the channel state is t, b(t,	) is a real number such that the hyperplane *(t,	) � {x ∈
Rn : 〈c(	), x〉 � b(t,	)} is tangent to the boundary of ConvexHull{6(t)}. Let {B	(k) : k ≥ 1} be a sequence of i.i.d.
random variables such that P[B	(k) � b(t,	)] � ψt and σ2B	

Δ�Var[B	(k)]. In the next lemma, we present the relation
between the random variable B	(1) and the parameter b(	) for each 	 ∈ {1, . . . ,L}.
Lemma 6. Consider a generalized switch as described previously. Then, for each 	 ∈ {1, . . . ,L},

E B	 1( )[ ] � b(	).

Proof. By definition of the random variable B	(1), we have

E B	 1( )[ ] � ∑
t∈7

ψtb(t,	)

(a)�
∑
t∈7

ψt max
s∈6(t)

〈c(	), s〉
(b)� max

s∈#
〈c(	), s〉

(c)� b(	),

where (a) holds by the definition of b(t,	) given in (22), (b) holds by definition of the capacity region # given in
(19), and (c) holds by definition of the 	th facet and because the objective function in the maximization problem
is linear. □

To perform heavy-traffic analysis, we fix a facet ^(	), and we study a set of generalized switches where the
vector of arrival rates approaches a fixed point in the relative interior of ^(	). Formally, we fix r(	) in the relative
interior of ^(	), and we let ε ∈ (0, 1). Then the system parametrized by ε is such that E[a(ε)(k)] � r(	) − εc(	), and
Cov[a(ε)i , a(ε)j ] is the covariance between a(ε)i (1) and a(ε)j (1) for each i, j ∈ {1, . . . ,n}. In this case, because the point

r � r(	) of the boundary of the capacity region # is in the relative interior of the facet ^(	) � {x ∈ # :
〈c(	), x〉 � b(	)}, the unique outer normal vector to the capacity region # at r is the outer normal vector to the
facet ^(	); that is, it is c(	). Therefore, the CRP condition as defined in Definition 2 is satisfied. Observe that if r
is in the intersection of two (or more) facets, then the CRP condition is not satisfied because there is a range of
vectors that are normal to # at r.

5.2. MGF Method Applied to Generalized Switches
In this section, we state the main theorem of this section and provide some examples. In the next section, we
prove the theorem.

Theorem 3. Let ε ∈ (0, 1). Given the 	th facet of #, ^(	), and a vector r(	) in the relative interior of ^(	), consider a set of
generalized switches operating under the maxweight algorithm parametrized by ε, as described in Section 5.1. For each ε, let
q̄(ε) be a steady-state vector such that the queue length process {q(ε)(k) : k ≥ 1} converges in distribution to q̄(ε). Furthermore,
let limε↓0 Cov[a(ε)i , a(ε)j ] � Cov[ai, aj] for each i, j ∈ {1, . . . , n}. Then εq̄(ε) ⇒ Υc(	) as ε↓0, where Υ is an exponential random

variable with mean (∑n
i�1

∑n
j�1 c

(	)
i c(	)j Cov[ai, aj] + σ2B	

)/2, where c(	)i is the ith element of c(	) for each i ∈ {1, . . . ,n}.
In the next corollary, we present a particular example of a generalized switch operating under maxweight.
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Corollary 3. Consider a set of generalized switches parametrized by ε, as described in Section 5.1, operating under the
maxweight algorithm. Suppose that 7 has only one element; that is, the channel state is fixed over time. Then εq̄(ε) ⇒ Υ2c(	),
where Υ2 is an exponential random variable with mean (∑n

i�1
∑n

j�1 c
(	)
i c(	)j Cov[ai, aj])/2.

The queuing system described in Corollary 3 is also known as an ad hoc wireless network. In an ad hoc
wireless network, we have σ2B	

� 0 because the channel state is not a random variable anymore. The input-
queued switch or a cross-bar switch (Srikant and Ying 2014, Maguluri and Srikant 2016, Maguluri et al. 2018)
is yet another system that is well studied. When only one port of the switch is saturated, it satisfies the CRP
condition (Stolyar 2004) and forms a special case of Corollary 3. In the next section, we present the model and
formalize this result.
5.3. MGF Method Applied to the Input-Queued Switch
An input-queued switch is a generalized switch where n is a perfect square; that is, there exists an integer N
such that n � N2. Then it can be represented as a square matrix, where the rows are input ports and the
columns are output ports. The feasibility constraints are such that, in each time slot, at most one queue can be
served from each input and output port, and all jobs take exactly one time slot to be processed. Therefore, the
set of feasible service-rate vectors is analogous to permutation matrices of N ×N.

For each i ∈ {1, . . . ,N}, let χ(i) be the normalized indicator vector of row i; that is, it is such that for each
i′ ∈ {1, . . . ,n}, we have χ(i)

i′ � 1/
̅̅̅
N

√
if queue i′ corresponds to row i of the switch and χ(i)

i′ � 0 otherwise.
Similarly, for each j ∈ {1, . . . ,N}, let χ̃(j) be the normalized indicator vector of column j. With this notation, we
can write the capacity region of the input-queued switch as

#switch
Δ� x ∈ Rn

+ : 〈χ(i), x〉 ≤ 1, 〈χ̃(j), x〉 ≤ 1 , ∀i, j ∈ 1, . . . ,N{ }
{ }

,

which is the intersection of L � 2N half-spaces.
Only one port can be saturated in heavy traffic to ensure that CRP condition is satisfied. Without loss

of generality, assume that input port 1 is saturated; that is, we consider a vector r(1) ∈ ^(1), where ^(1) Δ�
{x ∈ #switch : 〈χ(1), x〉 � 1}. For simplicity, we let r(1) � χ(1). Then the heavy-traffic parametrization for ε ∈ (0, 1) is
such that λ(ε) � (1 − ε)χ(1). Unlike the generalized switch, for the input-queued switch, we do not give the
scheduling algorithm. Instead, we write the result in terms of the conditions that this algorithm must satisfy
(similar to the load-balancing case).

Similar to the case of the load-balancing system, we say that an algorithm ! is throughput optimal for the
input-queued switch if {q(ε)(k) : k ≥ 1} is positive recurrent for all ε ∈ (0, 1). Also, defining x‖ Δ� 〈χ(1), x〉χ(1) and
x⊥ Δ� x − x‖ for any vector x, we say that the switch operating under a scheduling algorithm ! satisfies SSC if

E ‖q̄(ε)⊥ ‖2
[ ]

is o
1
ε2

( )
.

In the next proposition, we compute the distribution of the scaled vector of queue lengths in heavy traffic.

Proposition 1. Let ε ∈ (0, 1), and consider a set of input-queued switches parametrized by ε, as described previously.
Suppose that the scheduling algorithm is throughput optimal and that it satisfies SSC. For each ε ∈ (0, 1), let q̄(ε) be a steady-
state random vector such that the queue length process {q(ε)(k) : k ≥ 1} converges in distribution to q̄(ε). Assume that
the MGF of ε〈χ(1), q̄(ε)〉 exists. Then εq̄(ε)�⇒Υsχ

(1) as ε↓0, where Υs is an exponential random variable with
mean (∑n

i�1
∑n

j�1 χ
(1)
i χ(1)

j Cov[ai, aj])/2.
Sketch of Proof. For ease of exposition, we do not write the dependence on ε of the variables. We use the MGF
method. We only present a sketch of this proof because it is similar to the proofs of Theorems 2 and 3. We only
show the main differences.

Both prerequisites are satisfied by assumption. Now we go through the steps.

Step 1. Prove an equation of the form of (9), and compute an expression for the MGF of ε〈χ(1), q̄(ε)〉.
Proving an equation of the form of (9) is similar to the proof of Lemmas 4 and 7. Then, following the steps

sketched in Step 1 in Section 3.3, we obtain

E eθε〈χ
(1),q̄〉 1 − eθε〈χ

(1),ā−s̄〉
( )[ ]

� 1 − E e−θε〈χ
(1),ū〉

[ ]
+ o ε2

( )
.
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Because s̄ is a function of the queue lengths obtained through the scheduling problem, s̄ is not independent
of q̄. However, 〈χ(1), s̄〉 � 1/

̅̅̅
N

√
because all the feasible schedules s̄ are analogous to permutation matrices.

Then the sum of all the elements of s̄ corresponding to the first input port (row 1 of the switch) is one. Then
〈χ(1), s̄〉 is independent of the vector of queue lengths q̄. Also, the vector of arrivals is independent of q̄.
Therefore, reorganizing terms, we obtain

E eθε〈χ
(1),q̄〉

[ ]
�
1 − E e−θε〈χ(1),ū〉

[ ]
+ o ε2

( )
1 − E eθε〈χ(1),ā−s̄〉

[ ] .

