This article was downloaded by: [216.73.216.182] On: 04 June 2026, At: 06:12
Publisher: Institute for Operations Research and the Management Sciences (INFORMS)
INFORMS is located in Maryland, USA

- Stochastic Systems
A=

Publication details, including instructions for authors and subscription information:
http://pubsonline.informs.org

W
g 1:5 e Convergence of a Distributed Kiefer-Wolfowitz

Algorithm

Jean Walrand

To cite this article:
Jean Walrand (2021) Convergence of a Distributed Kiefer-Wolfowitz Algorithm. Stochastic Systems 11(4):324-332.
https://doi.org/10.1287/stsy.2021.0080

This work is licensed under a Creative Commons Attribution 4.0 International License. You are free to copy,
distribute, transmit and adapt this work, but you must attribute this work as “Sochastic Systems. Copyright ©
2021 The Author(s). https://doi.org/10.1287/stsy.2021.0080, used under a Creative Commons Attribution License:
https://creativecommons.org/licenses/by/4.0/.”

Copyright © 2021 The Author(s)

Please scroll down for article—it is on subsequent pages

informs.

With 12,500 members from nearly 90 countries, INFORMS is the largest international association of operations
research (O.R.) and analytics professionals and students. INFORMS provides unique networking and learning
opportunities for individual professionals, and organizations of all types and sizes, to better understand and use
O.R. and analytics tools and methods to transform strategic visions and achieve better outcomes.

For more information on INFORMS, its publications, membership, or meetings visit http://www.informs.org



http://pubsonline.informs.org
https://doi.org/10.1287/stsy.2021.0080
https://doi.org/10.1287/stsy.2021.0080
https://creativecommons.org/licenses/by/4.0/
http://www.informs.org

Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 06:12 . For personal use only, all rights reserved.

. STOCHASTIC SYSTEMS
|nf0rmsm Vol. 11, No. 4, December 2021, pp. 324-332

https://pubsonline.informs.org/journal/stsy ISSN 1946-5238 (online)

Convergence of a Distributed Kiefer-Wolfowitz Algorithm

Jean Walrand?®

@Department of Electrical Engineering and Computer Sciences, University of California, Berkeley, Berkeley, California 94720
Contact: walrand@berkeley.edu, () https: // orcid.org/0000-0002-1460-6826 (JW)

Received: August 28, 2020 Abstract. This paper proposes a proof of the convergence of a distributed and asynchro-

Revised: December 21, 2020 nous version of the Kiefer-Wolfowitz algorithm where the agents do not exchange infor-

Accepted: March 15, 2021 mation with one another.

Published Online in Articles in Advance:

September 13, 2021 a Open Access Statement: This work is licensed under a Creative Commons Attribution 4.0 International
. License. You are free to copy, distribute, transmit and adapt this work, but you must attribute this

https:/idoi.org/10.1267stsy.2021.0080 work as “Stochastic Systems. Copyright © 2021 The Author(s). https://doi.org/10.1287/stsy.2021.

Copyright: © 2021 The Author(s) ](;OS/(Z E)ljefi under a Creative Commons Attribution License: https: // creativecommons.org/licenses /

y/=xU/.

Keywords: stochastic approximation « stochastic gradient descent « distributed « asynchronous

1. Introduction

The goal is to maximize a smooth concave function of K > 1 variables. The function is assumed to be strongly
concave in a neighborhood of its maximizer. There are K agents; each agent observes the values of the function,
corrupted by observation noise, and adjusts its own variable without knowing the values of the other variables.
The agents do not communicate their variables. This formulation is motivated by many applications where the
agents do not know each other or are not be able to communicate directly with one another. Moreover, the agents
are not synchronized, so that they update their variable either at the same or different times.

Each agent experiments by perturbing its variable by a zero-mean change in order to estimate the partial deriva-
tive of the function with respect to that variable. In the next step, the agent then updates its variable in proportion
to the estimate of the partial derivative. Each agent experiments exactly once in every interval of 7 successive
steps, for some common 7 > 2. A particular example is when the agents update with the same period 7 but may
be out of phase. This is admittedly a restricted form of asynchronicity.

