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1. Introduction
In today’s large-scale computing clusters behind cloud platforms, multiserver jobs have become increasingly preva-
lent, where a multiserver job is a job that demands to occupy multiple “servers” (which can be multiple physical
servers, multiple Central Processing Unit (CPU) cores, etc.) simultaneously during its run time (Verma et al. 2015,
Abadi et al. 2016, Lin et al. 2018, Tirmazi et al. 2020). For example, cloud platforms allow users to specify the num-
ber of CPU cores in their virtual machines (VMs) or containers, and this information can be utilized by centralized
schedulers to make scheduling decisions (see, e.g., Verma et al. 2015 and the Google Kubernetes Engine (Google
2022)). Moreover, the number of “servers” that a multiserver job requests, which we refer to as the server need, is
becoming increasingly large. This trend is driven by machine learning jobs from applications like TensorFlow in
Abadi et al. (2016), where the jobs are highly parallel and require synchronization. According to the statistics from
Google’s Borg Scheduler in Verma et al. (2015), the server needs in Borg can vary across six orders of magnitudes.
In this paper, we study the impact of multiserver jobs on the delay performance of large-scale computing sys-
tems using queueing models. Queueing models with multiserver jobs have been studied in the literature, but quan-
tifying the delay performance is notoriously hard. Exact steady-state distributions can only be derived in highly
simplified settings with two servers (Brill and Green 1984, Filippopoulos and Karatza 2008), whereas the majority
of prior work has focused on characterizing stability conditions (Morozov and Rumyantsev 2016, Rumyantsev and
Morozov 2017, Afanaseva et al. 2019, Grosof et al. 2020, Olliaro et al. 2023). However, even for stability, exact condi-
tions are known only for the special cases where all jobs have the same service rate or where there are two job clas-
ses. We comment that concurrent to the conference version of our work (Hong and Wang 2022), Grosof et al.
(2022a, b) study the delay performance of multiserver jobs in the traditional heavy traffic regime. A more detailed
review of the related work is provided in Section 2.
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A recent advance in understanding the delay of multiserver jobs is a characterization of the queueing probability in
a large system by Wang et al. (2021), where the queueing probability is the probability that an arriving job has to
queue rather than entering service immediately. Specifically, Wang et al. (2021) consider a multiserver job system
with 1 servers and study the asymptotic scaling regimes where 1 becomes large. The scaling regimes allow differ-
ent job types to have different arrival rates, server needs, and service rates. Among those parameters, server needs
and arrival rates can scale up with n. Such scaling regimes capture the trend that different multiserver jobs can be
highly heterogeneous, especially in terms of server needs. They establish an upper bound on the queueing proba-
bility, based on which they give a sufficient condition for the queueing probability to diminish as # goes to infinity.

Although the work of Wang et al. (2021) identifies when the queueing probability diminishes in large systems,
which is a much desirable operating scenario, it does not provide much insight for differentiating between schedul-
ing policies. In particular, their queueing probability upper bound holds for any scheduling policy that is reason-
ably work conserving (although the bound is presented only for the first come, first serve (FCFS) policy). Moreover,
queueing probability does not directly translate to delay of jobs.

In this paper, we focus on the waiting time of jobs, which is the total time a job spends waiting in the queue (not
receiving any service), under various scheduling policies. The waiting time is a performance metric that is directly
related to job delay. Our goal is to establish bounds on the mean waiting time that are order-wise tight as the number
of servers, 1, scales. Such tight bounds will enable us to differentiate between policies based on their delay perfor-
mance. We comment that there has been a line of work in the literature (Liu 2019; Liu and Ying 2020, 2022; van der
Boor et al. 2020; Weng and Wang 2020; Weng et al. 2020; Liu et al. 2022) that focuses on quantifying when the mean
waiting time diminishes in large systems for various queueing models. However, little is known on how fast the
mean waiting time diminishes because of the lack of lower bounds. Our results provide the rate of diminishing
when the mean waiting time does diminish, but our tight bounds on the mean waiting time are not limited to the
“diminishing” scenario.

Because the first come, first serve policy is widely used as a default policy in practice and also receives the most
attention from theoretical studies of multiserver jobs (Brill and Green 1984, Filippopoulos and Karatza 2008, Moro-
zov and Rumyantsev 2016, Rumyantsev and Morozov 2017, Afanaseva et al. 2019, Grosof et al. 2020), in this paper,
we will first examine FCFS and understand the exact order of the mean waiting time under it. Then, a natural ques-
tion that arises is as follows. Can any policy outperform FCFS in terms of the mean waiting time? More generally, we
aim to answer the following fundamental questions.

e What is the optimal order of the mean waiting time as the system scales?

e Which policy achieves the optimal order?

1.1. Model and Performance Metric

We consider a system that consists of 1 servers and I types of jobs. An example is illustrated in Figure 1. Suppose
type i jobs need the simultaneous service of {; servers. We sort the job types such that their server needs {;’s satisfy
ty < €y << L. Let the maximal server need €max be €max = maxieq1,2, .. € = €1, and we call type I jobs the maximal-
need jobs.

The dynamics of the system are as follows. For each i=1,2,...,1, type i jobs arrive to the system following a
Poisson process with arrival rate A;. Upon arrival, a job either starts service immediately or waits in a centralized
queue. When a type 7 job starts service, it leaves the queue and makes exclusive use of ¢; servers. The job leaves the
system after receiving enough service. The service time of a type i job follows an exponential distribution with

,,,,,

Figure 1. A Multiserver-Job System with Two Types of Jobs
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Notes. Type 1 jobs have arrival rate A,, service rate 14, and server need {1 = 2. Type 2 jobs have arrival rate A,, service rate u, and server need
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service rate u;. The service times and arrival events are independent. During the operation of the system, a schedul-
ing policy is used to determine which set of jobs to serve at any time. The scheduling policy is allowed to be pre-
emptive (i.e., we can put a job in service back to the queue and resume its service later).

We measure the performance of our scheduling policy based on mean waiting time as defined below. Let T}"(co)
denote the waiting time of type i jobs in the steady state; then, the mean waiting time is defined as the steady-state
expected waiting time averaged over all job types: that is,

E[T"(c0)] = ZA E[T?(c0)],

where A £ S71_ A; is the total arrival rate.

1.2. Scaling Regimes

We study job delay in scaling regimes where the number of servers, 11, goes to infinity. Specifically, we consider a
sequence of systems with parameters scaling up jointly with 1, and we analyze the growth/decrease rate of the
mean waiting time. In the considered scaling regimes, the arrival rates A; and server needs ¢; are allowed to scale
with 711, whereas the service rate y; and the number of job types I stay constant. One key parameter for specifying a
scaling regime is the slack capacity 6, defined as 6 =n — S1_, 4 e % which is the expected number of idle servers in the
steady state. Slack capacity is used to specify the heaviness of traffic, which is alternatively specified by load p given
byp=31, % in the literature.

For expositienal purposes, we now parameterize the scaling regimes in a specific way below to demonstrate our
results. Our general model is presented in Section 3. Suppose {max =17, 6 = n* for some exponents 0 < a,y < 1,
and the total arrival rate A = ©(n). We refer to such scaling regimes as polynomial scaling regimes. To classify and
visualize different polynomial scaling regimes, we aggregate all scaling regimes with the same («, ) pa1r into one
point and plot all such points, as shown in Figure 2. We partition the set of exponent pairs (a,)) € [0,1)° into three
triangles using the lines a = y and & = L. The corresponding scaling regimes in the upper left in Figure 2 are in
general “heavier” than the scaling reglmes in the lower right because the former regimes have larger work variabil-
ity and smaller slack capacity. We comment that the point (a, ) = (3,0) is analogous to the celebrated Halfin-Whitt
regime introduced in Halfin and Whitt (1981) and that («, ) = (0,0) is analogous to the nondegenerate slowdown
regime in Atar (2012) in traditional multiclass M /M /n models.

In the polynomial scaling regimes where HTy < a < 1 (indicated in white in Figure 2), Wang et al. (2021) proved
that the queueing probability diminishes under FCFS when n gets large. In this paper, we further show that in these
regimes, both the queueing probability and the mean waiting time diminish at a fast rate as n gets large under a
large class of policies.

Although all reasonable policies perform well when HV < a < 1, as we move on to polynomial scaling regimes
withy < a < 1+ ’ (marked in blue in Figure 2), dlfferent policies begin to show separations in their mean waiting
times, as presented in our main results below.

