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1. Introduction

To deal with the effects of climate change, many countries are in the process of implementing new policy meas-
ures to stimulate the use of electricity generated by renewable sources such as solar and wind. This comes with
many societal challenges and opportunities for research. The supply of energy is less predictable, which makes
the task of keeping high-voltage transmission networks reliable more challenging. In the local distribution grids,
new products and services can be used to balance the grid emerge (such as smart devices), but also create more
intermittency. In particular, electric vehicles (EVs) can cause a substantial additional load on local distribution
grids (Hoogsteen et al. 2017).

The focus of the present paper is on analyzing congestion associated to slow charging, which happens when a car
is parked while its owner is at home, at work, or shopping. In Carvalho et al. (2015), it was suggested to model the
evolution of slowly charging EVs in a local grid by bandwidth sharing networks, approximating the
instantaneous allocation of electricity to vehicles by proportional fairness. The main constraint that needs to be sat-
istied is that the voltage drop in the network needs to remain bounded. The focus in Carvalho et al. (2015) was
solely on simulation, assuming a Markovian model and infinitely many parking spaces for EVs. Using simula-
tions, the stability of proportional fairness and max-min fairness was examined.

In a recent paper (Aveklouris et al. 2019), we proposed an extension of Carvalho et al. (2015) by allowing for
load limits, finitely many parking spaces, and deadlines (associated with parking times). The joint distribution of
charging requirements and parking times was not restricted to Markovian or independence assumptions. Using
heuristic arguments, Aveklouris et al. (2019) proposed a fluid model keeping track of the number of charged and
uncharged cars in the system and an associated invariant point. This invariant point is shown to be computation-
ally tractable in Aveklouris et al. (2019), as it is formulated in terms of an AC optimal power flow problem with
an exact convex relaxation.

The goal of the present paper is to put the analysis of Aveklouris et al. (2019) on rigorous footing using
measure-valued fluid limits. As in Aveklouris et al. (2019), we allow the parking times and the charging require-
ments of EVs to be dependent and generally distributed random variables. In addition, we consider general ar-
rival processes with time-varying arrival rates and multiple EV types. The distribution grid is explicitly modeled,
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and we allow for multiple parking lots, each with finitely many parking spaces; the fluid approximation of Ave-
klouris et al. (2019) did not take the subtleties of dynamically rejecting vehicles at parking lots into consideration
as we do here.

A measure-valued process that keeps track of the age in service or the residual service times of customers
has proven to be a useful tool in proving asymptotic limits for systems with many-server queues in which the
service discipline is not first-come-first-served. In Kang and Ramanan (2010) and Zhang (2013), the authors
develop fluid limit approximations for a many-server queueing system with impatient customers, where the
arrival, service, and abandonment times follow general distributions, and the assumption of the absolute con-
tinuity of the service and patience time distributions is removed in Zufiga (2014). A fluid model for many-
server queues with time-varying arrival rates are studied in Liu and Whitt (2011) and Mandelbaum and
Mom¢ilovi¢ (2017). In Puha and Ward (2019), the authors develop fluid limits for a multiclass many-server
queue with impatient customers for a wide class of scheduling policies. Fluid limits for many-server retrial
queues with nonpersistent customers are studied in Kang (2015), for processor-sharing queues in Zhang et al.
(2009), and for processor-sharing queues with impatient customers in Gromoll et al. (2008). Fluid approxima-
tions for bandwidth-sharing networks with generally distributed service and patience times are developed in
Gromoll and Williams (2009) and in Remerova et al. (2014).

Our work is also connected to the literature on bandwidth-sharing networks. Such networks have been suc-
cessfully used to model communication networks where the set of feasible schedules is determined by the maxi-
mum amount of data a communication channel can carry per time unit Massoulié and Roberts (1999). The
stochastic analysis of bandwidth-sharing networks was initially restricted to specific networks (Bonald and
Proutiere 2003, Bonald et al. 2006). The application of fluid and diffusion approximations led to computationally
tractable approximations of a large class of networks (Kang et al. 2009, Ye and Yao 2012, Borst et al. 2014, Reed
and Zwart 2014, Remerova et al. 2014, Vlasiou et al. 2014).

In the context of communication networks, proportional fairness is a nontrivial but justified approximation of
the transmission control protocol (TCP). A similar justification in the context of EV charging is performed in
Ardakanian et al. (2013) and Fan (2012). In these papers, by using arguments similar to the seminal work (Kelly
1997), it is shown how algorithms like proportional fairness emerge in decentralized EV charging. Our class of
controls contain proportional fairness as a special case.

Our analysis is mostly related to Remerova et al. (2014). The main difference is that, in the setting of EVs, an
important constraint that needs to be satisfied is to keep the voltage drops bounded, making the bandwidth-
sharing network proposed here different. This also causes new technical issues, as the capacity set can be nonpo-
lyhedral or even nonconvex. In addition, arriving vehicles finding a full parking lot are discarded; we assume
such cars park on a regular parking spot. This leads to the additional technical complication of a loss process in a
measure-valued context. An extension of the Erlang loss system has been analyzed in a measure-valued frame-
work in Kang (2015). However, in our setting, we use a different approach. We keep track of the residual service
times of EVs instead of their age in service. Moreover, we consider a multidimensional (dependent) vector of
processes that describes the number of total EVs and the number of uncharged EVs in each parking lot and uses
different test functions to define the fluid model.

We now describe our contributions in more detail. We develop a measure-valued fluid model for the vector
process which describes the number of total and uncharged EVs in each parking lot, allowing the dynamics of
the stochastic model to be approximated with a deterministic model. This model depends on the joint distri-
bution of the charging requirements and the parking times. We show that our measure-valued fluid model
arises as a weak limit of a vector of measure-valued processes under an appropriate scaling. To prove proper-
ties for the solutions of the fluid model, we investigate the properties of the bandwidth allocation function in
our setting where the capacity set is convex and establish similar continuity properties of the allocation func-
tion as in Reed and Zwart (2014). Although the structural properties of a linearized voltage model can be
developed in full, for the AC power flow equations we were only able to show continuity of the allocation
function. We conjecture that Lipschitz continuity holds as well but leave this problem open; we refer to Sec-
tion 3 for more specific comments.

For our proofs we mostly use techniques from Kang (2015) and Remerova et al. (2014). We first prove that a
fluid model solution is bounded away from zero. Then, we establish tightness of the processes by showing a
compact containment property and an oscillation control; the Prokhorov metric of the corresponding measures is
small enough. Last, we prove that any subsequential limit satisfies the fluid model equations.

The rest of this paper is organized as follows. In Section 2, we provide a detailed model description. In par-
ticular, we introduce our stochastic model, the power flow models that we use, and the definition of system
dynamics. Next, in Section 3, we present a continuity property of the optimal power allocation. Then, we
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move to the stochastic model. A fluid model is presented in Section 4, where we also study its properties. Sec-
tion 5 shows that the fluid model can arise as a weak limit of the fluid-scaled processes. All proofs are gath-
ered in Sections 6-8.

2. Model Description

In this section, we provide a detailed formulation of our model and explain various notational conventions that
are used in the remainder of this work. The model description in this section is nearly identical to that in
Aveklouris et al. (2019). We include all details on the network structure and physical characteristic for complete-
ness; the main difference is that the measure-valued state descriptor is fully developed and analyzed in the
present paper. To this end, we also require more sophisticated notation, which we introduce first.

2.1. Preliminaries

We introduce the notational conventions that are used throughout the paper. All vectors and matrices are de-
noted by bold letters. Furthermore, R is the set of real numbers, R is the set of nonnegative real numbers, and N
is the set of strictly positive integers. For two real numbers x and y, define x vy := max{x,y}, x Ay := min{x,y},
and x* := xVv0. For two vectors x,y € R!, define the coordinate-wise product x oy := (x1y1,...,xyr) (i-e., the Hada-
mard product) and the maximum norm ||x| := max |xi|. Vector inequalities hold coordinate-wise, namely x >y

implies that x; > y; for all i. Furthermore, I represents the identity matrix and e and ej are the vectors consisting
of ones and zeros, respectively, the dimensions of which are clear from the context. Also, e; is the vector whose
i" element is one and the rest are all zero.

Let Y be a metric space. We denote by C(Y,Y) the space of continuous functions f : Y — Y and by C,(Y,Y) the
space of continuous and bounded functions f : Y — Y. By D(Y,Y) denote the space of functions f: Y — Y that
are right continuous with left limits endowed with the J; topology; that is, the Skorokhod space. Furthermore,

we write X(-) := {X(t),t > 0} to represent a stochastic process. Moreover, £ and i> denote equality and conver-
gence in distribution (weak convergence).

Let M(Y) be the space of Randon measures (i.e., locally finite and inner regular measures) on Y, endowed
with the Borel ¢-algebra denoted by B(Y). Furthermore, M¢(Y) is the space of the finite nonnegative measures in
M(Y) equipped with the weak topology. We say that a sequence of measures y" in Mp(Y) converges to y in the

weak topology and we write u" e u if and only if for each f € Cy(Y, Y),
(fru,) = fru),as n— oo,

where ( f,u) = / f(y)u(dy). Weak convergence in Mp(Y) is equivalent to convergence in the Prokhorov metric:
Y

for u,ve Mp(Y) and € >0,

d(u,v) :=1inf{e : u(B) <v(B°) +eand v(B) < u(B°) +e€
for any nonempty closed B C Y},

where B¢ is the e-neighborhood of B, that is, B¢:={ye Y :dist(y,B)<e}. When Y =RF, then dist(y,B)
:=infyep |ly — x||. For p, v e Me(Y)F, define

de(p,v) = {E%d(ﬂﬂvi)'

It is known that (M F(Y)k, dy) is a separate and complete space (Billingsley 1995); that is, a Polish space. When
Y =R, we simplify the notation to M.

2.2. Network and Infrastructure

We consider the typical situation where a low-voltage distribution network has a tree structure. Thus, take a
rooted tree G = (Z,€), where Z ={0,1,...,I}, denotes its set of nodes (buses) and € is its set of directed edges, as-
suming that node 0 is the root node (known as feeder). Denote by € € £ the edge that connects node i to node k,
assuming that 7 is closer to the root node than k. Let Z(k) and £(k) be the node and edge set of the subtree rooted
in node k € Z. The active and reactive power consumed by the subtree (Z(k),£(k)) are Pz and Qz). The resis-
tance, the reactance, and the active and reactive power losses along edge €; are denoted by ry, xi, sz, and Lg, re-
spectively. Moreover, V; is the voltage at node i and V| is known. At any node, except for the root node, there is
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a charging station with K; >0, i€ Z \ {0}, parking spaces (each having an EV charger). Furthermore, we assume
that there are J = {1,.. ., ]} different types of EVs indexed by ;.

2.3. Stochastic Model for EVs

We start by giving a high-level description of the stochastic model and later we give a more detailed model de-
scription. We consider multiple types of EVs that arrive randomly at charging stations that have a finite number
of parking spaces. If all spaces are occupied, a newly arriving EV does not enter the system but is assumed to
leave immediately. Furthermore, it is assumed that each space has an EV charger that is connected to the power
grid. Moreover, each EV has a random charging requirement and a random parking time (counted both in time).
These depend on the type of the EV and the location that it is parked (i.e., the node), but are independent be-
tween EVs. Our framework is general enough to distinguish between types. For example, we can classify types
according to intervals of the ratio of the charging requirement and parking time and/or according to the contract
they have with the network provider. An EV leaves the system after its parking time expires and it may not be
fully charged. We refer to these EVs as uncharged EVs. In contrast, if an EV finishes its charge, it remains at its
parking space without consuming power until its parking time expires. EVs that have finished their charge are
called fully charged. The model is illustrated in Figure 1.

