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vational data from the system. However, human decisions are not made in isolation; each
one is influenced by the decisions and outcomes that precede it. This phenomenon is called
sequential human bias and violates a key assumption in causal inference that one decision
does not interfere with the potential outcomes of another. We address this by considering a
https://doi.org/10.1287/stsy.2023.0034 connection between sequential human bias and the subfield of causal inference known
as dynamic treatment regimes. We expand these frameworks to account for the random
number of decisions by modeling the decision-making process as a marked point process.
Consequently, we can define and identify causal effects, called lag effects, to quantify
sequential human bias. We propose estimators and explore their properties, including dou-
ble robustness and semiparametric efficiency. In a study of 27,831 encounters with a large
emergency department, we use our approach to demonstrate that the decision to route a
patient to a vertical area has a significant impact on the care of future patients.
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1. Introduction

Sequential decision-making problems are pervasive and thus the subject of extensive analysis in operations
research and management sciences, computer science, statistics, and other disciplines. These problems are pri-
marily motivated by the necessity of enhancing a sequence of decisions for a single unit, such as a person or sin-
gle job. One example is medical decision making, which searches for strategies that optimize outcomes for an
individual patient. This is often achieved using Markov decision processes (Alagoz et al. 2010, Steimle and Den-
ton 2017). Another example is dynamic treatment regimes (DTRs), which aim to estimate the causal impact of
sequences of treatment decisions compared with a baseline strategy. These estimates are then used to find a
sequence of decisions that enhances outcomes for each patient. This approach has considerable attention in the
statistical literature (Robins 1997, Murphy 2003, Chakraborty and Moodie 2013, Tsiatis et al. 2019).

Instead of examining multiple decisions for a single unit, we explore a scenario where a single human decision
maker navigates a sequence of decisions over time for multiple units. Our objective is not to identify optimal strat-
egies for such scenarios but rather to assess and estimate the direct or causal influence that the decision made for
one unit has on future unit’s decisions and outcomes. We refer to this influence as sequential human bias, following
the psychology literature (Yu and Cohen 2008, Huang et al. 2018), where it is described as “when people make
decisions about sequentially presented items in psychophysical experiments, their decisions are always biased
by their preceding decisions and the preceding items” (Huang et al. 2018, p. 1).

Service systems have provided many compelling examples of sequential human bias. The authors’ inspiration
derives from their research of split-flow models in emergency departments (EDs), where the triage nurse is replaced
by a physician (Zayas-Caban et al. 2016). As part of split flow, the physician at triage decides between routing
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patients to a vertical area for low-acuity patients or a traditional room. In resource-constrained settings like the ED,
physicians must weigh the care of the current patient against the needs of future patients. This prompts the ques-
tion of whether a physician’s routing decision for one patient influences the care of future patients.

Another example, with which researchers studying service systems are likely familiar, is the organ transplanta-
tion process. Led by the Organ Procurement and Transplantation Network, the transplantation process involves
a list of patients awaiting organs, prioritized based on availability, type, location, and health status. When an
organ becomes available, potential recipients are identified according to compatibility and urgency. A patient’s
transplant team, acting as decision makers, assesses organ compatibility and faces a time-sensitive binary choice
of accepting or rejecting the organ. Because of the limited supply of organs, this sequential decision-making pro-
cess is susceptible to sequential human bias, wherein the current decision carries life-and-death consequences for
future patients.

Sequential human bias is relevant in other domains. In many selection processes, for example, evaluators
assess candidates in a sequential manner to determine their suitability for a role, position, or opportunity. These
processes can include grading students, judging sporting competitions, determining criminal sentencing, or
approving loans, among others. The prior evaluations of candidates can impact subsequent scores assigned by
evaluators, potentially introducing bias. The order in which candidates are evaluated plays a crucial role because
it can affect the outcomes and favor certain individuals while disadvantaging others (Chen et al. 2016, Goldbach
et al. 2022).

A common thread runs through all these examples, allowing for a single conceptual framework. A decision
maker encounters various jobs within a stochastic service system and must make decisions for each job sequen-
tially over time. The number of jobs being intervened upon is random and may be beyond the immediate control
of the decision maker. Each job shares a common set of binary intervention options, and the decision for each job
bears consequences for the job itself. These decisions are determined based on contextual information and the
history of prior interventions, contexts, and outcomes. Additionally, the decision maker lacks information on
future contexts or outcomes when making the current decision. The objective is to quantify sequential human
bias using observational data from the system. This entails defining, identifying, and estimating the causal effect
that a decision for the current job has on the decisions and outcomes of future jobs. By accurately quantifying
this bias, we unlock opportunities to improve decision making in stochastic service systems through stochastic
modeling and optimization.