This algorithm is an extension of Kiefer and Wolfowitz (1952) and Spall (1992). In Kiefer and Wolfowitz (1952),
the authors introduce a gradient descent algorithm where the gradient is estimated by observing the function at
perturbed values of its variable and they prove the convergence of the algorithm to the minimum of the function.
Spall (1992) proposes a variation of the algorithm in the multivariate case where the partial derivatives with
respect to the different variables are estimated by simultaneously perturbing each variable by an independent
and zero-mean amount, instead of perturbing the variables one at a time. The author proves the convergence to
the minimum of the function under the assumption that the variables return infinitely often to a compact set. In
this paper, we extend the algorithm to the case where the different variables get updated asynchronously. Also,
the proof does not require assuming returns to a compact set. This assumptions is needed in proofs based on the
ordinary differential equation approach, such as in Kushner and Clark (1978) and Ljung and Soderstrom (1983).
The key idea in this approach is to show that the piecewise linear interpolation of the successive values of the
vector of variables, when situated at appropriately scaled time steps and restarted in a compact neighborhood of
the maximizer of the function, approaches the solution of a differential equation that converges to that
maximizer.

An agent corrupts the estimate of the partial derivative of another agent either when it experiments or updates
its variable while the other agent calculates its estimate. Technically, the difficult aspect of our version is that the
corruption of the estimate by the updates of other agents is not zero-mean, in contrast with the corruption by
their experiments, which is zero-mean (up to a second order term). Intuitively, the result is not surprising; but its
formal proof requires careful bounds on the size of the corruptions. This is the technical contribution of the
paper.

Some papers propose mechanisms where agents exchange the value of their variables, possibly with some
delays, and they may know the function they want to maximize (e.g., Nedic et Ozdaglar 2009, Kennedy et al. 2019,
Ramaswamy 2019, Swenson et al. 2020). The key contribution of this paper is to show that such communication is

324


mailto:walrand@berkeley.edu
https://orcid.org/0000-0002-1460-6826
https://doi.org/10.1287/stsy.2021.0080
https://doi.org/10.1287/stsy.2021.0080
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-1460-6826
https://pubsonline.informs.org/journal/stsy

Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 06:12 . For personal use only, all rights reserved.

Walrand: Convergence of a Distributed Kiefer-Wolfowitz Algorithm
Stochastic Systems, 2021, vol. 11, no. 4, pp. 324-332, © 2021 The Author(s) 325

not necessary for convergence. Also, the agents observe the values of the function with some observation noise but
need not know its functional form. That is, the agents can observe the effect of their choice of value for their variable,
but they could not calculate it.

2. Algorithm and Result
Recall that there is some integer 7 > 2 such that, for each n >0, every agent k experlments exactly once at some
time Ty(n) + 1, where Ti(n) € {n7,...,nt + 7 -1}, and updates at the next step. Let f : R - R be some function
defined on RX. The case of a single agent (i.e., K = 1) is the same as in Kiefer and Wolfowitz (1952), whereas that
of simultaneous updates (i.e., T = 1) corresponds to Spall (1992).

The experiments and updates are defined as follows. For k=1,...,K and n >0, let xx(n) be the value of the
variable of agent k at step n. Let also x(17) be the vector with components x,(n), for n > 0.

The algorithm is as follows. Fork=1,...,K and n > 0, one has, for m = Ty(n),

xe(m + 1) = xx(m) + ax(n)e(n) (experiment), (1)
x(m +2) = x(m) + ge(n)y(n) (update), 2)
where
_ fx(m +1)) = f(x(m)) + n, (n)
S = Dy ©
a(n) are independent with P(ax(n) = —1) = P(ax(n) =1) = 0.5; 4)
n,(n) are independent, zero — mean, bounded; 5)
c0) ) € 01,600 = 0, Sy = o0, 3151 < o ©
Zy(n)ez(n) < 00,7(1)/€*(n) is bounded. ?)
(For instance, y(n) = n~"7,e(n) = n~"2.)
Also, if m —1 # Ty(n) and m # Ti(n) for any n, then
x(m +1) = x,(m). ®)

The assumptions on the step size (1) and the experimentation size y(n) are similar to those of Kiefer and
Wolfowitz (1952) and Spall (1992). Specifically, these two references require (6). Kiefer and Wolfowitz (1952)
requires >y (n)e(n) < oo instead of (7). In particular, if y(1) = n™* and €(1) = n~?, then the conditions in Kiefer and
Wolfowitz (1952) subsume our conditions; also, 2 = 0.75,b = 0.1 satisfy the conditions in Spall (1992) but not ours.
We assume that the noise is bounded, whereas Kiefer and Wolfowitz (1952) and Spall (1992) only impose condi-
tions on moments. The proof techniques are different.