2.4. Charging Control Rule

An important part of our framework is the way we specify how the charging of EVs takes place. Let the number
of uncharged vehicles (of all types and in all nodes) be given by the vector z € [0, oo)Ix] that is, z;; is the number
of uncharged vehicles of type j in node i. We assume the existence of a vector function p(z)=(p;(z):i€
Z\ {0}, j € J) that specifies the instantaneous rate of power each uncharged vehicle receives. Moreover, we as-
sume that this function is obtained by optimizing a global function. Specifically, for a type j EV at node i, we as-
sociate a function u;(-), which is strictly increasing and concave in R+, twice differentiable in (0, o) with
lim,,_,gu ](x) 0. The charging rate p(z) is then determined by max, p ! i=1 z;iuij(pij) subject to a number of con-
straints that take into account physical limits on the charging of the batteries, load limits, and most importantly
voltage drop constraints. An important example is the choice u;i(p;;) = wjjlogp;;, which is known as weighted pro-
portional fairness. The greedy optimization problem we consider is an abstraction of what would happen in prac-
tice: optimizing the social welfare function acts as a proxy for a market mechanism. The field of network utility
maximization provides ways on how to relate our abstract formulation to what happens in practice (e.g., by us-
ing the alternating direction method of multipliers; Ye and Yao 2012).

A limitation of our formulation is that it does not take into account the remaining time until the deadline expires
and the remaining charging requirement. Our multiclass framework allows to us at least partially overcome this,
for example, by letting the functions u;(-) depend on the joint distribution of parking and charging times. For in-
stance, we can classify types j by the ratio of parking and charging times, and, in the context of proportional fair-
ness, modify weights w;; accordingly. Last, note that it is feasible to communicate an indication of parking and
charging times by the owner of an EV at the parking lot Arif et al. (2016).

Figure 1. Network with 7 Types of EVs and Constant Arrival Rates
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We next introduce the physical constraints of the network. The maximum electric power that can be consumed
in total by all cars is M; > 0 at node i. Each type j EV can be charged at a rate that is at most equal to ¢j***. That is,

J
Zzijp,-j <M; and 0< pi < C]mux. (2.1)

j=1
We refer to (2.1) as load constraints. In addition, we impose voltage drop constraints that are important constraints
in power systems and essentially say that the voltage magnitudes should not drop a lot. This helps the power
system to avoid voltage collapse, which can lead to blackouts (Simpson-Porco et al. 2016). These constraints rely
on the load-flow model used. Two of these models that we consider are described next where we give a brief
overview. For more details, we refer to Bienstock (2015), which provides a connection between electrical trans-
mission systems and operations research. Moreover, for a textbook on power systems with an emphasis on math-

ematical aspects, see Machowski et al. (2008).

2.4.1. AC Voltage Model. An electric grid is a connected network for transferring electricity from producers to con-
sumers. It consists of generating stations that produce electric power, high voltage transmission lines that carry power
from distant sources to demand centers, and distribution lines that connect individual customers, for example, houses
and electric chargers. The nodes that produce electricity are called generators and the ones that consume power are
called load nodes. In the sequel, we focus on a network with only distribution lines, which is called a distribution network
or a low voltage network. A distribution network usually consists of a neighborhood or a small town.

The AC power flow equations are one of the most widely used modeling tools in power systems. They charac-
terize the steady-state relationship between loads at each node, the voltage magnitudes, and the phase angles
that are necessary to transmit power from generators to load nodes. As distribution networks are typically radial,
we focus only on tree networks with load nodes and a feeder (or root node) that generates power.

The power flow equations essentially say that the power flow at any edge should be balanced, and there are several
equivalent ways to describe them (Low 2014a, Gan et al. 2015). In the sequel, we focus on the so-called bus injection
model which is a variation of Kirchhoff’s law. We consider a simplification of the full AC power flow equations, based
on the typical situation that voltage angle differences in distribution networks are negligible (Kersting 2012, chapter
3). Under this assumption, Kirchhoff’s law for a tree network (Low 2014a, equation (1)) takes the form, for e, € £,

Vyp Vi = ViV = Prgyrpe — Qo Xpk = 0, (2.2)

where p € Z denotes the unique parent of node k. The previous equations are nonlinear. Applying the transfor-
mation,

VZ Vv,V W,, W,
1% — p p - pp - Vipk
(&) (VkVp % ) (Wkp Wik
leads to linear equations (in terms of W(e)),
Wik = Wik — Pz ok — QzaoXpk = 0, €p € €. (2.3)

Note that W(e,x) are positive semidefinite matrices (denoted by W(e,) > 0) of rank one. The active and reac-
tive power consumed by the subtree (Z(k), £(k)) are given by

]
Pray= > Dapy+ >, > Li

1eZ(k) j=1 1€Z(k) ei5€E(k) (2.4)

Q= >, >, L,

1€Z(k) ;€& (k)
whereby (Carvalho et al. 2015, appendix B),
Li = (Wll —2Wj + Wss)rls/(rlzs + xlzs)/
LY = (Wy = 2Wis + Wes)xss /(7 + 22.).
Note that Wy, are dependent on the vectors p and z. We sometimes write Wiy (p, z) when we wish to emphasize
the dependence. The AC power flow equations cannot be solved explicitly because the set of possible solutions
(i-e., the feasible set) of the AC power flow equations is usually nonconvex and can be extremely complicated

(Hiskens and Davy 2001, Lavaei et al. 2014). Because the power flow equations are nonlinear, solutions may not
exist, and even when a solution exists, there may be multiple solutions. In more general and realistic distribution
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networks, there is typically a unique “high-voltage” solution (Molzahn et al. 2016), which is assumed to be a de-
sired operating point for the network (Dorfler et al. 2013).
Now, the power allocation function p(z) is given by the following optimization problem:

max Z Z zijuii(pj)

i=1 j=1
subject to (21), (23), v; < Wﬁ <v;,

W(ey) = 0,rank(W(ey)) =1, ex€&,i, ke, (2.5)
for z;; > 0. If z;; = 0, then p;; = 0. Because of our assumptions of the utility functions, we have that if z;; > 0, then
the optimal solution of (2.5) satisfies p;j(z) > 0. In addition, 0 < vx < Wy < Uy are the voltage limits and the in-
equalities hold for all k € 7. Observe that the optimization problem (2.5) is nonconvex and in general NP-hard be-

cause of the rank-one constraints. Removing the nonconvex constraints yields a convex relaxation, which is a
second-order cone program, namely

I J
max Z Z zijui(pis)

rW i=1 j=1
subjectto  (2.1),(2.3), v; < W;; <7,
Wiex) =20, ex€&,i,keT. (2.6)

We denote the feasible set of (2.6) by &(z). Furthermore, by Remark 2.1 and Low (2014b, theorem 5), we obtain
that the convex relaxation problem is exact; that is, both problems have the same set of solutions. In other words,
a solution of the convex relaxation problem satisfies the rank-one constraints and so we can work with the re-
laxed problem. Defining the bandwidth allocation function A(z) := p(z) o z, that is, Aj(z) = p;j(2)z; for i,j > 1, the
optimization problem (OP) (2.6) takes the following equivalent form:

I

J
max Z Z,‘]‘Mi]‘(/\fj/zij)
AW T

subject to Z Aj<M;, 0< Ay <zyel™,
j=1
(2.3), vi< Wi(A) £,
W(Eik) > 0, €ir € g, i,k e’. (27)

The constraints W(ey) > 0 are equivalent to W; Wiy — Wﬁc >0, because we consider W;; > 0 for any node i > 1.
In the sequel, we freely use both formulations.

2.4.2. Linearized Distflow Model. As mentioned previously, the AC power flow equations are not linear, which
is especially because of power losses. Although AC power flow model is tractable enough for a convex relaxa-
tion to be exact, it is rather complicated. In Baran and Wu (1989), a simplification of these equations is sug-
gested, assuming that the active and reactive power losses on edges are small relative to the power flows.
This is a linear approximation of the AC power flow model, called the linearized (or simplified) Distflow model.
Moreover, this is a widely used approximation in distribution networks and leads to a good approximation of
AC power flow model because the power losses are typically much smaller than the power flows along the
edges (Low 2014a, section VI). In this case, the voltage magnitudes Wi := |Vlm| have an analytic expression
(Low 2014a, lemma 12):

lm (p, Z) WOO — Z Tig Z Z Zm]pm], (28)
es€P(k)  meZ(s) j=1
where the P(k) is the unique path from the feeder to node k.

Remark 2.1. Note that W,’(’,f < Wy for all nodes k, as we assume that the nodes only consume power, and by Low
(2014a, lemma 12) we obtain Wi(p, z) < W,lj,:’ (p, z). That is, we can remove the constraints Wi (A) < 7y from (2.5).

To derive the representation of the power allocation mechanism p(z) in this setting, one replaces the con-
straints in (2.5) by (2.1) and vy < Wi'(p, z).
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2.5. State Descriptor
In this section, we first give a detailed model description introducing the essential notation, and then we move to
the definition of the state descriptor.

Type j EVs arrive at node i according to a counting process Ej;(+) := {E;(t),t > 0}; that is, Ej(t) is the number of
EVs that arrive to the parking lot in the time interval (0,t]. We assume that all Eji(-) are finite, nondecreasing pro-

cesses with E;(0) =0, E;i(t) — E;(t7) €{0,1}, and E[E;(t)] = / t/\fj(s)ds, where A;i(s) >0 are integrable functions.
o

Moreover, let (;; denote the arrival time of the I'" type j EV at node i. If all spaces are occupied, a newly arriving
EV does not enter the system, but is assumed to leave immediately.

Let B;; and D;; denote the charging requirement and the parking time of the I'" EV of type j at node i. In queue-
ing terminology, these quantities are respectively called service requirements and deadlines. Moreover, we assume
that the sequence {Bj;, D, | € N} is a sequence of independent and identically distributed (i.i.d.) copies of a ran-
dom vector (Bj;, D;) with distribution law F;(A) = P((By, D;;) € A) for any Borel set A € B(R?). Furthermore, for [ =
1,...,Q;i(0) we denote by (Bg.l, Dg.l) the residual charging requirement and the residual parking time of the initial
population of type j at node i, that is, Q;;(0). Moreover, we assume the probability density function (pdf) of the
parking times fp,(-) exists with fp,(0) > 0 for any 7,j > 1. We shall see later that the deadlines are associated with
the stochastic process that describes the total EVs at each node and it represents the population of a loss system.
The latter is studied in Kang (2015), where a similar assumption of existence of the pdf is made.

In the sequel, we introduce the dynamics that describe the evolution of the system. Specifically, we incorporate
in the system dynamics all residual processes needed to obtain a Markovian system. Let Q;(-) and Z;(-) be non-

negative discrete measures for 7,j > 1. The total number of type j EVs at node 7 at time ¢ > 0 and the number of un-
charged EVs are given by Qj(t) = (1, Q;(t)) and Z;(t) = (1, Zji(t)), respectively. Moreover, Q;(t) := 2]1:1 Qji(t) gives
the total number of EVs at node i > 1.