Step 2. Bound unused service and take heavy-traffic limit.
This step is equivalent to Step 2 in the proofs of Theorems 2 and 3, so we omit the details. □

In the case of a generalized switch, one of the difficulties is to handle the dependence on the queue lengths
of the potential service vector. In the case of an input-queued switch, this difficulty does not arise because,
even though s̄(ε) depends on the queue lengths, the projection s(ε)‖ Δ� 〈χ(1), s̄(ε)〉χ(1) is independent of q̄(ε).
Therefore, we do not need to assume that the scheduling problem is solved with maxweight. In general, for
any special case of the generalized switch such that s(ε)‖ is independent of the queue lengths, we can obtain a
result similar to Proposition 1, that is, where we assume properties of the scheduling algorithm but not a
specific algorithm.

5.4. Proof of Theorem 3
In the rest of this section, we prove Theorem 3 using the MGF method. Before presenting the proof, we
introduce some notation.

Let T̄ and B̄ be steady-state random variables with the same distribution as T(1) and B	(1), respectively.
Proof of Theorem 3. For ease of exposition, we omit the dependence on ε of the variables in this proof. We use the
MGF method. Similar to the proof of Theorem 2, we first need to verify that the prerequisites are satisfied.

Prerequisite 1 (Positive Recurrence). In fact, the maxweight algorithm is throughput optimal (Stolyar 2004,
Eryilmaz and Srikant 2012). Then, for each ε > 0, the Markov chain {q(ε)(k) : k ≥ 1} is positive recurrent.

Prerequisite 2 (SSC). Let _ � {x ∈ Rn+ : x � αc(	) , α ≥ 0}. Using the notation introduced in Prerequisite 2 in
Section 3.3, we have c � c(	), q̄(ε)‖ � 〈c(	), q̄(ε)〉c(	), and q̄(ε)⊥ � q̄(ε) − q̄(ε)‖ . Eryilmaz and Srikant (2012) proved that
E[eθ∗‖q̄⊥‖] is bounded for some finite θ∗.1 Then, for each m � 1, 2, . . ., there exists a constant Mm such that
E[‖q̄(ε)⊥ ‖m] ≤ Mm. Therefore, SSC as defined in Section 3.3 is satisfied, and it occurs in the one-dimensional sub-
space _. In fact, in this case, E[‖q̄(ε)⊥ ‖m] is O(1), which is stronger.

Now we go through the steps of the MGF method.

Step 1. Prove an equation of the form of (9), and compute an expression for the MGF of ε〈c, q̄(ε)〉. We first prove
Lemma 7.
Lemma 7. Consider a generalized switch parametrized by ε, as described in Theorem 3. Then, for any real number θ such that
|θε| ≤ θ∗, we have

E eθε〈c
(	), q̄(ε)( )+〉 − 1

( )
e−θε〈c

(	),ū(ε)〉 − 1
( )[ ]

is o ε2
( )

.

We present the proof of Lemma 7 in Section C.1 of Appendix C.
Before continuing, we need to prove that the MGF of ε〈c(	), q̄(ε)〉 exists in an interval around zero. The proof

is presented in Section C.2 of Appendix C. Then, following the steps sketched in Step 1 in Section 3.3, we
obtain (12).

When we applied the MGF method to the single-server queue and to the load-balancing system, we used the
fact that the service rate vector is independent of the queue length vector to obtain (5) and (15), respectively.
However, in the case of the generalized switch, this is no longer true. To overcome this difficulty, we use the
following lemma.

Lemma 8. Consider a generalized switch operating under the maxweight algorithm parametrized by ε, as described in
Theorem 3. Then, for any θ ∈ R, we have

E eθε〈c
(	),q̄(ε)〉 − 1

( )
eθε B̄−〈c(	),s̄(ε)〉( ) − 1

( )[ ]
is o ε2

( )
.
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We present the proof in Section C.3 of Appendix C. Working with the left-hand side of (12), we obtain

E eθε〈c
(	) ,q̄〉 1 − eθε〈c

(	),ā−s̄〉
( )[ ]

(a)� E eθε〈c
(	),q̄〉 1 − eθε 〈c(	),ā〉−B̄( )( )[ ]

+ E eθε〈c
(	),q̄〉 eθε 〈c(	),ā−s̄〉( ) − eθε 〈c(	),ā〉−B̄( )( )[ ]

(b)� E eθε〈c
(	),q̄〉

[ ]
1 − E eθε 〈c(	),ā〉−B̄( )[ ]( )

− E eθε 〈c(	),ā〉−B̄( )[ ]
1 − E eθε B̄−〈c(	),s̄〉( )[ ]( )

+ E eθε 〈c(	),ā〉−B̄( )[ ]
E eθε〈c

(	),q̄〉 − 1
( )

eθε B̄−〈c(	),s̄〉( ) − 1
( )[ ]

(c)� E eθε〈c
(	),q̄〉

[ ]
1 − E eθε 〈c(	),ā〉−B̄( )[ ]( )

− E eθε 〈c(	),ā〉−B̄( )[ ]
1 − E eθε B̄−〈c(	),s̄〉( )[ ]( )

+ o ε2
( )

,

where (a) holds after adding and subtracting E[eθε(〈c(	),q̄〉+〈c(	),ā〉−B̄)] and reorganizing terms; (b) holds because ā
and B̄ are independent of the queue lengths vector q̄ and the potential service vector s̄ and after adding and
subtracting E[eθε(〈c(	),ā〉−B̄)]E[eθε(B̄−〈c(	),s̄〉) − 1]; and (c) holds by Lemma 8 and because ā and B̄ are bounded.
Reorganizing terms, we obtain

E eθε〈c
(	),q̄〉

[ ]
�
1 − E e−θε〈c(	),ū〉

[ ]
+ E eθε〈c(	),ā〉

[ ]
E e−θε〈c(	),s̄〉 − e−θεB̄
[ ]

+ o ε2
( )

1 − E eθε 〈c(	),ā〉−B̄( )[ ] . (23)

Step 2. Bound unused service and take heavy-traffic limit. The right-hand side of (23) yields a 0
0 form in the limit as

ε↓0. Thenwe take the Taylor expansion of each of its terms, using Lemma 3. Similar to the case of the load-balancing
system, in this step, we need to obtain bounds on E[〈c(	), ū〉]. In this case, we use the following lemma.

Lemma 9. Consider a generalized switch parametrized by ε, as described in Theorem 3. Then

E 〈c, ū(ε)〉
[ ]

+ b(	) − E 〈c(	), s̄(ε)〉
[ ]

� ε.

Proof. We set to zero the drift of V1(q) � 〈c(	), q〉. We obtain

0 � E 〈c(	), q̄+〉 − 〈c(	), q̄〉
[ ]

� E 〈c(	), q̄ + ā − s̄ + ū〉 − 〈c(	), q̄〉
[ ]

� E 〈c(	), ā〉
[ ]

− E 〈c(	), s̄〉
[ ]

+ E 〈c(	), ū〉
[ ]

. (24)
Now observe that

E 〈c(	), ā〉
[ ]

� 〈c(	), r(	) − εc(	)〉
� 〈c(	), r(	)〉 − ε‖c(	)‖2
(a)� b(	) − ε, (25)

where (a) holds because r(	) ∈ ^(	) and because ‖c(	)‖ � 1.
Then, using (25) in (24) and rearranging terms, we obtain the result. □

Now we expand each term on the right-hand side of (23). For the first term in the numerator, we have

1 − E e−θε〈c
(	),ū〉

[ ]
� 1 − E fε,−〈c(	),ū〉 θ( )

[ ]
� θεE 〈c(	), ū〉

[ ]
− θε( )2

2
E 〈c(	), ū〉

( )2[ ]
+O ε3

( )
. (26)

In this case, the numerator has more terms than in the case of the single-server queue and the load-balancing
system, so we will keep the first moment of the unused service in the equation in order to use Lemma 9.
However, we still need to bound the second moment.
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Claim 2. Consider a generalized switch, as described in Theorem 3. Then

θε( )2
2

E 〈c(	), ū〉
( )2[ ]

is O ε3
( )

.

We present a proof of Claim 2 in Section D.2 of Appendix D. Then, using Claim 2 in (26), we obtain

1 − E e−θε〈c
(	),ū〉

[ ]
� θεE 〈c(	), ū〉

[ ]
+O ε3

( )
. (27)

For the second term in the numerator, we have

E eθε〈c
(	),ā〉

[ ]
E e−θε〈c

(	),s̄〉 − e−θεB̄
[ ]

� E eθε 〈c(	) ,ā〉−B̄( )[ ]
E eθε B̄−〈c(	),s̄〉( ) − 1
[ ]

� E fε, 〈c(	),ā〉−B̄( ) θ( )
[ ]

E fε, B̄−〈c(	),s̄〉( ) θ( ) − 1
[ ]

. (28)

Claim 3. Consider a generalized switch as described in Theorem 3 and the notation introduced in Lemma 3. Then

E fε, 〈c(	) ,ā〉−B̄( ) θ( )
[ ]

� 1 + θε2 +O ε3
( )

and E fε, B̄−〈c(	),s̄〉( ) θ( ) − 1
[ ]

� θεE B̄ − 〈c(	), s̄〉
[ ]

+O ε3
( )

.