Our objective is to prove the following theorem.

Theorem 1. Assume that the function f is smooth and concave, with a finite maximizer x*, strongly concave in a neighbor-
hood of x*, and with bounded derivatives up to the third order. Then the algorithm defined by (1)—(8) is such that

Xy — X', almost surely as n — oo.

3. Convergence Rate

Assume that y(n) =n~* and e(n) = n~". Our conditions require a > max{2b,1—2b,0.5+b}. Assume further that
a < 6b. (For instance, a = 0.75 and b = 0.2.) Then Spall (1992) shows that the synchronized version of the algorithm
(t = 1) is such that, forn>1,

n"27(x, —x) ~ N(0,%),

where X is a matrix that depends on the Hessian of f at x*.

In the asynchronous version of the algorithms, all the variables get updated every 7 + 1 steps instead of every
two steps. Also, the errors in the gradient estimation are shown to be second order in the proof of the theorem.
Thus, one expects the convergence to occur (7 +1)/2 times more slowly than for the synchronized algorithm.
The confirmation of this estimate is left for further study.



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 06:12 . For personal use only, all rights reserved.

Walrand: Convergence of a Distributed Kiefer-Wolfowitz Algorithm
326 Stochastic Systems, 2021, vol. 11, no. 4, pp. 324-332, © 2021 The Author(s)

4. Outline of Proof of Theorem
Let z(m) be the vector with components zi(m) = xx(m) — ar(n)e(n)1{m = Ty(n) + 1}. That is, zi(m) is the latest
updated value of x; by time m. Note that z;(m) does not change when user k performs an experiment, only when
it updates its variable. Of course, x changes during experiments and updates; and the gradient is estimated by
observing f(x), not f(z). Let also L be a bound on the first derivative of f.

Fix any 6 > 0. It is shown in the next section that u(n) =||z(nt) — x*|| satisfies the following two inequalities:

u(n+1) <u(n)—[y(n)p — a(n)], whenever u(n) > 6 )
and
u?(n+1) <u?(n) + c(n), whenever u(n) <. (10)

In these expressions, f > 0,c(n) — 0, and > a(n) converge to a finite random variable.

The claim is that these inequalities imply that u(1) < 36 for all n > ng for some finite . To see this, choose 1 so
that c(n) < 36% for n > ny—1 and Slmia(n) < 6 for all m > 0. Let 1y be the first time after 1o that u(n) > 0. If there
is no such time, we are done. Else, let m; be the first time after n; that u(n) < 6. Such a time must exist because of
(9), for otherwise u(n) — —co because >y(n) =oco and Ya(n) < co. Let then n, be the first time after m; that
u(n) > 6, then m, the first time after n, that u(n) < 6, and so on. Finally, let v(j) be the maximum value of u(n) for
ne{nj,...,m;—1}. Because of (10), u*(n;) < u(nj—1) +c(nj—1) < 6% +30%, so that u(n;) < 26. Also, because of (9),
o(j) — u(ny) < max, 32" a(n) < 6. Hence, v(j) < 36 for all j, so that u(n) < 36 for all n > no.

Because 6 > 0 is arbitrary, it follows that u(n) — 0. Because ||z(n7) — x(n7)||< €(n), this implies that x(n) — x*.

5. Proof of (9) and (10)

We first give the main steps that lead to the inequalities. The rest of the section provides the details of the
calculations.

5.1. Main Steps

Inequality (9) says that when z is away from the maximizer x*, the gradient updates bring it closer. This is intui-
tive because the gradient is then large. Inequality (10) says that when z is close to the maximizer, the updates do
not make it move faraway. This happens because the gradient is then small.