Recall that C is the arrival time of the I'™ EV of type j at node i. The residual parking time of the I newly ar-
riving EV of type j can be written as Dy;(t) := (D — (t - Cijl))+/ I=1,...,Ej(t) and for the initial population
Dgl(t) = (Dg.l -t 1=1,..., Q;j(0). To define the residual charging requirements, we first introduce the following
operators:

t
S,v]-(z,s,t):/p,vj(z(u))du, (2.9)

where p;;(z(u)) is the optimal solution of (2.6) if there are z(1) uncharged EVs at time u > 0. For s <t, S;(Z,s,t) is
the cumulative bandwidth allocated per type j EV at node i during time interval [s, f]. The residual charging re-
quirement of the /' type j EV at node i at time ¢ > 0 is given by

Biu(t) = (Bijj — Si{(Z, Cyy, t))

0 _
ijl

+
7

Si(Z,0,4)%,1=1,...,Z;0), for the initially uncharged EVs. Now,
we define the measure-valued state descriptor for any t > 0 and for any Borel set B C R,

for the newly arriving EVs and Bg.l(t) =(B

Q;(0) E;(t)
Qi]‘(t)(B) = IZ: 6;521(0)B) + ZZ: 6;5”]“)(13) ]I{Qz‘(c;])<Ki}' (2.10)
=1 =1

The measure 6. (B) is the Dirac measure restricted on (0, c0); THAT 15, 6} (B) := (BN (0, o)) and 6,(B) =1 if
x € B. The measure Q;i(t)(B) counts the total number of type j EVs in node i whose residual parking time belongs
to the Borel set B.

The number of uncharged EVs for which the minimum between their residual charging requirement and their
residual parking time belongs to any Borel set B’ C R? is given by

Z;(0)

Ey(t)
Zi(t)(B') := &F B) + &5F B) 1102 )<k 2.11
i(t)(B) ; (Bfﬂ,<f>/D3,(f))( ) ; (B,ﬂ(f),D,-ﬂ(t))( ) Ligug<ky (2.11)

The measure 6:/,)(3’) is the Dirac measure restricted on (0, 0)?; that is, 6&1“2)(3’) 1= O, 1) (B N (O, »)?) and
O(v,1)(B') =1 1if x1 Axp € B'. Last, {Qi(C;;) < Ki} represents the event that there is an idle EV charger right before

the arrival of the I type j EV. As not all EVs enter the system, we naturally define the following stochastic
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processes. First, the number of accepted type j EVs at node 7 until time t > 0 is given by
E(t)
Ay(t) = IZ LiQu(g;)<ky- (2.12)
=1

Next, the number of rejected EVs until time ¢ > 0 is given by

Elj(t)
Ryj(t) = ZZ Liqug=xy- (2.13)
=1

Observe that the following relation holds: Aj;(t) + R;i(t) = Ej(t).

Having introduced the stochastic model, which is defined through Equations (2.10)-(2.13), we move to the
main results of this paper. We first study some properties of the bandwidth allocation function in Section 3. We
then define an appropriate fluid model in Section 4 and derive some of its properties.

3. Continuity of the Optimal Allocation Function
In this short section, we state some structural properties of the optimal allocation function, which may be of indepen-
dent interest. In particular, we show that the optimal solution of (2.7) is continuous under the AC power flow model
(2.3). This result is needed in Section 5 to show convergence of the fluid-scaled processes. Last, in power system anal-
ysis, rigorous proofs are typically difficult and require additional assumptions on the distribution system (Dvijotham
et al. 2017), even if one ignores the stochastic dynamics. In the rest of this section, we make an additional assumption
Tk
networks because in most networks the resistances are decreasing as we move away from the feeder since the power
losses should be kept small. Similar assumptions are made in Dvijotham et al. (2017) and Low (2014b).

We show that the optimal aggregated power allocation A(z), z € (0, %)™/, is a continuous function in z. To es-
tablish this property, we first present a preliminary result.

Proposition 3.1. Let z € [0, )™/ and A(z) be a feasible point of (2.7). Given a point 0 < A" < A(z), we have that A’ is
also a feasible point of (2.7).

for the ratio of resistance and reactance. That is, = > ;—Z for all €, e € €. This assumption is reasonable in distribution

Observe that in case the feasible set of (2.7) is polyhedral, the conclusion is immediate. The proof of the previ-
ous proposition is given in Section 6. The main idea of the proof is to construct a new solution (W’, A”). Then, us-
ing the feasibility of the point A(z) and induction starting from the leaf nodes, we show that the point (W’,A”)
lies in the feasible set of (2.7). In the sequel, we present the main result of this section, which says that A(-) is a
continuous function.

Theorem 3.1 (Continuity). Let A(z) for z € (0, o)™ be the unique optimal solution of (2.7). We have that A(z) is a
continuous function in (0, c0)™.

The proof of Theorem 3.1 is given in Section 6, and it combines Proposition 3.1, the continuity property of the
voltages as functions of loads, and arguments from Remerova et al. (2014, lemma 1).

If we assume the linearized Distflow power model (see Section 2.4), then the feasible set of (2.7) is polyhedral,
and we can show the stronger result that A(-) is Lipschitz continuous by applying directly (Reed and Zwart 2014,
theorems 3.1 and 3.2). In this case, we do not need any additional assumption of the ratio of resistance and reac-
tance. The same Lipschitz continuity property holds in the case of the AC power flow model under an additional
assumption that the strict complementary condition holds for some constraints as it is shown in Aveklouris
(2020, proposition 5.11.2). We summarize these in the following lemma.

Lemma 3.1. Suppose one of the following holds:

(i) Consider the linearized Distflow model.

(i) Consider the AC power flow model and assume that the strict complementary condition holds for the constraints
ng(z) = Wpp(2)Wik(2) < 0 for any e, € € and z € (0, 00)™ that is, the Lagrange multipliers that correspond to these con-
straints are strictly positive.

Then, the function A(:) is (locally) Lipschitz on (0, o0).

Although in the case of AC flow model, we have not been able to establish this property without the aforemen-
tioned assumption, we conjecture that A(-) is Lipschitz continuous and leave this question open. The Lipschitz
continuity property of the power allocation function will be needed in Theorem 4.1, where we prove that the
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fluid model has a unique solution. However, we point out that the continuity property is enough to show that an
accumulation point of the fluid-scaled state descriptor satisfies the fluid model equations in Section 5.
We now move to the original stochastic network and its fluid model.

4. Fluid Model Definition

In this section, we define and study the properties of a deterministic fluid model, associated with the stochastic
model introduced in Section 2. All proofs of this section are gathered in Section 7.
Define the following classes

C:={[x, ), xeR,}
and
C = {[x,00) X [y, ), x,y € Ry}

Further, for any A€C and s€R, define A+s:={y+s, [y,00) € A} and for any A’ €’ and (s,t) € R?, define
A"+ (s,1) :={s + [x,00) X t + [y, ), [x,00) X [y, 00) € A"}..

Definition 4.1 (Fluid Model). Let the initial data for the fluid model be given by
(E() 2(0), 3(0)) € C(R,,R,) x MBI x MBI,
where Ej(t) = / t)\ij(s)ds. We say that the vector
0 (0120, Q0)Z0)) € iy, MEI x C(R, R

is a fluid model solution if Qlj(t) =(1,Q;i(1)), Zij(t) = (1, Z;(t)), and if there exist nondecreasing nonnegative con-
tinuous functions R;(-), R;;(-) such that

t _ oAy _
R(t)_/ ©.(5)= K}dR,v(s) and Rij(t):-/O‘Z:]_]—/(:iz(S)dRi(S)'

Furthermore, for any t > 0, A € C, and A’ € C’ the following relations hold:

9,04 =Q0Df A+ + [ BDy € A+ (1= 5)ME ()

: ) 1)

- / P(Dy € A+ (t - 5))dR;(s),

Zi(t)(A") = Zl;(O)]P’((BSIDO) € A" +(Si(z,0,1),1))
/ B((By, Dy) € A+ (S,(Zy5,1),t ~ )ME )
0
—/t]P)((Bz'j, D;‘j) €A + (S,’j(z,s, t),t - s))dﬁ,](s)
Moreover, the functions Q,]( )=(1,Qi(-)) = Qij(VRy) and Zy(-) = (1, Z;(-)) = Zy(- )(R?) are given by

Qz](t) = Qz](O)P(DU >t)+ / P(Dz] >t- S)dEZJ(S) / P(D,] 2t- S)dRz/(S) (4.2)

and

t
Zi(H) = Z-]-(O)]P’(Bg > S4(Z,0,1),D) > t) / P(By > Sy(Z,s,t), Dy > t — 5)dEy(s)

¢
- / P(B; > Si(Z,5,),D > t - $)dR;(5).
0
We call the vectors (Q(), Z(-)) and (Q(:), Z(-)) the measure-valued fluid model solution and the numeric fluid model

solution, respectively.

The fluid model equations, although still rather complicated, have an intuitive meaning. For instance, the term
P(Bjj > Si(Z,s,t), Dij > t — s) represents the fraction of EVs of type j admitted to the system at time s at node i that
are still in the system at time t. For this to happen, their deadline needs to exceed t — s and their service
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requirement needs to be bigger than the service allocated, which is S,-]-(ZS, t). In addition, E,'j(t) represents the
lost fluid of type j EVs at node i due to a full system until time ¢ > 0.

Remark 4.1. The sets C and C’ generate the Borel c—algebra of R and R?, respectively. Then, by Dynkin’s r-A theo-
rem, the fluid model solutions hold for any Borel set. See section 2.3 in Gromoll et al. (2008) for more details.
Moreover, by Remerova et al. (2014, remark 3.2), fluid model solutions are invariant with respect to time shifts.

We next show that the total number of EVs in the fluid model can be rewritten in a familiar form for queue-
ing systems and the departure process in the fluid model can be written as a function of the total number
of EVs.

Proposition 4.1. We have that foranyi>1andj>1,

Qj(t) = Qj(o) +Eji(t) — Ryj(t) — Dy(1), (4.3)
where Dy(t) represents the amount of fluid that departs from the system in time interval [0, t), and
t 0O.(s) — O;:
Dy(t) = / lim (9 QZ(S) (&) s < o, 4.4)
0 €—>

The last proposition uses the assumption of existence of the density of the parking times to ensure that the lim-
it in (4.4) exists, and this is the only point where we need this assumption. It follows from Proposition 4.1 that
the total number of EVs can be written with the help of a one-dimensional reflection mapping. This result will be
helpful when we show uniqueness of the fluid model solution in Theorem 4.1. The novelty in our setting is (4.4),
where an intuitive explanation is as follows. The difference Qi]-(s) - @ij(s)([e,oo)) represents the amount of fluid
of type j EVs at node i for which its residual parking time lies in the interval (0, €). It is natural now to expect that

by dividing the last difference by € > 0 and by allowing € to be arbitrary small, the quantity lim,_,g w

represents the departure rate of an EV from the parking lot at time s > 0. Observe that (4.4) corresponds to Kang
(2015, equation (3.2)). However, in the latter, the authors use different test functions to define the fluid model
and they write the departure rate in terms of the hazard rate function.

Before we continue our analysis, we present an example in case of a Markovian model.

Example 4.1 (Markovian Model). Consider a Markovian model (1.E., Poisson arrival process with constant arrival rate
and exponential parking times), and take ] = 1 and Q;(0) = 0 for convenience. We shall show that the departure pro-
cess given in (4.4) can be written in the well-known form for a Markovian model (Pang et al. 2007), namely

— Qi) - Ois)([e, ), 1 i
D)= | lim c 4 = 2D /0 Qi(s)ds. (4.5)

To show (4.5), use (4.2) and A = [¢, ) in (4.1) to get
@i(t)([e, OO)) = Gi([’)e_e/E[Dt] .

