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Abstract. We study the problem of Bayesian learning in a dynamical system involving
strategic agents with asymmetric information. In a series of seminal papers in the literature,
this problem has been investigated under a simplifyingmodel where selfish players appear
sequentially and act once in the game. It has been shown that there exist information cas-
cades where users discard their private information andmimic the action of their predeces-
sor. In this paper, we provide a framework for studying Bayesian learning dynamics in a
more general setting than the one just described. In particular, our model incorporates
cases where players can act repeatedly and there is strategic interaction in that each agent’s
payoff may also depend on other players’ actions. The proposed framework hinges on a
sequential decomposition methodology for finding structured perfect Bayesian equilibria
of a general class of dynamic games with asymmetric information. Using this methodol-
ogy, we study a specific dynamic learning model where players make decisions about
public investment based on their estimates of everyone’s states. We characterize a set of
informational cascades for this problem where learning stops for the team as a whole.
Moreover, we show that such cascades occur almost surely.
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1. Introduction
The problem of how information spreads in a social network is of profound importance in understanding how
learning occurs in a group of people or in a society, and it is important even more so today, with the ubiquitous
presence of the internet and social media. Some scenarios of interest include how people vote for a candidate; the
process of deciding to buy competitors’ products; or dynamics of mass protests and movements, fads, trends, or
cult behavior. In these examples there exists a group of people who have access to certain private information
available through their peers or their own experience and certain publicly available information, such as the
actions of others, available through mass media. Using this information, people make decisions that affect their
reward and further spread of information in the system.

Such problems have been addressed in various disciplines such as behavioral economics, statistics, engineer-
ing, and computer science (DeGroot 1974; Banerjee 1992; Bikhchandani et al. 1992; Ellison and Fudenberg 1993,
1995; Bala and Goyal 1998; Smith and Sörensen 2000; Gale and Kariv 2003; Acemoglu et al. 2011; Guarino et al.
2011; Jadbabaie et al. 2012; Guarino and Jehiel 2013; Herrera and Hörner 2013; Mossel and Tamuz 2013; Harel
et al. 2014; Mossel et al. 2014, 2015, 2020; Nedić et al. 2016; Le et al. 2017; Molavi et al. 2017). These problems have
the following key features: (a) there are multiple decision makers (henceforth referred to as players) who can be
cooperative or strategic, based on whether they have the same or different objectives; (b) there is asymmetry of
information such that players have private and common information; and (c) there is dynamic evolution of the sys-
tem. From a mathematical perspective, analysis of such problems entails two challenges: (i) one that is decision
theoretic: finding the optimum or equilibrium or heuristic strategies of players, and (ii) one that is statistical/probabilistic/
analytic: understanding the evolution and limiting behavior of the system dynamics under those strategies.
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In two seminal papers (Banerjee 1992, Bikhchandani et al. 1992), the authors investigate the occurrence of fads in a
social network, which was later generalized in Smith and Sörensen (2000). In particular, these works study a prob-
lem of learning over a social network with pure informational externalities (i.e., where a player’s reward does not
directly depend on other players’ actions; however, those actions provide useful information about the state of the
system). In this model, there is a product that is either good or bad, and there are countably many buyers (i.e., differ-
ent decision makers) who are chosen exogenously and act exactly once in the process. Players make a noisy observa-
tion about the value of the product and sequentially act strategically to either buy or not buy the product. Their
actions are based on their own private observation and the actions of the previous users. It is shown that herding
can occur in such a scenario, where the publicly available information becomes powerful enough that a user dis-
cards her own private information and follows the majority action of her predecessors. As a result, the user’s action
does not reveal any new information, and all future users repeat this behavior. This phenomenon is defined as an
informational cascade, where learning stops for the group as a whole. Although a good cascade is desirable, there is
a positive probability of a bad cascade that hurts all future users in the community. Alternative learning models that
study cascades have also appeared in the literature, such as in Acemoglu et al. (2011) and Le et al. (2017). Inspired
by social networks, Acemoglu et al. consider a model where players observe only a random set of past actions. They
show that under sufficient conditions of expanding observations and unbounded private belief log-likelihood ratios,
players learn the true state asymptotically, and thus cascading does not occur. Le et al. study a model where agents
observe the past actions through a noisy process where, again, they show that cascading does not occur. The com-
mon assumption in all of these models is that players act only once in the game, and there are informational exter-
nalities only, which allows for easy computation of game equilibrium strategies.

There are, however, more general scenarios, such as cases where players participate in the game more than once,
deterministically or randomly, through an exogenous or even an endogenous process. Furthermore, there are practi-
cal scenarios where players may be adversarial to each others’ learning (with dynamic zero-sum games in the
extreme), or more generally, there is strategic interaction in that each player’s payoff may also depend on other play-
ers’ actions. Studying such scenarios may reveal more interesting and richer equilibrium behaviors, including cas-
cading phenomena not manifested in the models considered in the current literature. Mossel et al. (2020, p. 2) intro-
duce a static notion of equilibrium called social learning equilibrium (SLE) to study social learning. They argue that
“the analysis of asymptotic equilibrium behavior in dynamic games is not straightforward, resulting in a limited
range of tractable models and a focus on extremely stylized settings; in particular, the literature has largely avoided
studying models of repeated actions by rational non-myopic players.” They also cite Gale and Kariv (2003, p. 20),
saying that “the computational difficulty of solving the model is massive even in the case of three persons… . This
is an important subject for future research.” SLE is an asymptotic concept (which is also myopic in nature, as it is
defined at the “end of the game”) that takes away all the nuances that come about in the dynamics of a game partly
because, as stated, analyzing the dynamics is quite challenging. The aforementioned difficulties are precisely what
our work is addressing. Specifically, in this paper, we provide a sequential decomposition methodology to study all
such sequential models of repeated actions by rational nonmyopic players. We provide a methodology that allows
for the study such games in a more nuanced way and reveals exactly what kind of information will aggregate.

An indispensable tool for studying cascades and, generally speaking, Bayesian learning with strategic agents
in such complex settings is a framework for finding equilibria for these dynamical systems involving strategic
players with different information sets, which are modeled as dynamic games with asymmetric information.
Appropriate equilibrium concepts for such games include the perfect Bayesian equilibrium (PBE), sequential
equilibrium, and trembling hand equilibrium (Fudenberg and Tirole 1991, Osborne and Rubinstein 1994). Each
of these notions of equilibrium consists of a strategy and a belief profile of all players where the equilibrium
strategies satisfy sequential rationality (i.e., no player has an incentive to unilaterally deviate at equilibrium)
given the equilibrium beliefs, and the equilibrium beliefs are derived from the equilibrium strategy profile using
Bayes’ rule (whenever possible). For the games considered in the current literature, including Bikhchandani et al.
(1992), Smith and Sörensen (2000), Acemoglu et al. (2011), and Le et al. (2014), because every buyer participates
only for one time period, finding the PBE reduces to solving a straightforward, one-shot optimization problem.
However, for general dynamic games with asymmetric information, finding the PBE is hard, because it requires
solving a fixed-point equation in the space of strategy and belief profiles across all users and all time periods (for
a more elaborate discussion on the difficulty of finding PBEs, see Fudenberg and Tirole (1991), chap. 8). In gen-
eral, there is no known sequential decomposition methodology for finding the general PBE for such games.

1.1. Contributions
In this paper, we consider a general model appropriate to the study of Bayesian learning where a finite number
of players have different states associated with them that evolve as conditionally independent Markov processes.
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Players do not perfectly observe their states; rather, they make independent, noisy observations of those states.
The important new ingredient in this model is that players act repeatedly throughout the game, and there is stra-
tegic interaction in that each player’s payoff may also depend on other players’ actions. As a result, players have
to strategize over the entire time horizon of the game. This model extends in a significant way the models consid-
ered in Ouyang et al. (2017) and Vasal et al. (2019), where players observe their state perfectly. Perfectly knowing
one’s state is a simplistic assumption that may not hold in the real world, and we argue that not perfectly know-
ing one’s state is a more realistic assumption. The investment example we present at the end of this paper is one
practical case where players may not know their states. Other motivating scenarios include, for instance, a wind-
producing firm that may not, from the beginning, know the true cost of its wind production or a university stu-
dent who may not know the true worth of his or her talents. They make noisy observations of their values over
the course of time and eventually learn them. In these examples, the wind producer would observe the costs of
wind produced every day, and a candidate may observe his or her grades at the university. Our model provides
a general framework for studying such scenarios. Our contributions are as follows.

a. We first present in Theorem 1 a backward/forward algorithm for finding the structured PBE (SPBE) of the
asymmetric information dynamic game. The term “structured” refers to the fact that equilibrium strategies in the
SPBE depend on appropriately defined belief states instead of the whole observed history of the player. These equi-
libria are analogous to Markov perfect equilibria (MPE) defined in Maskin and Tirole (2001) but for the case of
asymmetric information. The results in Vasal et al. (2019) vis-à-vis Theorem 1 in this paper can be interpreted with
the analogy of dynamic programming methodology for Markov decision processes (MDP) versus that for partially
observed Markov decision processes (POMDP), where in the former, the state of the system is perfectly observed
by the controller, and in the latter, the state is imperfectly observed, and thus a new belief state is introduced that
then behaves as anMDP.

b. We then utilize the aforementioned framework to study Bayesian learning dynamics and, specifically, infor-
mational cascades in dynamic games with asymmetric information. In general, an informational cascade at time t is
the set of those public histories for which players’ actions from that point onward stop depending on their private
information. As a result, once a cascade is entered, the system dynamics are governed only through the common
information, and any private information is discarded. By focusing on structured equilibrium strategies, we
propose a concise characterization of such cascades as sets of appropriately defined public beliefs with the above-
mentioned property. Unlike other settings in the cascades literature discussed before, the proposed general
framework can incorporate, as special cases, scenarios where players participate in the game more than once
(deterministically or randomly through an exogenous or endogenous process) and scenarios where players may
be adversarial to each others’ learning.

c. Finally, we consider a specific dynamic learning model with pure informational externalities where each
player makes a decision to invest (or not invest) in the team, depending on her estimate of the average of all play-
ers’ states. Players’ states relate to their cost for investing. In this setting, learning players’ states is an important
aspect of the problem, although players are not adversarial to each others’ learning. Using the methodology pre-
sented earlier, we characterize (in Theorem 2) a set of informational cascades for this model where, once in a cas-
cade, players’ estimates of others’ states freeze, and learning stops for the team. This occurs despite the fact that,
asymptotically, players learn their own states perfectly. This example serves as motivation for exploring the vast
landscape of scenarios that can be studied through the proposedmethodology.

The rest of this paper is structured as follows. In Section 2, we describe the model and problem statement. In
Section 3, we provide a general methodology to find SPBEs for such games. In Section 4, we provide an applica-
tion of the model and methodology described in Sections 2 and 3, where we formally define informational cas-
cades and specialize our methodology to study a specific Bayesian learning game, for which we characterize a
class of informational cascades. We conclude in Section 5. Part of the paper, without all the proofs and Theorem
3, was presented as Vasal and Anastasopoulos (2016a).