Every 7 steps, each variable x; gets updated roughly in the direction of the partial derivative of f(-) with re-
spect to that variable. Thus, z gets updated roughly in the direction of the gradient Vf(x). Errors occur because of
corruptions of the gradient estimate due to observation noise and the changes of the other variables by other
agents. More precisely, using (3) one finds (see Lemma 4)

w(n) :=z(nt + 1) — z(n1)

= y(m)vf(z(n1)) + u(n)y(n)/e(n) + O(p(n)),

where p(n) = max{y*(n)/e(n),y(n)e*(n)} and p(n) are a bounded random vector that is zero-mean given F,_1,
where

(11)

Fui=Aar(m),n(m),m <mk=1,...,K}.

Also, in (11), O(p(n)) is a random vector whose components are bounded in absolute value by a constant times p(n).
Identity (11) implies (see Lemma 5)

Iw(n)]? = O(2(n)/€*(n)). (12)
Hence,
2(n +1) =||z(nt + 1) = x| = ||z(n7) = x* + wn)|]?
= 12(n) + 2(z(nt) — x) w(n) + [[w(n)|*
= u*(n) + 2y (n)(z(n7) — x°)' Vf (z(n1)) + 2(y(n) [e(n))(z(n7) — x*) u(n)
+ 2(z(n7) — x*) O(p(n)) + O(*(n) /€*(n)).
Now,

(z(n7) = x) V(f(2(n7)) < f(2(n1)) - f(x), (13)
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by concavity. (See Lemma 6.) Thus,

w?(n + 1) < u?(n) + 2y(n)(f(z(n7)) — f(x)) +2(y(n)/e(n))(z(nt) — x*) u(n) (14)
+2(z(n7) — XY O(p(n)) + O(y*(n) /€*(n)).

When u(n) > 6, one has
f(z(n1)) < f(x') — pu(n) (15)

for some f > 0, by the strict concavity of f(-) around x*. (See Lemma 7.) Also,

(2(n7) =x) u() = u(mn) X hy(n)y ()
k

with

z(nT) — X3,

u(n)

hi(n) =
Hence, when u(n) > 9,
u?(n+1) <u?(n) = 2y(n)pu(n) + 2u(n)(y(n)/ 6("))2}{1 hye(n) ()

+ 2u(n)O(p(n)) + O(y*(n)/€*(n))
< u?(n) = 2y (m)Bu(n) + 2u(n)(y(n) /e(m)) D hi(n) (1)

k
+ 2u(n)O(p(n)) +2u(n)O(y*(n) /€*(n)) /(20)
= u?(1n) = 2y (m)Bu(n) + 2u(n)(y(n) /e(m)) D hi(n) (1)

k
+ 2u(m)[O(p(n) + O(y*(n)/e*(n))/(20)]
<u?(n) = 2y(m)Bu(n) + 2u(n)[(y(n)/ e(n))zk] hi(m)p(n) + O(x(n))],

where k(1) = max{y(n)/€X(n), p(n))} = max{y*(n)/€(n), y(n)e(n)}.
Hence,

u*(n +1) < u?(n) — 2u(n)[By(n) — a(n)], (16)
where

a(n) = (V(n)/e(n))zk] hi(m) () + O(x(n).

Now, (16) implies (9), that is,
u(n +1) <u(n) - [By(n) — a(n)].

Indeed, if this last inequality were violated, one would have

w3 (n+1) > {u(n) - [fy(n) — am)]}* = u?(n) — 2u(n)[By(n) — am)] + [By(n) — a(n)]’
> u?(n) — 2u(n)[By(n) — a(n)).

This would contradict (16).

To show that > a(n) converges to a finite random variable in Lemma 8, one uses the martingale convergence
theorem for the first term and the fact that >}, x (1) < oo by (6) and (7). For the first term, the key observation is
that h2(n) < 1. (See Lemma 8.)

When u(n) <6, (14)

u(n+1) < u(n) +2(y(n)/e(n)(z(n7) —x°) u(n) + O(x(1))

, =u?(n) +c(n)

with
c(n) = 2(y(n)/e(n))(z(nt) = x") p(n) + O(k(n)).