1—e=¢/EDil _ 1

Observing that lim._,o = = 5o We derive
t D) D, _ p~€¢/EIDi] pt__
lim Qi(s) ~ Qils)(le, ) ds = lim—1 ¢ / Q;(s)ds
0 e—0 € e—0 € 0

1 I
—m/OQi(S)dS-

Two important questions are when a solution of the fluid model equations exists and if it exists when it is
unique. The next theorem answers these questions.
Theorem 4.1. Assume that Qij(O) >0 for all j€ J if Q;(0) =K; and that (i) or (ii) in Lemma 3.1 holds. Suppose that
Z(0) =0 or that Z(0) € (0, )™ and the first projection of Z(0) is Lipschitz continuous; that is, there exists L > 0 such
that foranyi,j > 1, x <x’,and y > 0,

Zj(0)([x,x"] x [y, 00)) < L(x’ = x).

Then there exists a unique solution of the fluid model equations.
The proof of Theorem 4.1 is given in Section 7 and the main steps of the proof are as follows.
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1. The first step is to show that each pair (Q,(-), Ri(-)) satisfies a one-dimensional reflection mapping and (each
pair) is unique.

2. Second, we show that Z;(f) > 0 for any i,j > 1 and t > 0.

3. Last, we prove that (Z(:), Z(")) is also unique using arguments from Remerova et al. (2014).

We conclude this section by presenting numerical results based on the fluid model. Next, in Section 5, we show
that a fluid model solution arises as a weak limit of the original stochastic model under an appropriate scaling.

4.1. Numerical Analysis

Consider a line network with three nodes (one generator and two consumers) under the linearized Distflow
model and Markovian assumptions. We assume a single type of EVs and a weighted proportional fairness power
allocation, that is, u;(p) = w;log(p) with w; = 0.01 and w, = 0.02. We allow the voltage drop to diverge at most 10%
from its nominal value and denote by 1/v; and 1/, the mean parking and charging times, respectively. Further-

more, we fix the resistance and reactance to 0.01 for both lines, »=(1,1), Q(0) = (2,2), Z(0) = (1,1), and for
simplicity we remove the load constraints. In what follows, we focus on the performance metric that gives the
fraction of fully charging EVs at any time (success probability).

We first study the system when both charging stations have the same number of parking spaces and the arrival
rate is periodic, for example, A1(t) = A,(t) = sin(f) + 10. Figure 2 shows the success probability as a function of
time for different values of mean parking times. We note that the success probability is higher for the charging
station with a smaller mean charging time. Furthermore, the success probability is symmetric to both stations the
fact that can intuitively be explained as follows. The power grid can allocate the same amount of power to both
nodes because of the weighted proportional fairness allocation and the higher weight for the second node.

The behavior of the system is similar if we increase the arrival rate (Figure 3). In this case, we observe that the success
probability can vary, and it can be higher than the one in Figure 2. It can also be zero for the charging station with the
higher mean charging time. That is, both the total number of EVs and the uncharged EVs reach the parking capacity K;.
In other words, the charging station cannot charge the EVs because of the high demand and the high charging times.

In Figure 4, we decrease the number of available parking spaces of the first charging station. This has an effect
on its success probability which becomes smaller than the one in Figure 3 for both mean charging times.

Last, we note that the success probability (and hence the state descriptor) seems to converge to an invariant
point when the arrival rate is constant as it is proven in Aveklouris (2020, section 5.6). We further observe that
the success probability of the first node is smaller because its mean charging time is higher (Figure 5(a)) and its
number of parking spaces is smaller (Figure 5(b)) than the second node.

5. Fluid Limit Theorem

In this section, we study the asymptotic behavior of the stochastic network described in Section 2. Consider a
family of systems indexed by 1 € N, where n tends to infinity, with the same basic structure as that of the system

Figure 2. Success Probability for A1(t) = A,(t) = sin(t) + 10 and K = (10, 10)
(a) (b)
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Notes. (a) p=(1/2,3/2).(b) »=(3/2,1/2).
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Figure 3. Success Probability for A;(t) = A,(t) = 5sin(t) + 10 and K = (10, 10)
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Notes. (a) = (1/2,3/2). (b) p.= (3/2,1/2).

described in Section 2. To indicate the position of the system in the sequence of systems, a superscript n will be
appended to the system parameters and processes.

First, we introduce our asymptotic regime. We assume that the scaled capacity at node i is given by M} = nM,
the scaled number of EV chargers at node i is K}’ = nK, and the scaled resistance and reactance online €, are
given by ry, = ry/n and xj = xpi/n. In our setting, we need to scale the physical parameters of the system in con-

trast to the typical scalings in stochastic networks that arise in communication networks. The fluid-scaled mea-
Q') 2"()
n

e ) and the fluid-scaled counting processes are given

sure-valued processes are given by (Q"(),Z"():= (

by (Q”(.),Z”(-)) = (%, @) We summarize the assumptions we make in this section.

L. The scaling parameters are given by Ki' = nK, Mj' = nM, ry) = ryi/n, and x, = xc/n.

2. The external arrival process satisfies %() 4 Eji(-), with Ej(t) = /0 t/\,-j(s)ds.

Figure 4. Success Probability for A1(t) = A(t) = 5sin(t) + 10 and K = (5, 10)
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Figure 5. Success Probability for A;(t) = A»(t) = 10
(a) (b)
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3. The limit of the external arrival process is Lipschitz continuous; that is, there exists 7, >0 such that
|E,](t) Ej(s)| < e |t —s|, fort,s > 0.
The scaled 1r11t1a1 configurations converge to random vectors of finite measures, Ql] (0) 4 QU(O) and
l-j(()) 4 Z(0) as n — co.
5.Forany i,j > 1, Q;(0)(R.) and the projections Z;(0)(- x R;) and Z;;(0)(R. X -) are almost surely free of atoms.
Moreover, our fluid scaling leads to the following relation p"(z) = p(%). To see the latter, observe that under
our scaling the feasible set of (2.6) can be written as follows:

J
Z_sz <M1/0<p1] <C Wi > v, I/Vppl/vkk_vv >0,

=
F'(z) = Wik = Wige = Tk D Z le
1E7(K) j=1
Foills + XX
+ > Wy = 2w+ W) B TR )
167k 1+ X7
€5 € E(k)

It is clear now that &"(z) = &(2), which leads to

I ]
p'(z) = argmax Zzzijui]’(pij)

(p, W)EF'(2) =1 ]’ 1

= argmax ZZ ul](pl]) p( )

(PrW)Eo() =1 j=1
Furthermore, by (2.9), we have that
S;(ZW,S, f) = S,‘]‘(Zn, S, t).
The next theorem states that the fluid model arises as a limit of the fluid-scaled state descriptor under our
assumptions.

Theorem 5.1 (Fluid Limit). The sequence of the fluid-scaled measure-valued vector process (Q"(),Z"()) is tight and ev-
ery accumulation point (Q(-), Z(-)) is a fluid model solution.

The proof of Theorem 5.1 is given in Section 8, which is organized as follows.
1. We establish tightness of the associated fluid-scaled measure-valued vector process (Q ), Z"( ))
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2. We then show tightness for the fluid-scaled stochastic process describing the number of rejected customers,
thatis, R" ().

3. The last step is to show that the limit of any convergent subsequence of (@”(J,?n()) satisfies the fluid model
equations.

Remark 5.1. The fluid limit theorem holds even if the external arrival process is a process with a general mean

¢
E]«(-). In this case, we need to modify the definition of a fluid model solution such that Ej(t) = / L5, 6)-k1)
O 1 1

dRj;(s). However, it seems that the uniqueness of the fluid model solutions does not hold.

6. Proofs for Section 3

Proof of Proposition 3.1. First, note that point 0 lies in the feasible set by choosing W, = Wpo. We now define a
partition of the set Z. Recall that Z(k) denotes the subtree rooted in node k € Z (including node k). Let us define
the following sets £y := {k€Z : Z(k) = {k}} and forany m > 1,

Ly = {k S Uﬁn :Z(k) < Uﬁnu{k}}.
n=0 n=0

As the number of nodes I + 1 is finite, there exists I’ <1+ 1 such that £ = {0}, that is, £; contains only the feeder
node. Note that £ is the set of leaf nodes and the family £ :={L£,,,0 <m <I'} is a partition of the set Z. Indeed, we
have that 0 ¢ £, UL _ £, =T, and £; N Ly = 0 for i # k. In Figure 6, we depict an example of a partition with five sets.

Without loss of generality, we consider a single type of EVs; otherwise, set Ay := Z] 1 Ayj. To simplify the nota-

tion, in the rest of the proof, we write A instead of A(z) and Wy, instead of Wi, (A). Recalling that A is a feasible
point of (2.7), we have that Ay < My, Ay < zc™™ and fork>1, e €&,
Wik = Wik = Pz 7ok — QzoXpk =0,
vk < Wik <0,
Wi Wi = Wi > 0. (6.1)
Clearly, A’ satisfies the linear Constraints of (2.7), thatis, A} < A < My and Ay < A < zpc™. To show that A is a fea-
sible point of (2.7), we need to construct W}, i,/ > 0 such that the additional constraints of (2.7) are satisfied if we replace
A by A’. To this end, set W/, = Wy, ka = Wiy, for € € €. Furthermore, Wy, for k > 1, are given by the solution of
pk - Wkk — P’I(k)rpk - Q’I(k)xpk =0, €pk eé. (62)
We shall show that Wi < W, for k€Z. The proof is then concluded by observing that by the inequality
Wik < W}, we have that vy < Wig(A”) for k > 1. Furthermore, by the third inequality of (6.1), we get for €, € €,
Wi, Wi — W;,%( =W, Wi — W;k > W, Wi = Wpp Wige > W (W — Wik) > 0.
Thus, A’ satisfies all the constraints of (2.7), and hence it is a feasible point.

Figure 6. Sets £; in a Tree Network

Notes. In this case, I’ = 4. The red nodes are in £y, the blue nodes are in L, the yellow node is in £, the green node is in £3, and L4 includes
only the feeder.
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We now proceed to the proof of the claim that Wy, < Wy, for k € Z. Define Z(k)™ := Z(k) \ {k} and for €, €5 € £,
e = rpkrl; + kaxls
T + X
For some 0 <m < I’ and for k € £,,,, we have that
Wige = Wiy = 1 (P70 = Pr) + xp(Q7 ) — Qzik))
= Tpk Z (A=A + Z Z Aprts (W) — Wi + Wi = We).
1EZ (k) IEZ (k) eneE (k)

The last equation can be rewritten as follows:

(1 + D s Wi = Wi | =1 D5 (A = A) + 1A = A + D D (W — Wi + Wi — W)
exs€E(k) €T (k)™ 1€Z(k)™ €€ (k)

+ Z apkks(wgs - Wss)' (63)
Ekseg(k)

We now show the inequality Wiy < W}, for each k by induction. Let k € Ly. By (6.3), we have that
Wik — Wl’ck = Tpk(/\;{ - A <0, (6.4)

where p is the unique parent of node k. If m = 1 (i.e., ke £1), then we have that Z(k)" =Z(k)\ {k} = Lo N
Z(k)\{k} and {e; € E(k):1€Z(k)\ {k}} = 0. Furthermore, {s: ek € E(k)} = Lo NZ(k) \ {k}. By (6.3) and (6.4), we
obtain

(1 + > Ilpkks)(Wkk —Wi) =1 A=A+ D (o — apraria) (A — Ay). (6.5)
seLonZ(k)” leLonZ (k)

Now, observe that TokTkl + XpkXil

Tpk = ApkkiTki = Vpk — Tkl
pk — p p )
g+ Xy

— (2 231 2 2 _ 2 _

= (rg + x3) "~ (1t + TpiXg — TpkTg — TaXpkXia)
— 2 21

= x(rg + xg) " (rpkxu — raxpr) 2 0,

where the last equation holds by the assumption 7, /X, > 71/xu. That is, Wiy < Wy, for k € £1. Suppose now that
k € L,. By (6.3), we have that