1.2. Notation
We use uppercase letters for random variables and lowercase for their realizations. For any variable, subscripts
represent time indices, and superscripts represent player identities. We use the notation –i to represent all play-
ers other than player i (i.e., −i � {1, 2, : : : , i− 1, i+ 1, : : : ,N}). We use the notation at:t′ to represent the vector
(at,at+1, : : : , at′ ) when t′ ≥ t or an empty vector if t′ < t. We use a−it to mean (a1t ,a2t , : : : ,ai−1t ,ai+1t , : : : ,aNt ). We remove
superscripts or subscripts if we want to represent the whole vector—for example, at represents (a1t , : : : ,aNt ). In a
similar vein, for any collection of finite sets (X i)i∈N , we denote ×N

i�1 X
i by X . We denote the indicator function of

any set A by IA(·). For any finite set S, Δ(S) represents the space of probability measures on S, and |S | represents
its cardinality. We denote by P

g (or E
g) the probability measure generated by (or expectation with respect to)
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strategy profile g. For random variables X, Y, we use the notation P(x |y) to indicate P(X � x |Y � y). We denote
the set of real numbers by R. For a probabilistic strategy profile of players (βit)i∈N , where the probability of action
ait conditioned on (a1:t−1,xi1:t) is given by βit(ait |a1:t−1,xi1:t), we use the shorthand notation β−it (a−it |a1:t−1,x−i1:t) to repre-
sent

∏
j≠iβ

j
t(ajt |a1:t−1,xj1:t). All equalities and inequalities involving random variables are to be interpreted in an

almost sure (a.s.) sense.

2. General Model
2.1. Model
We consider a discrete-time dynamical system with N strategic players in the set N :� {1, 2, : : : ,N} over a finite
time horizon T :� {1, 2, : : : ,T} and with perfect recall. The system state is xt :� (x1t ,x2t , : : : ,xNt ), where xit ∈ X i is the
state of player i at time t. Players’ states evolve as conditionally independent, controlled Markov processes such
that

P(xt |x1:t−1,a1:t−1) � P(xt |xt−1,at−1) (1a)

�∏N
i�1

Qi
x(xit |xit−1,at−1), (1b)

where at � (a1t , : : : , aNt ), and ait is the action taken by player i at time t. We follow the convention that for t � 1, the
above-mentioned kernels reduce to P(x1) � ∏N

i�1Q
i
x(xi1), and we use the same notation for the kernels Qi

x for any t
with the distinction being obvious from the context. Player i does not observe her state perfectly; rather, she
makes a private observation wi

t ∈Wi at time t, where all observations are conditionally independent across time
and across players given xt and at−1. In the following way, ∀t ∈ {1, : : :T},

P(wt |x1:t, a1:t−1,w1:t−1) �
∏N
i�1

Qi
w(wi

t |xit,at−1): (2)

Again, for t � 1, the meaning of the preceding is that P(w1 |x1) � ∏N
i�1Q

i
w(wi

t |xit), and we use the same notation for
the kernels Qi

w for any t with the distinction being obvious from the context. Player i takes action ait ∈Ai at time t
upon observing a1:t−1, which is common information among players, and wi

1:t, which is player i’s private informa-
tion. The sets Ai,X i,Wi are assumed to be finite, and we also assume that both kernels Qx and Qw have full sup-
port.1 We further assume that all quantities Qi

x(xit |xit−1, at−1) and Qi
w(wi

t |xit,at−1) are rational numbers. The first
assumption will simplify the discussion about off-equilibrium strategies and beliefs. The second is a mild
assumption that is sufficient to resolve some technical issues with defining beliefs on beliefs as is done in Section
3. Let gi � (git)t∈T be a probabilistic strategy of player i, where git :A

t−1 × (Wi)t → Δ(Ai) such that player i plays
action ait according to Ai

t ~ git(· |a1:t−1,wi
1:t). Let g :� (gi)i∈N be a strategy profile of all players. At the end of time t,

player i receives an instantaneous reward Ri(xt,at). The objective of player i is to maximize her total expected
reward:

Ji,g :� E
g
[∑T
t�1

Ri(Xt,At)
]
: (3)

With all players being strategic, this problem is modeled as a dynamic game D with asymmetric information and
with simultaneous moves. Although this model considers all N players acting in all periods of the game, it can
accommodate cases where at each time t, players are chosen through an endogenously defined (controlled) Mar-
kov process. This can be done by introducing a “nature” player 0, who perfectly observes her state process (X0

t )t,
has reward function zero, and plays actions a0t � w0

t � x0t . For instance, let X
0 �A0 �N . Once the quantity a0t is

publicly observed, all players can determine that the acting player (at time t) will be the one indicated by a0t .
Thus Ri

t(xt,at) � 0 if i≠ a0t , and ∀i, Qx(xit+1 |xit,at) �Qx(xit+1 |xit, aa
0
t
t ). Here, in each period, only one player (player

a0t � w0
t � x0t ) acts in the game while all other nonacting players receive zero rewards during that period.

2.2. Solution Concept: PBE
In this section, we introduce the PBE as an appropriate equilibrium concept for the game considered. Any history
of this game at which players take action is of the form ht � (a1:t−1,x1:t,w1:t) ∈Ht. At any time t, player i observes
hit � (a1:t−1,wi

1:t) ∈Hi
t, and all players together observe hct � a1:t−1 ∈Hc

t . An appropriate concept of equilibrium for
such games is the PBE (Fudenberg and Tirole 1991), which consists of a pair (β,µ): a strategy profile
β � (βit)t∈T ,i∈N , where βit :H

i
t → Δ(Ai), and a belief profile2 µ � (iµt)t∈T ,i∈N , where iµt :H

i
t → Δ(X × (W−i)t), that sat-

isfy the following two conditions.
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1. Sequential Rationality: For all∀i ∈N , t ∈ T ,hit ∈Hi
t, β̃

i
,

E
βit:Tβ

−i
t:T ,

iµt

{∑T
n�t

Ri(Xn,An) |hit
}
≥ E

β̃
i
t:Tβ

−i
t:T ,

iµt

{∑T
n�t

Ri(Xn,An) |hit
}
: (4)

2. Belief Consistency: For all∀i ∈N , t ∈ T \ {1},hit−1 ∈Hi
t−1,hit � (hit−1, at−1,wi

t) ∈Hi
t,

• if Pβ(hit |hit−1) > 0, wemust have3 (Bayes’ rule update)

iµt[hit](xt,w−i
1:t) �

Qw(wt |xt, at−1)∑xt−1Qx(xt |xt−1, at−1)β−it−1(a−it−1 |a1:t−2,w−i
1:t−1) iµt−1[hit−1](xt−1,w−i

1:t−1)∑
xt,w−i

1:t
Qw(wt |xt,at−1)∑xt−1Qx(xt |xt−1,at−1)β−it−1(a−it−1 |a1:t−2,w−i

1:t−1) iµt−1[hit−1](xt−1,w−i
1:t−1)

; (5)

• if Pβ(hit |hit−1) � 0, then set iµt[hit](xt,w−i
1:t) arbitrarily, with the only restriction being that iµt[hit](xt,w−i

1:t) � 0
for those values of xt,w−i

t that are not in the support of Pβ̃(xt,w−i
1:t |hit−1) for any strategy profile β̃.

In the following, we will define belief states ξit ∈ Δ(X i) and πi
t ∈ Δ(Δ(X i)) that act as summaries of the histories

hit and hct , respectively, and we will consider strategies that are defined on these belief states.

3. A Methodology for Characterizing the Structured PBE of the Game D
In this section, we provide a methodology to find the PBE of the gameD that consists of strategies whose domain
is time invariant (although there may exist other equilibria that cannot be found using this methodology). Specif-
ically, we seek equilibrium strategies that are structured in the sense that they depend on players’ common and
private observations through belief states. In order to achieve this, at any time t, we summarize player i’s infor-
mation set, (a1:t−1,wi

1:t), in the belief ξit ∈ Δ(X i), and the common information, a1:t−1, in the common belief
πt ∈ Δ(×i∈NΔ(X i)), where ξit and πt are defined as follows. For a strategy profile g, let ξit(xit) :� P

g(xit |a1:t−1,wi
1:t) be

the belief of player i on her current state conditioned on her information set. Similarly, we define πt(ξt) :� P
g(ξt |

a1:t−1) as common joint belief on ξt based on the players’ common information, a1:t−1, and the corresponding mar-
ginals πi

t ∈ Δ(Δ(X i)) as πi
t(ξit) :� P

g(ξit |a1:t−1). As will be shown later, because of the independence of states and
their evolution as independent controlled Markov processes, for any strategy profile of the players, joint beliefs
on states can be factorized as a product of their marginals (i.e., πt(ξt) � ∏N

i�1π
i
t(ξit)). To accentuate this indepen-

dence structure, we define πt ∈ ×i∈NΔ(Δ(X i)) as the vector of marginal beliefs where πt :� (πi
t)i∈N . In addition,

because of the above-mentioned conditional independence structure, it can be shown (in a similar way, condi-
tional independence was shown in a simpler model in claim 1 of Vasal et al. (2019) that agent i’s private informa-
tion does not provide any new information on x−it than what is already obtained from the common belief. Thus
agent i only puts a belief on her own state xit given her information set, and the belief on x−it can be derived from
πt (i.e., Pg(xit,x−it |at−1,wi

1:t) � ξit(xit)∑ξ−it
ξ−it (x−it )π−i

t (ξ−it )). Finally, we point out that because of the assumption of
rational kernels Qx and Qw, and because of the update equation of ξit (in Lemma 1), the private beliefs ξit(xit) are
rational, and thus the beliefs πt are well defined.

Inspired by the “common agent” approach in decentralized team problems (Nayyar et al. 2013), we now gen-
erate players’ structured strategies as follows: player i at time t observes the common belief vector πt and takes
action γi

t, where γi
t : Δ(X i) → Δ(Ai) is a partial (stochastic) function from her private belief ξit such that

Ai
t ~ γi

t(· |ξit). These actions are generated through some policy θi � (θi
t)t∈T , θi

t : ×i∈NΔ(Δ(X i)) → {Δ(X i) → Δ(Ai)}
that operates on the common belief vector πt so that γi

t � θi
t[πt]. Then, the generated policy of the form Ai

t ~
θi
t[πt](· |ξit) is also a policy of the form Ai

t ~ git(· |a1:t−1,wi
1:t) for an appropriately defined g.