Figure 2. Polynomial Scaling Regimes with Slack Capacity 6 = n* and Maximum Server Need {iax = 11"
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1
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Notes. The traffic is heavier as we move to the upper left. The three triangles are partitioned by lines @ =y and a = l;’
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1.3. Results
Here, we present our main results specialized to the polynomial scaling regimes. These results hold under several
assumptions: y < a < 7’+1, A =0(n), and A;f; = O(n).! In Section 4, we will present the general results and com-
ment on how they imply the results here.

e Mean waiting time under FCFS. The exact order of the mean waiting time under FCES is given by

E[T%(c0)]"™ = @(n" ). 1)

e Mean waiting time lower bound. Under any policy, the mean waiting time satisfies
E[T%(c0)] = Q(n™"). @)

e Order-wise optimal policy. Consider a static priority policy that we call the smallest-need-first (SNF) policy,
which preemptively prioritizes the jobs with smaller server needs. Then, the mean waiting time under SNF
achieves the lower bound in (2): that is,

E[T*(c0)]N = ©(n™). ®)

Therefore, the SNF policy is order-wise optimal in the mean waiting time.

Comparing the mean waiting times under FCFS and under SNF, we can see that FCFS is strictly suboptimal
when y > 0, and SNF improves upon FCFS by a factor of ©(n?).

A key to proving the mean waiting time results above is the order-wise tight bounds on the expected workload we
establish (Lemmas 1 and 2). In addition, although we consider the system under the traffic regime where
y<ac< HTy, we still need to analyze “subsystems” that are in the lighter traffic regime. In this lighter regime, we
show that the total server need decays faster than any polynomial (Lemma 8). All these lemmas hold under a very
general class of policies, so they could be potentially relevant when we study policies other than FCFS and SNF.

1.3.1. Results on Queueing Probability. As a by-product to our analysis, we further derive an upper bound on the
queueing probability under any work-conserving policy, presented in Corollary 1, which significantly improves
upon the queueing probability upper bound in Wang et al. (2021) in a slightly more constrained traffic regime.

1.3.2. Simulation Experiments. The SNF policy we consider in our analysis is a preemptive priority policy. Preemp-
tion is sometimes undesirable in practice. Therefore, we use simulation experiments to also explore a nonpreemptive
version of the priority policy, which we call the nonpreemptive smallest-need-first (SNF-NP) policy. SNF-NP
serves a job with the smallest server need in the queue when enough numbers of servers free up. Our simulation
experiments compare the mean waiting times under FCFS, SNF, and SNF-NP, along with a few other policies. The
simulation results, presented in Section 10, show that SNF-NP has comparable performance with SNF, and both of
them perform well relative to FCFS and other policies. We also investigate the weighted mean waiting times where
jobs with larger server needs have larger weights. We find that SNF and SNF-NP remain competitive when the
weights moderately depend on the server needs.

1.4. Technical Challenges

The main technical challenges in analyzing the considered multiserver-job system are rooted in the heterogeneity
among job types in both their service rates and their server needs. Such heterogeneity makes the system dynamics
multidimensional; neither the total number of jobs in service nor the total number of busy servers determine the
current job departure rate. We comment that even for a classical multiclass M /M/n system, where there are multi-
ple job types with different service rates but all job types have a server need of one, finding an optimal scheduling
policy is known to be a hard problem, and solutions are available mostly in the so-called Halfin-Whitt heavy traffic
regime through the diffusion control problem (Atar et al. 2004, Harrison and Zeevi 2004, Ata and Gurvich 2012).
Compared with the classical multiclass M /M /n system, our multiserver-job system has an additional layer of intri-
cacy because of the heterogeneous server needs, which makes it possible for the system to have servers idling while
there are jobs waiting in the queue.

To address the challenges because of heterogeneity, our analysis relies on various state-space concentration
results. State-space concentration is a phenomenon where the state concentrates around a subset of the state space
in steady state, observed in queueing systems in heavy traffic or large-system regimes (Wang et al. 2018; Liu 2019;
Liu and Ying 2020, 2022; Weng et al. 2020; Liu et al. 2022). In the multiserver-job system we consider, state-space
concentration results are crucial for analyzing the system dynamics when the queue is nonempty. The scenario
when the queue is nonempty is especially important to our scaling regimes because the queueing probability may
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not be diminishing even when the mean waiting time is diminishing. This contrasts with the analysis in the prior
work of Wang et al. (2021), which focuses on diminishing queueing probability. Furthermore, our performance
goal is to achieve the optimal order of the mean waiting time in large systems, deviating from the traditional perfor-
mance goal of minimizing delay or certain long-run cost.

1.5. Organization of the Paper and the Relationship with the Conference Version

This paper is organized as follows. In Section 2, we review some additional related work that has not been dis-
cussed in Section 1. We present our model and assumptions in Section 3 and then formally state our three main
theorems in Section 4. In Section 5, we give an overview of the proof structure and preliminaries of our main
proof technique, the drift method. In Section 6, we state and prove Lemmas 1 and 2, which will be used to prove
the three theorems in Sections 7, 8, and 9. In Section 10, we present the simulation results. Finally, we conclude
the paper in Section 11.

This paper has the following differences from our previous conference version (Hong and Wang 2022). First, we
have included a more comprehensive related work section (Section 2). Second, we have included proofs of some
important lemmas and a theorem that were omitted because of the space limit in the conference paper. These are
the proofs of Lemma 1, Lemma 2, and Theorem 1, which can be found in Section 6 and Section 7. Third, we have
changed the name of the order-wise optimal policy that we propose from “P-priority” to “smallest need first” to
better reflect the feature of the policy. Fourth, we have included more simulation results.

2. Related Work

In this section, we give a more detailed review of the prior work on multiserver-job models as well as some related
models that are not covered in Section 1.

2.1. Multiserver-Job Model

As mentioned in Section 1, the majority of prior work on the multiserver-job model has either focused on charac-
terizing stability conditions (Morozov and Rumyantsev 2016, Rumyantsev and Morozov 2017, Afanaseva et al.
2019, Grosof et al. 2020, Olliaro et al. 2023) or has been restricted to the highly specialized settings with two servers
(Brill and Green 1984, Filippopoulos and Karatza 2008). There are relatively fewer papers that study the delay of
the multiserver-job model, with different performance metrics. Wang et al. (2021) characterizes the queueing
probability in a large multiserver-job model. Zychlinski et al. (2023) studies the optimal cumulative holding cost
in a finite-horizon setting. The papers whose performance metrics are closest to our paper are Grosof et al. (2022a,
b). Grosof et al. (2022a) characterizes the mean response time in a multiserver-job model under a policy called Ser-
verFilling. Grosof et al. (2022b) proposes a variant of ServerFilling called ServerFilling shortest remaining service
time (SRPT), which optimizes the mean response time in the traditional heavy traffic regime. The biggest distinc-
tion between their work and our work lies in the scaling regimes. In their work, the analysis of mean response
time is asymptotically tight when the load of the system goes to one and the number of servers remains fixed; in
contrast, we consider the scaling regimes where the load, number of servers, and server needs scale jointly.
Another distinction is the assumptions on the server needs; their work assumes that the server needs can divide
the total number of servers, whereas our work assumes that the maximal server need is small compared with the
slack capacity.

2.2. Virtual Machine Scheduling

A problem related to the multiserver-job scheduling problem studied in this paper is the VM scheduling problem
(see, e.g., Maguluri et al. 2012, 2014; Maguluri and Srikant 2014; Xie et al. 2015; Psychas and Ghaderi 2018, 2019; Sto-
lyar and Zhong 2021). For the VM scheduling problem, typically the system consists of multiple servers, where
each server has certain units of each type of resource (e.g., CPU, memory, storage). A VM job demands to occupy
multiple units of each type of resource. Each VM job will be served on a single server. Some results for the VM
scheduling problem in the traditional heavy traffic regime can be specialized to the multiserver job scheduling
problem. To see this, consider a VM scheduling problem where the system consists of a single server and where
there is a single resource type. Then, each unit of resource can be viewed as a server in the multiserver-job schedul-
ing problem. With this specialization, the results in Maguluri et al. (2014) provide bounds on a linear combination
of the queue lengths of different types of jobs. However, these bounds do not directly translate into bounds on
mean job response time.
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2.3. Multitask-Job Model

A multitask job is a job that consists of a batch of tasks that can run on servers in parallel, which is similar to a multi-
server job in that both can occupy multiple servers at the same time. However, unlike a multiserver job, the tasks of
a multitask job can have different run times and do not need to be executed simultaneously. The multitask job
model has been considered under a wide variety of settings, and it is sometimes referred to as the batch arrival
model (see, e.g., Miller 1959; Daw and Pender 2019; Daw et al. 2019, 2020). Recently, the multitask job model has
also been extensively studied under the setting of parallel computing because of the popularity of large-scale data
processing systems, such as MapReduce, Apache Hadoop, and Apache Spark (see, e.g., Weng and Wang 2020,
Zubeldia 2020). The work closest to our work is Weng and Wang (2020), which shows diminishing queueing time
for multiserver jobs in a load-balancing system where tasks of a job need to be dispatched to the queues at the ser-
vers upon arrival.