The martingale convergence theorem implies that the first term goes to zero, because ||z(nt)—-x*||<6 and
>17*(n)/€2(n) < 0. The last term also goes to zero. (See Lemma 9.)
The next section develops some estimates.
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5.2. Preliminary Calculations
We recall the following notation that avoids having to keep track of explicit constants.

Definition 1. Let {h(n),n >0} be a sequence of positive numbers. By definition, {O(h(n)),n > 0} designates a
sequence of random variables such that for every sample path there is some constant C such that
|O(h(n))| < Ch(n), Vn.
The same notation is used when the variables O(h(n)) are deterministic and in the vector case when the
inequality holds component-wise.

This definition leads immediately to the following properties. (The last one assumes A >0,B >0 and uses
O(y(n)/e(n)) < O(e(n)) because y(n)/e*(n) is bounded, by (6).)

Lemma 1. One has

[O(h(n))]* = O(h(n)"), Ya >0, (17)
O(h1(n)) x O(h2(n)) = O(h1(n)h2(n)), (18)
O(h1(n)) + O(h2(n)) = O(max{hi(n), h2(n)}), (19)
If n(n) < Ciha(n) < Coln(n),n = ng, then O(hy(n)) = O(ha(n)), (20)
max{e(n), y(n)(A + B/e(n))} = O(e(n)). (1)

Lemma 2. Let m = Ty(n). We claim that
FOx(m + 1)) = f(x(m)) = ar(n)e(n)fi(2(n7)) + Ve(n) + a(n) Ue*(n) + ax(n)V'y(n) + O’ (n)), (22)
where U, V,V’ are bounded and independent of ai(n) and F,_1 and U is zero-mean. Also, fi(z(nt)) is the partial derivative

of f(-) with respect to x; evaluated at z(nt).

Proof of Lemma 2. Let m = Ty(n). Recall that T)(n) + 1 is the experiment time of agent ! during {nz,..., nt+7 -1},
so that T)(n) + 2 is its update time. The update Equations (1) and (2) imply that, for m € {nz,..., nt+7-1},
a(n)e(n),  if Ty(n) = Ti(n) -1
qi:=x(m) —z(n7) = (n)y(n), if Ty(n) < Te(n) -2
0, otherwise

and

ay(n)e(n), if Ty(n) = T(n)
rp=x(m+1)—z(nt) ={ g(n)y(n), if T)(n) < Te(n) -1
0, otherwise.

An important observation is that the gradient estimates g;(n) for [ # k are only affected by a,(n) at and after time

m + 1 and then used to update x; at or after time m + 2. Thus, the random variables g;(n) and r;(n) for I # k that

enter in the calculations of x(m) and x(m + 1) are independent of a;(1). Moreover, ax(n) is independent of z(nt).
Definition (3) shows that, forall/=1,...,K,

81(n)| < L+ G/e(n) = O(1/e(n)),

where L is the Lipschitz constant and G is the bound on 1, (n).
The identities above show that ||r||= O(e(n)) and || q||= O(e(n)) because g;(n)y(n) = O(e(n)) by (21). Taylor’s the-
orem implies the following identity:

f(x(m+1)) - f(z(n1)) = f(z(n7) + 1) - f(2(n7)) = ' Vf (2(n7)) + %r’Hr +0(e°(n)),

where H = Hf (z(nt)) is the Hessian of f(-) evaluated at z(nt).
Similarly,

fx(m)) = f(z(n7)) = f(2(n7) + q) = f(2(n7)) = q'Vf(2(n7)) + %Q'Hq +0(e°(n).
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Subtracting these two expressions, we find

fx(m +1)) = f(x(m)) = (r — q)'Vf (x(n7)) + %(r - q)H(r + q) + O(e*(n)).

Now,
a(n)e(n), if Ty(n) = Ty(n)
rn—q=1&n)ymn) —amemn), if T)(n)=Tin) -1
0, otherwise
and
a(n)e(n), if Ty(n) = Tx(n)
vt = 48100y () +a(me(n), if Ty(n) = T(n) ~ 1
ERAEE 201(n)y(n), if Ty(n) < Ti(n) -2
0, otherwise.