We prove the claim in Section D.3 of Appendix D. Using Claim 3 in (28), reorganizing terms, and using that
B̄ and s̄i are bounded for all i ∈ {1, . . . ,n}, we obtain

E eθε〈c
(	),ā〉

[ ]
E e−θε〈c

(	),s̄〉 − e−θεB̄
[ ]

� θεE B̄ − 〈c(	), s̄〉
[ ]

+O ε3
( )

. (29)

Then the numerator of (23) yields

1 − E e−θε〈c
(	),ū(ε)〉

[ ]
+ E eθε〈c

(	),ā〉
[ ]

E e−θε〈c
(	),s̄〉 − e−θεB̄

[ ]
+ o ε2

( )
� θεE 〈c(	), ū〉

[ ]
+ θεE B̄ − 〈c(	), s̄〉

[ ]
+O ε3

( )( )
+ o ε2

( )
(a)� θε E 〈c(	), ū〉 + B̄ − 〈c(	), s̄〉

[ ]( )
+ o ε2

( )
(b)� θε2 + o ε2

( )
, (30)

where (a) holds because O(ε3) is o(ε2) and (b) holds by Lemmas 6 and 9.
For the denominator, we obtain

1 − E e−θε B̄−〈c,ā〉( )[ ]
� 1 − E fε, 〈c,ā〉−B̄( ) θ( )

[ ]
� −θεE 〈c, ā〉 − B̄

[ ]
− θε( )2

2
E B̄ − 〈c, ā〉( )2[ ]

+O ε3
( )

(a)� θε2 − θε( )2
2

E 〈c(	), ā〉2
[ ]

+ E B̄2
[ ]

− 2E 〈c(	), ā〉B̄
[ ]( )

+O ε3
( )

(b)� θε2 − θε( )2
2

∑n
i�1

∑n
j�1

c(	)i c(	)j Cov a(ε)i , a(ε)j

[ ]
+ σ2B	

+ E 〈c(	), ā〉
[ ]

− E B̄
[ ]( )2( )

+O ε3
( )

(c)� θε2 − θε( )2
2

∑n
i�1

∑n
j�1

c(	)i c(	)j Cov a(ε)i , a(ε)j

[ ]
+ σ2B	

+ ε2
( )

+O ε3
( )

, (31)
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where (a) holds by (25) and expanding the square, (b) holds by definition of variance and covariance because ā
and B̄ are independent and reorganizing terms, and (c) holds by (25).

Using (30) and (31) in (23), we obtain

E eθε〈c
(	),q̄〉

[ ]
� θε2 + o ε2

( )
θε2 − θε( )2

2
∑n

i�1
∑n

j�1 c
(	)
i c(	)j Cov a(ε)i , a(ε)j

[ ]
+ σ2B	

+ ε2
( )

+O ε3( )

� 1 + o 1( )
1 − θ

2
∑n

i�1
∑n

j�1 c
(	)
i c(	)j Cov a(ε)i , a(ε)j

[ ]
+ σ2B	

+ ε2
( )

+O ε( )
.

Then taking the heavy-traffic limit yields

lim
ε↓0

E eθε〈c,q̄〉
[ ]

� 1

1 − θ
2

∑n
i�1

∑n
j�1 c

(	)
i c(	)j Cov ai, aj

[ ] + σ2B	

( ) ,
which is the MGF of an exponential random variable with mean (∑n

i�1
∑n

j�1 c
(	)
i c(	)j Cov[ai, aj])/2 This implies that

q̄(ε)‖ � 〈c(	), q̄(ε)〉c(	) ⇒ Υc(	), where Υ is an exponential random variable with mean (∑n
i�1

∑n
j�1 c

(	)
i c(	)j Cov[ai, aj])/2.

Then we conclude that εq̄(ε) � εq̄(ε)‖ + εq̄(ε)⊥ converges in distribution to Υc(	) as ε↓0. □

6. Future Work
This paper develops the MGF method, which we believe can be used to study more general sets of queuing
systems. We outline a few of such future directions in this section.

In this paper, we assumed that the number of arrivals and services in one time slot are bounded. We believe
that this assumption is not required and that it is sufficient to assume that the first two moments of the arrival
and service sequences exist. Relaxing these assumptions is an immediate future work. We will explore two
paths for this generalization. One is the use of characteristic functions or one-sided Laplace transforms instead
of MGF because they always exist for nonnegative random variables. The main challenge in this approach is to
establish the SSC under unbounded arrivals and service sequences. In this paper, we used the SSC established
by Eryilmaz and Srikant (2012), which is based on the results from Hajek (1982), where the existence of all the
moments of the arrival and service processes is assumed. We will explore ways to relax this assumption.
The second approach that we will pursue is the MGF truncation arguments, similar to the ones introduced by
Braverman et al. (2018) for Markov decision processes. The main idea of their method is to take a second-order
Taylor expansion of the value function in order to solve the Bellman equations. We believe that this can give us
insight into work with the second-order Taylor expansion of the MGF.

Another question for future research is to use the MGF method to study the rate of convergence to the
heavy-traffic limit. In addition to obtaining the results on the heavy-traffic-limiting behavior, the drift method
also gives upper and lower bounds that are applicable in all traffic (Eryilmaz and Srikant 2012, Maguluri and
Srikant 2016, Maguluri et al. 2018). These bounds give the rate of convergence to the heavy-traffic limit.
Because the MGF method is a natural generalization of the drift method, it may be used to obtain results on
rate of convergence too, which is a topic for future study.

The next set of future work is on developing the MGF method for use in systems that do not satisfy the CRP
condition, and this will be the culmination of the present work because the main motivation in developing the
MGF method is to study systems where the CRP condition is not met. We believe that the MGF method is a
promising approach to obtaining the heavy-traffic distribution of the queue lengths when CRP condition does
not hold, even though the drift method is known to fail in this case (Hurtado-Lange and Maguluri 2019), for
the following reason. The queue length process is a multidimensional discrete time Markov chain (DTMC, or a
continuous Markov chain in some cases). For a positive recurrent and irreducible DTMC, it is known that the
stationary distribution exists and is unique. One first establishes positive recurrence of the DTMC using the
Foster–Lyapunov theorem. This has an added benefit that one typically obtains as a consequence of a (possibly
loose) upper bound on an expression of the form E[ε∑i q̄i]. If P is the transition matrix, then the stationary
distribution is a unique solution of the equation π � πP. Clearly, solving for the stationary distribution in
general is hard. However, we know that it is unique and is characterized by this equation. If we take a two-
sided Laplace transform of the equation π � πP, we obtain an equation that is the same as the one we obtain
by setting the drift of the exponential test function to zero. Because the Laplace transform is invertible, solving
this equation uniquely characterizes the stationary distribution through its MGF. However, as shown in



Hurtado-Lange and Maguluri: Transform Methods for Heavy-Traffic Analysis
296 Stochastic Systems, 2020, vol. 10, no. 4, pp. 275–309, © 2020 The Author(s)

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.1

03
] 

on
 1

4 
Ju

ly
 2

02
6,

 a
t 0

3:
59

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 

Section 3.2, even for the single-server queue, it is challenging to obtain a solution for this equation in all traffic
(see (5)). Therefore, using the MGF approach, we seek to solve it in the heavy-traffic limit. To do this, we first
need to prove tightness of the sequence of the stationary distributions as the heavy-traffic parameter ε goes to
zero. Tightness follows directly from the bound on E[ε∑i q̄i] that we obtain from the Foster–Lyapunov
theorem. Therefore, we expect that the MGF drift equation that we have in the heavy-traffic limit must have a
unique solution. Typically, because the system is tractable in steady state, we expect to solve this equation
explicitly to get the joint stationary distribution in steady state. Even in cases where this equation may not be
solved explicitly, we may be able to obtain moments from this equation. For instance, we may be able to
obtain the moment bounds computed by Maguluri and Srikant (2016), Maguluri et al. (2018), and Wang
et al. (2018) from such an equation.