2.4. Dropping Model

When the multiserver-job system does not have any queueing space and allows incoming jobs to be dropped, it
becomes a model that has been extensively studied in the literature, and we refer to it as the dropping model. In this
model, one can design a dropping policy that decides whether to drop an incoming job or not based on the types of
the incoming job and of the jobs currently in service. Under the policy that drops an incoming job only when it can-
not fit into the servers (i.e., when its server need is larger than the number of available servers), the stationary distri-
bution has a product form under exponentially distributed service times, as observed by Arthurs and Kaufman
(1979). The results have been generalized by Whitt (1985) to allow jobs to demand multiple resource types (e.g.,
both CPU and input/output) and by van Dijk (1989) to allow general service time distributions. Tikhonenko (2005)
further combined aspects of Whitt (1985) and van Dijk (1989). Different dropping policies, which mostly fall within
the class of trunk reservation policies, have been designed to minimize the cost associated with dropping (Hunt
and Kurtz 1994, Bean et al. 1995, Hunt and Laws 1997).

2.5. Streaming Model

The streaming model for a communication network resembles the multiserver-job model in many aspects. In a
streaming model, the “servers” correspond to the bandwidth in the network, and the “jobs” are data flows, such as
audio or video flows. Then, flows that require a fixed amount of bandwidth (Melikov 1996, Dasylva and Srikant
1999, Benameur et al. 2001, Ponomarenko et al. 2010), sometimes referred to as streaming flows, can be viewed as
multiserver jobs. However, a communication network also features a network structure that the multiserver-job
model does not have. A communication network usually has both streaming flows and flows that are flexible in
their bandwidth needs, and streaming flows again operate in the dropping model. The performance metric in such
a system typically combines the cost associated with dropping for streaming flows and the cost associated with
delay for other flows.

3. Model

A basic description of the system parameters and dynamics has been given in Section 1. In this section, we provide
formal descriptions of the scheduling policies, the system states, the scaling regime, and the concept of subsystems
used in our analysis.

3.1. Scheduling Policies
A scheduling policy decides which jobs to put into service at any moment of time. We are interested in the follow-
ing two policies.

e FCFS. Jobs are placed onto servers in a first come, first serve fashion until either the next job in queue does not
fit or all the jobs are in service.

e SNF. Recall that the job types are indexed in a way such that {; < ¢, <---< {;. We assign priorities to job types
such that a smaller index has a higher priority. Whenever there is a job arrival or departure, SNF preempts all the
jobs in service and determines a new schedule from scratch. SNF starts from job type 1 and places as many type 1
jobs as possible onto servers. After this, if there are still servers available, SNF goes to the next priority level, type 2,
and places as many type 2 jobs as possible onto servers. This procedure continues until no more jobs in the queue
can fit into the servers.
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3.2. System State

Under FCFS or SNF, a Markovian representation of the system state can be described as follows. The state u of the
Markov chain is an ordered list of the jobs in the system, sorted in their order of arrival, and each entry of u
describes the type of the corresponding job and whether the job is in service or not. Let the state space be denoted
as U. Although the state space is infinite dimensional, in our analysis, we typically only need to focus on three I-
dimensional vectors defined below.

For any time ¢ and each job type 7, let X;(t) denote the number of type i jobs in the system, Z;(f) denote the number
of type i jobs in service, and Qi(t) £ X;(t) — Z;(t) denote the number of type i jobs waiting in the queue. Note that
because the total number of servers in use cannot exceed n and we cannot serve more jobs than there are in the sys-
tem, we have the following constraints:

I
Z&Z,'(t) <n forallt>0,

i=1

Zi(t) < Xi(t) forall t>0,iell], )

where [I] denotes the index set {1,2,...,I}.

Let X;(0), Zi(c0), and Q;(c0) be random variables that follow the corresponding steady-state distributions when
they exist. We sometimes use vector representations of these quantities for convenience. For example, we write
X(t) = (X1 (t), Xo(t), ..., Xi(t)). We define the vectors Z(t), Q(t), X(c0), Z(c0), and Q(c0) in a similar way. Note that
these random elements correspond to the 7 server system, and thus, their distributions depend on n. Throughout
this paper, for conciseness, we often omit the (o) in the steady-state random elements except in theorem or lemma
statements.

Recall that the waiting time for a job is the total time that the job spends in the queue. Our performance metric is
the mean waiting time E[T%(c0)], given by

1
EIT ()] = 1> ABITY (o)),
i=1

where T}'(c0) is the waiting time of a type i job in the steady state. Note that the waiting time of a job is the summa-
tion of multiple periods if the job is preempted. In any case, we can still apply Little’s law (see, e.g., Harchol-Balter
2013) and rewrite the mean waiting time as

E[T*(c0)] = Z]E[Q (c0)].

Bounding the mean waiting time is thus equivalent to bounding the expected total queue length.

3.3. Scaling Regimes
Recall that we consider scaling regimes where the number of servers, 11, goes to infinity and the arrival rates A; and
server needs ¢; are allowed to scale with n, whereas the service rate yl and the number of job types I stay constant. The

scaling regimes are specified by the slack capacity 6 £ n — Zf 24 the maximal server need £imax £ maxe i = {1,

and another parameter called the work variability: o* 2 Y1, H’ Work Varlablhty reflects the variability of the

“work” caused by job arrivals in terms of server-time product, which is & in expectation for each type i job. To
oA

nu;”

We state our assumptions below. Throughout the paper, logn denotes natural logarithm.

help later presentation, we also define the load brought by type i jobs p; as p, =

Assumption 1 (Heavy Traffic Assumption). The slack capacity 6 is small relative to Vo2

Vo2

Assumption 2 (Maximal Server Need Assumption). There exists a constant € € (0,1) such that
gmax < 606- (6)
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Assumption 3 (Commonness Assumption). The load brought by the maximal-need jobs is not too small (note that £, <
by << U = Cay):

e - ‘”( Mogn'gmloe‘%")' @)
iy NI

Assumption 1 guarantees that the traffic is not too light, whereas Assumption 2 guarantees that the system is sta-

ble under FCFS and SNF. In the simplified setting of Section 1 where {iax = 77 and 6 = n*, the first two assumptions

correspond to o < 1% and a >y, which exclude the white and gray parts in Figure 2, respectively. Assumption 3

states that the load brought by the maximal-need jobs is not too small. To understand the right-hand side expres-

sion in Assumption 3, note that it is automatically satisfied when p, = a)< ‘)“‘%logn). For example, when

lmax = ©(y/n), then it suffices to have p, = w(n~ 4 logn). However, when the traffic becomes heavier (i.e., when
ologn
Vo2

To have an intuitive view of the magnitudes of the parameters, we give the following asymptotics: 0® =

O(nlmax), 0 = o(aogLn)z), and €max < €90 = o(aogLn)z) ; they can be verified from the assumptions.

becomes smaller), Assumption 3 in (7) can be much weaker than p, = @ (\ /[f;l—‘“logn) .

3.4. Subsystems

When we analyze SNF and prove the lower bound for all policies, we frequently use the concept of the ith subsystem,

which is the system that has all type j jobs in the original system with j < 7 and removes all type k jobs with k > i. In

the ith subsystem, the slack capacity becomes 0; =n — E;zl A}’J—Q, and the work variability becomes 0? = Z;:1 %

Note that 6 = 6; and o% = 02. The maximal server need in the ith /system is{;because {1 < {p <---< ;. !
As i increases, the load of the ith subsystem gets heavier because 6; becomes smaller. There is a critical index i*

such that
/ 2
0
61‘ =0 (8)
logn

" =ming i€ [I]

(i.e., the i"th subsystem is the smallest subsystem whose traffic regime is as heavy as that of the original system).
Recall that we have assumed 6 = o(ﬁ ), so the set in (8) contains at least the index I; thus, i* is well defined. Note

logn
that 6; is monotonically decreasing, whereas o7 is monotonically increasing. Thus, the index i* serves as a division
2

point; for any i with i* < i < I, we have §; = o(?({gi), resulting in a heavier traffic regime, and for any i with

1 <i<i,wehaved;=Q (@), resulting in a lighter traffic regime.

4. Main Results
In this section, we first present our main results under the scaling regimes we specify in Section 3 as Theorems 1, 2,
and 3. Then, we comment on how the theorems subsume the results in Section 1.3.

Theorem 1 (Mean Waiting Time Under FCFS). Consider the multiserver-job system with n servers satisfying Assumptions 1
and 2. Under the FCFS policy, for each i € [I], the expected waiting time of type i jobs satisfies

w FCFS a2
BITY @) 2 o (1 -o1), ©)
w FCFS 02
BTF ()" < o (L+o(1), (10)
Consequently,
FCFS _ o w FCFS _ o’
E[T%(c0)] = ®<n_6)' E[T}(c0)] = ®(n_6> (11)

Theorem 2 (Mean Waiting Time Lower Bound). Consider the multiserver-job system with n servers satisfying Assumptions 1
and 2. Under any policy, the mean waiting time satisfies

1 lpin0? _ 1o
E[T"(c0)] 2 i*nslza;(IX {:0; (1o = Q(i*nsllaé(lxﬁéi) 12
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where i* is the critical index defined in (8) and u_, = minenu,, and the expression represented by o(1) is independent of the
policies.