In the rest of this section, U, Uy, U,, Us designate random variables that are bounded, zero-mean, and inde-
pendent of a,(n) and V, V', V1, V,, V3, V4 designate random variables that are bounded and independent of a,(n).
By examining the terms in r — q, we find that

(r= q)'Vf (x(n7)) = ar(n)e(n)fi(z(n7)) + W,
where W is a sum of terms of the forms
a(n)e(n)fi(z(nt)) and g,(n)y (n)fi(z(nt)).
Thus, the terms of the above two types are either of the form
Uie(n) or Viy(n)/e(n).
We conclude that
(r— @) Vf(x(n7)) = ax(n)e(n)fx(z(n1)) + Ure(n) + Viy(n)/e(n).
The sum (r— q)'H(r + q) is composed of terms that are multiples of one of the following three expressions:
ai(n)aj(n)H, je*(n), a;(n)g;(n)H; je(n)y(n), §i(n)g;(n)H; j*(n).

Terms of first type yield a sum ay(n)Uye?(n)+ Vae?(n), where ay(n)Uye?(n) = 2% pak(n)aj(n)Hy; and
V2€2(n) = ar(n)ar(n)Hyxe*(n) = Hi €2 (n).

Terms of the second or third type yield a sum Usy(n) + ax(1n)Vay(n) + Vay?(n) /e (n).

Combining the observations above, we conclude that

fx(m + 1)) = f(x(m))
= ap(n)e(n)fi(z(nt)) + Ure(n) + Viy(n)/e(n) + ar(n)Ure?(n) + Vae?(n)
+ Usy(n) + ap(n)Vay(n) + Vay?(n) /e*(n) + O(e3(n))
= ar(n)e(n)fy(z(n7)) + Ve(n) + ar(n) Ue*(n) + ar(n)V'y(n) + O(e3(n)),

where U, V,V’ are defined as

Ve(n) = Ure(n) + Viy(n)/e(n) + Vae?(n) + Usy(n) + Vay?(n) /e*(n)
ax(n) Ue?(n) = ag(n) U€*(n)
a (m)V'y(n) = ar(n)Vay(n).

This is (22).
You will note that in this derivation, all the terms involving g,(n) are due to the asynchronous updates where
some agents update while others are estimating the partial derivatives.

Lemma 3. Let m = Ty(n). We claim that
8k(n) = filx(n)) + py () /e(n) + O(y(n) /e(n)) + O(*(n)), (23)

where 1,(n) is a bounded random variable that is zero-mean given F,_;.
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Proof of Lemma 3. Because (1) = 1/a,(n) (because a,(n) € {—1,1}) one has, using Lemma 2,
_ fx(m +1)) - f(x(m)) + 0, (n)
8= et
_ ak(n)ak(n)e(n)fk(z(m)) + Ve(n) + ar(n) Ue*(n) + ar(n)V'y(n) + O(e3 (n)) + n,(n)
e(n)
= fi(z(n1)) + ar(n)V + Ue(n) + V'y(n) /e(n) + ar(n)n,(n) /e(n) + O(e*(n)).
This expression is of the form (23), with

() /e(n) = ar(m)V + Ue(n) + ap(n)n,(n)/e(n)

and
O(y(n)/e(n)) + O(e*(n)) = V'y (1) /e(n) + ax(m)O(e* ().

5.3. Proofs of the Main Steps
The following lemma shows that (11) holds.
Lemma 4. Let w(n) = z(nt + 7) — z(nt). One has

w(n) = y(n)Vf(z(nt)) + (y(n)/e(n))u(n) + O(p(n)), (24)
where u(n) is a bounded random vector that is zero-mean given F,_1 and p(n) = max{y?(n)/e(n),y(n)e*(n)}.
Proof of Lemma 4. One has

zx(nT + 1) = zx(n7) + Y(n)gk(n), (25)

so that Lemma 3 implies that

w(n) = y(m)Vf(z(n1)) + (y(n)/e(m)pu(n) + y()[O(y(n)/e(n)) + O(e*(n))]
= y(m)vf(z(n1)) + (y(n)/e(n))u(n) + O(p(n)).

Hence, (24) holds.
The following lemma shows that (12) holds.