In the following, we will show a systematic approach to characterize equilibria of this game with structured
strategies of the form Ai

t ~ θi
t[πt](· |ξit). The justification for seeking such structured equilibria is threefold. First,

through a “focusing argument,” agents are convinced to play such structured strategies because there is a way to
evaluate them (offline) instead of trying to find general equilibria with strategies of the form Ai

t ~ git(· |a1:t−1,wi
1:t)

having ever-expanding domains. There is, however, a second, stronger justification for restricting attention to
such equilibria. It can be shown (similar to section III of Vasal et al. (2019)) that these structured policies form a
sufficiently rich set of policies. Specifically, it can be shown that policies g are outcome equivalent to policies
θ—that is, any expected total reward profile of the players that can be generated through a general policy profile
g can also be generated through some policy profile θ. Finally, a third justification is that it can be shown (similar
to section III of Vasal et al. (2019), and following the standard common agent methodology proposed by Nayyar
et al. (2013)) that the optimal policies for the corresponding “dynamic team” problem have exactly this structure.

In the following lemma, we present update functions for the private beliefs ξit and the public beliefs πi
t.
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Lemma 1. There exist update functions Gi, independent of players’ strategies g, such that

ξit+1 � Gi(ξit,wi
t+1, at) (6)

and update functions Fi, independent of θ, such that

πi
t+1 � Fi(πi

t,γ
i
t, at): (7)

Thus πt+1 � F(πt,γt,at), where F is appropriately defined through (7).

Proof. The proofs are straightforward using Bayes’ rule and the fact that players’ state and observation histories,
Xi

1:t,W
i
1:t, are conditionally independent across players given the action history a1:t−1. They are provided in

Appendix A. w

We now define an SPBE as follows.

Definition 1 (SPBE). A structured perfect Bayesian equilibrium of the dynamic game D is a PBE (β∗,µ∗) for which
at any time t, for any agent i, her equilibrium strategy β∗,it depends on player i’s information hit � (a1:t−1,wi

1:t) only
through the beliefs ξit and πt. Furthermore, the belief iµ∗

t depends on player i’s information hit � (a1:t−1,wi
1:t) only

through the public belief πt. Finally, because of the aforementioned special structure, iµ∗
t need only be a belief on

ξ−it ∈ ×j∈N \{i}Δ(X j).
We remark that although we seek structured equilibria of the above-mentioned form, deviations are not

restricted to be structured; that is, users are sequentially rational assuming every possible unilateral deviation.
We now present the backward/forward algorithm to find the SPBE of the game D. The algorithm resembles the
one presented in Vasal et al. (2019) for perfectly observable states.

3.1. Backward and Forward Recursions
3.1.1. Backward Recursion. In this section, we define an equilibrium-generating function θ � (θi

t)i∈N ,t∈T and a
sequence of value functions (Vi

t)i∈N ,t∈{1,2,: : :T+1}, where Vi
t : ×i∈NΔ(Δ(X i)) × Δ(X i) → R, in a backward recursive

way, as follows.
1. Initialize∀πT+1 ∈ ×i∈NΔ(Δ(X i)), i ∈N ,ξiT+1 ∈ Δ(X i),

Vi
T+1(πT+1,ξiT+1) :� 0: (8)

2. For t � T,T − 1, : : : , 1, ∀πt ∈ ×i∈NΔ(Δ(X i)), let θt[πt] be generated as follows. Set γ̃t � θt[πt], where γ̃t is the
solution, if it exists, of the following fixed-point equation:∀i ∈N ,ξit ∈ Δ(X i),

γ̃i
t(· |ξit) ∈ argmax

γi
t(·|ξit)

E
γi
t(·|ξit)γ̃−i

t ,πt {Ri(Xt,At) +Vi
t+1(F(πt, γ̃t,At),Ξi

t+1) |ξit}, (9)

where the expectation in (9) is with respect to random variables (Xt,At,Ξi
t+1) through the measure

ξt(xt)π−i
t (ξ−it )γi

t(ait |ξit)γ̃−i
t (a−it |ξ−it )Qi(ξit+1 |ξit, at), F and Qi are defined in Lemma 1, and Qi is defined in appendix A

of Vasal and Anastasopoulos (2016b). Furthermore, set

Vi
t(πt,ξit) :� E

γ̃ i
t(·|ξit)γ̃−i

t ,πt{Ri(Xt,At) +Vi
t+1(F(πt, γ̃t,At),Ξi

t+1) |ξit}: (10)

It should be noted that (9) is a fixed-point equation where the maximizer γ̃i
t appears in both the left-hand side

and the right-hand side of the equation. However, this is not to be confused with a best response type of a fixed-
point equation as in a Bayesian Nash equilibrium. This distinct construction is pivotal in the proof of Theorem 1,
and its roots can be traced back to the PBE construction in Vasal et al. (2019).

3.1.2. Forward Recursion. On the basis of θ defined in (8)–(10), we now construct a set of strategies β∗ and beliefs
µ∗ for the game D in a forward recursive way, as follows. As before, we will use the notation µ∗

t
[a1:t−1] :�

(µ∗,i
t [a1:t−1])i∈N for the collection of marginal beliefs, and the joint belief µ∗

t[a1:t−1] can be constructed from µ∗
t
[a1:t−1]

as µ∗
t[a1:t−1](ξt) �

∏N
i�1µ

∗,i
t [a1:t−1](ξit), where µ∗,i

t [a1:t−1] is a belief on ξit.

1. Initialize at time t � 0,

µ∗,i
0 [φ](ξ0) :� δQi

x
(ξi0): (11)
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2. For t � 1, 2: : : ,T, i ∈N , ∀a1:t,wi
1:t,

β∗,it (ait |a1:t−1,wi
1:t) :� θi

t[µ∗
t
[a1:t−1]](ait |ξit) (12a)

µ∗,i
t+1[a1:t] :� Fi(µ∗,i

t [a1:t−1],θi
t[µ∗

t
[a1:t−1]],at): (12b)

We conclude the construction by noting that the required beliefs iµ∗
t :H

i
t →×j∈N \{i}Δ(X j) can now be generated

directly from µ∗
t
as iµ∗

t[hit](ξ−it ) �
∏

j≠iµ
∗,j
t [a1:t−1](ξjt) with the understanding that under structured strategies, a

belief on ξ−it is part of the information state or sufficient statistic for user i to compute her future expected reward
conditioned on the history hit.

The main result of this section is summarized in the following theorem.

Theorem 1. A strategy and belief profile (β∗,µ∗), constructed through the backward/forward recursive algorithm, is a PBE
of the game.

Proof. The proof relies on the specific fixed-point construction in (8)–(10) and the conditional independence
structure of states and observations, and it is provided in Appendix B in Vasal and Anastasopoulos (2016b). w

3.2. Remarks
Several remarks are in order with regard to the preceding methodology and the result.

Remark 1. When players observe their types perfectly (i.e., when Wi � X i and Qi
w(wi

t |xit, at−1) � δxit(wi
t),

∀i,wi
t,x

i
t,at−1), then ξit(·) � δxit(·), ∀xit, and the results in this section reduce to the results in Vasal et al. (2019), as

expected.

Remark 2. In the preceding special case with players perfectly observing their own types, it was shown in Vasal
et al. (2019, theorem 2) that all SPBEs of the game can be found using this methodology. Using a similar argu-
ment, it can also be shown that all SPBEs of the game considered in this paper (i.e., with noisy types) can be
found using this methodology.

Remark 3. The second subcase in the definition of F in appendix A in Vasal and Anastasopoulos (2016b) dictates
how beliefs are updated for histories with zero probability. The particular expression used is only one of many
possible updates than can be used here. Dynamics that govern the evolution of public beliefs at histories with
zero probability of occurrence affect equilibrium strategies. Thus, the construction proposed for calculating
SPBEs in this paper will produce a different set of equilibria if one changes the second subcase. The most well-
known example of another such update is the intuitive criterion proposed in Cho and Kreps (1987) for Nash equi-
libria, later generalized to sequential equilibria in Cho (1987). The intuitive criterion assigns zero probability to
states that can be excluded based on data available to all players (in our case, action profile history a1:t−1).
Another example of belief update is universal divinity, proposed in Banks and Sobel (1987).

Remark 4. To highlight the significance of the unique structure of (9), one can think as follows. When all players
other than player i play structured strategies (i.e., strategies of the form Aj

t ~ θ
j
t[πt](· |ξjt)), one may want to study

the optimization problem from the viewpoint of the ith player in order to characterize her best response. In par-
ticular, one may want to show that although player i can play general strategies of the form Ai

t ~ git(· |wi
1:t,a1:t−1), it

is sufficient to best respond with structured strategies of the form Ai
t ~ θi

t[πt](· |ξit) as well. To show that, one may
entertain the thought that player i faces an MDP with state (Ξi

t,Πt) and action Ai
t at time t. If that were true, then

player i’s optimal action could be characterized (using standard MDP results) by a dynamic programming equa-
tion similar to (9) of the form

γ̃i
t(· |ξit) ∈ argmax

γi
t(·|ξit)

E
γi
t(·|ξit)γ̃−i

t ,πt{Ri
t(Xt,At) +Vi

t+1(F(πt,γi
t(· |ξit), γ̃i

t(· | ·), γ̃−i
t ,At),Ξi

t+1) |ξit}, (13)

where, unlike (9), in the belief update equation, the partial strategy γi
t(· |ξit) is also optimized over. However, as it

turns out, user i does not face such an MDP problem: the reason is that the update equation πt+1 � F(πt,γt,at)
also depends on γi

t, which is the partial strategy of player i, and this has not been fixed in the aforementioned set-
ting. If, however, the update equation is first fixed (so it is updated as πt+1 � F(πt, γ̃i

t, γ̃
−i
t ,at) � F(πt,θt[πt],

at)—i.e., using the equilibrium strategies even for player i), then, indeed, the problem faced by user i is the MDP
previously defined. It is now clear why (9) has the flavor of a fixed-point equation: the update of beliefs needs to
be fixed beforehand with the equilibrium action γ̃i

t even for user i, and only then can user i’s best response
depend only on the MDP state (Ξi

t,Πt) thus being a structured strategy as well. This implies that her optimal
action γ̃i

t appears both on the left-hand and right-hand sides of this equation, giving rise to (9).
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Remark 5. Nayyar et al. (2014) consider a general model of dynamic game of asymmetric information and pro-
vide a similar methodology to ours to solve for nonsignaling equilibria for that model. The corresponding equa-
tion in Nayyar et al. (2014) is Equation (9), which solves for a Bayesian Nash–like fixed-point equation in the
space of γt functions, which occurs as a result of the assumption that the beliefs’ updates are independent of the
strategies, which leads to no signaling. As one would expect, their optimization problem is a special case of our
development when there is no signaling (i.e., when the update of the common belief πt does not depend on γt)—
in other words, when πt+1 � F(πt,at), in which case (9) reduces to the same Bayesian Nash equation as in Nayyar
et al. By contrast, in our work, (9) is a unique fixed-point equation not considered in the literature of games
before, where the equilibrium strategy γ̃i

t(· |xit) in (9) appears both on the left-hand side and on the right-hand
side, where the common belief is updated using the solution of the fixed-point equation.