Two systems of special interest that do not satisfy the CRP condition are the bandwidth-sharing network
operating under proportional scheduling and the input-queued cross-bar switch operating under maxweight.
The bandwidth-sharing network (Massoulié and Roberts 2000) operating under the so-called proportional
scheduling algorithm is a good model for studying flow-level dynamics in data centers. If the arrivals are
Poisson and job sizes are exponential, it is known that the stationary distribution in heavy traffic is the product
of exponentials (Kang et al. 2009, Ye and Yao 2012). The bandwidth-sharing network is one of the simplest
systems that does not satisfy the CRP condition because of this product form structure. It is also known that
the stationary distribution of the corresponding RBM in the diffusion limit is insensitive to the job size
distribution as long as it belongs to the class of phase-type distributions, which are known to be dense in the
space of distributions (Vlasiou et al. 2014). However, the interchange of limits step was not shown by Vlasiou
et al. (2014), so their result does not show whether the stationary distribution of the original system in heavy
traffic is also insensitive. Recently, the drift method was used to complete this limit-interchange step (Wang
et al. 2018). We will use the MGF method to directly study the stationary distribution in heavy traffic under
phase-type arrivals using the MGF method to show insensitivity and to show that the stationary distribution is
indeed the product of exponentials.

The input-queued cross-bar switch is an idealized model of a data-center network. It can be modeled as an
n × n matrix of queues where the rows represent the input ports and the columns represent the output ports.
Therefore, the dimension of the state space is n2. Maguluri and Srikant (2016) studied an input-queued cross-
bar switch operating under maxweight and proved that SSC occurs on a (2n − 1)-dimensional cone. Moreover,
the expected sum of the scaled queue lengths in heavy traffic was obtained using the drift method, resolving
an open conjecture. Characterizing the higher moments and the distribution (marginals and joint) of scaled
queue lengths are still open questions. The MGF method is developed in this paper with the goal of answering
these questions given the limitation of the drift method to solve these problems (Hurtado-Lange and
Maguluri 2019).

7. Conclusion
In this paper, we introduced transform methods to compute the steady-state distribution of scaled queue
lengths in heavy traffic. We focused on a two-sided Laplace transform, which is also known as MGF. We
motivated the method with a single-server queue, and we applied it in queuing systems that satisfy the CRP
condition, such as load-balancing systems and the generalized switch. The main idea in the MGF method is to
set the drift on an exponential test function to zero. The key step is in getting a handle on the unused service,
and this paper illustrates how the unused service is handled in two different types of queuing systems.
Further developing the MGF method to study a system where the CRP condition is not satisfied, such as the
bandwidth-sharing network and the input-queued switch, forms future work.
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Appendix A. Proof of Lemma 3
Fix Θ > 0 and x ∈ R. Then, from Taylor approximation of fε,x(θ) � eθεx at θ � 0, we have

eθεx ≤ 1 + θεx + θε( )2
2

x2 + θ̃ε
( )3
3!

x3, ∀θ ∈ −Θ,Θ[ ], ∀x ∈ R,
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where θ̃ is a real number between zero and θ. Then, for all 0 ≤ x ≤ K, we have

eθεx ≤ 1 + θεx + θε( )2
2

x2 + θ̃ε
( )3
3!

K3.

Because θ̃ is between zero and θ and |θ| ≤ Θ, we have

θ̃ε
( )3
3!

K3

⃒⃒⃒⃒
⃒

⃒⃒⃒⃒
⃒ � |θ̃|3ε3

3!
K3 ≤ Θε( )3

3!
K3,

which is finite for every ε. Then

eθεx ≤ 1 + θεx + θε( )2
2

x2 + Θε( )3
3!

K3.

Therefore,

eθεx − 1 − θεx − θε( )2
2

x2
⃒⃒⃒⃒ ⃒⃒⃒⃒

≤ C1ε
3,

where C1 � (ΘK)3/3! is a finite constant.
Now, because X(ε) ≤ Kmax with probability one, we have

E eθεX
(ε)[ ]

≤ 1 + θεE X(ε)
[ ]

+ θε( )2
2

E X(ε)
( )2[ ]

+Θε3Kmax

3!
,

which proves the lemma. □
Appendix B. Details of the Proofs in Section 4
In this section, we provide the details of the proofs of the lemmas stated in Section 4.

B.1. Proof of SSC in the Load-Balancing System Operating Under JSQ
In this section, we present an insight into the proof of SSC as developed in Eryilmaz and Srikant (2012). They prove the
result for the case where the servers are independent, but it also holds in the case where they are not. We first state
the result.

Proposition B.1. Consider a load-balancing system as described in Corollary 1. Then, for each m � 1, 2, . . ., there exists a finite constant
Mm such that

E ‖q̄(ε)⊥ ‖m
[ ]

≤ Mm.

This proof is based on a lemma that was first proved by Hajek (1982). The original statement is more general than what
we need here, so we present the specific result that we will use, as stated by Eryilmaz and Srikant (2012).

Lemma B.1. For an irreducible and aperiodic Markov chain {X(k) : k ≥ 1} over a countable state space -, suppose that Z : - → R+ is a
nonnegative-valued Lyapunov function. The drift of Z at x is

ΔZ x( ) Δ� Z X k + 1( )( ) − Z X k( )( )[ ]1{X k( )�x}.

Thus, ΔZ(x) is a random variable that measures the amount of change in the value of Z in one step, starting from state x. This drift is
assumed to satisfy the following conditions:

a. There exists η > 0 and κ < ∞ such that

E ΔZ x( ) |X k( ) � x
[ ] ≤ −η, for all x ∈ - with Z x( ) ≥ κ.

b. There exists D < ∞ such that

|ΔZ x( )| ≤ D, with probability one for all x ∈ -.

Then there exist θ∗ > 0 and C∗ < ∞ such that

lim sup
k→∞

E eθ
∗Z X k( )( )

[ ]
≤ C∗.
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If we further assume that the Markov chain {X(k) : k ≥ 1} is positive recurrent, then Z(X(k)) converges in distribution to a random
variable Z for which

E eθ
∗Z[ ]

≤ C∗.

Proof. Eryilmaz and Srikant (2012) use the Lyapunov function Z(q) � ‖q(ε)⊥ ‖, and they prove that

E ΔZ q
( ) | q k( ) � q

[ ] ≤ −δ + n max Amax, Smax{ }( )2+2nSmax
2

2‖q(ε)⊥ ‖ ,

where δ is a fixed constant in (0, μmin). The proof is based on the fact that ‖x‖ � ̅̅̅̅̅̅‖x‖2√
, that square root is a concave function, and

that JSQ sends all arrivals to the shortest queue in each time slot. This verifies condition (a) of Lemma B.1.
To verify condition (b), Eryilmaz and Srikant (2012) prove that for all q ∈ Rn+,

|ΔZ q
( )| ≤ 2

̅̅
n

√
max Amax, Smax{ },

using triangle inequality and boundedness of the arrival and service processes.
Also, for ε > 0, the Markov chain {q(k) : k ≥ 1} is positive recurrent. In addition, because projection is nonexpansive, we have

‖q(ε)⊥ (k)‖ ≤ ‖q(ε)(k)‖, which implies that {q⊥(k) : k ≥ 1} is positive recurrent. Therefore, by Lemma B.1, there exists θ∗ > 0 and
C∗ > 0 such that

E eθ
∗‖q̄(ε)⊥ ‖

[ ]
≤ C∗.

Finally, because ‖q̄(ε)⊥ ‖ ≥ 0, and f (x) � ex is a nonnegative increasing function, we obtain that E eθ‖q̄
(ε)
⊥ ‖

[ ]
≤ C∗ for all

θ ∈ [−θ∗, θ∗]. This implies that for each m � 1, 2, . . .,

E ‖q̄(ε)⊥ ‖m
[ ]

≤ Mm. □
B.2. Existence of MGF of ε
∑n

i�1 q̄
(ε)
i in the Load-Balancing System Operating Under JSQ

We first state the result formally.

Lemma B.2. Consider a load-balancing system operating under JSQ, parametrized by ε ∈ (0, μΣ), as described in Corollary 1. Then,
for each ε ∈ (0, μΣ), there exists Θ > 0 such that E[eθε∑n

i�1 q̄
(ε)
i ] < ∞ for all θ ∈ [−Θ,Θ].

Proof. We omit the dependence on ε of the variables for ease of exposition. First, observe that if θ ≤ 0, then E[eθε∑n
i�1 q̄i ] < ∞

trivially because q̄ ≥ 0 by definition of queue length.
In the rest of this proof, we assume that θ > 0. Observe that the function f (x) � eθεx is convex. Then, by Jensen’s inequality,

we have that for all q ≥ 0,

e
θε
n

∑n
i�1 qi ≤ 1

n

∑n
i�1

eθεqi .