1
1+ D> ) Wik — W;'ck) =ty D, (A= A)+r(A - A)
er€E(k) m=0 [eL,,NT(k)~

1
+ Z Z apk]s(W[/[ -Wi+ W;S - Ws) +Z Z apkks(wés - Wes).
leLinZ(k)  enck) m=0 e ce(k)
seLonZ(l) seLy,

The last equation can be equivalently rewritten as follows:

1
(1 + > Ilpkks)(Wkk —Wi) =1y, D> (A=A + 1A — Ap)
es€&(k) m=01eL,,NI(k)~
+ D ks + i (W — W)
leLyNZ(k)~ €55 € E(k)
s€ Lo ()

+ Z Z apkls(wés - WSS)
leLiNZ(k)” e € Ek)
seLoNZ()

+ Z apkks(wés - Wss)-
e €&(k)
seLly
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Applying (6.5) in the last equation, we obtain the following relation:

(1 + > ﬂpkks)(Wkk — W) = 1A = A+ D (ke = Trslipris) (A = As)

exs€E(k) €ks € i(k)
seLly
-1
+ >0 |- rk,(l + ) akns) D0 ks + | |(A] = Ay
KL T (k) ELoNT (1) ced(k)
seLoNZ()
+ D (g = st (A = A).
leL, N T(k)
es€&(l)
seLly

Now, observe that using the assumption 7, /x,x > 711/X, we have that 7 — rxsapps > 0. Furthermore, we have
that

-1
Tpk — sz(l + > ﬂklls) D ks + Ay
seLoNZ (1)~ es€&(k)

seLoNZ(l)

-1
=(1+ Z “kIIS) rpe(1+ Z axiis) = Tkl Z Apiis + Apkid

LN (l) SELoNT (1) (k)
seLoNZ()
-1
= (1 + > Ilkzzs) (7’ ok — Tk + > (Pkdliais — 7 klﬂpkls)) > 0.
LN () sELoNZ (1)
Suppose now that forall ke £;, j=0,...,m,
(1 + Z apkks)(Wkk - Wl;k) < rpk(A]/( - A\p). (6.6)
Ekseg(k)

We shall show that the same holds for ke £,,+1. To this end, by (6.3) and (6.4), we have that

(1 + > ﬂpkks)(Wkk = Wi = 1A = Ag)
exel(k)
m

-1
+Z Z Tpk — 7’ls(l + Z alssf) Z Apksf + Apkls (As’ - AS)

j=0seL;NZ(k)" €r€E(s) e €E(s)
le Uy Lo j-1
f € U‘C’b

Using again the assumption 7, /xx > 711/ and adapting the previous steps, we obtain

(1 + > ﬂpkks)(Wkk = Wi < (A = Ag),
eksef(k)

fork € Ly41. Thus, Wy < Wy, forany ke £, 0<m <I' ork e UL _y Ly =Z. This concludes the proof. [

Proof of Theorem 3.1. We follow the argument in Reed and Zwart (2014, lemma 7.1). Take a sequence z* €
(0, oo)lx/ such that zF — z as k — 0. We proceed by contradiction. Let us assume that A() is not continuous at
point z. That is A(zF) —» A" and A’ # A(z). The limit A’ exists as the sequence A(z¥) lives in a subset of the com-
pact set {A €0, 00)? : A < M}. First, we show that A’ is a feasible point of (2.7). As A(z) is the optimal solu-
tion of (2.7), replacing z by z* we have that Z]I-Zl Al-j(zk) <M;and 0 < Ai]-(zk) < c]m”ng-. Taking the limit as k — oo,

we derive 2]1.21 Aij, <M; and 0< Ay Sc;””"zi]-. Furthermore, we have that Wj(A(z")) >v; and W(e;, A(z"))
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> 0, €5 € £. The latter is equivalent to W;;(A(zF)Wy(A(zF)) — Wi(A(zF)) > 0 (as we assume v; > 0). Now, by con-
tinuity of the voltage magnitudes (Dvijotham et al. 2017, theorem 3), we obtain W;(A’)>v; and
Wi(A)YWy(A') = Wy(A’)* 2 0. That is, A’ is a feasible point of (2.7). Recalling that A(z) is the optimal solution
of (2.7), we have that

I ] I ]
D0 ziui(N(2) [zi) > DD zijibij (A zip)- (6.7)

i=1 j=1 i=1 j=1

To derive the contradiction, we construct a point A¥ that is feasible for (2.7) if we replace z by z. To this end,
define for any k > 1,

Ak AU(Z) A Cmax k

We have that A¥ — A(z) and A* < A(z) for k > ko. Observing that Af <z ij, by Proposition 3.1, we have that
Ak is a feasible point of (2.7) by replacing z by z* for k > 1. It follows that as k — o,

] I ]
> quz](Az]/Zl]) - Z Z ziji(A(zij) / zif)

j=1 i=1 j=1

M~

Il
—_

i

and

L]
Zl]ulj(A(zl])/Zz]) - Z Z Zl]uI](A /Zl])

M-
M\

i=1 j=1 =1 j=1
That is, by (6.7), there exists a sufficiently large k such that
I J rJ
>0 zi‘uZJ(A >> zljulj(A(z )/z
i=1 j=1 =1 j=1

The last inequality yields a contradiction as A(Z") is the optimal solution of (2.7) by replacing z by . O

7. Proofs for Section 4
Proof of Proposition 4.1. Using the identity P(D;; < t) + P(D;; > t) = 1, (4.2) can be written as

@ij(t) = sz(o) + Ez’j(t) - R,-]»(t) - 5z’j(t)/
where

BU(t) = GZJ(O)P(Dg < t) + ‘/0 P(Dz] <t- S)dEl](S)

- /tP(DU <t- S)dEU(S) (71)
0

In the sequel, we show that Eij(t) can be written as in (4.4). By the definition of the fluid model, we have
that

Q1) = Qyi(t)([e, ) = Qu(0)P(D; > ) = P(Dj € t + [€, 00]))
¥ / (B(Dy >t — )~ P(Dy € t — 5 + [, co]))dE;(5)
0
—/t(]ID(DII >t— S) — ]P)(DU Et—s+ [6, oo]))dﬁ,](s)
Observing that P(D;; € t + [¢,00]) = P(D;; > t + €) and

P(Dy>1t)—P(D; >t +€) =P(t < Dy <t+e),
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we have that o o o
Qy(H) — Qii(t)([e,00)) = Q;(0) P(t < Dg' <t+e)
t
+/ P(t—s < Dy <t —5+e)dE;(s)
0

—/ P(t —-5s< Dl] <t—-s+ G)dK,J(S)
0
By the assumption of existence of the pdf fp,(-), we have that

Q)0)~ D (les ) =0y Okfey () + [ efo (1= M5
- /0 efo (= )R (5) + ofe).
Dividing the last equation by ¢ and letting € go to zero, we have that
lim Qi) - QZ(f)([ef ©0))

e—0

= Qy0)oy(®)+ [ fo,t = MEys
- ‘/O‘tf‘Dij(t - S)dﬁl](s) (72)

In other words, the limit of the left-hand side of (7.2) exists. Integrating (7.2) from zero to t and interchanging
the integrals using Tonelli’s theorem (Rudin 1987), we derive

"lim Q;i(s) = Qji(s)([e, ))

0 e—0 €

ds = Q,(0)P(DY, < 1) + /0 'P(D; < t — )dE;(5)
- [ tIP’(Dij < t—3s)dR;(s) = Dy(1).
Furthermore, the following inequality holds for any t > 0,
mms@@+/M%<t®ﬁWKQ®H%®<w

That is, Bij(t) represents the departure process that proves (4.3) and (4.4). O

The first step to prove Theorem 4.1 is to show that the fluid model solutions are bounded away from zero.
This is stated in the following proposition.

Proposition 7.1. Under the assumptions of Theorem 4.1, we have that for any € > 0,

inf manU(t) > 0.

e i,

Proof. Recall that an assumption of Theorem 4.1 is that Q;;(0) > 0 if Q;(0) = K;. Furthermore, by our assumptions,
there exists the probability density function of parking times and fp,(0) > 0 for any i,j > 1. It is enough to show

that Z]( ) remains positive when the system is not full. Assume that Z(0)=0 and define 7:=inf
{s>0:Q,(s) = K;}, where 7 € [0, o]. Note that IP( e A Djj > s) - ]P’( m A Djj > O) 1 as s — 0 and choose €; such

that IP’(CW ADj; > s) % for s € [0,€1]. For t < 7, we have that
i

l](t) 2 / Az](S)P( mZx A D >t— S)d

ds

/A,](t—s)IP’( m] ADj>s

ds

= inf A,](s)/ ( i ADyzs

O<s<e

> inf /\,](s)€ Aé

O<s<e

>0,



Downloaded from informs.org by [216.73.216.11] on 04 June 2026, at 16:33 . For personal use only, all rights reserved.

Aveklouris, Vlasiou, and Zwart: Fluid Model of Electric Vehicle Charging Network
Stochastic Systems, 2022, vol. 12, no. 2, pp. 151-180, © 2022 The Author(s) 169

because A;(-) > 0. This also covers the case that 7= co. If the arrival rate is constant, then the last bound
coincides with the one in Remerova et al. (2014, lemma 3). Now, for ¢ > 1, we have that Q,(t) = K; and by
the continuity of the fluid model solutions, we have that Qij(t) :@U(T). Furthermore, by (4.3), we have
that

Eij(t) — Ry(t) = Dyj(t) — Dyj(7) + Ej5(),
and using (4.4), we obtain

_ ¢ B
Z,']‘(t) > / 61']'(5)P(Cm% A Di]' >t— S)dS,
T i

where we define 0(s) := lime_o w By the fact that Q.j(t) = Qi]-(’c) >0 for t > 7 (this also covers the
case T = 0), we have that 0;(t) = 6;/(t) = 6;;. Furthermore, by the assumption fD‘.j(O) >0, (7.2), and the fact that
Rj(s) =0 for s < 7, we have that 0;(7) > 0. Hence,

max

B t [ B.
Zij(i’) > 617 P(Cl] A Dl']' >t— S)dS
T ]

max

t—1 B
= 6,']‘ ]P)(—l] A Di]' > s)ds
0 j

“(t—’[)/\el

> 0 > > 0.

|

Proof of Theorem 4.1. We first show that each pair (K; — Q,(*), R(-)) is unique for any i > 1. By Remark 4.1, fluid
model solutions are invariant with respect to time shifts, and hence it suffices to show that (K; — Q;(-),Ri(+)) is
unique on the time interval [0, T] for T > 0.