Performing causal inference within this context presents two issues. First, there is the issue of interference,
where the decision for one job influences the potential outcomes of future jobs (Cox 1958). Interference violates a
core assumption in causal inference known as the stable unit treatment value assumption (SUTVA; Rubin 1980).
An immediate implication is that the potential decisions and outcomes of a future job are dependent on the entire
history of past interventions. The collection of these histories grows exponentially in the number of jobs, making
it impractical to contrast all possible sequences of interventions. The DTR literature also encounters this exponen-
tial growth, offering us ideas for focusing on specific causal contrasts (Guo et al. 2021). Causal blip and excursion
effects are examples of such focused approaches because they provide more manageable linear growth in the
number of decisions (Robins 1997, Boruvka et al. 2018, Qian et al. 2021).

Second, there is the issue of a random number of variables, further complicated by the possible dependence of
this random number on the history of prior interventions, contexts, and outcomes. This brings into question on
how causal frameworks, such as Pearl’s do-calculus (Pearl 2000), Neyman-Rubin potential outcomes (Neyman
1923, Rubin 1974), or specific frameworks for DTRs (Murphy 2003), can be readily applied. These frameworks
are typically intended for scenarios where there are a fixed and finite number of random variables. One option
would be to set an upper bound on the random number of jobs. However, it is often preferred to avoid such a
restrictive assumption in stochastic service systems. Consequently, the random number of jobs leads us to, in
effect, deal with an infinite number of random variables, presenting challenges across various aspects. These
challenges include ensuring the existence of probability distributions, handling integrability, and carefully man-
aging the interchangeability of summation and differentiation in this infinite context.

In this paper, we contribute a solution to these issues as follows. We define a causal model to capture the
sequential decision-making scenario and the random number of jobs. To address the varying number of vari-
ables, we artificially extend the variables to represent a marked point process (Jacobsen and Gani 2006). This
extension results in an infinite number of random variables. Subsequently, we utilize Markov kernels to construct
a probability distribution for the marked point process and to represent hypothetical scenarios were decisions to
be modified. This construction aligns with the causal frameworks proposed by Richardson and Robins (2013) and
Malinsky et al. (2019), which unified Pearl’s do-calculus (Pearl 2000) with the Neyman-Rubin potential outcomes
framework. It also facilitates the use of the single-world intervention graph (SWIG) and encompasses common
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causal inference assumptions such as consistency and sequential ignorability. For clarity, we illustrate the causal
model with directed acyclic graphs restricted to a finite number of variables.

The subsequent step is defining and identifying causal effects that quantify sequential human bias. These
causal effects are defined in a manner that closely resembles the causal contrasts utilized by Boruvka et al. (2018)
and Qian et al. (2021) while also accounting for the adjustments needed to accommodate the random number of
original variables. We introduce two types of causal effects: the lag effect and the marginalized lag effect, where
the latter is a dimensionally reduced version of the former. A crucial consideration for these effects is the need to
condition on postintervention variables. This is to ensure that we exclusively measure the causal impact on
future jobs that actually exist, given that the number of jobs is random. For insightful discussion on conditioning
on postintervention variables, refer to Pearl (2015). Importantly, we demonstrate that our causal effects can be
nonparametrically identified.

The next step is estimation, for which we propose an estimating equation approach with careful consideration
for integrability. We prove our estimator is doubly robust and apply standard statistical arguments to establish
its consistency and asymptotic normality (Van der Vaart 2000). Furthermore, using techniques from semipara-
metric theory (Tsiatis 2006), we derive the efficient score for a specific case of our lag effect, which supports our
choice of estimator. Last, we apply our estimator to electronic healthcare records (27,831 visits) from a large aca-
demic hospital that operates a split-flow model in the ED. We investigate the causal impact that routing the cur-
rent patient to a vertical area over a traditional room has on the subsequent patient.