Remark 6. In this paper, we find a class of PBEs of the game, although there may exist other equilibria that are
not structured and cannot be found by directly using the proposed methodology. The rationale for using struc-
tured equilibria over others is the same as that for using Markov perfect equilibria over subgame perfect equilib-
ria for a symmetric information game—a focusing argument (Osborne and Rubinstein 1994) for using simpler
strategies being one of them.

Remark 7. Vasal (2019) extends the methodology of Vasal et al. (2019) to arbitrary correlated though static types,
arguing that the same methodology could not be used for dynamic correlated types as a result of the lack of an
information state. From the observation of Vasal (2019), in this remark, we argue (without proof) that the
machinery developed in this paper can be used to extend the results to correlated, though static, types with con-
ditionally independent observations.

4. Application: Informational Cascades
In the simple herding model introduced in the seminal papers of Banerjee (1992) and Bikhchandani et al. (1992),
where selfish players sequentially acted once in the game, the authors introduce the notion of informational cas-
cades as those histories where all future players’ actions do not depend on their private information and they
repeat the same action. In this section, we define a more general notion of informational cascades as those histo-
ries of the game where the dynamic game of asymmetric information collapses into a dynamic game of symmet-
ric information, and the system dynamics from that point on depend only on the common information. We
define two notions of information cascades, one based on common history and the other based on common
belief, and in Lemma 2, we show the connection between the two definitions.

Definition 2. For a given strategy and belief profile (β∗,µ∗) that constitutes a PBE of the game, and for any time t
and sequence of action profiles at:T, an informational cascade is defined as the set of public histories hct of the
game such that at hct and under (β∗,µ∗), actions at:T are played almost surely, irrespective of players’ future private
history realizations. More precisely,

Cat:Tt :� {hct ∈Hc
t |∀i, ∀n ≥ t, ∀hin that are consistent with

hct and occur with nonzero probability; β∗,in (ain |hin) � 1}: (14)
We can also specialize the definition to a constant informational cascade if action profiles in the cascade are cons-
tant across time; that is, for time t and action profile a, constant cascades are defined by

Cat :� Cat:Tt ; where an � a for n � t, : : : ,T: (15)

In this definition, we define cascades for a general model using action sets that may not be very useful in charac-
terizing cascades using the SPBE methodology defined before. In the following, we provide an alternative defini-
tion that, because of its recursive nature, is well suited for characterizing information cascades associated with
structured strategies.

Definition 3. For a given equilibrium generating function θ, and for any time t and sequence of action profiles
at:T, an informational cascade for the game D is defined recursively through the sets {C̃at:T

t }t�1,: : : ,T+1 as follows.
For t � T,T − 1, : : : , 1,

C̃T+1 :� {All possible common beliefs πT+1}, (16a)

C̃
at:T
t :� {

πt |∀i, ∀ξit ∈ supp(πi
t),θi

t[πt](ait |ξit) � 1

and F(πt,θt[πt],at) ∈ C̃
at+1:T
t+1

}
: (16b)
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Similar to the previous definition, a constant informational cascade for time t and action profile a is defined as

C̃
a
t :� C̃

at:T
t ; where an � a for n � t, : : : ,T: (17)

This backward recursive definition characterizes informational cascades as those subsets of beliefs πt that result
in players taking certain predefined actions at almost surely regardless of their private information ξt. In addi-
tion, and because of the preceding, the belief updates F in appendix A in Vasal and Anastasopoulos (2016b) are
simplified as

πi
t+1(ξit+1) �

∑
xit+1 ;w

i
t+1

ξi
t
;xi
t
;

πi
t(ξit)ξit(xit)Qi

x(xit+1 |xit,at)Qi
w(wi

t+1 |xit+1,at)IGi(ξit,wi
t+1,at)(ξ

i
t+1), (18)

and these beliefs further result in players ignoring their private information ξit+1 in forming their future actions.
Thus we can correspondingly represent the update of πt under nonsignaling policies as πt+1 � F(πt,at). In this sit-
uation, actions control the evolution of the state xt and the spread of information, but the action of player i does
not reveal any information about xit. In other words, there is control but no signaling.

The following lemma establishes the connection between the preceding two definitions of cascades, one
through the action sets and the other through the beliefs.

Lemma 2. Let (β∗,µ∗) be an SPBE of the game D generated by an equilibrium generating function θ through the backward/
forward algorithm presented in Section 3. Then ∀t,at:T,

(µ∗
t)−1[C̃

at:T
t ] � Cat:Tt : (19)

Similarly, for a constant informational cascade, ∀t, a,

(µ∗
t)−1[C̃

a
t ] � Cat : (20)

Proof. See Appendix D here or appendix E in Vasal and Anastasopoulos (2016b).
The preceding lemma makes precise the equivalence between the two definitions of informational cascades,

Definitions 2 and 3, which are defined on two different objects—namely, the space of common histories and the
space of common beliefs, respectively. Lemma 2 connects these two definitions such that if one finds a common
history in a cascading set, so then using the lemma, one can find a corresponding common belief that is cascad-
ing, and vice versa, so long as such a belief corresponds to some common history.

4.1. Example with Nonadversarial Learning
We now consider a specific model that captures the learning aspect in a dynamic setting with strategic agents
and decentralized information. The model is inspired by the model considered in Bikhchandani et al. (1992) and
Smith and Sörensen (2000), where now we consider a finite number of players who take action in every time and
participate during the entire duration of the game.

Assume there are N players, each having a constant static type that represents her talent, capabilities, or popu-
larity, and the player makes a decision to either invest (action � 1) or not invest (action � 0) in the team as a
whole, where her instantaneous reward depends on some combination of the capabilities of all the players
(including herself). We note that the instantaneous reward does not depend on other players’ actions but on their
states, and thus learning players’ states is an important aspect of the problem.

To simplify the exposition, we assume that players’ states are uncontrollable and static; that is, Qi
x(xit+1 |xit, at)� δxit(xit+1), where X i � {−1, 1} and P(Xi � −1) � P(Xi � 1) � 1=2:4 Because the set of states, X i, has cardinality 2,

the measure ξit can be sufficiently described by ξit(1). Henceforth, in this section and in appendix F in Vasal and
Anastasopoulos (2016b), with slight abuse of notation, we also denote ξit(1) by ξit ∈ [0, 1], and the reference is clear
from the context. In each time t, player imakes an independent observation wi

t about her state whereWi � {−1, 1},
through an observation kernel of the form Qi

w(wi
t |xit,ait−1), which does not depend on a−it−1. These observations are

made through a binary symmetric channel such that Qi
w(−1 |1, ai) �Qi

w(1 |−1,ai) � pai , where p1 ≤ p0 < 1=2. This
model implies that taking action 1 can improve the quality of a player’s future private belief. From her information,
agent i takes action ait, whereAi � {0, 1} and earns an instantaneous reward given by

Ri(x, at) � Ri(x,ait) � ait λx
i + λ̄

∑
j≠i xj

N − 1

( )
, (21)
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where λ ∈ [0, 1], λ̄ � 1−λ. To study asymptotic learning, we assume a discounted infinite horizon model with
discount factor δ < 1.

In this case, the update functions of ξit and πi
t in (6) and (7) reduce to

ξit+1 � Gi(ξit,wi
t+1,a

i
t), (22a)

πi
t+1 � Fi(πi

t,γ
i
t, a

i
t): (22b)

And an infinite horizon version of (9) in the backward recursion reduces to

γ̃i
t(· |ξit) ∈ argmax

γi
t(·|ξit)

γi
t(1 |ξit)(λ(2ξit − 1) + λ̄(2ξ̂−i

t − 1)) + δEγi
t(·|ξit)γ̃−i

t ,πt {Vi(F(πt, γ̃t,At),Ξi
t+1) | ξit}, (23)

V(πt, ξit) � γ̃i
t(1 |ξit)(λ(2ξit − 1) + λ̄(2ξ̂−i

t − 1)) + δEγ̃ i
t(·|ξit)γ̃−i

t ,πt {Vi(F(πt, γ̃t,At),Ξi
t+1) |ξit}, (24)

where

ξ̂
−i
t � ξ̂

−i(π−i) :� 1
N − 1

∑
j≠i

E
π
j
t[Ξj

t] �
1

N − 1

∑
j≠i

∫
ξ
j
tπ

j
t(dξjt): (25)

The intuition behind this equation should be clear. The instantaneous reward of player i is proportional to the
probability of investing, γi

t(1 |ξit), as well as the perceived talent of the entire team formed by the combination of
his perceived talent, 2ξit − 1, and his perceived talent of the rest of the team, 2ξ̂

−i
t − 1. Furthermore, the estimate of

user i on player’s j talent is the same for all players i and is a result of their common belief πj
t.

In the following, we show that for the specific learning model considered in this section, the players learn their
true state asymptotically. We note that the result is true independent of the equilibrium (because the update of ξit
does not depend on strategy θ).

Fact 1. The private beliefs Ξi
t converge to delta functions on the true value of the state, i.e.,

Ξi
t −→

a:s:

t→∞δxi : (26)

Proof. This is a classical Bayesian learning problem, and there are many techniques that can be used to prove
Fact 1 (e.g., see Cover and Thomas (2012), pp. 314–316). w

This result is quite intuitive because players make independent observations about their respective states
(independent of their strategies) and thus eventually learn their (static) state.

As it turns out, although players eventually learn their private states, almost surely, the system exhibits infor-
mational cascades. This surprising result implies that for a group of players who have sufficiently good talents, it
may happen that they eventually do not invest in the team. This may happen because initially—because of a
player’s own atypical bad observations wi

t—the player may take actions that may lead the game into a cascade of
everybody not investing. Now, even though the player eventually learns perfectly her true type and realizes that
her actions could have initially signaled the wrong information (which led the system into a wrong cascade), it is
still rational for her to not invest and keep the same belief about others as before.

We now define a time-invariant set Ĉ
a
of common beliefs π. This set for ai � 1 includes those public beliefs for

which player i believes that the other players have high enough types (on average) such that action ai � 1 is taken
irrespective of her private belief, ξit, on her own type, xi, and similarly for ai � 0. Let

Ĉ
a
:� {π |∀i,λ+ λ̄(2ξ̂−i − 1) ≤ 0 if ai � 0, −λ+ λ̄(2ξ̂−i − 1) ≥ 0 if ai � 1}, (27)

where ξ̂
−i � ξ̂

−i(π−i) is defined in (25). The intuition behind defining this set is clear if we compare with the instanta-
neous reward in (23). Regardless of how good or bad the estimate of the private state is, the estimate of other players’
talent is so bad (or good) that player i does not (or does) invest. This is also implied by the fact that private beliefs
form a sub- or super-martingale as shown in Appendix E and from the Martingale convergence theorem.

In the following theorem we show that the set Ĉ
a
defined in (27) characterizes a set of constant informational

cascades for this problem. Specifically, we show that Ĉ
a ⊆ C̃

a
t for any t.