Theorem 3 (Mean Waiting Time Under SNF). Consider the multiserver-job system with n servers satisfying Assumptions
1,2, and 3. Under the SNF policy, the mean waiting time satisfies

E[T(c0)SNF < Z Himax 7 (1 +0(1)) = O max 1ot (13)
=2 Li(6; — €y) r<i<I A L0

where i* is the critical index defined in (8) and u_ . = maxenu,;. Consequently, the SNF policy achieves the optimal order of

the mean waiting time.

We have a more general bound for the SNF policy that holds without Assumption 3. Interested readers can refer
to Online Appendix A.

The results appearing in Section 1.3 are direct consequences of the above theorems. Recall that in the polynomial
scaling regimes, we have {max = O(n”), 6 = O(n*), and A = O(n). The requirement y < o < ) 1mp11es Assump-
tions 1 and 2; the requirement A;{; = ©(n) 1mp11es Assumption 3. Under these > assumptions, the bounds in Theo-
rems 1, 2, and 3 hold. It can be verified that a = =0n'), so the expressmn T o5 in (11) has the order ©(n”~¢); the
critical index i* = I, so the expression max; <<y A 74, in (12) and (13) equals 5= =0 %).

5. Proof Road Map and Drift Method Preliminaries

We organize our proofs of the main results as follows; we first prove two important bounds for a quantity called
workload given by Y"1 1y 50, in Lemmas 1 and 2, respectively. Then, we convert the workload bounds to the waiting
time bounds in Theorems 1 and 2 using properties of FCFS and a linear programming relaxation. For Theorem 3,
we analyze SNF by considering each ith subsystems for i € [I]. Some subsystems only need Lemma 1 and Lemma 2,
whereas others require the addition of Lemma 8.

Our proof approach is closely related to the recently developed drift method (Eryilmaz and Srikant 2012, Magu-
luri and Srikant 2016). The drift method allows us to extract information from a continuous-time Markov chain
{S(#)}1»0 on state-space S by computing the drift of different test functions. Because S(t) is a Markov chain with
countable state space and bounded transition rates, we can define the drift of any function f as

S(t)) —
Gf(s) £ PBSEM S

0) = s] . (14)

We call the operator G the generator of the Markov chain.

For a multiserver-job system, let I-dimensional real vectors x,z € R’ be possible realizations of state descriptors
X(t) and Z(t), where recall that X(t) is the vector of the number of jobs in the system at time f and Z(¢) is the vector
of the number of jobs in service at time . We focus on f that only depends on x (i.e., f : Rl — R). The drift of fis of
the form

1 1
Gf(x,2) = 3" Al x+e) —f00) + > zilfx — e) — (), (15)
i=1 i=1

where e; € R! is the vector whose ith entry is one and all the other entries are zero. Note that although fand Gf are
functions of the system state u, we write f(x) and Gf(x, z) to highlight the variables that affect their values.
We frequently use the following relation regarding the drift

E[Gf(X,Z)] = 0. (16)

Heuristically, this is because when X(0) and Z(0) follow the stationary distribution, X(¢) and Z(t) also follow the sta-
tionary distribution; so, f(X(t)) and f(X(0)) have the same expectation. Rigorously speaking, this relation only holds
for well-behaved functions and Markov processes. The conditions under which the relation holds are discussed in
detail in Online Appendix B. Throughout the paper, we assume (16) holds for all f that we consider.

6. Workload Bounds

In this section, we prove two bounds for a quantity called workload given by S71_, ﬁQi. These bounds are fundamen-
tal to the proofs of the main theorems. In Lemma 1, we give a lower bound on the expected workload applicable to
any policy. In Lemma 2, we give upper bounds on the expected workload under any ’-work-conserving policy, a class
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of policies defined in Definition 1. After stating these two lemmas, we go through preliminaries for the proofs.
Finally, we show the full proof of the two lemmas at the end of the section.

Lemma 1 (Workload Lower Bound). Consider the multiserver-job system with n servers satisfying Assumptions 1 and 2.
Under any policy, the expected workload is lower bounded as

L 51‘ O'2
E ;EQ”(“)] > = (1-0(1)), (17)

where the expression represented by o(1) is independent of the policies.

Definition 1. We call a policy 6’-work conserving if the following equation holds

1 1
> 6Zi(t) = min (Z Xi(t),n — 5/) Vi > 0. (18)
i=1 i=1

Here, Y°I_, £:Zi(t) is equal to the number of busy servers at time ¢, whereas YI_, £;X;(t), which we call the total
server need, is the potential number of busy servers if we can put all jobs at time ¢ into service. Therefore, under a
0’-work-conserving policy, either all jobs are in service, or there are at most ¢’ idling servers. Under any
Cmax-work-conserving policy, one can show that the system is stable when (. < €96 (Assumption 2) holds. In
particular, the system is stable under both FCFS and SNF.

Lemma 2 (Workload Upper Bound). Consider the multiserver-job system with n servers under a 6’ -work-conserving policy
with &' < €yd, where ey € (0,1) is the parameter in Assumption 2. Then, when 6 = o( ‘/55)

logn /7
02
[Z bgeo)| << +o(1) =0 (3); (19)
whenézQ(%),
1
E ZgQi(oo) = O(Vo? logn). (20)
i=1 i

Remark 1. When Assumption 1 is satisfied (i.e., when 0 = o(log” )), the workload upper bound in Lemma 2 coin-
cides w1th the workload lower bound in Lemma 1 order wise, which implies that the expected workload

[Zf 1y, Qi(0)] =0(5 ) Note that in this case, although the expected workload under all &’-work-conserving
policies has the same order, the mean waiting time can vary among policies, as shown for FCFS and SNF in The-
orems 1 and 3.

6.1. Preliminaries for Lemma 1 and Lemma 2
Our proofs focus on bounding the normalized work, defined as

T
WA Zﬁ(xi —Xi),
i=1 Hi
where we write ¥; £ H’ for notational simplicity. We claim that normalized work has the same expectation as the
workload (i.e., E[W] = E[Zl 14 4L01)). To see this, recall that Q; = X; — Z;. Now consider the drift of X; given by
GX;=A; — 1,Z;. One can Verlfy that X; satisfies E[GX;] = 0, and thus, E[Z;] = ’. Therefore, the expected workload
can be written as

I, I, L p —
Elzggi =E[Z§(Xi—zi) =E Zﬁ(xi—xi)] ~ E[W]. 1
i=1 i i=1 i i=1 "1

Therefore, bounding the expected workload is equivalent to bounding the steady-state expectation of the normal-
ized work E[W].
We break E[W] into three terms:

E[W]=7+E[(W -7 -E[(W -7)"], (22)
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where 7 € R is up to our choice; (W —7)" £ max{W — 7,0} denotes the positive part, and (W —7)~ £ —min{W — 7,0}
denotes the negative part.

The major difficulty during the proofs is bounding the expectation of the positive part E[(W —7)"]. This relies on
the relation that E[Gf(X,Z)] =0 as introduced in Section 5. In our proofs, we choose f to be piecewise quadratic
functions to bound on the term

I
E Zfz‘(zt ~ %) (W—7)"

Because 1, ({(Z; — X;) = Yi_, t:Zi — 1 + 6, we will be able to bound E[(W — 7)*] if we are able to give an accurate
estimate of the number of busy servers 3"\, £,Z; when the normalized work W > 7. To get a precise estimate, we
exploit the state-space concentration result that says for each i€ [I], X; cannot be much smaller than ¥; (ie.,
(X;—x;)” is small with high probability). Formally, this state-space concentration is established by Lemma 3,
whose proof uses a sample-path coupling argument and is given in Online Appendix C.

Lemma 3. Consider the multiserver-job system with n servers. For any nonnegative vector ¢ = (cy,...,cr) € RL indepen-

dent of n, let crax = MaXie[r]Ciy Moy = MaXien 1, and

I
b= ZC,-f,-(Xi(OO) —Xi),
i=1

wherex; = ? Then, we have the three bounds below.
a. Forany K >0,

2
2Cmax t max

P(® < —K) < exp (—ng) (23)

b. Forany a > 0and B > 0 such that aff > c o and any j > 0,

maxumax
P(® < —a—pBj) <e. (24)
c. Let @~ = max{—®,0} to be the negative part of ©. Then,

E[® ] < o2. (25)

2
maxtmax

6.2. Proofs of Lemma 1 and Lemma 2
In this section, we show the full proofs of Lemma 1 and Lemma 2.

Proof of Lemma 1. Recall that in Section 6.1, we have shown that E [Zl 13 Q,] =E[W], where W is the normalized
work given by W £ S0 14 4(X;—x;) and ¥; £ A . Therefore, our goal is equlvalent to lower bounding E[W]. To do

this, we first perform the followmg decompos1t10n
E[W] =71 +E[(W —71)"] - E[(W —~71) ].