Hence, it suffices to show that
∑n

i�1 E[eθεq̄i ] < ∞ for θ < Θ. We use the Foster–Lyapunov theorem (Hajek 2015, proposition
6.13) with Lyapunov function V(q) � ∑n

i�1 eθεqi .
Using Lemma 1 for each of the n queues and rearranging terms, we obtain that for each i ∈ [n] and k ≥ 1,

eθεqi k+1( ) � 1 − e−θεui k( ) + eθε qi k( )+ai k( )−si k( )( ).
Then, using the notation Eq[·] Δ�E[· | q(k) � q], we obtain

Eq V q k + 1( )( ) − V q k( )( )[ ] � ∑n
i�1

Eq eθεqi k+1( ) − eθεqi k( )[ ]
� ∑n

i�1
1 − Eq e−θεui k( )[ ]( ) +∑n

i�1
eθεqi Eq eθε ai k( )−si k( )( )[ ] − 1

( )
.

Observe that because Eq[e−θεui(k)] ≥ 0, we have

∑n
i�1

1 − Eq e−θεui k( )[ ]( ) ≤ n.
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Then it suffices to show that for some Θ and some η > 0, we have∑n
i�1

eθεqi Eq eθε ai k( )−si k( )( )[ ] − 1
( ) ≤ −η, ∀θ ∈ 0,Θ( ].

Given q(k) � q, let i∗ ∈ argmini∈{1,...,n}{qi(k)} be the queue where arrivals in time slot k are routed. Then∑n
i�1

eθεqi Eq eθε ai k( )−si k( )( )[ ] − 1
( ) � eθεqi∗ E eθε a k( )−s

i∗ k( )
( )[ ]

− 1
( )

+ ∑n
i�1
i 	�i∗

eθεqi E e−θεsi k( )
[ ]

− 1
( )

� eθεqi∗θM′
a−s

i∗ ξi∗
( ) + ∑n

i�1
i 	�i∗

eθεqi −θM′
si ξi( )

( )
,

where we used the notationMX(θ) � E[eθεX], and ξi, ξi∗ are numbers between zero and θ for all i 	� i∗. The second equality holds
by Taylor expansion up to the first order of Ma−s

i∗ (θ) and Msi (θ) for all i 	� i∗, around θ � 0.
Also, observe that M′

a−s
i∗ (0) � ε(λ − μi∗) and M′

si (0) � εμi for all i 	� i∗, and MGF is continuous at θ � 0 (Mood 1950, p. 78).
Then, for each i ∈ {1, . . . , n}, there exists Θi such that

M′
si ξi( ) ≥ εμi

2
, ∀|θ| < Θi for each i 	� i∗

and M′
a−s

i∗ ξi∗
( )⃒⃒⃒ ⃒⃒⃒

≤ ε λ − μi∗
( )

2

⃒⃒⃒⃒
⃒

⃒⃒⃒⃒
⃒, ∀|θ| < Θi∗ .

Let Θ � mini�1,...,n Θi. Then, for all θ ∈ (0,Θ], we have

Eq V q k + 1( )( ) − V q k( )( )[ ] ≤ n + eθεqi∗ θε λ − μi∗
( )

2

( )
− ∑n

i�1
i 	�i∗

eθεqi
θεμi

2

( )

(a)� + θε

2

∑n
i�1

λi eθεqi∗ − eθεqi
( ) + θε

2

∑n
i�1

eθεqi λi − μi
( )

(b)� n +∑n
i�1

eθεqi
θε λi − μi

( )
2

( )
(c)� n − θε2

2n

∑n
i�1

eθεqi ,

where λi Δ�μi − ε
n. Here (a) holds by adding and subtracting

∑n
i�1 eθεqi ((θελi)/2), realizing that λ � ∑n

i�1 λi and rearranging terms;
(b) holds because qi∗ ≤ qi for all i by definition of i∗; and (c) holds because μi − λi � ε/n. □

B.3. Proof of Lemma 4
To prove Lemma 4, we use the following result.

Lemma B.3. Consider the load-balancing system indexed by ε, as described in Theorem 2. Then, for any α ∈ R and for all k ≥ 1,
we have

∑n
i�1

u(ε)i k( ) e
α
n

∑n
j�1 q

(ε)
j k+1( ) − 1

( )
� ∑n

i�1
u(ε)i k( ) e−αq

(ε)
⊥i k+1( ) − 1

( )
,

where q(ε)⊥i (k) is the ith element of q(ε)⊥ (k) for each i ∈ {1, . . . , n}.
Proof. If α � 0, the equation trivially holds. So now assume that α 	� 0. Because qi(k + 1)ui(k) � 0 for all i ∈ {1, . . . , n}, we have

ui k( ) e−αqi k+1( ) − 1
( ) � 0, ∀i ∈ 1, . . . , n{ }.

Then, summing over i ∈ {1, . . . , n}, we obtain

∑n
i�1

ui k( ) e−αqi k+1( ) − 1
( ) � 0.

By definition of q‖(k) and q⊥(k), we have q(k) � q‖(k) + q⊥(k), so∑n
i�1

ui k( ) e−α q‖i k+1( )+q⊥i k+1( )( ) − 1
( )

� 0.
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However, q‖(k + 1) � ((∑n
j�1 qj(k + 1))/n)1, so q‖i(k + 1) � q‖1(k + 1) for all i ∈ {1, . . . , n}. Then, reorganizing terms, we obtain∑n

i�1
ui k( )e−αq⊥i k+1( ) � eαq‖1 k+1( ) ∑n

i�1
ui k( ).

By definition of q‖(k), we obtain

∑n
i�1

ui k( )e−αq⊥i k+1( ) � e
α
n

∑n
j�1 qj k+1( ) ∑n

i�1
ui k( ).

Finally, subtracting
∑n

i�1 ui(k) from both sides, we obtain

∑n
i�1

ui k( ) e
α
n

∑n
j�1 qj k+1( ) − 1

( )
� ∑n

i�1
ui k( ) e−αq⊥i k+1( ) − 1

( )
. □

In the proof of Lemma 4, we use Lemma B.3 and the following facts:
1. The function g(x) � (ex − 1)/x is nonnegative and nondecreasing for all x ∈ R.
2. Suppose that 0 ≤ x ≤ y. Then, for all θ ∈ R, we have eθx − 1 ≤ (θx)((eθy − 1)/(θy)).
3. For all x ∈ R+, (ex − 1)/x < ex.
All these facts can be shown using calculus techniques, so we omit the proof. Now we prove Lemma 4.

Proof of Lemma 4. First, observe that if θ � 0, the statement trivially holds. If θ 	� 0, by properties of expectation and absolute
value, we obtain

E eθε
∑n

i�1 q̄
+
i − 1

( )
e−θε

∑n
i�1 ūi − 1

( )[ ]⃒⃒⃒ ⃒⃒⃒
≤ E eθε

∑n
i�1 q̄

+
i − 1

( )
e−θε

∑n
i�1 ūi − 1

( )⃒⃒⃒ ⃒⃒⃒[ ]
(a)� |θ|εE ∑n

i�1
ūi

( )
eθε

∑n
i�1 q̄

+
i − 1

( ) e−θε
∑n

i�1 ūi − 1
−θε∑n

i�1 ūi

( )⃒⃒⃒⃒
⃒

⃒⃒⃒⃒
⃒1{∑n

i�1 ūi 	�0}
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b)
≤ |θ|ε e|θ|εnSmax − 1

|θ|εnSmax

( )
E

∑n
i�1

ūi e
θε

∑n
j�1 q̄

+
j − 1

( )⃒⃒⃒⃒
⃒

⃒⃒⃒⃒
⃒

[ ]
(c)
≤ |θ|ε e|θ|εnSmax − 1

|θ|εnSmax

( )
E

∑n
i�1

ūi e−θεnq̄⊥i − 1
⃒⃒ ⃒⃒[ ]

(d)
≤ |θ|ε e|θ|εSmax − 1

|θ|εSmax

( )
E

∑n
i�1

ūpi

[ ]1
p

E
∑n
i�1

e−θεnq̄⊥i − 1
⃒⃒ ⃒⃒ p

p−1

[ ]p−1
p

(e)
≤ |θ|ε1+1

pSmax
p−1
p

e|θ|εSmax − 1
|θ|εSmax

( )
E

∑n
i�1

e−θεnq̄⊥i − 1
⃒⃒ ⃒⃒ p

p−1

[ ]p−1
p

� θ2ε2+
1
pSmax

p−1
p n

e|θ|εSmax − 1
|θ|εSmax

( ) ∑n
i�1

E
e−θεnq̄⊥i − 1
−θεnq̄⊥i

⃒⃒⃒⃒ ⃒⃒⃒⃒ p
p−1|q̄⊥i|

p
p−11{q̄⊥i 	�0}

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

( )p−1
p

, (B.1)

where p > 1. Here (a) holds because if
∑n

i�1 ūi � 0, then e−θε
∑n

i�1 ūi − 1 � 0 and by multiplying and dividing everything by
|θε∑n

i�1 ūi|; (b) holds by fact 1 stated previously because ūi ≤ Smax for all i ∈ {1, . . . , n} and because 0 ≤ 1 ∑n
i�1 ūi 	�0{ } ≤ 1;

(c) holds by the triangle inequality and Lemma B.3; (d) holds by Hölder’s inequality; and (e) holds because ūi ≤ Smax for
all i ∈ {1, . . . , n}, because ∑n

i�1 E[ūi] � ε, and because x(1/p) is an increasing function for x ≥ 0.
By L’Hospital’s rule, we have

lim
ε↓0

e|θ|εnSmax − 1
|θ|εnSmax

� 1.