By Proposition 4.1, we have that

_ _ /. _ J _
K — Q;(t) = Ki = Q;(0) = D Eji(t) + > Dy(t) + Ry(t), (7.3)
= =

where R;(t) = /0 "1 39k dRi(5) = /0 "1 (k-0,(5=0,4Ri(s). Now, by the one-dimensional reflection mapping (Chen
and Yao 2001, chapter 6), we have that

Ki — Q,(t) = W(D;)(t) := Di(t) + sup(—Di(s) v0), (7.4)

0<s<t

where

_ I _ I _
Di(t) := Ki = Q(0) = D Eyi(t) + > Dyj(t).
=1 =

It is known that the reflection mapping W(-) is Lipschitz continuous (Chen and Yao 2001). Now, for each i > 1,
define the mapping B; for each function a(:) on [0, o),

Bi(a)(t) = Ci(t) - Z]] t;\ij&a(s)fpi/(t —s)ds
F1J0 g Ayls)

J s .
+];/Ot/0 a(u)d/\l]i(u)fpﬁ(t—s)ds,

2]1:1 /\U(M)
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where
_ J J J ot
G =Ki-Q,0)+ > Qij(O)P(Dg' <t)- > Ei()+>] | Ejj(u)fp,(t — u)du.
= = =

Observing that ¢

<1, we have that the mapping B;(:) is locally Lipschitz continuous for any i>1,
namely Zh =1 A

sup |Bi(a1)(£) — Bi(a2)(t)] < 22 P(Djj < T) sup |ay(£) — ax(£)].
<t< =1 0<t<T

By Kang (2015, lemma 3), the following functional equation for any i > 1 has a unique solution on [0, T]:

a(t) = W(Bi(a))(t) - Bi(a)(t). (7.5)

The main idea now is to show that each function R;(-) satisfies (7.5), and hence it is unique. To this end, by the

proof of Proposition 4.1, the relation Rj(t) = / d (S)( )dRi(s), and the properties of the Riemann-Stieltjes inte-
h 1 lh 5

gral, we obtain
t t
Djj(t) = Q,(0)P(DY < ) + /O P(D; < t — s)dE(s) - /O P(Dy < t - s)dR(s)
t t
:Q@W@%ﬁ+£EW%M%@%—AKWM%F@%

and

_ Al](u) ) _
/ Rij(S)fo, (- s)ds = / / A lh(u)dkl(u)fa](t 5)ds

_ T Ay o o
_/0 Zi—lAth(S)Rl(S)fDU(t e

PR M
/O/ORl(u G S o=

Using the last equation and replacing Dj;(t) in (7.3), we have that

]
K-=ci-3 | ”” SRt
1h
1]( u) _
// Ri(u )dz G o, i =ds Rl

=B, (R )(£) + Ri(b).

Using again the reflection mapping, we obtain

Ki = Qi(t) = W(B/(R))(t).
The last equation and (7.4) yield

@;(t) = Bi(Ry)(1). (7.6)

Combining (7.3) and (7.4), we derive

Ri(t) = W(@i)(t) = i(t).
Now, replacing @;(-) in the last equation by the right-hand side of (7.6) leads to

Ry(t) = W(Bi(R))() — Bi(Ry)(t).

Thus, R;(-) is a solution of (7.5) and hence unique. This implies that R;(-) is unique for any #,j > 1, and hence

(Qii(-), Q;(-)) is unique fori,j > 1.
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We now proceed to show the uniqueness of the Z;;(-). First, we show that Z;;(-) has a Lipschitz continuous first
projection. Indeed, let x < x” and y > 0. For any 7,j > 0, we have that

zij(t)([xr x,] X [y/ OO)) < ?1](0)([96' + Sij(Zr 0, t)/x, + Sij(Zr 0, t)] X [yr OO))
+/t]P’(x +8ii(Z,s,t) < B < X' + Sii(Z,5,£))dE i(s).
0

By the Lipschitz continuity of Ej(-), the previous bound becomes

Z»]-(t)([x,x’] X [y, 00)) < gz](O)(t[X + S,']‘(Z, 0, t),x’ + S,']‘(Z, 0, f)] X [y, OO))
+T]i]-/ P(X + Sj]'(Z, s, t) < B,']' <x'+ Sj]‘(Z, S, t))dS.
0
By the assumption of the Lipschitz continuity of the initial condition, the change of variable
v =0(s) = S;i(Z,s,t), and Remerova et al. (2014, lemma 5), we have that

SiZODP(x +v < By < x’ +0)
pi(Z(©7'(v)))

Zj(t)([X, X' % [y,00)) <L(x" —x)+ 771,]./

< (L+ [l sup

SIP Zis 275

By Proposition 7.1, Z(:) is bounded away from zero. Now, the property of the utility functions lim._uj(x) =
for i€ Z,je J guarantees that min; infsp;;(Z(s)) > 0. That is, the first projection of Zj(-) is Lipschitz contmuous
with constant

L+ il sup o <
M| sup 5= <o

OSSIS)tZ(S)

where the last inequality follows by Theorem 3.1. Now, point 0 is a feasible point of (2.5). Furthermore,

for a vector z such that z;; is small enough the power flow constraints are satisfied and hence p;;(z) = ¢/

Moreover, the power allocation function is Lipschitz continuous because we consider the linearized Dist-

flow power flow model as we discussed in Section 3. Now, by the Lipschitz continuity of E;(-) and by ap-

plying Remerova et al. (2014, theorem 1), we obtain that the fluid model solution (Z(-), Z(-)) is unique. O

8. Proof of Theorem 5.1

8.1. Establishing Tightness

The first step of the proof of Theorem 5.1 is to show that (Q"(),Z"())is C-tight, that is, tight with continuous weak
limits. To do so, we follow the idea of proof of Remerova et al. (2014, theorem 5). First, we show that both processes
satisfy the compact containment property. To this end, note that the following bounds hold almost surely

QI](O) Eif(t)
Ql](t) < Z 6D" () + Z 659‘1(0 ®.1)
=1
and
Z(0) E;(t)
+ +
Zi(t) < Z 5(39 (5,D5,(1) + Z O(Byu(t), Dy (1)) 82)

,]( ). Hence, all the bounds in Remerova et al. (2014, lemma 9) hold true
for the measure-valued processes Ql]( -) and Zj(-). That is, for any T > 0 and € > 0, there exist compact sets C €
M(R,)™ and €’ € M(R?)™ such that

liminfP"(Q"(f) e C Vte[0,T]) >1—¢, (8.3)

and

liminfP*(Z"(t) e C’ Vt€[0,T]) >1—-e. (8.4)
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Next, we shall show the oscillation control. To do so, we first show a preliminary result. Define H. := R, x
[a,b] and VP :=[a,b] X R;. If b = co, then H® := R, X [a,00) and V! :=[a,00) X R;..

Proposition 8.1. Forany T > 0, 6 > 0, and € > 0, there exist a > 0 and b > 0 such that

hmmf]P’”(sup sup(||Q B(x,x+a))<0)=1-¢

0<t<T xeR.
and

liminf " (sup sup([Z"()(H ) VIZ" OV l) <6) 2 1-e.

0<t<T xeR.

Proof. By Remerova et al. (2014, lemma 10), we have that there exist & > 0 and b > 0 such that

hmmfP”(sup(HQ O)[x,x+a]l)<0)=1-€ (8.5)
xeR4
and
hmmfIP”(sup(HZ (O)(H”b)llv IZ (0)(V§+h)||) <d)=>1-e. (8.6)
xeRy

Next, define

Ey(t) E;(t)

Q5 (1) = > 0p,y Z5 (D)= 2 805,10,
=1 =1

We shall show that
11m1anP”( sup sup(||Q “O(xx+all)<d)=1-€ (8.7)
0<t<T xeR,
and
lim inf P"(sup sup([Z"7 () (HZ)VIZZ VD)) <6) =1 —e. (8.8)

0<t<T xeR,

Then, the result follows. Indeed, by (8.1) and (8.2), we have that
liminf P"(sup sup(||Q" (H)([x,x + a])|]) < 6)

=00 0<t<T xeR,

> hmmf]P’”( sup sup(||Q (t)([x,x +a])l]) £0)

0<t<T xeR,
and

liminf P"(sup sup(|[Z"(HTIVIZ" (H)(VED)) < 6)
- 0<t<T x€R,

> hmmfIP(sup sup(|Z"7 () (HD)||vIZ

0<t<T xeR,

—Tl 00

OV <0).

Now, Proposition 8.1 follows by using the last inequalities, (8.5)—(8.8), and Remerova et al. (2014,
lemma 12).

We move now to the proof of (8.7) and (8.8). Denote by leq and QS/Z the events for which (8.7) and (8.8) hold,
respectively. Let (Qf , and Q] , be the events for which (8.3) and (8.4) hold, respectively. By Remerova et al. (2014,

proposition 1), C and C’ are relatively compact. Hence, E :=sup,,|[m(R,)|| < oo, E" :=sup,, [m(R2)|| < oo,
sup,, .cllm(R; \ [0,L])|| <6/4, and supmeC,Hm(R2 \ [0, L") <6/4 for large L and L’. In addition, put
p. :=min; {p;; : zij > 0/4,||zl| < E'}, B = 8||1,||/\T a= andb 5(” AL . Furthermore, take N and N’ such that

Na>L+Tand N'b>L" + (||c"™||v1)T,
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and define the following sets

I = [(k—1)a, ka],
IF:=[(k-2)"a, (k+1)a],
Lije = [(k=1)b, kb] x [(k" = 1)b,k'b],
I = [(k=2)"b, (k+1)b] x [(K' —2)"b, (K +1)b].

Furthermore, pick functions g € C(R,,[0,1]) and gix € C(R?,[0,1]) such that

T3 () <8k() < Ly (),
L1 () < Qi () < Lypwry (),

and note that
Dill<guFo> 1<) <guFo>1<3,

keN keN
5 I<gir E> <l 5 <gew, F>[1<9.
k,k'eN k,k'eN

Define the load processes for the nth system, and ¢ > 0,
0 Ej(t)

EZ/Q(t) = Z 5Dif”£;]l',z(t) = Z 6(Bi]'erijl)’
=1 =1

and the corresponding scaled load processes

nz
(i’) — 1] ( t) Z:;Z(t) ‘C (nt)

By Gromoll and Williams (2009, theorem 5.1), we have that

<
JlmIP’ (11‘£}Ca<)lsl(?35|l<gk, > E(t)<gk’FD>||_1iN2)
and
lim P"( ma up < ’ n, >—E(t) < LWF>|<——) =1
nl (1<ka(N'OS<t<T” gkk () 8k ks ” 16N,2) 7

where we denote by ();  and ;. the corresponding events. Furthermore, by our assumptions

11m ]P”(sup IE"(H) —E®)|| <6/16) =
0<t<T

and we denote these events by 3. Adapting the proof of Remerova et al. (2014, lemma 11), it follows that Qf ;N
O, NQ3 C O, and QF, N, N Q5 C Q.. This concludes the proof of Proposition 8.1. O

Proposition 8.2 (Oscillation Control). For any T > 0, 6 > 0, and € > 0 there exist h > 0 and h’ > 0 such that

hﬂinﬂ[””(w(ﬁn(-),h, T)<d)=1-¢ (8.9)

and

lIiminfP*(w(Z"(-), 1, T) <) >1—¢, (8.10)
where for a measure-valued process X(-), we define

w(X(),h,T):= sup {d(X(t), X(s)): |t —s| < h}.

0<s, t<T
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Proof. We shall use the idea of proof of Remerova et al. (2014, lemma 13). Let Q” and Q7 be the events such that
(8.9) and (8.10) hold, respectively. Denote by Q] the following events:

hm I[””(sup IE"(H -E®)| <6/4) =

0<t<T
Furthermore, by Proposition 8.1, there exist 2 > 0 and b > 0 such that
hrnmfIP’”(sup 12" ®H([0,a)|<6)=>1-€

0<t<T

and

11m1nf]P’"(sup IIZ (t)(Hngb)ll <d)=1-e.
0<t<T

Denote the corresponding events by €);  and €); ., respectively. Now, choose i and &’ such that hl|n|| < 6/2, h <
Ovaand I (|[c™™||v1) <ovDb, H|n|l < 6/2.