Here, 77 is a properly chosen small number to be specified later. We bound the positive part E[(W —71)"] and
the negative part E[(W — 71) | separately using different techniques.

We bound E[(W —7;)"] by analyzing the Lyapunov drift of a function f : R, — R defined below. Let x,z € R.
denote possible realizations of the state descriptors X(f), Z(t). Then, f is defined as

() = @p(w(x) —71),
where w(x) 2 YL, 4(x; — %) isa possible realization of W, ¢,,(s) : R — R is defined as

=1,
0 ifs <0
P OERES if0<s<M,
2Ms — M? ifs>M
and M is a positive number preventing ¢,,(s) from growing too fast as s gets large. The derivative of ¢,,(s) is
¢),(s) = 2min{s*, M}.
We will utilize the relation E[Gf(X,Z)] = 0, which is implied by Lemma 9 in Online Appendix B if we have

E[|f(X)|] < co. Because f(x) grows linearly fast as x gets large, E[f(x)] < oo follows if we have E[X;] < co for all
€ [I]. On the other hand, the lemma statement holds trivially if E[X;] = co for some i.
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To calculate Gf(x, z), we first decompose the drift Gf(x,z) Equation (15) in the following way:

i
Gf(x,z) = Z(Ai - H%i)%(x)
i=1 !

I af I af
+ ;Ai <f(x +e) —f(x)— a—xi(x)) +) wz (f(x —e) —f(x) + 8_361()()) _ 26)

i=1
It is easy to see that the partial derivatives of f appearing in the first term are given by

500 = 52 W) — 72) = 2 i) — 1), M),

i

To bound the remaining two terms, observe that

x+e;) —f(x f X f ¥ d
ot e) — )~ 2 = /&[X,m‘](axl(a <>) :

¢ , _ , _
=— (Py(w(&) —71) — @y, (w(x) —71))dE
Hi Jelx, x+ei]
2¢;
> (w(&) —wl))de -1 -
Ee[x, x+e;] {r1+}l‘r"“§mx <w(x) <r1+M—pfr"n?:}
52

-1 ,
[-11 {r +;‘m’< <w(x) <71+M— [‘““X }
m

where the inequality is because of the fact that for any s; > s,
(P;\A(Sl) - (P;\/I(SZ) >2(s1 —82) 1{05s2 <s1<M}s (27)

which can be verified by brute force calculation. Similarly,

9
flx—e)—f00+ 2 ) = ( 2o+ Lo ))da
i £e[x—e;, x|

fi ’ = ’ =

=— (—pp(w(&) —71) + @) (w(x) —71))dE
HiJeelx—e,x]

> 24 (—w(&) +w()dE -1 )
Wi Jee[x—e,x] {r1+£rr"n—ﬁ‘;<w(x)<rl+M7ffI“n—“£}
£

=11
Ui FpHmax < gp(x) < 7y +M—max
Hmin Hmin

£

22— .
Hi 4 Fme < gp(x) <7y + M- fmax
Hmin Hmin

Plugging the above inequalities into the decomposition of the drift (26) and taking expectation on both sides
because E[Gf(X,Z)] = 0, we have

i=1 i=1 lui Aui

min

I o I /\52 Zfz
0>E (% — Z;) - 2min(W —7¢)", M) + iRl ay | . 28
> (% = Z;) - 2min((W —71), M) Z( 7 ) v < <ot (28)
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The inequality still holds when we let M — oo inside the expectation:

I I 2 2
0>E [Z G(xi—Z) - 20W —71)" + Z (Aiii + Zi&) {W>71+(max}} . (29)

i=1 i=1 Aui Aui

Hmin

Here, we are implicitly exchanging limy_,. and [E, which is legal by the dominated convergence theorem given

that the random variable inside the expectation is dominated by another random variable with a finite expecta-
A

tion, 2tn{’maX(W —71)" + 21lmax/ Py, Using the facts that E[EL ( F’,v‘ +#_,)] 202 and Zl 1 ( Aty +71) < ZZi,:x,

we ge

min min

1
E [Z t(Zi —%;)- (W — 71)+1 > g% — Mmax. IP(W <7+ {)m“) . (30)
i=1

By Lemma 3 with ®=W, ¢;=1, K=2,/u__ o%logn/u .., we have P(W < —K) < L. Note that this K satisfies
K= O(\/;logn). We take 77 = K Lmax, then P(W <7+ "W) =5. Moreover, observe that Zl 16(Zi—x;) <n—
(n—0)=0,s0

2
o
E[(W-71)"] > 5 (1 —o(1)). 31)
The lower bound for negative part E[(W —7;)” ] follows from Lemma 3(c), which shows that E[(W) "] = O(Va2).
Because s - s~ is a monotonically decreasing function and 7; < 0,
E[(W —71)7] < E[(W)"] = O(Vo?). (32)
Therefore, combining (31), (32), and the fact that 7; = —O(\/Eilogn + {max), We have

— o’
E[W]="5" (1~ 0(1)) — O(Vo2logr + fmax) = (1 = 0(1)),

and this finishes the proof of Lemma 1. [

Proof of Lemma 2. Recall that in Section 6.1, we have shown that E[ Zl -1 4 Q ] =E[W], where W is the normalized

work given by W £ ! —X;)and X; £ A’ .. Moreover, we have

i=1 [,[
IE[W] <7 +E[(W-7)"] (33)
for any number 7,. Next, we will bound the term E[(W — 72) ] fora suitably chosen 75.

We bound E[(W —7,)"] by analyzing the Lyapunov drift of a function f : R} — R defined below. Let x,z € R.
denote possible realizations of the state descriptors X(t), Z(t). We define f as

fO) = p(w(x) =72),

where @(s) = (s*)%, and w(x) £ Y1, 4(x; — %))
This proof relies on the relation that E[Gf(X,Z)] = 0, which is justified by Lemma 11 in Online Appendix B. To
calculate Gf(x, z), we decompose the drift Equation (15) in the following way:

I
Gftx7) = > (0~ ) L0
i=1 !

. Zy\i (ocre) =100~ L)+ Zz;:yizi (six-er-r0+ L), -

It is easy to see that % (x) in the first term of (34) is given by

7 - —(x><p (W) —72) = —(w(x) R,



Downloaded from informs.org by [216.73.217.61] on 14 July 2026, at 09:08 . For personal use only, all rights reserved.

Hong and Wang: Sharp Waiting-Time Bounds for Multiserver Jobs
468 Stochastic Systems, 2024, vol. 14, no. 4, pp. 455-478, © 2024 The Author(s)

The other two terms in (34) can be bounded by constants independent of x and z as below:

X+e;)—f(x f X f f d
Flx+e) — )~ 50 = /&lx,xﬂiJ(&M(é) ()) :

fz‘ , _ , _
(@' (W(&) = 72) — ¢ (w(x) — 72))dE
/.11 &e[x, x+e;]
C 2
(w(&) — w(x))de
/'11 €[x, x+e;]
>
= H_lz

where the inequality is because ¢’(s) = 2s* is 2-Lipschitz continuous. Sirnilarly,

f(x—e)—f(x) +—f(x) <L

l

Because E[Gf(X, Z)] = 0, plugging the last inequality into the decomposition of the drift, (34), and taking expecta-

tion on both sides of (34), we get
I P2 P2
EN /\lﬁl Rz
i=1 ‘ui [’lz’

0<E lzl: i(xi —Z) - 2(W —72)" (35)

i=1

Observe that because E[Z;] = ﬁ, the second term in (35) can be straightforwardly computed as

E[Z<MZ ”2)1_22”2 oot 3)

Ml Iui 11[‘11

Rearranging the terms, we get the following key equation; for any real number 75,

I
E Z t(Z:i — %) - (W — f2)+] < o°. (37)

i=1

Now, suppose we are able to show that

y-E[(W-7)]<E

I
Z (Zi —x;) - (W — 72)+1 +o(1), (38)
i1

for some y > 0; then, by (37), E[(W — 72)"] < %, SOE[W] < 7y + ZH0),
We devote the remainder of this proof to proving (38). The idea here is to use the following two events to fur-
ther partition the probability space:

L/r1 1 _ —
&= Z( —)fi(Xz‘Xz’)>K2 , 52={W < },
i=1 ‘umin Hi |umin

where K; is a suitable number such that £&; happens with high probability. We break the term on the left of (37)
based on the three cases £1, £{ N &, and £] N &; to analyze them separately:

I
E Z G(Zi =) - (W =72)"
P

i=1

I
=K Z{’,(Zl — fi) . (W - ?2)+1{W>7z,51}] (39)

i

1
E lz fi(zz‘ - Yi) : (W - 72)+1{W>r2,g5,52}] (40)

=1
I —_—

+El Zi=%)- W =) Lz o gg}]. (41)
i=1
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Case 1. Event & happens. Observe that the term in (39) is nonzero only when W > 7, and event £; happens,
which implies that

Adding up the above two inequalities and rearranging the terms yield

I
DX =T0) > phyn (72 — Ka). (42)

i=1

When the above inequality holds, we can invoke the definition of the 6’-work-conserving policy and the fact that
S X =n—5to get

I I i
Zf[(Z,’ — fi) > min (Z&Xi,n — 6’) — Zgifi
i=1 i=1 i=1

1
= min (Z&(X, —X),0— (5,) > nﬁn(umin(?z —K3),6 — 6/) (43)

i=1

E

I
S 6z %) - (W - m*hwz&]

i=1
2 min(‘umin(F2 - Kz), 60— 6,) ’ E[(W - 7Z)Jr]-{W>72,gl}]~ (44)

Case 2. Event & N &, happens. To bound the term in (40), we need to analyze the probability of event &;. Con-
sider Lemma 3 with ® = Y"1, (HL — ﬁ)é’,‘(Xi —X),ci= % — yl, a=B= Zg"—’f‘xoz, j=3logn. It can be verified that
ap>c 0%. Let K» = @ + Bj. Then, we have

1
P(ES) = P(Z (Hi—% Gi(Xi =) < —1<2> < %

2
max Hmax

i=1 min i

Note that this choice of K, satisfies K, = O(\/Eilogn).