Theorem 2. If for some time t0 and action profile a, πt0 ∈ Ĉ
a
, then ∀t ≥ t0,πt ∈ Ĉ

a
and solutions of (23) satisfy

γ̃i
t(ai |ξit) � 1 ∀ξit ∈ [0, 1].Moreover, Vi is given by, ∀πt ∈ Ĉ

a
,

Vi(πt,ξit) �
(λ(2ξit − 1) + λ̄(2ξ̂−i

t − 1))ai
1− δ

: (28)
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Proof. See Appendix F here and in Vasal and Anastasopoulos (2016b).
Several remarks are in order regarding this result.

Remark 8. In addition to proving that Ĉ
a
is a cascade, Theorem 2 provides an explicit expression for the reward-

to-go of each player inside this cascade. Although it is, in general, difficult to solve the fixed-point equation (23),
the special structure of players’ actions and the special belief update inside a cascade makes this possible. Equa-
tion (28) implies that for those players who do not invest, their expected reward is 0, and for those who invest,

their expected reward at the time t0 they enter the cascade is (λ(2ξit−1)+λ̄(2ξ̂−i
t −1))

1−δ ≥ (−λ+λ̄(2ξ̂−i
t −1))

1−δ ≥ 0.

Remark 9. For the simplified problem considered in Bikhchandani et al. (1992), cascades can be characterized as
the fixed points of the common belief update function so that the common belief gets “stuck” once it reaches that
state. It was shown in Bikhchandani et al. that cascades eventually occur with probability 1 for that model. For
the general model considered in this paper, common beliefs πt still evolve in a cascade governed by the uninfor-
mative, nonsignaling update of the common belief πt by F(πt,at), i.e., their evolution is directed by the primitives
of the process and not on the new random variables being generated namely players’ private observations.

Remark 10. Conceptually, informational cascades can be thought of as absorbing states of the system. Indeed,
given an equilibrium strategy profile, the common belief (Πt)t≥1 is a Markov chain. It is thus natural to ask ques-
tions regarding the dynamics of the process that could lead to those states—for example, hitting times of such
sets and absorption probabilities. We remark that this is a rather difficult task because it involves finding the
equilibrium strategies—that is, solving the fixed-point equation (23) for all values of πt and not only for those
values of πt inside the cascade as done in Theorem 2. One trivial case when cascades could occur for this model
is if the system was born in a cascade; that is, the initial common belief, based on the prior distributions, is
π1 ∈ Ĉ

a
. More generally, a cascade could occur as in the following case. Suppose all players have low states (i.e.,

xi � −1 for all i ∈N ), but they get atypical observations initially, which lead them into believing that their states
are high (xi � 1). This information is conveyed through their actions, which leads the public belief into a cascade.
Now, even though the players eventually learn their true states, they remain in a (bad) cascade, with each player
believing that others have high states on average.

Theorem 2 gives a characterization of informational cascades. However, it is not clear if players always reach
any of the informational cascades. In the following theorem, we show that in an infinite horizon model, this is
true almost surely.

Theorem 3. Under an infinite time horizon, the system eventually falls into one of the cascades.

Proof. We prove this by contradiction. Suppose there exists a nonempty set of trajectories Ω such that the system
never falls into any of the cascading sets Ĉ

a
. Consider the process πt conditioned on the setΩ and the true state x.

Then, by definition of information cascades, there exists ∃i such that πi
t is evolving on this set such that the corre-

sponding sequence of γi
t is informative.

Then for all such i, πi
t converges to xi on this set using the same arguments as in Fact 1 (i.e., Πi

t |Ω −→a:s:t→∞δ(δxi)).
Thus the system eventually falls into a cascade (note that out of all the cascading sets, there exists a cascading set
that is optimal with respect to the players’ type such that players would play that if everyone’s types are
known).

This, however, contradicts the fact thatΩ is nonempty. w

Remark 11. In this paper, we considered the model where users observe the entire action history of the players.
However, there exist many scenarios where users may observe a coarser version of the action history, as has
been studied in Çelen and Kariv (2004), Guarino et al. (2011), Herrera and Hörner (2013), and Guarino and Jehiel
(2013). We note that our model does not incorporate the flexibility of using such information structures, and we
pose it as an open problem for future research if our methodology of finding an SPBE can be extended to differ-
ent information structures as studied in the above-mentioned works.

5. Conclusion
In this paper we study Bayesian learning dynamics of a specific class of dynamic games with asymmetric infor-
mation. In the literature, a simplifying model is considered where herding behavior by selfish players is shown
in a sequential buyers’ game where a countable number of strategic buyers buy a product exactly once in the
game. In this paper, we consider a more general scenario where players could participate in the game through-
out the duration of the game. Players’ states evolve as conditionally independent controlled Markov processes,
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and players made noisy observations of their states. We first present a sequential decomposition methodology to
find the SPBE of the game. We then study a specific learning model with forward-looking agents and character-
ize information cascades using the general methodology described before. We show a corresponding result as
that in Banerjee (1992) and Bikhchandani et al. (1992) although for forward-looking agents, that for infinite hori-
zon all players fall into one of the cascades almost surely. In general, the methodology presented in the paper
serves as a framework for studying learning dynamics of decentralized systems with strategic agents. Although
the presented model considers all N players acting in all periods of the game, it can be readily extended to accom-
modate cases where at each time t, players are chosen through an endogenously defined (controlled) Markov process.
This can be done by introducing a “nature” player 0, who perfectly observes her state process (X0

t )t, has reward func-
tion 0, and plays actions a0t � w0

t � x0t . For instance, let X
0 �A0 �N . Once the quantity a0t−1 � w0

t−1 � x0t−1 is publicly
observed, all players can determine that the acting player (at time t) will be the one indicated by a0t−1.

Some important future research directions include characterization of cascades for specific classes of models,
studying convergent learning behavior in such games including the probability and the rate of “falling” into a
cascade, and incentive or information design to avoid bad cascades.

Appendix A. Proof of Lemma 1
We first prove the following lemma on the conditional independence of x1:t,w1:t given a1:t−1.

Lemma A.1. For any policy profile g and ∀t,

P
g(x1:t,w1:t |a1:t−1) �

∏N
i�1

P
gi (xi1:t,wi

1:t |a1:t−1): (A.1)

Proof. Note that

P
g(x1:t,w1:t |a1:t−1) � P

g(x1:t,w1:t, a1:t−1)∑
x1:t ,w1:tP

g(x1:t,w1:t, a1:t−1) (A.2a)

�
∏N

i�1Q
i
x(xi1)Qi

w(wi
1 |xi1)∏t−1

n�1g
i
n(ain |a1:n−1,wi

1:n−1)Qi
x(xin+1 |an, xin)Qi

w(wi
n+1 |xin+1, an)∑

x1:t ,w1:t

∏N
i�1Q

i
x(xi1)Qi

w(wi
1 |xi1)∏t−1

n�1g
i
n(ain |a1:n−1,wi

1:n−1)Qi
x(xin+1 |an, xin)Qi

w(wi
n+1 |xin+1, an)

(A.2b)

�
∏N

i�1Q
i
x(xi1)Qi

w(wi
1 |xi1)∏t−1

n�1g
i
n(ain |a1:n−1,wi

1:n−1)Qi
x(xin+1 |an, xin)Qi

w(wi
n+1 |xin+1, an)∏N

i�1
∑

xi
1:t
,wi

1:t
Qi

x(xi1)Qi
w(wi

1 |xi1)
∏t−1

n�1g
i
n(ain |a1:n−1,wi

1:n−1)Qi
x(xin+1 |an, xin)Qi

w(wi
n+1 |xin+1, an)

, (A.2c)

and thus

P
g(x1:t,w1:t |a1:t−1) �

∏N
i�1

P
gi (xi1:t,wi

1:t |a1:t−1): (A.2d)

Now for any g we have

ξit+1(xit+1)¢P
g(xit+1 |a1:t,wi

1:t+1) (A.3a)

�
∑

xit
P
g(xit, at, xit+1,wi

t+1 |a1:t−1,wi
1:t)∑

x̃ i
t+1 x̃

i
t
P
g(x̃it, at,wi

t+1, x̃
i
t+1 |a1:t−1,wi

1:t)
(A.3b)

�
∑

xit
ξit(xit)Pg(a−it |a1:t−1,wi

1:t, x
i
t)Qi

x(xit+1 |at, xit)Qi
w(wi

t+1 |xit+1, at)∑
x̃ i
t

x̃ i
t+1

ξit(x̃it)Pg(a−it |a1:t−1,wi
1:t, x̃

i
t)Qi

x(x̃it+1 |at, x̃it)Qi
w(wi

t+1 | x̃it+1, at)
, (A.3c)

where (A.3c) is true because ait is a function of (a1:t−1,wi
1:t), and thus the term involving ait can be cancelled in the numera-

tor and denominator. We now consider the quantity P
g(a−it |a1:t−1,wi

1:t,x
i
t):

P
g(a−it |a1:t−1,wi

1:t,x
i
t) �

∑
w−i

1:t

P
g(a−it ,w−i

1:t |a1:t−1,wi
1:t,x

i
t) (A.4a)

�∑
w−i

1:t

P
g(w−i

1:t |a1:t−1,wi
1:t,x

i
t)
∏
j≠i

gjt(ajt |a1:t−1,wj
1:t) (A.4b)

�∑
w−i

1:t

P
g−i (w−i

1:t |a1:t−1)
∏
j≠i

gjt(ajt |a1:t−1,wj
1:t) (A.4c)

� P
g−i (a−it |a1:t−1), (A.4d)

where (A.4c) follows from lemma 1 in Vasal and Anastasopoulos (2016b) because w−i
1:t is conditionally independent of

(wi
1:t,x

i
t) given a1:t−1 and is only a function of g−i. Because this term does not depend on xit, it gets cancelled in the final
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expression of ξit+1:

ξit+1(xit+1) �
∑

xit
ξit(xit)Qi

x(xit+1 |xit, at)Qi
w(wi

t+1 |xit+1, at)∑
x̃ i
t+1
∑

xit
ξit(xit)Qi

x(x̃it+1 |xit, at)Qi
w(wi

t+1 | x̃it+1, at)
: (A.5)

Note that because of the full support of kernels Qx and Qw, the preceding recursion is always well defined. In addition,
because of the kernels being rationals, the beliefs ξit(xt) will always be rationals as well. Thus the claim of the lemma fol-
lows. On the basis of this claim, we can conclude that

ξit(xit) � P
g(xit |a1:t−1,wi

1:t) � P(xit |a1:t−1,wi
1:t): (A.6)

Also, from the update of ξit in (6), we define an update kernel,

Qi(ξit+1 |ξit, at) :� P(ξit+1 |ξit, at) (A.7)

� ∑
xit,xit+1,wi

t+1

ξit(xit)Qi
x(xit+1 |xit,at)Qi

w(wi
t+1 |xit+1,at)IGi(ξit ,wi

t+1,a
i
t
)(ξit+1): (A.8)

We now turn to the second part of the lemma regarding the update of the common belief πt. We have

πt+1(ξt+1)
� P

ψ(ξt+1 |a1:t,γ1:t+1)
(A.9a)