Then the last step is to prove that the last expression in (B.1) is O(1). To do this, we show the following claim at the end
of this section.

Claim B.1. Consider a load-balancing system as described in Lemma 4. Then there exists θmax > 0 finite such that for all |θ| < θmax,
we have

∑n
i�1

E
e−θεnq̄⊥i − 1
−θεnq̄⊥i

⃒⃒⃒⃒ ⃒⃒⃒⃒ p
p−1|q̄⊥i|

p
p−11 q̄⊥i 	�0{ }

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

( )p−1
p

is o ε2
( )

.
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An expression for θmax is provided in (B.2). Therefore,

E eθε
∑n

i�1 q̄
+
i − 1

( )
e−θε

∑n
i�1 ūi − 1

( )[ ]
is o ε2

( )
. □

Now we prove Claim B.1.

Proof. By Hölder’s inequality, for each i ∈ {1, . . . , n},

E
e−θεq̄⊥i − 1
−θεq̄⊥i

⃒⃒⃒⃒ ⃒⃒⃒⃒ p
p−1|q̄⊥i|

p
p−11{q̄⊥i 	�0}

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ≤ E

e−θεq̄⊥i − 1
−θεq̄⊥i

⃒⃒⃒⃒ ⃒⃒⃒⃒ p
p−1
( )

p̃
p̃−1
( )

1{q̄⊥i 	�0}
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
p̃−1
p̃

E |q̄⊥i|
p

p−1
( )

p̃
[ ]1

p̃

,

where p̃ > 1. On the one hand, we can choose p large so that p
p−1 ≈ 1 and p̃ > 1 such that ( p

p−1)p̃ � 2. Then E[|q̄⊥i|(
p

p−1)p̃]1p̃ is o(ε2)
by SSC.

Also, by SSC, we know that ε|q̄⊥i| converges to zero in the mean-square sense and therefore in distribution. Then, by the
continuous mapping theorem (Gut 2012, theorem 10.4 in section 5), we have that

e−θε|q̄⊥i | − 1
−θε|q̄⊥i|

( ) p
p−1
( )

p̃
p̃−1
( )

�⇒1.

It remains to prove that (e−θε|q⊥i | − 1)/(−θε|q⊥i|) is bounded to conclude that its expected value also converges to one. In fact,
we have

−θε|q̄⊥i| ≤ |θ|ε|q̄⊥i| ≤ |θ|ε‖q̄⊥‖
and |θ|ε‖q̄⊥‖ ≥ 0. Then, by the facts 1 and 3 stated previously, we obtain

0 ≤ e−θε|q̄⊥i | − 1
−θε|q̄⊥i|

1{q̄⊥i 	�0} ≤
e|θ|ε‖q̄⊥‖ − 1
|θ|ε‖q̄⊥‖

1{q̄⊥i 	�0} ≤ e|θ|ε‖q̄⊥‖1{q̄⊥i 	�0} ≤ e|θ|ε‖q̄⊥‖.

Therefore,

E
e−θε|q̄⊥i | − 1
−θε|q̄⊥i|

( ) p
p−1
( )

p̃
p̃−1
( )

1{q̄⊥i 	�0}
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ≤ E e|θ|
p

p−1
( )

p̃
p̃−1
( )

ε‖q̄⊥‖
[ ]

(a)
≤ E e|θ|

p
p−1
( )

p̃
p̃−1
( )

ε‖q̄‖
[ ]

(b)
≤ E e|θ|

p
p−1
( )

p̃
p̃−1
( )

ε
∑n

i�1 q̄i
[ ]

(c)
<∞,

where (a) holds because projection is nonexpansive, (b) holds because norm-1 is greater than the Euclidean norm, and (c) holds
by assumption of Theorem 2 for |θ|(p/(p − 1))(p̃/(p̃ − 1)) ≤ Θ. Then the claim holds with

θmax � Θ
p̃ − 1
2

( )
, (B.2)

where we used that ( p
p−1)p̃ � 2. □

C. Details of the Proofs in Section 5
In this section, we provide the details of the proofs of the lemmas stated in Section 5 that we use in the proof of Theorem 3.

C.1. Proof of Lemma 7
To prove Lemma 7, we use the following lemma, which is similar to Lemma B.3.

Lemma C.1. Consider a generalized switch parametrized by ε, as described in Theorem 3. Then, for any α ∈ R and for all k ≥ 1,
we have

∑n
i�1

c(	)i u(ε)i k( )e
− α

c(	)
i

q̄(ε)⊥i k+1( )
� 〈c(	),u(ε) k( )〉eα〈c(	) ,q(ε) k+1( )〉.
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Proof. First, observe that if α � 0, the lemma trivially holds. Now we prove the lemma for α 	� 0. From (3), we know that
qi(k + 1)ui(k) � 0 for all i ∈ {1, . . . , n}. Then, for all β ∈ R, we have

ui e−βqi k+1( ) − 1
( ) � 0, ∀i ∈ 1, . . . , n{ },

and this equation implies that

c(	)i ui e−βqi k+1( ) − 1
( ) � 0, ∀i ∈ 1, . . . , n{ }.

Without loss of generality, we assume that c(	)i > 0 for all i ∈ {1, . . . , n} because otherwise the last equation holds trivially. Let
α ∈ R, and for each i ∈ {1, . . . ,n}, let αi ∈ R be such that α � αic

(	)
i for all i ∈ {1, . . . , n}. Then

c(	)i ui e−αiqi k+1( ) − 1
( ) � 0, ∀i ∈ 1, . . . , n{ }.

Summing over all i ∈ {1, . . . , n}, we obtain

0 � ∑n
i�1

c(	)i ui k( ) e−αiqi k+1( ) − 1
( )

� ∑n
i�1

c(	)i ui k( ) e−αiq‖i k+1( )−αiq⊥i k+1( ) − 1
( )

(a)�
∑n
i�1

c(	)i ui k( ) e−αi〈c(	) ,q k+1( )〉c(	)i −αiq⊥i k+1( ) − 1
( )

(b)�
∑n
i�1

c(	)i ui k( ) e
−α〈c(	) ,q k+1( )〉− α

c(	)
i

q⊥i k+1( )
− 1

( )
(c)� e−α〈c

(	) ,q k+1( )〉 ∑n
i�1

c(	)i ui k( )e
− α

c(	)
i

q⊥i k+1( )
− 〈c(	), u k( )〉,

where (a) holds by definition of q‖(k), (b) holds by definition of α, and (c) holds by expanding the product and reorganizing
terms. Therefore, we have

〈c(	), u k( )〉 � e−α〈c
(	) ,q k+1( )〉 ∑n

i�1
c(	)i ui k( )e

− α

c(	)
i

q⊥i k+1( )
.

Multiplying both sides by eα〈c(	) ,q(k+1)〉, we obtain

〈c(	), u k( )〉eα〈c(	) ,q k+1( )〉 � ∑n
i�1

c(	)i ui k( )e
− α

c(	)
i

q⊥i k+1( )
,

which proves the lemma. □

Now we prove Lemma 7.