The remainder of this article is structured as follows. Section 2 summarizes relevant studies from the literature,
encompassing topics such as DTRs and sequential randomized trials, interference in causal inference, and causal
reasoning for stochastic processes. It also highlights the contribution of this study in relation to the surveyed lit-
erature. Section 3 introduces the causal model employed in this paper, utilizing marked point processes, and
defines the causal effects of interest. Additionally, it presents conditions under which these causal effects can be
identified from observational data. Moving forward, Section 4 presents an estimator for these causal effects, accom-
panied by derivations of its asymptotic properties such as double robustness and its efficient score. Section 5
applies the estimation procedure to the split-flow example discussed earlier, aiming to determine the impact of
prior routing decisions on the subsequent patient’s outcomes. Section 6 concludes our study.

2. Literature Review

2.1. DTRs and Sequential Randomized Trials

The current study relates to the subfield of causal inference that explores sequential decision making for individ-
ual units. Specifically, it closely aligns with DTRs, sequential multiple assignment randomized trials (SMARTSs),
and their high-frequency counterparts known as microrandomized trials.

A DTR is a specified sequence of treatment decision rules that determines how to adapt the delivery of treat-
ments over time in response to an individual’s changing health and other time-varying contextual factors. A
DTR typically consists of multiple stages, where each stage considers an individual’s medical history and current
health information to recommend the next treatment. Extensive research has focused on determining the optimal
DTR (Murphy 2003, Laber et al. 2014, Li et al. 2023) and estimating the causal effects of specific treatment regimes
relative to an alternative treatment regime (Robins 1986, 1997; Murphy 2003; Chakraborty and Murphy 2014).
One of the key challenges addressed in this literature is the exponential growth in the total number of treatment
regimes as the number of treatment decisions increases. For instance, binary decisions at four stages results in a
total of 2* possible treatment sequences. As a consequence, the amount of available data for comparing two treat-
ment sequences significantly decreases as more decision stages are added. This reduction in data introduces
greater uncertainty in the comparisons and optimization of DTRs.

When faced with an overwhelming number of treatment sequences, a commonly employed approach is to
focus on DTRs that can be represented using observed treatment decisions. These DTRs are typically character-
ized by a linear increase in their complexity with respect to treatment stages. These concepts are captured in
modeling frameworks like the structural nested mean model (Robins 1994) and quantified through measures
such as blip effects (Robins 1997, Wang and Yin 2020) and causal excursion effects (Qian et al. 2021, Shi et al. 2022),
among others (Guo et al. 2021). To illustrate, a blip effect can compare treatment regimes that initially align with
the observed treatment until a certain stage, after which each regime discontinues the treatment. The sole distinc-
tion between these regimes lies in the timing of when the treatment is discontinued. In general, these causal
effects are typically described as the average response of an individual at a specific stage, considering two differ-
ent treatment regimes, while conditioning on their previous treatment history and time-dependent factors. The
DTR literature employs standard assumptions for causal inference, such as positivity, consistency, and conditional
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exchangeability. These assumptions play a crucial role in nonparametrically identifying the causal effects and
enable us to perform causal inference even in nonexperimental settings, such as when working with observational
data.

Related to DTRs are experimental designs known as SMARTSs and also referred to as alternative designed ran-
domized trials by Robins (1986). These designs involve repeatedly assigning participants to different treatment
conditions at multiple stages, considering their individual characteristics and the historical information of covari-
ates and treatments (Lavori and Dawson 2000, 2004). These trials help inform DTRs, providing at evidence of a
randomized control trial with the advantage of tailoring treatment decisions more efficiently based on a patient’s
current and past context. For example, if a patient does not respond to a treatment, they can be rerandomized to
alternative treatments in order to find a more effective approach. The seminal work of Murphy (2005) presents a
robust framework for designing SMARTSs. Moreover, the statistical methods of a SMART can be adapted to non-
experimental contexts with a few key distinctions. Specifically, assumptions regarding certain conditional inde-
pendence relations are necessary, and the randomization probabilities of treatment assignments typically need to
be estimated from data. To safeguard inferences against incorrect assumptions, robust methods are recom-
mended (Guo et al. 2021).

Similar to SMARTSs, microrandomized trials involve repeatedly randomizing participants to different treat-
ment conditions over time (Klasnja et al. 2015). These trials build on the causal inference concepts for analyzing
DTRs from longitudinal data, introduced in Robins (1997) and Gill and Robins (2001). In a microrandomized
trial, randomization occurs frequently, often multiple times a day. This high-frequency randomization allows
researchers to adapt interventions to an individual’s rapidly changing context, such as variations in stress or
mood. Microrandomized trials are especially suitable for evaluating mobile health interventions (Klasnja et al.
2015, Boruvka et al. 2018, Qian et al. 2021) and developing just-in-time adaptive interventions (Nahum-Shani
et al. 2017). As an example, an author of this study conducted microrandomized trials to evaluate a mobile ver-
sion of a therapy called acceptance and commitment therapy (Cochran et al. 2023, Thomas et al. 2023). Extensive
efforts have been made to devise statistical methods for microrandomized trials (Klasnja et al. 2015, Boruvka et al.
2018, Qian et al. 2021).