We shall show that Q7 Ny CQF and Qf N, Q7. Take 0<s<t<T witht-s<h. Let w € Qi N (Y, we
shall show that for any nonempty closed Borel set B C R.,

Q!(5)(B) < T(H(B") +5, (8.11)
TL(1)(B) < Q)6)(B) +5, (8.12)

where B°:={xeR,: infyepllx —yl| < 0}. Then (8.9) follows. First, we prove (8.11). Define 7:=inf{s<u
<t: Qlj(u) 0} A t. Then, we have that

Q(5)(B) < Qji(s)(B N [a,00) + Qy(s)([0,)) < Qy(s)(B N [, 00)) +9,
where the last inequality holds because w € (; .. Now, observe that
Q(s)(B N [a,00)) < Q) (1)(BY),

because T—-s<h<dAa. To see the last statement, observe that if for some EV in the system at time s,
Dij — (s — Cir) € B, then Dy — (s — Cyt) — Dy + (T — Gjg) < 0, which yields Dy + (1 — Cy) € B°. Finally, we have that

Q;(5)(B) < Qy(1)(B°) + 5.
Now, if T = ¢, then (8.11) follows. If T < ¢, then 0 < @Z-(T)(Bé) < @Z(T) =0, and (8.11) follows. To show (8.12), we write
Q1B < Tj(S)B) + Ej (1)~ Ey5) + Ry (s) ~ R (1)
<Q)(s)(B) +Ej(1)~Eps),
where the second inequality follows because R ](s) R (t) < 0. Now, (8.12) follows because w € Q}. We conclude

that w € Q. The proof of Q7 N Q; . € QO follows by similar arguments. [J

8.2. Fluid Limits Satisfy the Fluid Model Solutions
The total number of EVs can be written as follows:

Q;i(t) = Qy(0) + Ey(t) — Ry(t) — Dy (), (8.13)
where the number of rejected EVs R ( ) is given by (2.13) and

1 HQ,-/-(O) 1 ‘rlEU(t)

-—=n

Dij(t) ;:E Z ]l{Dg.,st} +£ Z ]]'{Cz]IJerjISt} ]I{G?(CTIKK,-}’
=1 I=1 K

Proposition 8.3. The fluid-scaled stochastic processes D"(-)and R"(-) are tight.

Proof. First, we shall show that D(-) is a relatively compact sequence using Kurtz’s criteria (Kang and Ramanan
2010, proposition 6.2), and then by Prokhorov’s theorem, it is tight. Observe that almost surely

n

nQ;(0) 1 nE; ()
-—n
Dlj(t) SE E ‘4 ]l{D?ﬂSt} +E Z ]l{cl/I+D1/1<t} D
=1

T~ 1,0

(t),
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and by Reed (2009), the latter is a weakly convergent sequence in (D[0, 0),];) and hence it is tight. By Prokhor-
ov’s theorem it is also relatively compact. That is,
lim P(D(t) > ¢) < lim P(D};™(t) > ¢) = 0.
In other words, EZ() is stochastically bounded and hence satisfies the first property of Kurtz’s criteria. To

show that it also satisfies the second property, we write »
nE . (t+0)
ij
< 1,00

—n —n —n,00
Djj(t+8)~Dj(t) =Dy~ (t+6) =Dy~ () + ;} e e

17E5®
n l; Lo L @) cp=x
nE (t+9)
=M"n,00 —=Nn,00
=Dy (t+8) =Dy () + >0 Lpeg pystss) Lioric=x-

Foranyt>0andn>1, =1

HE (£+0) HE (£+0)

1 1
o ; Lis<gyy+Dy<t+o} ]1@:‘((;;1#1(‘_} SE ; Litegy+Dy<t+o}

< sup Ej(t+6) < co.
n
Furthermore, by continuity of the random variables C;; and D;;, we have that as 6 — 0,
1 nE (t+6)

— 1 t<Ciy+Dy <t+6 — 0. (814)
Putting all the pieces together, n ;‘ (CurDysreel

nE (t+6)
= -—n -= 1,00 = 1n,00
|Di]'(t + 6) - Dij(t)| < |D;'j (t + 6) - Dij (t)l + E Z ]l{t<Clj,+D,ﬂ§t+6}-
=1

By (8.14), the fact that EZ-'OO(-) is relatively compact and using the same arguments as in Kaspi and Ramanan
(2011, lemma 5.10), we conclude that BZ() satisfies the second property of Kurtz’s criteria. That is, BZ() is rela-

tively compact and hence tight. The tightness of R"(-) follows by (8.13) and by the tightness of D"(-) and
Q'(). O
Next, we show that the fluid limits are bounded away from zero.

Proposition 8.4. Let (Q(),Q("), Z(-),Z() be a fluid limit. Assume that if Q,(0) =K, then 0 < Q;(0) <K; for any
i,j > 1. For any 6 > 0, there exist Cs > 0 and Cs" > 0 such that almost surely

infmin@ij(t) > Cy and infminZ;(t) > Cs.
25 i,j 25 i)

Proof. First, we shall show that @ij(-) is strictly positive. It is enough to show this inequality when the system is
not full. Fix A > 6. It is enough to show the result for ¢ € [6, A]. Define
0 :=inf{6 <s < A:Q,(s) =K;}, 7% :=inf{7) <s <A: Qy(s) <K},
= inf{#" ! <s<A:Qi(s) =K}, T == inf{t] <s <A: Q,(s) < Ki}.
Take a partition

oAU i) e U (m=1)b/2,mb/2].

1<m<N(A)

By our assumptions for the external arrival process, we have that for any m,

| s

i — _
- > Lip,2py —(Ejj(mb/2) = Eyi((m — 1)b/2))P(Dy > b) > 0,
M 1=En(m=1)b/2)+1
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where b is a continuity point for the distribution Fp,(-) with P(Dj; > b) > 0, and the last inequality follows because
Ej(-) is strictly increasing. Choose b such that maxz](EU(mb/Z) Eij((m—1)b/2))P(Dy; > b) < K;, and pick Cs such
that max,](E ij(mb/2) — E,]((m 1)b/2))P(D;; > b) > Cs. Then, for large enough 1, we have that for any ,j > 1,

" inf O() > > P" i o0t >
F (értlsfzx QU H= Cé) =P ((m—l)b}?sftSmb/ZQl] (£) 2 C, for any m)

E!(mb/2)
> P Z Lip,=by = Cs for any m|— 1.
I=E}(m=1)b/2)+1

Furthermore, note that by continuity of the limit, we have GZ(t) = GZ(TD > C; for t € [1],7]). Finally, we have
that there exists Cs > 0, such that, for any A >0,

. R
P inf min;;Q;(t) > Co) > 1,

as n—oo. For any compact set CCR,, define the mapping ¢.:D(R,,R™)—>R, given by ¢.(y):=
infiecmin j/;1(t). Note that ¢-(y) is continuous at a continuous y(-), which implies that

—n, d —
Proa)(Q ) = Pps 0 (Q)-
By the Portmanteau theorem (Billingsley 1999, theorem 2.1), we have that
Pn(¢[6,A](§) = Cb) = lim SuP P"(Cﬁ[é,A](Qn) > Cb) =1.

n—oo

We now move to the proof of Zj(t) > 0 for ¢ > 0. We first note that Q(-) is independent of Z(-), and hence we
can assume that the fluid limit (Q(-), Q(-)) satisfies the fluid model equations as we shall show later. That is,
(Q(-),Q(")) satisfies the equations in Proposition 4.1. By Proposition 8.3, we have that the fluid-scaled process
that describes the number of accepted EVs given in (2.12) converges weakly to A(t) := E(t) — R(t). First, we show
that Zij(t) is strictly increasing for any i,j > 1. Let f1,t, > 0 with 0 <#; < f. Assume that there exists a subinterval
in [t1,t2] such that the total queue length at node 7 is full. Without loss of generality, assume that there exists 7 €
[t1,t2] such that Q,(s) = K; for any s € [1,t,]. First, assume that 7 > #;, then we have that

Ajj(ty) = Aj(t) = Eij(t2) = Ry(t2) = Eyj(tr) + Ryi(tr)
> Ejj(t2) — Ryj(t2) — Ejj(t1) = Ei(7) — E(t1) > 0.
If T = t;, then by (4.3), (4.4), and the fact that Q;(t2) = Q;(t1), we obtain
Ajj(t2) = Ajj(t1) = Dyj(t2) = Dyj(t1) = / 0ii(s)ds,
B

M Furthermore, by the proof of Proposition 7.1, we have that 6;(s) = ;(t1) > 0

where 6i]-(s) =lim._o
for s € [t1,t2], and hence Al](tz) Azj(tl) > 0. Now, consider a type j EV I at node i. Observe that by the constraints

pi() < cmax we have that ”’ 5 A Dy > fn—‘ﬁ’x A Djj. That is, EV I will stay in the network at least % A Djj time units af-
ter its arrival. Hence, the stochastlc process Z;i(+) is bounded from below by the queue length me() of the
infinite-server queue with arrival process A;(-), me(O) 0, and i.i.d. service requirements { wx A Dy, 1 € N} Re-

calling that Aij(-) is strictly increasing by Remerova et al. (2014, lemma 3.14), there exists Cs > 0 such that, for any
A >0,

P*( inf mle ) =Cs) = IP’”( 1nf man (t) >Cs')—1,
o<t<A i,j Y

as n — oo. Now, using again the Portmanteau theorem, we have that

IP’”((P[MJ(Z) > Cs') > limsup ]P’”(gb[MJ(Z”) >Cs)=1. O

n—o00
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8.2.1. Fluid Limits Are Fluid Model Solutions. In the sequel, we focus on proving that any fluid limit satisfies the
fluid model equations given in Definition 4.1. Let (Q(-), Q(*), Z(-), Z(-), R(-)) be a fluid limit along a subsequence,
which with an abuse of notation, we denote again by (Q"(-),Q"(-),Z"(-),Z"(-),R"(-)). Recall that C := {[x, ), x €
R.} and C' := {[x, 00) X [y, ), x,y € R, }. Proposition 8.1 and Gromoll et al. (2008, lemma 6.2) imply that for any
AeCand A’ €C, almost surely Q;(t)(d.A) =0 and Z;;(t)(dA’) =0 for t >0 and i,j > 1. Hence, we can restrict C
and C’ to the following restricted classes: C;. := {[x, ), x > 0} and C’, := {[x, o) X [y, ), x Ay > 0}. In addition, we
fix T > 0 and we work in the time interval [0, T].
The total number of type j EVs at node i can be written as follows:
EN(H)

Q(1)(A) = QO)A + 1) + >, La(Dy — (t = T Liguc

=1

,';1)<Ki} °

Furthermore, the previous expression can be rewritten as
An)

Qi(t)(A) = QFONA+ D) + > 1a(Dyg — (= &),
=1

where & represents the time of the /th accepted EV and Aj(-) represents the number of accepted type j EVs at
node i. In the same way, the number of uncharged type j EVs at node i is given by

A0
ZENA) = ZOA + (S)(Z',0,0,0)+ 3 LB = SY(Z" 1), Dy (= ).
=1

In these expressions, we relabel the parking times and the charging requirements accordingly, where with
abuse of notation we denote them by the same letters. Now, we can follow the strategy in Remerova et al.
(2014, section 7.6). Consider a partition 0 < ty <--- <ty =t and take a nonincreasing function y(:) in [fo, f] such
that

sup |S1‘j(zn15/ -yl <o,

to<s<t
for some 6 > 0. For &;; € (tr,tr41], the following inequalities hold:
Dy = (t—t;) < Dy — (t = &) < Dy = (t = trn),
Bij — (y(ty) +0) < By — S{(Z", &, 1) < Byjy = (y(tr41) +0).