Proof of Lemma 7. First, observe that if θ � 0, the lemma holds trivially. Now assume that θ 	� 0. Because c(	) ≥ 0 and ūi ≤
s̄i ≤ Smax for all i ∈ {1, . . . ,n}, we have

0 ≤ 〈c(	), ū〉 ≤ Smax〈c(	), 1〉.
Then, from facts 1 and 2 stated in Section B.3 of Appendix B, we have

e−θε〈c
(	) ,ū〉

⃒⃒⃒ ⃒⃒⃒
≤ θε〈c(	), ū〉

⃒⃒⃒ ⃒⃒⃒ e−θεSmax〈c(	) ,1〉 − 1
−θεSmax〈c(	), 1〉

( )
. (C.1)
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Now, by properties of expected value, we have

E eθε〈c
(	) ,q̄+〉 − 1

( )
e−θε〈c

(	) ,ū〉 − 1
( )[ ]⃒⃒⃒ ⃒⃒⃒

≤ E eθε〈c
(	) ,q̄+〉 − 1

⃒⃒⃒ ⃒⃒⃒
e−θε〈c

(	) ,ū〉 − 1
⃒⃒⃒ ⃒⃒⃒[ ]

(a)
≤ |θε| e

−θεSmax〈c(	) ,1〉 − 1
−θεSmax〈c(	), 1〉

( )
E 〈c(	), ū〉 eθε〈c

(	) ,q̄+〉 − 1
( )⃒⃒⃒ ⃒⃒⃒[ ]

(b)� |θε| e
−θεSmax〈c(	) ,1〉 − 1
−θεSmax〈c(	), 1〉

( )
E

∑n
i�1

c(	)i ūi e
− θε

c(	)
i

( )
q̄+⊥i

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⃒⃒⃒⃒
⃒⃒⃒⃒

⃒⃒⃒⃒
⃒⃒⃒⃒⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(c)
≤ |θε| e

−θεSmax〈c(	) ,1〉 − 1
−θεSmax〈c(	), 1〉

( )
E

∑n
i�1

ciūi e
− θε

c(	)
i

( )
q̄+⊥i − 1

⃒⃒⃒⃒
⃒⃒⃒⃒

⃒⃒⃒⃒
⃒⃒⃒⃒⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(d)
≤ |θε| e

−θεSmax〈c(	) ,1〉 − 1
−θεSmax〈c(	), 1〉

( )
E

∑n
i�1

c(	)i ūi
( )p[ ]1

p

E
∑n
i�1

e
− θε

c(	)
i

( )
q̄+⊥i − 1

⃒⃒⃒⃒
⃒⃒⃒⃒

⃒⃒⃒⃒
⃒⃒⃒⃒

p
p−1⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
p−1
p

,

where p > 1. Here (a) holds by (C.1); (b) holds by Lemma C.1 with α � θε; (c) holds by triangle inequality; and (d) holds by
Hölder’s inequality.

However,

E
∑n
i�1

c(	)i ūi
( )p[ ]

≤ cmaxSmax( )p−1E ∑n
i�1

c(	)i ūi

[ ]
≤ cmaxSmax( )p−1ε,

where cmax � maxi c
(	)
i , and the last equality holds for the following reason. By Lemma 9, we have

E 〈c(	), u〉
[ ]

� ε − b(	) + E 〈c(	), s̄〉
[ ]

.

Also, by definition of the capacity region in (19) and because s̄ depends on the channel state, we have that E[〈c(	), s̄〉] ∈ #. Then

−b(	) + E 〈c(	), s̄〉
[ ]

≤ 0. (C.2)

Therefore,

E eθε〈c
(	) ,q̄+〉 − 1

( )
e−θε〈c

(	) ,ū〉 − 1
( )[ ]⃒⃒⃒ ⃒⃒⃒

≤ |θ|ε1+1
p cmaxSmax( )p−1p e−θεSmax〈c(	) ,1〉 − 1

−θεSmax〈c(	), 1〉

( )
E

∑n
i�1

e
− θε

c(	)
i

( )
q̄+⊥i − 1

⃒⃒⃒⃒
⃒⃒⃒⃒

⃒⃒⃒⃒
⃒⃒⃒⃒

p
p−1⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
p−1
p

.

The rest of the argument is similar to the last steps in the proof of Lemma 4. However, in this case, we do not need to use the
existence of the MGF of ε

∑n
i�1 q̄i because we know that E[eθε‖q⊥‖] is bounded for θε ≤ θ∗ from SSC. □

C.2. Existence of MGF of ε‖q̄‖ in the Generalized Switch
We prove the following lemma.

LemmaC.2. Consider a generalized switch parametrized by ε, as described in Theorem 3. Then, for each ε > 0, there existsΘ > 0 such that
E[eθε〈c(	) ,q̄〉] < ∞ for all θ ∈ [−Θ,Θ].
Proof. First, observe that if θ � 0, the lemma holds trivially. Therefore, in this proof, we assume that θ 	� 0. We use the
Foster–Lyapunov theorem (Hajek 2015, proposition 6.13) with Lyapunov function V(q) � eθε〈c(	) ,q〉. In this proof, we use
the notation

Eq [·] Δ�E ·|q � q
[ ]

and Et [·] Δ�E[·|T(k) � t]
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The drift of V(q̄) conditioned on q̄ � q is

Eq eθε〈c
(	) ,q̄+〉 − eθε〈c

(	) ,q̄〉
[ ]
(a)� Eq eθε〈c

(	) ,q̄+ā−s̄〉 − e−θε〈c
(	) ,ū〉 + 1 − eθε〈c

(	) ,q̄〉 + o ε2
( )[ ]

� Eq eθε〈c
(	) ,q̄+ā〉e−θε〈c

(	) ,s̄〉 − e−θε〈c
(	),ū〉 + 1 − eθε〈c

(	) ,q̄〉 + o ε2
( )[ ]

(b)� Eq eθε 〈c(	) ,q̄+ā〉−B̄( ) − e−θε〈c
(	) ,ū〉 + 1 − eθε〈c

(	),q̄〉 + o ε2
( )[ ]

+ Eq eθε〈c
(	) ,q̄+ā−s̄〉 − eθε 〈c(	) ,q̄+ā〉−B̄( )[ ]

(c)� Eq eθε 〈c(	) ,q̄+ā〉−B̄( ) − e−θε〈c
(	) ,ū〉 + 1 − eθε〈c

(	) ,q̄〉 + o ε2
( )[ ]

+ E eθε〈c
(	) ,ā〉

[ ]
Eq eθε〈c

(	) ,q̄〉 e−θε〈c
(	) ,s̄〉 − e−θεB̄

( )
,
][

where (a) holds by expanding the product and rearranging terms in Lemma 7, (b) holds after adding and subtracting
Eq[eθε(〈c(	) ,q̄+ā〉−B̄)] and reorganizing terms, and (c) holds because the arrival process is independent of the queue length and
services processes.

However,

Eq eθε〈c
(	) ,q̄〉 e−θε〈c

(	) ,s̄〉 − e−θεB̄
( )[ ]

� Eq eθε 〈c(	) ,q̄〉−B̄( ) eθε B̄−〈c(	) ,s̄〉( ) − 1
( )[ ]

� Eq

[
Et e−θεB̄

[ ]
Et eθε〈c

(	) ,q̄〉 eθε B̄−〈c(	) ,s̄〉( ) − 1
( )[ ]]

� Eq Et e−θεB̄
[ ]

Et eθε B̄−〈c(	) ,s̄〉( ) − 1
[ ]]

+ o ε2
( )

,
[

where the last equality holds by Lemma 7 and because the random variable B̄ is bounded (because it takes finitely many values).
Rearranging terms, we obtain

Eq eθε〈c
(	) ,q̄+〉 − eθε〈c

(	),q̄〉
[ ]

� 1 − Eq e−θε〈c
(	) ,ū〉

[ ]
+ E eθε〈c

(	) ,ā〉
[ ]

Eq e−θε〈c
(	) ,s̄〉 − eθεB̄

[ ]
+ o ε2

( )
, (C.3)

+ eθε〈c
(	),q〉E eθε 〈c(	) ,ā〉−B̄( ) − 1

[ ]
. (C.4)

Observe that the right-hand side of (C.3) is bounded because ūi ≤ s̄i ≤ Smax and āi ≤ Amax with probability one for all
i ∈ {1, . . . , n}. Also, B̄ is bounded because it takes a finite number of values.

Then it suffices to show that for δ > 0, there exists Θ > 0 such that

E eθε 〈c(	) ,ā〉−B̄( ) − 1
[ ]

< −δ, ∀θ ∈ −Θ, 0[ ) ∪ 0,Θ( ].

This result can be easily using the continuity ofMGF at θ � 0 and the Taylor expansion of E[eθε(〈c(	) ,ā〉−B̄)]with respect to θ up to
first order around θ � 0. We omit the details for brevity. □

C.3. Proof of Lemma 8
First, observe that if θ � 0, the proof holds trivially. Now assume that θ 	� 0.

In this proof, we use a geometric vision of the maxweight algorithm. Before presenting the technical details, we present
an intuitive overview of the proof. Recall that given the channel state, the maxweight algorithm maximizes 〈q(k), x〉 over
the set of feasible service rate vectors. Then maxweight solves an optimization problem with linear objective function.
Equivalently, maxweight finds a vector x∗ that is an optimal solution of

max q k( ), x〈 〉
subject to x ∈ ConvexHull 6(t)

( ) (C.5)

and sets s(k) as one of these optimal solutions. To make the optimization problem linear, we use ConvexHull(6(t)) as the
feasible region instead of 6(t). However, this does not change the problem because the objective function is linear, and
therefore, an optimal solution of (C.5) is at an extreme point, that is, at a point in 6(t).

The gradient of the objective function is q(k). Then, depending on its direction, the optimal solution(s) x∗ will belong to a
different facet or vertex of ConvexHull(6(t)). In Figure C.1, we present pictorial examples in which we show the optimal
solution(s) when the vector of queue lengths goes in three different directions.