When designing DTRs, SMARTSs, and microrandomized trials, decision epochs represent predetermined
points in time when treatment decisions are made for each individual. Notably, decision epochs have a finite and
fixed number in these designs. For example, a SMART frequently uses two epochs: a trial’s onset and a later time
when treatment response is evaluated. Meanwhile, microrandomized trials incorporate multiple decision epochs
throughout each day over a specified duration, such as fixed morning and evening time windows over six weeks
in the aforementioned trials (Cochran et al. 2023, Thomas et al. 2023). Consequently, existing statistical methods
have historically overlooked the added complexity of a random number of decision epochs.

By contrast, stochastic service systems encounter a random number of decision epochs when performing
sequential decision making. This variability can arise from the unpredictable number of arrivals to the service
system and the random duration required to service jobs within the system. In a stochastic service system, the
number of decision epochs is not only random but can also be influenced by the system’s history. Decisions may
be restricted to specific time periods (e.g., 9 am. to 5 p.m.) or restricted to a fixed number of jobs receiving a
higher level of resources. Because of the system’s stochastic nature, these constraints result in a random number
of decisions.

2.2. Interference in Causal Inference

A stochastic service system involves a sequence of decisions for different jobs or individuals, which differs from
DTRs, SMARTSs, and microrandomized trials where sequential decisions are often centered around the same
individual. This presents a challenge because most literature on causal inference relies on SUTVA (Rubin 1980,
2005). Part of SUTVA is the no interference assumption (Cox 1958), which says that the potential outcomes of a
specific unit are unaffected by the decisions on other units. The sequential decision processes analyzed in this
work violate the no interference assumption, as the decisions made for previous jobs can impact the potential
outcomes of future jobs. Consequently, we must appropriately account for interference when identifying and
estimating causal effects in the context of sequential decision making within a stochastic service system.

Early approaches to interference involved dividing units into equal-sized and nonoverlapping blocks, allow-
ing interference within blocks but not across them, known as partial interference (Hong and Raudenbush 2006,
Sobel 2006, Hudgens and Halloran 2008). Recent advancements have allowed for more arbitrary patterns of
interference (Verbitsky-Savitz and Raudenbush 2012, Sofrygin and van der Laan 2017). These approaches permit
interference among subsets of units based on spatial proximity, social ties, and other measures of proximity. An
example of modeling general interference without partial interference is presented by Aronow and Samii (2017),
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where a function is introduced to model exposure using aggregated data on the number of exposed neighbors.
This approach is flexible as it allows an arbitrary number of neighbors. However, it has the limitation of not
allowing other types of interactions, such as contagion, defined as the outcome of a unit causing the outcome of
a different unit. More recently, Tchetgen Tchetgen et al. (2021) proposed a fairly flexible method for inferring
causal inferences from complex networks, and Zhang et al. (2022) build a model where specific forms of interac-
tions (e.g., spillovers, contagion) can be explicitly incorporated. The study by Zhang et al. (2022) also develops an
algorithm to quantify interaction bias and conditions under which the bias may be ignored. However, the frame-
work is restricted to causal linear models.

Our view is that interference within a wide range of stochastic service systems is notably less complex compared
with the arbitrary interference highlighted earlier. There are two reasons for this. First, stochastic service systems
have a sequential nature, meaning that future events cannot causally influence past events. This sequentiality leads
to a progressive accumulation of information over time, akin to a filtration in the context of a stochastic process.
Interestingly, this sequential interference gives rise to similar relationships of conditional independence between
observed variables as seen in DTRs, SMARTSs, and microrandomized trials. As a result, the approaches used to han-
dle conditional independence in the latter can be applied to address interference in stochastic service systems.