� P
ψ(ξt+1 |a1:t,γ1:t) (A.9b)

�
∑

xt+1 ;wt+1
ξt ; xt ; P

ψ(ξt, xt, at, xt+1,wt+1, ξt+1 |a1:t−1,γ1:t)∑
ξt P

ψ(ξt, at |a1:t−1,γ1:t)
(A.9c)

�
∑

xt+1 ;wt+1
ξt ;xt ;

∏N
i�1π

i
t(ξit)ξit(xit)γi

t(ait |ξit)Qi
x(xit+1 |xit, at)Qi

w(wi
t+1 |xit+1, at)IGi(ξit ,wi

t+1,at)(ξ
i
t+1)∑

ξt

∏N
i�1π

i
t(ξit)γi

t(ait |ξit)
(A.9d)

�
∏N

i�1
∑

xit+1 ;w
i
t+1

ξi
t
;xi
t
; πi

t(ξit)ξit(xit)γi
t(ait |ξit)Qi

x(xit+1 |xit, at)Qi
w(wi

t+1 |xit+1, at)IGi(ξit ,wi
t+1,at)(ξ

i
t+1)∑

ξt

∏N
i�1π

i
t(ξit)γi

t(ait |ξit)
(A.9e)

�
∏N

i�1
∑

xit+1 ;w
i
t+1

ξi
t
;xi
t
; πi

t(ξit)ξit(xit)γi
t(ait |ξit)Qi

x(xit+1 |xit, at)Qi
w(wi

t+1 |xit+1, at)IGi(ξit ,wi
t+1,at)(ξ

i
t+1)

∏N
i�1

∑
ξit
πi
t(ξit)γi

t(ait |ξit)
: (A.9f)

When the denominator in the aforementioned equation is 0, we define

πt+1(ξt+1) �
∏N
i�1

∑
xit+1;w

i
t+1

ξi
t
; xi

t
;

πi
t(ξit)ξit(xit)Qi

x(xit+1 |xit, at)Qi
w(wi

t+1 |xit+1, at)IGi(ξit ,wi
t+1,at)(ξ

i
t+1): (A.9g)

We remark here that the necessity of defining a belief update for the case when the denominator is 0 stems from the
requirement of defining appropriate beliefs on the off-equilibrium paths in a PBE. Indeed, when an off-equilibrium action
at is observed, the belief update is defined as in (A.9g). Furthermore, because of the presence of the indicator function
IGi(ξit ,wi

t+1,at)(ξ
i
t+1) in the update, the support of πt+1 is not consistent with the prior belief πt and the observations wi

t+1 and
at, thus guaranteeing belief consistency as required in the definition of the PBE. Thus we have

πt+1 �
∏N
i�1

Fi(πi
t,γ

i
t,at): (A.9h)

Appendix B. Proof of Theorem 1
We prove sequential rationality using induction and from the results of Lemmas C.1–C.3 proved in Appendix C. For the
base case at t � T, ∀i ∈N , (a1:T−1,wi

1:T) ∈Hi
T,β

i:

E
β∗,iT β∗,−iT ,µ∗

T[a1:T−1]{Ri(XT,AT) |a1:T−1,wi
1:T}� Vi

T(µ∗
T
[a1:T−1],ξiT) (B.1a)

≥ E
βiTβ

∗,−i
T ,µ∗

T[a1:T−1] {Ri(XT,AT) | a1:T−1,wi
1:T}, (B.1b)

where (B.1a) follows from Lemma C.3 and (B.1b) from Lemma C.1 in Appendix C.
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Let the induction hypothesis be that for t + 1, ∀i ∈N , (a1:t,wi
1:t+1) ∈Hi

t+1,β
i,

E
β
∗,i
t+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t]

{ ∑T
n�t+1

Ri(Xn,An) |a1:t,wi
1:t+1

}
≥

E
βit+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t]

{ ∑T
n�t+1

Ri(Xn,An) | a1:t,wi
1:t+1

}
: (B:2)

Then ∀i ∈N , (a1:t−1,wi
1:t) ∈Hi

t,β
i, we have

E
β∗,it:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]
{∑T
n�t

Ri(Xn,An) |a1:t−1,wi
1:t

}
� Vi

t(µ∗
t
[a1:t−1],ξit)

(B.3a)

≥ E
βitβ

∗,−i
t ,µ∗

t [a1:t−1]{Ri(Xt,At) +Vi
t+1(µ∗

t+1
[a1:t−1At],Ξi

t+1) |a1:t−1,wi
1:t} (B.3b)

� E
βitβ

∗,−i
t ,µ∗

t [a1:t−1]{Ri(Xt,At)+
E
β∗,it+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t−1,At]

{ ∑T
n�t+1

Ri(Xn,An) |a1:t−1,At,wi
1:tW

i
t+1

}
|a1:t−1,wi

1:t

}
(B.3c)

≥ E
βitβ

∗,−i
t ,µ∗

t [a1:t−1]{Ri(Xt,At) +
E
βit+1:Tβ

∗,−i
t+1:Tµ

∗
t+1[a1:t−1,At]

{ ∑T
n�t+1

Ri(Xn,An) |a1:t−1,At,wi
1:t,W

i
t+1

}
|a1:t−1,wi

1:t

}
(B.3d)

� E
βitβ

∗,−i
t ,µ∗

t [a1:t−1]{Ri(Xt,At)
+E

βit:Tβ
∗,−i
t:T µ∗

t [a1:t−1]
{ ∑T
n�t+1

Ri(Xn,An) |a1:t−1,At,wi
1:t,W

i
t+1

}
|a1:t−1,wi

1:t

}
(B.3e)

� E
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]
{∑T
n�t

Ri(Xn,An) |a1:t−1,wi
1:t

}
, (B.3f)

where (B.3a) follows from Lemma C.3, (B.3b) follows from Lemma C.1, (B.3c) follows from Lemma C.3, (B.3d) follows
from induction hypothesis in (B.2), and (B.3e) follows from Lemma C.2. Moreover, the construction of θ in (9)—and conse-
quently, the definition of β∗ in (12a)—are pivotal for (B.3e) to follow from (B.3d).

We conclude by noting that the constructed µ∗ satisfies the belief consistency conditions specified in the PBE definition
by the very construction in (A.9g) (see the comment in lemma 1 in Vasal and Anastasopoulos (2016b) and after (A.9g)).

Appendix C. Lemmas

Lemma C.1. For all ∀t ∈ T , i ∈N , (a1:t−1,wi
1:t) ∈Hi

t,β
i
t,

Vi
t(µ∗

t
[a1:t−1],ξit) ≥ E

βitβ
∗,−i
t ,µ∗

t [a1:t−1]{Ri(Xt,At) + (C.1)

Vi
t+1(F(µ∗

t
[a1:t−1],β∗t(· |a1:t−1, ·),At),Ξi

t+1) |a1:t−1,wi
1:t}: (C.2)

Proof. We prove this lemma by contradiction.
Suppose the claim is not true for t. This implies ∃i, β̂i

t, â1:t−1, ŵ
i
1:t such that

E
β̂
i
tβ

∗,−i
t ,µ∗

t [â1:t−1]
{
Ri(Xt,At) +Vi

t+1(F (µ∗
t
[â1:t−1],β∗t(· | â1:t−1, ·),At),Ξi

t+1) | â1:t−1, ŵi
1:t

}
> Vi

t(µ∗
t
[â1:t−1], ξ̂i

t): (C.3)

We will show that this contradicts the definition of Vi
t in (10).

Construct γ̂i
t(ait |ξit) � β̂

i
t(ait | â1:t−1, ŵi

1:t) ξit � ξ̂
i
t,

arbitrary otherwise:

{
Then for â1:t−1, ŵi

1:t, we have

Vi
t(µ ∗

t
[â1:t−1], ξ̂i

t) �max
γi
t(·|ξ̂

i
t)
E
γi
t(·|ξ̂

i
t)β∗,−it ,µ∗

t [â1:t−1]
{
Ri(Xt,At) +Vi

t+1(F(µ∗
t
[â1:t−1],β∗t(· | â1:t−1, ·),At),Ξi

t+1) | ξ̂i
t

}
(C.4a)

≥ E
γ̂ i
t(·|ξ̂

i
t)β∗,−it ,µ∗

t [â1:t−1]
{
Ri(Xt,At) +Vi

t+1(F(µ∗
t
[â1:t−1],β∗t(· | â1:t−1, ·),At),Ξi

t+1) | ξ̂i
t

}
(C.4b)

� ∑
xt,ξ−it ,at,ξt+1

{
Ri(xt,at) +Vi

t+1(F(µ∗
t
[â1:t−1],β∗t(· | â1:t−1, ·),at),ξit+1)

}
×

ξ̂
i
t(xit)ξ−it (x−it )µ∗,−i

t [â1:t−1](ξ−it )γ̂i
t(ait | ξ̂

i
t)β∗,−it (a−it | â1:t−1,ξ−it )Qi(ξit+1 | ξ̂

i
t, at)

(C.4c)
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� ∑
at,ξt+1
xt,ξ−it ,

{Ri(xt, at) +Vi
t+1(F(µ∗

t
[â1:t−1],β∗t(· | â1:t−1, ·), at),ξit+1)} ×

ξ̂
i
t(xit)ξ−it (x−it )µ∗,−i

t [â1:t−1](ξ−it )β̂i
t(ait | â1:t−1, ŵi

1:t)β∗,−it (a−it | â1:t−1,ξ−it )Qi(ξit+1 | ξ̂ i
t,at)

(C.4d)

� E
β̂
i
tβ

∗,−i
t ,µ∗

t [â1:t−1] {Ri(Xt,At) +Vi
t+1(F(µ∗

t
[â1:t−1],β∗t(· | â1:t−1, ·),At),Xi

t+1) | â1:t−1, ŵi
1:t} (C.4e)

> Vi
t(µ∗

t
[â1:t−1], ξ̂i

t), (C.4f)

where (C.4a) follows from the definition of Vi
t in (10), (C.4d) follows from definition of γ̂i

t, and (C.4f) follows from (C.3).
However, this leads to a contradiction. w

Lemma C.2. For all ∀i ∈N , t ∈ T , (a1:t,wi
1:t+1) ∈Hi

t+1, and βit,

E
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]
{ ∑T
n�t+1

Ri(Xn,An) |a1:t,wi
1:t+1

}
�

E
βit+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t]

{ ∑T
n�t+1

Ri(Xn,An) |a1:t,wi
1:t+1

}
: (C:5)

Thus these quantities do not depend on βit.