Recall that q‖(k) goes in the same direction as c(	). Also, if ε is small, we expect that q(k) ≈ q‖(k) by SSC. Then, if ε is small,
we expect that any optimal solution x∗ to the linear program (C.5) satisfies 〈c(	), x∗〉 � b(t,	) with high probability.



Figure C.1. Example of Optimal Solutions Depending on the Queue Lengths Vector.
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Now we present the technical details. We start with a definition. Let t ∈ 7, and suppose that the channel state is T̄ � t.
Then let ν(t) ∈ (0, π/2] be an angle such that 〈c(	), s̄〉 � b(t,	) if ‖q‖‖/‖q‖ ≥ cos(ν(t)). Let νq̄ be the angle between q̄‖ and q̄, and
define νmin Δ� mint∈7 ν(t). Therefore, because s̄ is scheduled using the maxweight algorithm, if the channel state is t, we have

b(t,	) 	� 〈c(	), s̄〉 implies ν(t) < νq̄. (C.6)

In this proof, we use the notation Et [·] � E[ · | �T � t]. By definition of conditional expectations, we have

E eθε〈c
(	) ,q̄(ε)〉 − 1

( )
eθε B̄−〈c(	) ,s̄(ε)〉( ) − 1

( )[ ]
� ∑

t∈7
ψtEt eθε〈c

(	) ,q̄(ε)〉 − 1
( )

eθε b(t,	)−〈c(	) ,s̄(ε)〉( ) − 1
( )

,

where

Et eθε〈c
(	) ,q̄(ε)〉 − 1

( )
eθε b(t,	)−〈c(	) ,s̄(ε)〉( ) − 1

( )[ ]
(a)� Et eθε‖q̄‖‖ − 1

( )
eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( )
1{b(t,	) 	�〈c(	) ,s̄〉}

[ ]
(b)
≤ Et eθε‖q̄‖‖ − 1

( )
eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( )
1{νq̄>ν(t)}

[ ]
� Et eθε‖q̄⊥‖ cot νq̄( ) − 1

( )
eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( )
1{νq̄>ν(t)}

[ ]
(c)
≤ Et eθε‖q̄⊥‖ cot ν(t)( ) − 1

( )
eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( )
1{νq̄>ν(t)}

[ ]
(d)� Et eθε‖q̄⊥‖ cot ν(t)( ) − 1

( )
eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( )[ ]
(e)
≤ Et eθε‖q̄⊥‖ cot ν(t)( ) − 1

( )p1
p

[ ]
Et eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( ) p
p−1

p−1
p

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,
where p > 1. Here (a) holds by definition of the indicator function and because q̄‖ � 〈c(	), q̄〉c(	) by the definition of
projection, (b) holds by (C.6), (c) and (d) hold because cot(ν) is decreasing for ν ∈ (0, π/2], (d) holds by (C.6) and by
definition of the indicator function, and (e) holds by Hölder’s inequality.

Using an argument similar to the one at the end of Lemma 4, it can be proved that

0 ≤ Et eθε‖q̄⊥‖ cot ν(t)( ) − 1
( )p[ ]1

p is O(ε)
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converges to a constant as ε↓0. By contrast,

Et eθε b(t,	)−〈c(	) ,s̄〉( ) − 1
( ) p

p−1
[ ]
� Et eθε b(t,	)−〈c(	) ,s̄〉( ) − 1

( ) p
p−1
1{b(t,	) 	�〈c(	) ,s̄〉}

[ ]

� E
eθε b(t,	)−〈c(	) ,s̄〉( ) − 1
θε b(t,	) − 〈c(	), s̄〉( )( ) p

p−1
θε b(t,	) − 〈c(	), s̄〉

( )( ) p
p−1
1{b(t,	) 	�〈c(	) ,s̄〉}

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ eθε B̄max−〈c(	) ,Smax1〉( ) − 1
θε B̄max − 〈c(	), Smax1〉( )( ) p

p−1
θε B̄max − 〈c(	), Smax1〉

( )( ) p
p−1P b(t,	) 	� 〈c(	), s̄〉

[ ]
,

where B̄max � maxt∈7 b(t,	). Eryilmaz and Srikant (2012) prove that P b(t,	) 	� 〈c(	), s̄〉[ ] � Kε for a finite constant K, and their
proof also holds here. Therefore,

E eθε b(t,	)−〈c(	) ,s̄〉( ) − 1
( ) p

p−1
[ ]

is O ε1+
p

p−1
( )

. □
D. Proof of the Claims in Sections 4.2 and 5.2
In this appendix, we show the proof of all the claims that we made in the proofs of our theorems.

D.1. Proof of Claim 1
We have

0 ≤ θε( )2
2

E
∑n
i�1

ūi

( )2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (a)
≤ ε2

nSmaxθ2

2

( )
E

∑n
i�1

ūi

[ ]
(b)� ε3

nSmaxθ2

2

( ) ,

where (a) holds because, by definition of unused service, we have ūi ≤ s̄i ≤ Smax and all terms are nonnegative, and (b)
holds by Lemma 5.

Therefore,

θε( )2
2

E
∑n
i�1

ūi

( )2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ is O ε3

( )
. □

D.2. Proof of Claim 2
We have

0 ≤ θε( )2
2

E 〈c(	), ū〉
( )2[ ]

(a)
≤ ε2

〈c(	), Smax1〉θ2

2

( )
E 〈c(	), ū〉
[ ]

(b)
≤ ε3

〈c(	), Smax1〉θ2

2

( )
,

where (a) holds because ūi ≤ s̄i ≤ Smax and c(	) ≥ 0, and (b) holds by Lemma 9 because E[〈c(	), s̄〉 − B̄] ≤ 0.
Therefore,

θε( )2
2

E 〈c(	), ū〉
( )2[ ]

is O ε3
( )

. □

D.3. Proof of Claim 3
For the first expression, from Lemma 3, we have

E fε, 〈c(	),ā〉−B̄( ) θ( )
[ ]

� 1 + θεE 〈c(	), ā〉 − B̄
[ ]

+ θε( )2
2

E 〈c(	), ā〉 − B̄
( )2[ ]

+O ε3
( )

� 1 + θε2 + θε( )2
2

E 〈c(	), ā〉 − B̄
( )2[ ]

+O ε3
( )

,
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where the last equality holds by (25). Also,

0 ≤ θε( )2
2

E 〈c(	), ā〉 − B̄
( )2[ ]

(a)
≤ ε2

〈c(	),Amax1〉 + Bmax
( )

θ2

2

( )
E 〈c(	), ā〉 − B̄
[ ]

(b)� ε3
〈c(	),Amax1〉 + Bmax
( )

θ2

2

( )
,

where (a) holds because āi ≤ Amax with probability one for all i ∈ {1, . . . , n}, c(	) ≥ 0, B̄ is bounded by a constant that we
denote Bmax and because all quantities are nonnegative, and (b) holds by (25). Then

θε( )2
2

E 〈c(	), ā〉 − B̄
( )2[ ]

is O ε3
( )

.

Therefore,

E fε, 〈c(	) ,ā〉−B̄( ) θ( )
[ ]

� 1 + θε2 +O ε3
( )

.

This proves the first equation of the claim.
For the second expression, using Lemma 3, we obtain

E fε, B̄−〈c(	) ,s̄〉( ) θ( )
[ ]

− 1 � θεE B̄ − 〈c(	), s̄〉
[ ]

+ θε( )2
2

E B̄ − 〈c(	), s̄〉
( )2[ ]

+O ε3
( )

.

However,

0 ≤ θε( )2
2

E B̄ − 〈c(	), s̄〉
( )2[ ]

(a)
≤ ε2

Bmax + 〈c(	), Smax1〉( )
θ2

2

( )
E B̄ − 〈c(	), s̄〉
[ ]

(b)
≤ ε3

Bmax + 〈c(	), Smax1〉( )
θ2

2

( )
,

where (a) holds because s̄i ≤ Smax with probability one for all i ∈ {1, . . . , n}, c(	) ≥ 0, and B̄ ≤ Bmax, and all quantities are
nonnegative (see (C.2) to see why E[B̄ − 〈c(	), s̄〉] ≥ 0), and (b) holds by Lemma 9 and because E[〈c(	), ū〉] ≥ 0, given that ū ≥ 0
and c(	) ≥ 0.

Then

θε( )2
2

E B̄ − 〈c(	), s̄〉
( )2[ ]

is O ε3
( )

.

Therefore,

E fε, B̄−〈c(	),s̄〉( ) θ( )
[ ]

− 1 � θεE B̄ − 〈c(	), s̄〉
[ ]

+O ε3
( )

. □
Endnote
1 In fact, the exponential moment bound is not part of the SSC statement of Eryilmaz and Srikant (2012), but their proof of their proposi-
tion 2 implies it.
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