With the upper bound P(£]) < %, we bound the term in (40) in the following way. Observe that S 6(Zi - )
> —n. Furthermore, when the event & occurs, W < #" and 0 < (W —7)" < Hi Consequently, we have the fol-
lowing two inequalities: - -

1
N n 1
. [Z&(Zl o xi) ' (W B r2)+1{W>rz,€§/5z}‘| = #— ' ]P)(gi) 2 - ’

i=1 min minn
— 4 n . 1
]E[(W — 7’2) 1{W>?2,5§,€2}] < m . P(gl) < o
We can rearrange the above inequalities into a similar form as (44):
I
E Z&'(Zz‘ -x)-(W— 72)+1{W>72,£§,52}]
i=1
. _ , — 4 n+o
> min(u,,; (F2 — K2),6 = 6') - E[(W —72) 1{W>,—,z,g§,gz}] - m/ (45)
min

where we have used the fact that min(u_; (2 — K3),6 — 6") < 6.
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Case 3. Event & N & happens. Lastly, we bound the term in (41). Observe that &5 implies that El 1 6iXi=n,so
ad —work—conservmg pohcy will make sure that ', £;Z; > n — &'. Therefore,

E [Za(zi ~%) (W =72)" 155, o 53}] > (008 ElW—72)" L5, o o] (46)
i=1

Combining the results in three cases (44), (45), and (46), we have

I
R n+0
B (Zi—x) - (W - rzf’] > min(u,,, (72 — K2),6 — ) - E[(W — 72)"] — T (47)
i=1 min
Therefore, we have shown (38) with y = min(u,, (7> — K»),0 — 0'). By (37), we conclude that
2
. e o
BIW) < 72+ I —72)") < 720 1) )

Next, we simplify (48) based on the order of 5. When 6 =0 (l‘(fg—n), we take 7, = K, + ﬁ and get

— 6—98  o? 1 o?
< — )=
E[W] < K+ — M +O<n) 55 (1+0(1)),

where we have used the fact that K, = O(Vo2 o?logn)and 6 =0 (1?;)
When 6 = Q( ‘/—) we have 6 > CpZ \/— for some C>0 and n large enough. Because 6 — 6" > (1 — €9)d, we get 60

logn /7
>(1- eo)C ” for n large enough. Takmg 7 =Ko+ ;Z‘)Clgg_n yields min(y_, (7, — K»),0 —0") > (1 — eo)Clogn, SO

(1 eo)C\/— \/—logn
E[W] < K fogr it () O(Vo?logn).

Fmin

logn

This finishes the proof. [J

7. Proof of Theorem 1 (Waiting Times Under FCFS)
7.1. Proof Overview and Lemmas
We prove Theorem 1 in this section. We first present some intuition and state two lemmas. Then, we give a proof of
the theorem using the lemmas. We leave the proofs of the lemmas to Online Appendix D.

The analysis of FCFS is based on the intuition that, under FCFS, the number of type i jobs in the queue is approxi-
mately proportional to its arrival rate A;: that is,

E[Qi] ~

where Qr 2 Y71, Q; is the total queue length. Using this relation, we can easily convert from the expected work-
load to mean waiting time:

E[Qx], (49)

>\>

I 1
o1~ S M 50y = (- sym(T), (50)

> o

zl‘ul i=1 i

where the second equality is because of Little’s law and the fact that Zz A ?’ =n-—0.

This intuition is formalized by considering a modified-FCFS policy, Wthh serves the jobs in an FCFS order but
will not serve the next job until there are at least {mayx idle servers. In Lemma 4, we prove that under modified FCFS,
(49) holds exactly, so the expected queue length of each type of jobs can be computed using the above argument.
Moreover, when 7 is large, we expect modified FCFS to be a good approximation of FCFS. In fact, we can define an
upper-bounding system as the multiserver-job system with # servers under modified FCFS and define a lower-bound-
ing system as the multiserver-job system with 7 + £, servers under modified FCFS. In Lemma 5, we prove that the
queue length of each type of jobs in the original system is sandwiched between those in the two modified systems.
Because the two modified systems themselves are very close to each other, we get a tight characterization of FCFS.
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Lemma 4. For both the upper-bounding system and the lower-bounding system, we have

E[QM(c0)] = [Q(”)(OO)] viell], (51)

E[QE”(oon: E[QY(c0)]  Viell], (52)

where qu)(oo) and QEL)(oo) denote the steady-state queue lengths of type i jobs in the upper- and lower-bounding systems,
respectively; Q(ZU) (c0) & le.zl Q,(.u)(oo) and Qg)(oo) 4 le-zl QEL)(t) denote the total queue lengths in the steady state.

Lemma 5.

E[Q"(e0)] < E[Qi(w0)] < E[QW(e0)] Vie[I], (53)

where Qf.u)(oo) and QgL)(oo) denote the steady-state queue lengths of type i jobs in the upper- and lower-bounding systems,
respectively.

7.2. Proof of Theorem 1
Proof of Theorem 1. Recall that by Little’s law, E[T?] = L E[Q;] and E[T"] = AZZ 1 E[Qi]. To characterize E[Q;],

Lemma 5 suggests that we only need to characterize IE[Q(L)] and E[Q(u)] the queue lengths in the lower-bounding
system and the upper-bounding system, for each i € [I].

Observe that the lower-bounding system has 1 + {max servers, with slack capacity 6 + {max. Because 6 + fmax <
(1+e0)d=0( Vo) we can apply Lemmas 1 and 4 to get

logn)
! Al L
TEIOPTY =y

2
} HE[Q(L)] 25— (1=o(D).
i=1 i i=1 i

Recall the facts introduced in Section 3 that 6 = o(n) and o=n— Zf 1“_7’, so we have Zl = (1 —o0(1)).
Therefore, the above equation implies that ]E[Q(L)] > -(1—o0(1)). By Lemma 4,

PR
1(0 + Cmax)

For the upper-bounding system, observe that it has #n server and slack capacity 0 and that it operates under an
Cmax-work-conserving policy. Applying the workload upper bound in Lemma 2 yields

n(5+€m1x)

E[Q"] > {(1—o(1) Viell]. (54)

2
AZ BIQI") < 5= (1+ o)

ma:

Following a similar argument as in the lower-bounding system, we have

BIQUT < M (o) vieln) (55)
Therefore, by Lemma 5, we have
Ai(fz /\1‘0‘2 .
0O+l O S BLQI < Sy (koL il (56)

which implies the waiting time bounds in Theorem 1. [

8. Proof of Theorem 2 (Mean Waiting Time Lower Bound)

Proof of Theorem 2. Recall that by Little’s law, E[T"] = %Zle E[Q;]. Therefore, it suffices to show a lower bound
on the total queue length. We fix a policy in the original system. For any i with i* < i < I, we consider the ith sub-
system by ignoring all job types with index greater than i. In the ith subsystem, it is always possible to achieve
the same E[Q]]Zs for j < i by imitating the service decisions taken by the original system. Therefore, we have

Z,l 1 ]E[Q]] (1 —o0(1)), where the right-hand side expression is the workload lower bound of the ith subsys-

tem accordmg to Lemma 1. Then, the expected waiting time E[T™] is lower bounded by the optimal value of the
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following linear programming problem:
1y

min — '

gelily A 21

. ~4 o
subject to gi=>--(1-0(1) if<i<I
— U 61'
j=1 17

;=0 Vjell],

where g; corresponds to E[Q;]. It is easy to see that the objective value satisfies
i

Azq] 1 ‘ummzu = [’l;&méz . (1 _ 0(1)) (57)
g ]

for any i* < i < I, where in the first inequality, we have used the fact that y; >y, and {; < ¢; for any j < i. Note
that when g; is zero for each j with j # i, the first inequality becomes an equahty up to a constant order factor in
terms of u; and ... Because i in (57) can be an arbitrary integer satisfying i* < i < I, the optimal objective value is
no less than

Hmin9 1 _
X e, oW (58)

Therefore,

E[T”] > max “mm i (1= o0(1)).