Proof. Essentially this claim stands on the fact that µ∗,−i
t+1 [a1:t] can be updated from µ∗,−i

t [a1:t−1],β∗,−it and at, as
µ∗,−i
t+1 [a1:t] �

∏
j≠iF

−i(µ∗,−i
t [a1:t−1],β∗,−it , at), as in Lemma 1. Because the above-mentioned expectations involve random varia-

bles Xt+1:T,At+1:T, we consider Pβit:Tβ
∗,−i
t:T ,µ∗

t [a1:t−1](xt+1:T, at+1:T | a1:t,wi
1:t+1):

P
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1](xt+1:T,at+1:T |a1:t,wi
1:t+1) �

P
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1](at,xt+1,wi
t+1 |a1:t−1,wi

1:t)
P
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1](at,wi
t+1 |a1:t−1,wi

1:t)
P
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1](at+1:T,xt+2:T |a1:t−1,wi
1:t,xt+1) (C.6a)

We note that

P
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1](at+1:T, xt+2:T |a1:t−1,wi
1:t, xt+1

)
� βit+1

(
ait+1 |a1:t−1,wi

1:t
)
β−it+1(a−it+1 |a1:t−1,wi

1:t)ξit+1(xit+1)
∑
ξ−it+1

µ∗,−i
t+1 [a1:t](ξ−it+1)ξ−it+1(x−it+1)

P
βit+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t](at+2:T, xt+3:T |a1:t−1,wi

1:t, xt+3
)
,

(C.6b)

� P
βit+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t](at+1:T, xt+2:T |a1:t,wi

1:t, xt+1
)
: (C.6c)

We consider the numerator and the denominator on the left-hand side of the preceding equation separately. The numera-
tor in (C.6a) is given by

Nr � ∑
xt, ξ−it

P
βit:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1](xt, ξ−it | a1:t−1,wi
1:t)βit(ait |a1:t−1,wi

1:t)β∗,−it (a−it |a1:t−1, ξ−it )Qx(xt+1 |xt, at)

·Qi
w(wi

t+1 |xit+1, at)
(C.6d)

�
(∑

xit

ξit(xit)Qi
x(xit+1 |xt, at)Qi

w(wi
t+1 |xit+1, at)

)
·
( ∑
x−it , ξ−it

ξ−it (x−it )µ∗,−i
t [a1:t−1](ξ−it )βit(ait |a1:t−1,wi

1:t)β∗,−it (a−it |a1:t−1, ξ−it )Q−i
x (x−it+1 |xt, at)

)
, (C:6e)

where (C.6e) follows from the fact that the probability on (at+1:T,x2+t:T), given a1:t,wi
1:t+1,xt:t+1,µ∗

t[a1:t−1], depends on
a1:t,wi

1:t+1,xt+1,µ∗
t+1[a1:t] through βit+1:Tβ

∗,−i
t+1:T. Similarly, the denominator in (C.6a) is given by

Dr � ∑
x̃ t, ξ̃−i

t , x̃ i
t+1

P
βit:Tβ

∗,−i
t:T ,µ∗

t (x̃t,ξ−it |a1:t−1,wi
1:t)βit(ait |a1:t−1,wi

1:t)β∗,−it (a−it |a1:t−1, ξ̃−i
t )Qi

x(x̃it+1 | x̃it, at)

·Qi
w(wi

t+1 | x̃it+1, at) (C:6f)

�
( ∑
x̃ i
t, x̃ i

t+1

ξit(x̃it)Qi
x(x̃it+1 | x̃it, at)Qi

w(wi
t+1 | x̃it+1, at)

)

· ∑
x̃ t, ξ̃−i

t , x̃ i
t+1

ξ̃
−i
t (x̃−it )µ∗,−i

t [a1:t−1](ξ̃−i
t )βit(ait |a1:t−1,wi

1:t)β∗,−it (a−it |a1:t−1, ξ̃−i
t ): (C:6g)
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By canceling the terms βit(·) in the numerator and the denominator and using the update equation for ξit, (C.6a) is given by

Nr �∑
xit

ξit(xit)Qi
x(xit+1 |xit,ait)Qi

w(wi
t+1 |xit+1,at)

· ∑
x−it ,ξ−it

ξ−it (x−it )µ∗,−i
t [a1:t−1](ξ−it )β∗,−it (a−it |a1:t−1,ξ−it )Q−i

x (x−it+1 |x−it ,at), (C.6h)

and

Dr � ∑
x̃ i
t, x̃ i

t+1

ξit(x̃it)Qi
x(x̃it+1 | x̃it, at)Qw(wi

t+1 | x̃it+1,at)

· ∑
x̃−i
t , ξ̃

−i
t

ξ̃
−i
t (x̃−it )µ∗,−i

t [a1:t−1](ξ̃−i
t )β∗,−it (a−it |a1:t−1, ξ̃−i

t ) (C.6i)

� ξit+1(xit+1)
∑
ξ−it+1

µ∗,−i
t+1 [a1:t]

(
ξ−it+1

)
ξ−it+1(x−it+1)Pβit+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t](at+1:T,xt+2:T |a1:t,wi

1:t,xt+1) (C.6j)

� P
βit+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t](xt+1, at+1:T,xt+2:T |a1:t,wi

1:t+1): w (C.6k)

Lemma C.3. For all ∀i ∈N , t ∈ T ,a1:t−1 ∈Hc
t ,w

i
1:t ∈ (Wi)t,

Vi
t(µ∗

t
[a1:t−1],ξit) � E

β∗,it:Tβ
∗,−i
t:T ,µ∗

t [a1:t−1]
{∑T
n�t

Ri(Xn,An) |a1:t−1,wi
1:t

}
: (C.7)

Proof. We prove the lemma by induction. For t � T,

E
β∗,iT β∗,−iT ,µ∗

T[a1:T−1]{Ri(XT,AT) |a1:T−1,wi
1:T} �

∑
x−iT aT

Ri(xT, aT)ξT(xT)µ∗
T[a1:T−1](ξ−iT )β∗,iT (aiT |a1:T−1, ξiT)β∗,−iT (a−iT |a1:T−1, ξ−iT ) (C.8a)

� Vi
T(µ∗

T
[a1:T−1], ξiT), (C.8b)

where (C.8b) follows from the definition of Vi
t in (10) and the definition of β∗T in the forward recursion in (12a).

Suppose the claim is true for t + 1; that is, ∀i ∈N , t ∈ T , (a1:t,wi
1:t+1) ∈Hi

t+1,

Vi
t+1(µ∗

t+1
[a1:t],ξit+1) � E

β∗,it+1:Tβ
∗,−i
t+1:T ,µ

∗
t+1[a1:t]

{ ∑T
n�t+1

Ri(Xn,An) |a1:t,wi
1:t+1

}
: (C.9)

Then ∀i ∈N , t ∈ T , (a1:t−1,wi
1:t) ∈Hi

t, we have

E
β∗,it:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]
{∑T
n�t

Ri(Xn,An) |a1:t−1,wi
1:t

}
� E

β∗,it:Tβ
∗,−i
t:T ,µ∗

t [a1:t−1]{Ri(Xt,At)+
E
β
∗,i
t:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]
{ ∑T
n�t+1

Ri(Xn,An) |a1:t−1,At,wi
1:t,W

i
t+1}|a1:t−1,wi

1:t

} (C.10a)

� E
β∗,it:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]{Ri(Xt,At)+
E
β∗,it+1:Tβ

∗,−i
t+1:T ,µ

∗
t+1[a1:t−1,At]

{ ∑T
n�t+1

Ri(Xn,An) |a1:t−1,At,wi
1:t,W

i
t+1}|a1:t−1,wi

1:t

}
(C.10b)

� E
β∗,it:Tβ

∗,−i
t:T ,µ∗

t [a1:t−1]
{
Ri(Xt,At) +Vi

t+1(µ∗
t+1

[a1:t−1At],Ξi
t+1) |a1:t−1,wi

1:t

}
(C.10c)

� E
β
∗,i
t β

∗,−i
t ,µ∗

t [a1:t−1]
{
Ri(Xt,At) +Vi

t+1(µ∗
t+1

[a1:t−1At],Ξi
t+1) |a1:t−1,wi

1:t

}
(C.10d)

� Vi
t(µ∗

t
[a1:t−1],ξit), (C.10e)

where (C.10b) follows from Lemma C.2; (C.10c) follows from the induction hypothesis in (C.9); (C.10d) follows because
the random variables involved in expectation, X−i

t ,At,Xi
t+1, do not depend on β∗,it+1:Tβ

∗,−i
t+1:T; and (C.10e) follows from the defi-

nition of β∗t in the forward recursion in (12a), the definition of µ∗
t+1 in (12b), and the definition of Vi

t in (10).

Appendix D. Proof of Lemma 2
We will prove the result by induction on t. The result is vacuously true for T + 1. Suppose it is also true for t + 1:

(µ∗
t+1)−1(C̃

at+1:T
t+1 ) � Cat+1:Tt+1 : (D.1)

We show that the result holds true for t. In the following two cases, we show that if there exists an element in one set, it
also belongs to the other. From the contrapositive of the statement, if one is empty, so is the other.
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Case 1. We prove (µ∗
t)−1(C̃

at:T
t ) ⊂ Cat:Tt .

Let hct ∈ (µ∗
t)−1(C̃

at:T
t ). We will show that hct ∈ Cat:Tt .

Because hct ∈ (µ∗
t)−1(C̃

at:T
t ), this implies µ∗

t[hct ] ∈ C̃
at:T
t . Then by the definition of C̃at:T

t , ∀i, ∀ξit ∈ supp(µ∗,i
t [hct ]), θi

t[µ∗
t
[hct ]](ait |ξit) � 1.

Because ξit(xit) � P(xit |hit) ∀xit, µ∗,i
t [hct ](ξit) � P

θ(ξit |hct ) ∀ξit and β∗,it (ait |hit) � θi
t[µ∗

t
[hct ]](ait |ξit), by the definition of β∗, this implies

∀i,β∗,it (ait |hit) � 1, ∀hit that are consistent with hct and occur with nonzero probability.
Also because µ∗

t[hct ] ∈ C̃
at:T
t , this implies F(µ∗

t
[hct ],θt[µ∗

t
[hct ]],at) ∈ C̃

at+1:T
t+1 by definition of C̃

at:T
t . Thus µ∗

t+1[hct ,at] ∈ C̃
at+1:T
t+1 , because

µ∗
t+1[hct , at] � F(µ∗

t[hct ],θt[µ∗
t
[hct ]], at) by definition. Using the induction hypothesis, (hct , at) ∈ Cat+1:Tt+1 , which implies ∀i,β∗,in (ain |hin)

� 1, ∀n ≥ t+ 1, ∀hin that are consistent with (hct , at) and occur with nonzero probability.
These two facts suggest that ∀i,β∗,in (ain |hin) � 1, ∀n ≥ t, ∀hin that are consistent with hct and occur with nonzero probabil-

ity, which implies hct ∈ Cat:Tt by the definition of Cat:Tt .

Case 2. We prove (µ∗
t)−1(C̃

at:T
t ) ⊃ Cat:Tt .

Let hct ∈ Cat:Tt . We will show that µ∗
t[hct ] ∈ C̃

at:T
t .