Lemma 5. Let w(n) = z(nt + 1) — z(nt). One has
[w(m)|* = O(/*(n)/€*(n). (26)

Proof of Lemma 5. In (11), which is also (24), the gradient of f(-) is bounded and so is the vector (). Hence,
w(n) = O(y(n)) + O(y(n)/e(n)) + O(p(n)) = O(y(n)/e(n)).

Thus, (26) holds.
The following lemma proves (13)

Lemma 6. One has

(z(n7) = x) V(f(z(n7)) < f(2(n7)) - f(x). (27)

Proof of Lemma 6. A smooth concave function lies below its supporting hyperplanes. O
The following lemma proves (15).

Lemma 7. For any 6 > 0, there is some > 0 such that

f@) <f(X) =Bllz=x1l, if [lz=x|| = 0. (28)
Proof of Lemma 7. By continuity and strict concavity in a neighborhood of x,

—a := max{f(z) —f(x)| [z — x| > 6} < 0.
Let B = a/6. Assume ||z — x*|| > 6. Define v as follows:

v=pz+(1-p)x withl-p=0/l|z-x|.
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Then,
v =xlI=lI(1 = p)z = (1= p)X[|= (1 = p) Iz = x[| = 6.
Consequently,
f) =f(x) < —a.
Also, by concavity,

f) 2 pf(x) + (1 - p)f (2).

Hence,
Of(x)+ (1 - p)f(z) <f(x)—a,
so that
f@) <) = 7= =f0) = B llz =X,
as claimed.

The following lemma shows that the sequence a(r) in (9) sums to a finite random variable.

Lemma 8. Let

a(n) = (y(n)/ €(n))zk] hi(n)p (n) + O(x(n)),

where k(n) = max{y?*(n)/e*(n),y(n)e*(n)}.
Then the sum of a(n) converges to a finite random variable.

Proof of Lemma 8. First consider
(y(n)/e(n)hy(n)n,(n).

Recall that |l(n)| < 1 and that the random variables 1), (1) are bounded and zero-mean given F,_;. Thus, the sum
2 () /e(m)hi(m)u, (n)
n=0
is a martingale with respect to that filtration F,,. Moreover,
25 () /e(m))? < oo

by assumption. Consequently, by the martingale convergence theorem, this sum converges to a finite random
variable.

Also, the terms O(x(n))) sum to finite numbers, by (6).

The following lemma shows that the c(n) in (10) converge to zero.

Lemma 9. Let
c(n) = 2(y(n)/e(n))(z(nt) — x*) p(n) + O(x(n))
for n such that ||z(nt) — x*|| < 6 and c(n) = 0 otherwise. Then c(n) — 0.
Proof of Lemma 9. Consider the term
(y(n)/e(m))(zi(nt) — xp ) (n).
Note that
() /e(m))(zx(n7) = )P < (P(n) /X)) |zi(nT) — x;
< () /X)) llz(n7) = x| < (72(n) /€3(n))5>.

Consequently, as in Lemma 8, these terms sum to a finite random variable. Hence, the terms converge to zero.
The terms O(x(n)) also converge to zero.



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 06:12 . For personal use only, all rights reserved.

Walrand: Convergence of a Distributed Kiefer-Wolfowitz Algorithm
332 Stochastic Systems, 2021, vol. 11, no. 4, pp. 324-332, © 2021 The Author(s)

6. Conclusions

This paper proves the convergence of a distributed version of the Kiefer-Wolfowitz algorithm under some strong
assumptions. The function is assumed to be strictly concave in a neighborhood of its maximizer and with bound-
ed derivatives up to the third order. The observation noise is assumed to be bounded. The agents update regular-
ly, once in every interval of 7 successive steps. The proof is self-contained and does not require assuming that
the variables visit a compact set infinitely often. Instead, it shows that the updates prevent the variables from
drifting away.

Many of these assumptions are probably stronger than necessary. For instance, the rate of updates of the dif-
ferent agents could be different. Convergence in probability should occur if only moments of the noise are
bounded. Also, a variation where the agents estimate the function by averaging their observations between suc-
cessive updates instead of in one step may be more relevant for some applications and should be explored. The
situation where the agents choose to experiment at random times is also important for applications but seems to
require a different proof technique. Finally, a projection version of the algorithm and the case of discrete varia-
bles are left for further study.
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