*<i<lI

This completes the proof. O

Remark 2. The proof of the lower bound provides some intuitions for choosing the SNF policy. We consider the
simple case where i* = I. By (57), the total queue length order wise achieves the lower bound when the queue
consists of jobs with the largest server needs, suggesting that we should give low priorities to those jobs. This is
in a similar spirit to the famous SRPT policy for single-server jobs, which leaves the jobs with large remaining
service times in the queue (see, e.g., Harchol-Balter 2013).

9. Proof of Theorem 3 (Mean Waiting Time Under SNF)

To understand the behavior under the SNF policy, one key observation is that for each i € [I], the type i jobs are
unaffected by type jjobs with j>i. As a result, we can learn about the original system by analyzing each ith subsys-
tem, which is obtained by removing all jobs of type j with j>i. Some subsystems are under relatively heavier traffic

or more precisely, subject to ; = 0( U:) whereas some subsystems are under lighter traffic. For those subsystems
under relatively heavier traffic, Lemmas 1 and 2 are enough for use; for those subsystems under lighter trafﬁc, we
sometimes use Lemma 8 below, which is a more refined bound on the expected total server need ]E[Zl 1 6iXil,
proven based on the two tail bounds in Lemmas 6 and 7. The proofs of Lemma 6, Lemma 7, and Lemma 8 are in
Online Appendix E.

Lemma 6. Consider the multiserver-job system with n servers satisfying €max < €00 (Assumption 2). Letting X; = %, under
any Cmax-work-conserving policy, the normalized work has the following tail bound; for any € such that 0 < € < €, there
exists aq = 35" + 0 (“r=xlogn) and B, = © (=) such that for any j > 0,

P<;%(Xi(oo) —X)za+py ~j> <e. (59)

Lemma 7. Consider the multiserver-job system with n servers satisfying Cmax < €00 (Assumption 2). Letting X; = 1, under
any Cmax-work-conserving policy, the total server need has the following tail bound; there exists ap and B, wzth ap =
8+ @ (“axlogn) and B, = © (") such that for any j > 0,

P (Z fl(X,(OO) — fl') > +ﬁ2 ]> < e‘f. (60)
i=1
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The proof technique of the two lemmas is using state-space concentration successively. Lemma 6 relies on the
state-space concentration implied by Lemma 3, whereas Lemma 7 relies on the state-space concentration implied
by Lemma 3 and Lemma 6.

As a consequence of the first two lemmas, we can give a bound on the expectation of the total server need

E[Y"L, £:X;] in a different traffic regime than what is assumed in Assumption 1. This is useful for analyzing the
dynamics of subsystems under SNF.

Lemma 8 (Total Server Need Upper Bound Under Lighter Traffic). Consider the multiserver-job system with n servers sat-
isfying {max < €00 (Assumption 2), and 6 = w(Vnmaxlogn). Letting X; = A’ under any Emax-work-conserving policy, the
expected total server need has the following upper bound:

E ; £i(Xi(00) — fi)] = exp (—Q <n2i)> . (61)

As a quick digression, with Lemma 7, we can prove an upper bound on the queueing probability in Corollary 1.
We comment that this queueing probability bound significantly improves on the bound in Wang et al. (2021) in a
slightly more constrained traffic regime.

Corollary 1 (Queueing Probability). Consider the multiserver-job system with n servers satisfying €max < €00 (Assump-
tion 2), and 6 = w(Vnlmaxlogn). Then, the steady-state probability that a job experiences queueing has the following upper

bound:
1 2
P (Z 6 Xi(c0) > n> =exp (Q <nf )) . (62)
i=1 max

Now, we are ready to prove Theorem 3.

Proof of Theorem 3. Recall that by Little’s law, we have that E[T"] = %Zle E[Q;], and thus, it suffices to bound
E[Q;]’s. We bound E[Q;] separately for each i € [I] as follows:

E[Qi] < [ngj} < E Zf(x ~%)|,

where we have used the fact that Q/'s are nonnegative, Q; = i, and E[Z;] = ;. Observe that under SNF,

(63)

the dynamics of the first i types of jobs are unaffected by the rest of the ]obs Therefore the expectation

Z] 1i(Xj —X;)] can be viewed as the expected total server need in the ith subsystem, which has slack capacity 6;,
max1ma1 server need ¢;, and work variability 62. We discuss the bound on E[Q;] in three cases based on different
relationships of §;, {;, and a

Casel.6;=0 ( \/—) Applying Lemma 2 to the ith subsystem, we have

logn
E |:Z€](X]_Y]):| < ”max [Z (X - ])
j=1

lumax l (1+0(1))

Therefore, 2
U
max"!_. (1 +0(1)).

ElQ: ]—5(5—5)

Case2.6;=Q (V—Z) and ¢; = (2% ¢,,x). Applying Lemma 2 to the ith subsystem, we have

logn Vo2
i _ i £ _
E|Y GX—T)| < tipyE [Zj(xf -%)| =0 (\/ 0?108”)-
=1 =
Combining the above equation with (63) and the facts that ¢; = a)( Dlogn ) and 0? < ¢%, we have

2
E[Q] < o(@) :o(‘fz.fi).
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Case 3. 0; = Q(l\/o—j) and ¢; = O(é‘l;’%" é’max). We first show that ; = w(vné;logn). To see this, observe that 6; =

Q ( ‘/0—2) implies i<, 50 6; > Aéfl = np,. By Assumption 3, we have

logn
O =2np,=w dlogn, nlmalogn | = w(y/ntlogn). (64)
N

Therefore, we can apply Lemma 8 to the ith subsystem to get

2

E ;f,-(xj ~x)| =exp (—Q @)) < exp(—Q((logn)?)),

where we have used 6; = w(yn{logn) in the last inequality. Therefore, E[Q;] < exp(—Q((logn)z)), which decays
faster than any polynomial in 7.
Combining the three cases, we get

E[T] =+ ZE[Q < Azg“m“ 1+ 0(1),

where we have used the fact that E[T¥] =1 Zl 1 E[Q;]. Here, the summation is taken from i* to I because Case 1 is

equivalent to i* < 7 < I. The second 1nequahty is because the other two terms are of lower order compared with

Hmaxol
t(or—tr)

Finally, note that I and . are independent of n during scaling, and £; < {max < €90 < €00; for some €y < 1.

Hmax9 z _ 1 o;
Azf(é —f) 6(1<1<I/\€6)

Therefore,

This finishes the proof. [

10. Simulation Results
10.1. Experiment 1: Comparing SNF and SNF-NP with FCFS
Our theoretical analysis shows that there is an order gap in mean waiting times under FCFS and SNF for the scaling
regimes satisfying Assumptions 1, 2, and 3. Here, we complement our asymptotic results by comparing the simu-
lated performances of SNF and FCFS in finite systems. We also simulate the nonpreemptive variant of SNF, which
we call SNF-NP. SNF-NP identifies jobs in the queue that can fit into the idle servers and prioritizes those with the
smallest server needs for service.

We run the simulation experiments under two sets of parameters.” Parameter Set One satisfies all three assump-
tions, whereas Parameter Set Two does not satisfy Assumption 3. The parameters are specified in Figure 3. We can

Figure 3. The Mean Waiting Times of FCFS, SNF, and SNF-NP Under Two Sets of Parameters

(@) (b)
0.25 0.25
0.201 0.201
() [J]
£ £
©0.151 > 0.151
C [
g —&— SNF Y
z | £ 0.101
< 0.10 SNF-NP <
g —— FCFS g
0.051 : \ 0.05
0.00 1 L — 0.001 M y 4
26 28 210 212 214 216 218 26 28 210 212 >14 216 18
number of servers n number of servers n

Notes. (a) The mean waiting times under Parameter Set One. There are three job types, with service rates and server needs given by
py =025,61=1; u, =05, {, = [log,n]; and py =1, {3 = [n]. Slack capacity 6 =2[v/n]. The arrival rates are chosen so that the loads satisfy
PL=pPy=p3= ”%,f’ (b) The mean waiting times under Parameter Set Two. There are three job types with the same service rates, server needs, and

slack capacity as Parameter Set One. The arrival rates are chosen so that the loads satisfy p; = p, = —07 ,py=n03,
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see that both SNF and SNF-NP outperform FCFS by a large margin. In particular, the ratio between the mean wait-
ing times of FCFS and SNF is always greater than 3 when 1 > 2!, and it gets to as large as 40.0 under Parameter Set
One and 54.4 under Parameter Set Two.