Because hct ∈ Cat:Tt , this implies ∀i,β∗,it (ait |hit) � 1, ∀hit that are consistent with hct and occur with nonzero probability.
Because β∗,it (ait |hit) � θi

t[µ∗
t
[hct ]](ait |ξit), by the definition of β∗, where ξit(xit) � P(xit |hit) ∀xit, this implies ∀i,θi

t[µ∗
t
[hct ]](ait |ξit) � 1,

∀ξit ∈ supp(µ∗,i
t [hct ]), where µ∗,i

t [hct ](ξit) � P
θ(ξit |hct ) ∀ξit.

Also, because hct ∈ Cat:Tt , it is implied by the definition of Cat:Tt that (hct , at) ∈ Cat+1:Tt+1 . This implies µ∗
t+1[hct , at] ∈ C̃

at+1:T
t+1 by the

induction hypothesis. Because, by definition, µ∗
t+1[hct , at] � F([µ∗

t[hct ],θt[µ∗
t
[hct ]], at), this implies F(µ∗

t[hct ],θt[µ∗
t
[hct]], at) ∈ C̃

at+1:T
t+1 .

Because we have shown that ∀i,θi
t[µ∗

t
[hct]](ait |ξit) � 1, ∀ξit ∈ supp(µ∗

t[hct ]) and F(µ∗
t[hct],θt[µ∗

t
[hct ]], at) ∈ C̃

at+1:T
t+1 , this implies

µ∗
t[hct ] ∈ C̃

at:T
t by the definition of C̃

at:T
t .

These two cases complete the induction step. w

Appendix E.
In this appendix, we show that each private belief process conditioned on the true state of the world forms a sub- or
super-martingale.

Lemma E.1. Conditioned on xi � 1, {Ξi
t}t is a submartingale.

Proof. We know that

ξit+1 �
Gi(ξit,wi

t+1 � 0, ait) �
ξitpait

ξitpait + (1 − ξit)(1 − pait )
with probability pait ,

Gi(ξit,wi
t+1 � 1, ait) �

ξit(1 − pait )
ξit(1 − pait ) + (1 − ξit)pait

with probability 1 − pait : (E:1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Thus,

E[ξit+1 |ξit, ait] − ξit �
ξit(pait )

2

ξitpait + (1 − ξit)(1 − pait )
+ ξit(1 − pait )

2

ξit(1 − pait ) + (1 − ξit)pait
− ξit (E.2)

� ξit(1 − ξit)2(1 − 2pait )
2

(ξitpait + (1 − ξit)(1 − pait ))(ξit(1 − pait ) + (1 − ξit)pait )
(E.3)

≥ 0, (E.4)

with the inequality being strict for pait <
1
2 and ξit ∉ {0, 1}. w

Appendix F. Proof of Theorem 2
We prove this by induction on t0. For t0 � T, (23) reduces to

γ̃i
T(· |ξiT) ∈ arg max

γi
T(·|ξiT)

∑
aiT

aiTγ
i
T(aiT |ξiT)(λ(2ξiT − 1) + λ̄(2ξ̂−i

T − 1)), (F.1)

and because πT ∈ Ĉ
a
, it is easy to verify that γ̃i

T(ai |ξiT) � 1, ∀ξiT ∈ [0, 1], and thus Vi
T(πT,ξiT) � (λ(2ξiT − 1) + λ̄(2ξ̂−i

T − 1))ai.
This establishes the base case.

Now, suppose the claim is true for t0 � τ+ 1; that is, if πτ+1 ∈ Ĉ
a
, then ∀t ≥ τ+ 1,πt ∈ Ĉ

a
and γ̃i

t(ai |ξit) � 1 ∀ξit ∈ [0, 1].
Moreover, for τ+ 1 ≤ t ≤ T, Vi

t is given by, ∀πt ∈ Ĉ
a
,

Vi
t(πt,ξit) � (T− t+ 1)(λ(2ξit − 1) + λ̄(2ξ̂−i

t − 1))ai: (F.2)
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Then if πτ ∈ Ĉ
a
, then γ̃i

τ(ai |ξiτ) � 1 ∀ξiτ ∈ [0, 1] satisfies (23) because

γ̃i
τ(· |ξiτ) ∈ arg max

γi
τ(·|ξiτ)

∑
aiτ

aiτγ
i
τ(aiτ |ξiτ)(λ(2ξiτ − 1) + λ̄(2ξ̂−i

τ − 1))

+E
γi
τ(·|ξiτ)γ̃−i

τ ,πτ {Vi
τ+1(F(πτ, γ̃τ,Aτ),Ξi

τ+1) |ξiτ} (F:3)
� arg max

γi
τ(·|ξiτ)

∑
aiτ

aiτγ
i
τ(aiτ |ξiτ)(λ(2ξiτ − 1) + λ̄(2ξ̂−i

τ − 1))

+Eγi
τ(·|ξiτ)γ̃−i

τ ,πτ{(T− τ)(λ(2Ξi
τ+1 − 1) + λ̄(2Ξ̂−i

τ+1 − 1))ai |ξiτ} (F:4a)
� arg max

γi
τ(·|ξiτ)

∑
aiτ

aiτγ
i
τ(aiτ |ξiτ)(λ(2ξiτ − 1) + λ̄(2ξ̂−i

τ − 1))

+(T− τ)(λ(2ξiτ − 1) + λ̄(2ξ̂−i
τ − 1))ai (F:4b)

� arg max
γi
τ(·|ξiτ)

∑
aiτ

aiτγ
i
τ(aiτ |ξiτ)(λ(2ξiτ − 1) + λ̄(2ξ̂−i

τ − 1)), (F:4c)

where (F.4a) follows from the fact that F(πτ, γ̃τ,aτ) ∈ Ca, ∀aτ, as shown in Lemma F.1, and the induction hypothesis,
(F.4b), follows from Lemmas F.1 and F.2, and (F.4c) follows from the fact that the second term does not depend on
γi
τ(· |ξiτ). This also shows that, ∀πt ∈ Ĉ

a
,

Vi
τ(πτ,ξiτ) � (T− τ+ 1)(λ(2ξiτ − 1) + λ̄(2ξ̂−i

τ − 1))ai, (F.5)

which completes the induction step. w

Lemma F.1. Expectation of πi
t+1 under noninformative γ̃i

t of the form γ̃i
t(ai |ξit) � 1 ∀ξit ∈ [0, 1] remains the same as the mean of πi

t; that is,
E{Ξi

t+1(1) |πi
t, γ̃

i
t, a

i} � E{Ξi
t(1) |πi

t}: (F.6)

Proof. We have that
E{Ξi

t+1(1) |πi
t, γ̃

i
t, a

i}
� ∑

ξit+1(1)
ξit+1(1)Fi(πi

t, γ̃
i
t, a

i)(ξit+1(1)) (F.7a)

�
∑

ξit, xi, ξit+1(1) ξ
i
t+1(1)πi

t(ξit)ξit(xi)γ̃i
t(ait |ξit)Qi

w(wi
t+1 |xi, at)IGi(ξit ,wi

t+1,at)(1)(ξ
i
t+1(1))∑

ξit, xi,wi
t+1

πi
t(ξit)ξit(xi)γ̃i

t(ait |ξit)
(F.7b)

�
∑

ξit, xi,wi
t+1, ξit+1(1) ξ

i
t+1(1)πi

t(ξit)ξit(xi)Qi
w(wi

t+1 |xi, ai)IGi(ξit ,wi
t+1,ai)(1)(ξ

i
t+1(1))∑

ξit, xi π
i
t(ξit)ξit(xi)

(F.7c)

� ∑
ξit, xi,wi

t+1

Gi(ξit,wi
t+1, a

i)(1)πi
t(ξit)ξit(xi)Qi

w(wi
t+1 |xi, ai) (F.7d)

� ∑
ξit,wi

t+1

ξit(1)Qi
w(wi

t+1 |1, ai)∑
x̃ i ξit(x̃i)Qi

w(wi
t+1 | x̃i, ai)

πi
t(ξit)

∑
xi

ξit(xi)Qi
w(wi

t+1 |xi, ai) (F.7e)

� ∑
ξit

ξit(1)πi
t(ξit(1)) (F.7f)

� E{Ξi
t(1) |πi

t}: w (F.7g)

Lemma F.2. For any γi
t,

E{Ξi
t+1(1) |ξit,γi

t} � ξit(1): (F.8)
Proof. We have that

E{Ξi
t+1(1) |ξit,γi

t}
� ∑

xi,wi
t+1, ait, ξit+1(1)

ξit+1(1)IFi(ξit ,wi
t+1,a

i
t)(1)(ξ

i
t+1(1))ξit(xi)Qi

w(wi
t+1 |xi, ait)γi

t(ait |ξit) (F.9a)

� ∑
xi,wi

t+1, ait
Fi(ξit,wi

t+1, a
i
t)(1)ξit(xi)Qi

w(wi
t+1 |xi, ait)γi

t(ait |ξit) (F.9b)

� ∑
ait,wi

t+1

ξit(1)Qi
w(wi

t+1 |1, ait)∑
x̃ i ξit(x̃i)Qi

w(wi
t+1 | x̃i, ait)

γi
t(ait |ξit)

∑
xi

ξit(xi)Qi
w(wi

t+1 |xi, ait) (F.9c)

� ∑
ait,wi

t+1

ξit(1)Qi
w(wi

t+1 |1, ait)γi
t(ait |ξit) (F.9d)

� ξit(1): w (F.9e)
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Endnotes
1 As we will see in the example in Section 4, when types of the players are static (i.e., when xit+1 � xit �⋯� xi1), full support assumption on the
priors Qi

x(xi1) is sufficient for our methodology to work.
2 In general, iµt is defined as the belief of player i at time t on the history ht � (a1:t−1,x1:t,w1:t), conditioned on her observed history hit �
(a1:t−1,wi

1:t) such that iµt[hit](ht) is this conditional probability. However, because of the specific structure of our model, we only need to put a
belief on the random variables Xt,W−i

1:t.
3 Because of the assumption of full support of kernel Qi

w, the condition P
β(hit |hit−1) > 0 simplifies to P

β(at−1 |hit−1) > 0.
4 We note that although the kernels Qi

x do not have full support, in the case of static types that we consider in this example, the whole meth-
odology for computing structured PBEs presented in the previous section goes through almost verbatim, assuming full support on the priors
Qi

x(xi1). To emphasize this simplification, in the following we drop the time index when referring to state variables (i.e., Xi
t � Xi).
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Nedić A, Olshevsky A, Uribe CA (2016) A tutorial on distributed (non-Bayesian) learning: Problem, algorithms and results. 2016 IEEE 55th

Conf. Decision Control (IEEE, Piscataway, NJ), 6795–6801.
Osborne MJ, Rubinstein A (1994) A Course in Game Theory, vol. 1 (MIT Press, Cambridge, MA).
Ouyang Y, Tavafoghi H, Teneketzis D (2017) Dynamic games with asymmetric information: Common information based perfect Bayesian

equilibria and sequential decomposition. IEEE Trans. Automatic Control 62(1):222–237.
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