Now, define the following quantities:
N-1 _ _ B
rg’l(f) = Z(;(Aij(tﬂ—l) — Ayj(ty))Fp, (A + (t - t,)) — X",
-
F}}-'Z(t) = > (Ay(trs1) = Ay(E))Fp (A + (t = tr41)) + X"+ Aji(to) + X",
r=0

N-1
FZ’3(f) = ;(sz(tm) — A(t))Fy(A" + (y(t,) + 6, — £,)) = X",

N-1 B
FZ-A(f) i= > (Aji(tr) = Aj(t))Fi(A” + (y(tra) + 0, — ti1))
r=0
+ X"+ Z,‘]‘(to) + X",

where
i ()
X =sup sup
AeC 0<s<t<T

[€"%6s, 5(4) - A1) = A(s))oFp(4)

7

with

o 1 A;.;,(nt) A;;.(ns)

—n,

21’]‘ (S/ t)(A) = E Z 6D,-/-1 (A) - ; Z 6D,-ﬂ (A)/
=1 =1
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and

[€ s, 5y - () - As))

X" :=sup sup
A’eC’ 0<s<t<T

with
An(nt) An(ns)
s, ) = 25 B0 (A) = 2 86,0, (A)
Then, the following bounds hold:
T () < Q4(H(A) — QO0)A +1) < TJ(1)
and
T” () < Z,, (A7) - Z. i(O)A” +(SH(Z",0,1),1) < F ().
By Gromoll et al. (2008, lemma 5.1), we have that
X”i)o and X”iO,

as n — oo. By Skorokhod’s representation theorem (Billingsley 1999), we can assume that all random elements
are defined on a common probability space. Furthermore, by the dominated convergence theorem (Rudin 1987),
we have that SU(Z s,t) = Si(Z,s, 1), for s € [ty t] as n — oo. Moreover, the function S;(Z,s, ) is continuous, and
Sjj (Z",s,1) is monotone in s. Hence, we have that

sup |Si]'(Zn,S, t) - Sj]'(z, S, t)l — 0.

to<s<t

Now, the convergence follows by adapting the conclusion of the proof of Remerova et al. (2014, theorem 5, sec-
tion 7.6).

In the remainder, we show that the fluid limit also satisfies the additional relations in Definition 4.1. Observe
that by (2.13) and the definition of the Riemann-Stieltjes integral, we have that

t
K:Il(t‘) = ZRq(t) / {Q (s7)= K}dz E’](S)
j=1

Now, define

. t J
() = Z 23509 1 gy
]:

and notice that

R - H(t)—/ - )K}dZ(E,,(s) /S)\ij(u)du).

By our assumptions for the arrival processes, we obtain that R?(-)—H?(-)io as n— oo, and hence
H?() 4 R;(*). Now, by (2.13), the number of rejected type j EVs at node i can be written as follows:
=N t =N s t /\i'(s) T3
R(t) = / 1o d(ENs) - / Ag(u)du) + / S ).

Using the assumption of the external arrival process and the fact that H, (-) 4 Ri(-), we derive that EZ() 4 Rji(-)

and
5 _ t /\i]'(S) o
R,](t)_‘/o—Zizl/\ih(s)d&(s).

We proved that any subsequential limit (Q(-), Q(-), Z(-), Z(:), R(-)) satisfies the fluid model equations given in
Definition 4.1, and hence the proof of Theorem 5.1 is completed.



Downloaded from informs.org by [216.73.216.11] on 04 June 2026, at 16:33 . For personal use only, all rights reserved.

Aveklouris, Vlasiou, and Zwart: Fluid Model of Electric Vehicle Charging Network
Stochastic Systems, 2022, vol. 12, no. 2, pp. 151-180, © 2022 The Author(s) 179

Acknowledgments
The authors would like to thank the editors and anonymous reviewers for their helpful comments.

References

Ardakanian O, Rosenberg C, Keshav S (2013) Distributed control of electric vehicle charging. Ardakanian O, Rosenberg C, Keshav S, eds.
Proc. 4th Internat. Conf. Future Energy Systems (Berkeley, CA), 101-112.

Arif A, Babar M, Ahamed TI, Al-Ammar E, Nguyen P, Kamphuis IR, Malik N (2016) Online scheduling of plug-in vehicles in dynamic pric-
ing schemes. Sustainable Energy. Grids Networks 7:25-36.

Aveklouris A (2020) Layered stochastic networks with limited resources. PhD thesis, Eindhoven University of Technology, Eindhoven,
Netherlands.

Aveklouris A, Vlasiou M, Zwart B (2019) A stochastic resource-sharing network for electric vehicle charging. IEEE Trans. Control Network Sys-
tem 6(3):1050-1061.

Baran M, Wu FF (1989) Optimal sizing of capacitors placed on a radial distribution system. IEEE Trans. Power Delivery 4(1):735-743.

Bienstock D (2015) Electrical Transmission System Cascades and Vulnerability: An Operations Research Viewpoint (SIAM, Philadelphia).

Billingsley P (1995) Probability and Measure. Wiley Series in Probability and Mathematical Statistics, 3rd ed. (Wiley, New York).

Billingsley P (1999) Convergence of Probability Measures, 2nd ed. (Wiley, New York).

Bonald T, Proutiere A (2003) Insensitive bandwidth sharing in data networks. Queueing Systems 44(1):69-100.

Bonald T, Massoulié L, Proutiere A, Virtamo J (2006) A queueing analysis of max-min fairness, proportional fairness and balanced fairness.
Queueing Systems 53(1):65-84.

Borst S, Egorova R, Zwart B (2014) Fluid limits for bandwidth-sharing networks in overload. Math. Oper. Res. 39(2):533-560.

Carvalho R, Buzna L, Gibbens R, Kelly F (2015) Critical behaviour in charging of electric vehicles. New J. Physics 17(9):095001.

Chen H, Yao D (2001) Fundamentals of Queueing Networks: Performance, Asymptotics, and Optimization, vol. 46 (Springer-Verlag, New York).

Dorfler F, Chertkov M, Bullo F (2013) Synchronization in complex oscillator networks and smart grids. Proc. National Acad. Sci. USA 110(6):
2005-2010.

Dvijotham K, Mallada E, Simpson-Porco ] (2017) High-voltage solution in radial power networks: Existence, properties, and equivalent algo-
rithms. IEEE Control Systems Lett. 1(2):322-327.

Fan Z (2012) A distributed demand response algorithm and its application to phev charging in smart grids. IEEE Trans. Smart Grid 3(3):
1280-1290.

Gan L, Li N, Topcu U, Low S (2015) Exact convex relaxation of optimal power flow in radial networks. IEEE Trans. Automated Control 60(1):
72-87.

Gromoll C, Williams R (2009) Fluid limits for networks with bandwidth sharing and general document size distributions. Ann. Appl. Probabili-
ties 19(1):243-280.

Gromoll C, Robert P, Zwart B (2008) Fluid limits for processor-sharing queues with impatience. Math. Oper. Res. 33(2):375-402.

Hiskens I, Davy R (2001) Exploring the power flow solution space boundary. IEEE Trans. Power Systems 16(3):389-395.

Hoogsteen G, Molderink A, Hurink JL, Smit GJ, Kootstra B, Schuring F (2017) Charging electric vehicles, baking pizzas, and melting a fuse in
lochem. CIRED Open Access Proc. |. 2017(1):1629-1633.

Kang W (2015) Fluid limits of many-server retrial queues with nonpersistent customers. Queueing Systems 79(2):183-219.

Kang W, Ramanan K (2010) Fluid limits of many-server queues with reneging. Ann. Appl. Probabilities 20(6):2204-2260.

Kang WN, Kelly FP, Lee NH, Williams R] (2009) State space collapse and diffusion approximation for a network operating under a fair band-
width sharing policy. Ann. Appl. Probabilities 19(5):1719-1780.

Kaspi H, Ramanan K (2011) Law of large numbers limits for many-server queues. Ann. Appl. Probabilities 21(1):33-114.

Kelly F (1997) Charging and rate control for elastic traffic. Trans. Emerging Telecomm. Tech. 8(1):33-37.

Kersting W (2012) Distribution System Modeling and Analysis (CRC Press, Boca Raton, FL).

Lavaei J, Tse D, Zhang B (2014) Geometry of power flows and optimization in distribution networks. IEEE Trans. Power Systems 29(2):
572-583.

Liu Y, Whitt W (2011) A network of time-varying many-server fluid queues with customer abandonment. Oper. Res. 59(4):835-846.

Low S (2014a) Convex relaxation of optimal power flow: part I: Formulations and equivalence. IEEE Trans. Control Network Systems
1(1):15-27.

Low S (2014b) Convex relaxation of optimal power flow—part II: Exactness. IEEE Trans. Control Network Systems 1(2):177-189.

Machowski ], Bialek J, Bumby ] (2008) Power System Dynamics: Stability and Control (John Wiley & Sons, Hoboken, NJ).

Mandelbaum A, Momcilovi¢ P (2017) Personalized queues: the customer view, via a fluid model of serving least-patient first. Queueing Sys-
temns 87(1):23-53.

Massoulié L, Roberts J (1999) Bandwidth sharing: Objectives and algorithms. Proc. INFOCOM 3:1395-1403.

Molzahn D, Mehta D, Niemerg M (2016) Toward topologically based upper bounds on the number of power flow solutions. Proc. Amer. Con-
trol Conf., Boston, 5927-5932.

Pang G, Talreja R, Whitt W (2007) Martingale proofs of many-server heavy-traffic limits for markovian queues. Probability Survey 4:193-267.

Puha A, Ward RA (2019) Scheduling an overloaded multiclass many-server queue with impatient customers. Tutorials Oper. Res. Oper. Res.
Management Sci. Age Analytics, 189-217.

Reed ] (2009) The G/GI/N queue in the halfin-whitt regime. Ann. Appl. Probabilities 19(6):2211-2269.

Reed ], Zwart B (2014) Limit theorems for markovian bandwidth sharing networks with rate constraints. Oper. Res. 62(6):1453-1466.

Remerova M, Reed J, Zwart B (2014) Fluid limits for bandwidth-sharing networks with rate constraints. Math. Oper. Res. 39(3):746-774.

Rudin W (1987) Real and Complex Analysis (Tata McGraw-Hill Education).

Simpson-Porco J, Dorfler F, Bullo F (2016) Voltage collapse in complex power grids. Nature Comm. 7:10790.

Vlasiou M, Zhang ], Zwart B (2014) Insensitivity of proportional fairness in critically loaded bandwidth sharing networks. Preprint, submitted
June 17, 2015, https://arxiv.org/abs/1411.4841.


https://arxiv.org/abs/1411.4841

Downloaded from informs.org by [216.73.216.11] on 04 June 2026, at 16:33 . For personal use only, all rights reserved.

Aveklouris, Vlasiou, and Zwart: Fluid Model of Electric Vehicle Charging Network
180 Stochastic Systems, 2022, vol. 12, no. 2, pp. 151-180, © 2022 The Author(s)

Ye HQ, Yao D (2012) A stochastic network under proportional fair resource control-diffusion limit with multiple bottlenecks. Oper. Res. 60(3):
716-738.

Zhang J (2013) Fluid models of many-server queues with abandonment. Queueing Systems 73(2):147-193.

Zhang ], Dai ], Zwart B (2009) Law of large number limits of limited processor-sharing queues. Math. Oper. Res. 34(4):937-970.

Zuniga AW (2014) Fluid limits of many-server queues with abandonments, general service and continuous patience time distributions.
Stochastic Processing Appl. 124(3):1436-1468.



	s1
	s2
	s2A
	s2B
	s2C
	s2D
	s2D1
	s2D2
	s2E
	s3
	s4
	s4A
	s5
	s6
	s7
	s8
	s8A
	s8B
	s8B1