A secondary finding is that SNF-NP performs slightly better than SNF. This phenomenon is also observed in the
next few experiments, the reason for which is unclear from our current theory. We hypothesize that under SNF, the
jobs with large server needs sometimes do not fit into the remaining servers after they are preempted, leading to
more idle servers. SNF-NP alleviates this issue by prohibiting preemption. However, this advantage of SNF-NP is
moderate because the maximal server need is smaller than the slack capacity in our scaling regimes.

10.2. Experiment 2: Comparing with More Policies

One limitation of our policies, SNF and SNF-NP, is that they do not utilize the service rate information. Although

we can show the order-wise optimality of SNF, our analysis is restricted to the scaling regimes where the service

rates ;s do not scale with  (i.e., the values of y1;’s cannot be too large or small). When the values of 1;’s vary signif-

icantly across different job types, it becomes questionable whether scheduling jobs solely based on server needs is

the most effective way. For example, it could be more natural to prioritize jobs with smaller expected sizes, defined
L for jobs of type i.

Another aspect not considered in SNF and SNF-NP is the packing effect; SNF and SNF-NP do not aim to minimize
the number of idle servers, n — >_!_, £;Z;, when choosing the subset of jobs to serve, which might harm the mean
waiting times. Furthermore, the approach of SNF and SNF-NP is somewhat contrary to common bin-packing algo-
rithms. For instance, the best-fit algorithm prioritizes packing jobs with larger server needs rather than those with
smaller server needs.

Given the motivation discussed, we compare the mean waiting times of SNF and SNF-NP with the following
policies that utilize the expected sizes or consider the packing effect.

e Smallest size first (SSF). SSF prioritizes jobs with smaller values of preemptlvely, it is the special case of the
cu/m rule in Zychlinski et al. (2023), with ¢ being the all-one vector.

e Largest need first (LNF). LNF prioritizes jobs with larger server needs preemptively; it can be seen as follow-
ing the best-fit algorithm to improve the packing.

e ServerFilling Gittins (SFG). SFG is a policy designed for multiserver job models with general service time dis-
tributions under the assumption that the number of servers n and the server needs are powers of two (Grosof et al.
2022b). Adapted to our setting, SFG schedules jobs based on both the expected sizes and the server needs, aiming
to prioritize jobs with smaller expected sizes while optimizing packing.

We simulate the three policies described above along with SNF, SNF-NP, and FCFS. The parameters are similar
to those used in Figure 3(a), with two modifications; we set £, to be a power of two and increase the service rates
for job types 2 and 3. The simulations are conducted under two sets of parameters with different service rates,
namely Parameter Set Three and Parameter Set Four, as illustrated in Figure 4, (a) and (b), respectively.

Figure 4. The Mean Waiting Times of Six Different Policies in Systems with Different Service Rates

(a) (b)

0.030 1 A= SNF —m 00121
./ SNF-NP
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£ 0.010 € 0.004
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number of servers n number of servers n

Notes. (a) The mean waiting times under Parameter Set Three. There are three job types with service rates and server needs wp=106=1u=
16, £, = 8; and 1, = 16, £3 = /). Slack capacity 6 = 2| y/n]. The arrival rates are chosen according to loads p; = p, = p; =42, (b) The mean wait-
ing times under Parameter Set Four. There are three job types with service rates and server needs u, =1,¢,=1; u, =32, {, =8; and

liy =256, {3 = | \/n]. Slack capacity 6 = 2 v/1]. The arrival rates are chosen according to loads p; = p, = p; =%52.
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From Figure 4, we can see that LNF is always worse than SNF and SNE-NP for n > 28. The performance of SSF
depends on its priority order. When it gives type 3 jobs the lowest priority (e.g., when 1 > 2 in Figure 4(a)), it per-
forms similarly to SNF and SNF-NP; otherwise, it performs similarly to LNF (for all n in Figure 4(b)). The perfor-
mance of SFG lies between LNF and SSF. None of the three policies outperform SNF and SNF-NP for 1 > 2°.

The comparison between LNF and SFG with SNF and SNF-NP indicates that considering the packing effect does
not bring much benefit to the mean waiting time in the scaling regimes of the two examples in Figure 4. This out-
come aligns with our expectations because the slack capacity here is larger than the maximal server needs, which
ensures that any £,,-work-conserving policy maintains enough busy servers to quickly reduce the workload even
if the packing is not optimal.

On the other hand, the relationships between SSF, LNF, and SNF are more interesting; they suggest that in these
examples, a policy is likely to have small mean waiting times when the maximal-need jobs (i.e., type 3 jobs) are served
with the lowest priority, even if those jobs may have large service rates and the smallest expected sizes, as we can see
from the data points in Figure 4(b) with n > 2%, Fully understanding this phenomenon is outside the scope of our
theory because we assume that the service rates do not scale with n, whereas in Figure 4(b), the service rates can be
even larger than the server needs. In Online Appendix F, we give further details of Experiment 2 and provide some
preliminary hypotheses about this phenomenon. There we make an interesting observation that in the setting of
Experiment 2, the workload is considerably smaller under SNF than under LNF. Intuitively, SNF make the jobs
with large service rates and large server needs stay longer in the system by giving them low priorities; those jobs
will help keep more servers busy during periods when there are fewer jobs in the system.

10.3. Experiment 3: Mean Waiting Times Weighted by Server Needs

We have been focusing on the unweighted mean waiting time. However, sometimes we may want to give the jobs
with larger server needs larger weights—for example, when each multiserver job consists of many unit-server-need
components and one cares about the mean waiting time averaged over the components.

In Figure 5, we consider mean waiting times weighted by V¢; (Figure 5(a)) and weighted by ¢; (Figure 5(b)) under
Parameter Set Three (the same model parameters as Figure 4(a)). We can see that when the mean waiting times are
weighted by VG, for n >2'° SFG outperforms other policies followed by SNF-NP, SNF, SSF, and lastly, LNF and
FCFS. When the mean waiting times are weighted by ¢;, LNF shows the best performance for all  followed by SEG
and other policies.

These two simulations indicate that generally, when the weights of the mean waiting times depend on the server
needs, other policies could outperform SNF and SNF-NP. Nevertheless, as shown in Figure 5(a), SNF and SNF-NP
still perform reasonably well when the weights moderately depend on the server needs.

11. Conclusion and Future Work

In this paper, we establish order-wise sharp bounds on the mean waiting times of multiserver jobs under the FCFS
policy and the SNF policy. We also prove a lower bound for the mean waiting times under all policies. These
bounds imply the order-wise optimality of SNF and the strict suboptimality of FCFS.

Figure 5. The Weighted Mean Waiting Times of Six Different Policies Under Parameter Set Three
(a) (b)
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Notes. (a) The weight is V/Z; for each type i. (b) The weight is ¢; for each type i.
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Our analysis has two steps; we first prove the workload bounds stated in Lemmas 1 and 2 for a general class of
policies using the drift method, along with some novel state-space concentration arguments. Then, we use the
workload bounds to analyze the mean waiting times under FCFS and SNF, and we prove a lower bound for the
mean waiting times under all policies.

Apart from the theoretical analysis, we also perform simulation experiments. We first demonstrate through
simulations the performance improvement of SNF compared with FCFS in finite systems and the fact that SNF-
NP, the nonpreemptive variant of SNF, has comparable performance with SNF. We also compare SNF and SNF-
NP with other policies that utilize the service rate information or consider packing effects. We find that in our
examples, when the number of servers is large, SNF and SNF-NP outperform those policies. Finally, we investigate
the weighted mean waiting times under these policies, where jobs with larger server needs have larger weights.
We find that in this case, other policies could outperform SNF and SNF-NP, but SNF and SNF-NP still perform rea-
sonably well when the weights moderately depend on the server needs.

There are several interesting directions for future work.

1. Derive a tighter bound on the mean waiting time under SNF when Assumption 3 is violated.

2. Design a policy that achieves order-wise optimality in the many-server scaling limit without the maximal
server need assumption (Assumption 2).

3. Understand why the performance of SNF-NP appears to be slightly better than SNF.

4. Extend the analysis to the settings where the service rates scale with 7; this could help us understand why
SNF and SNF-NP outperform other policies in Experiment 2.

Endnotes

! We use the standard Bachmann-Landau notation. Consider two sequences a(i) and b(i) (or simply a and b), where b(n) is positive for large-
enough n. Then, a = O(b) if lim sup,,_, % <oo;a=o(b) if lim, e § = 0; a = Q(b) if lim inf, o § > 0, which is equivalent to b = O(a); a = w(b) if

limy, 0 % = oo, which is equivalent to b = 0(a); and a = ©(b) if a satisfies both a = O(b) and a = Q(b).

21n all of our experiments, we run a long-enough trajectory to estimate the mean and the confidence interval for each data point. The confi-
dence interval is estimated through batch means method (see Asmussen and Glynn 2007). We run a long trajectory, divide it into 20 batches,
and calculate the standard deviation of the means across the batches; the radius of the confidence interval is 1.96 times the standard deviation
estimated from the batch means.
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