Second, we can anticipate partial interference in numerous real-world service systems, which can be attributed
to two underlying mechanisms. One mechanism is the operation of service systems within fixed time windows,
such as 9 a.m. to 5 p.m. This holds for the ED split-flow model that served as the inspiration for our research. It is
reasonable to assume that interference occurs among jobs within the same time window but not between jobs
across different time windows. A second mechanism is the use of distinct decision makers in a service system.
There are situations where it is justifiable to assume that interference occurs among jobs handled by the same
decision maker but not between jobs assigned to different decision makers. Thus, the concept of partial interfer-
ence, as discussed in previous studies (Hong and Raudenbush 2006, Sobel 2006, Hudgens and Halloran 2008),
can be applied. Specifically, we adopt an assumption of independent data panels, whereby interference occurs
between jobs within each panel, but not between jobs from different panels.

2.3. Stochastic Processes and Causal Inference

Existing literature on causal inference for stochastic systems remains relatively scarce, but is increasingly gaining
recognition (Didelez 2008; Roysland 2011, 2012; Didelez 2015; Gao et al. 2021). Significantly, many foundational
elements commonly employed in causal inference in other contexts, such as causal models and graphical repre-
sentations, face significant challenges when applied to stochastic systems. Early representative work is the study
by Didelez (2008), which proposes a new class of graphical models capturing the dependence structure of events
that occur in time via marked point processes. Although our research does not directly employ these graphical
models, their work inspired our adoption of marked point processes. Another distinction is our interest in identi-
fication and estimation of causal effects using observational data as opposed to graphical analyses.

2.4. Summary of What Is New and What Is Known

In summary, we will apply causal inference methodology to a novel context: estimating sequential human bias
in stochastic service systems from observational data. This context involves making decisions sequentially for
different individuals instead of for a single individual as in typical DTR applications. Existing methods from the
DTR literature will be particularly useful because they address key features of stochastic systems, including the
sequential dependence of events and the growing complexity of decision sequences (Robins 1997, Boruvka et al.
2018, Qian et al. 2021). However, they cannot be directly applied because they do not account for the random
number of jobs in these systems. Therefore, we will identify sufficient modeling assumptions to manage this
complexity. These assumptions include the use of marked point processes, as inspired by Didelez (2008), and a
causal effect that conditions on postintervention variables, as discussed by Pearl (2015). We will also address
ensuing technical issues (e.g., integrability) in existing proofs of properties of current DTR methods, showing
they remain largely valid in our novel context. Finally, we demonstrate the estimation and detection of sequen-
tial human bias in the decisions of providers in the ED.

3. Causal Framework

3.1. Notation

We use the following notation:
e Capital letters for random variables (e.g., Z).
o Greek letters for parameters (e.g., 0,&,1,a, f).
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X@ for the target space of a random variable Z.
Lower case letters for observations of a random variable (e.g., z € X'%)).

Subscripts for vectors or sequences, e.g., Z1x is (Z1,...,Zy) and Zg is (Z;, ..., Z;) when B = {i3,..., i} S N.
Apostrophe for transpose, e.g., Z’ is the transpose of Z.

||Z|| for the Lo-norm of Z.

V, for partial differentiation with respect to a.

e P for a Markov kernel from some source Y™ to a target X'#), which are regular conditional distributions
that generalize the transition matrix for Markov chains to general state spaces.

We adopt the convention that any such Markov kernel is a probability distribution on X' when the source ")
is @ and can be viewed as a Markov kernel with source X"'") that is insensitive to some of its arguments, viz,

PO (|w,0) = PP (|w), V(w,0)ex™.

In addition, we adopt the convention that Z; and X1 are empty when k = 0 and that X%2) represents the prod-
uct space XV x X%2) associated with Z;., (similarly for sequences).

3.2. Setting

In our stochastic service system, jobs (such as customers, patients, or units) are assumed to arrive one at a time
and are processed individually. Each job is associated with specific characteristics like age, sex, race, chief com-
plaint, comorbidities, and the current capacity of the system. A decision maker makes a binary decision for each
job, which can be influenced by the job’s characteristics and by information on jobs in the past. The decision leads
to an outcome for the job, such as the length of time they stay in the system or the number of tests performed. In
this system, the decision maker processes a random number of jobs in any given shift or day, which is called a
panel. It is assumed that multiple panels are associated with the service system.

We collect data on a panel using several variables. Let K > 1 be the random number of jobs in a panel and let k
denote the index of a job within a panel (k=1,...,K). Each job k is associated with three random variables:

e X; € R (avector of characteristics associated with the job),

o A €{0,1} (abinary intervention), and

e Y € R (an outcome of interest).

We assume that the set of variables from a single panel are mutually independent across panels. The history of
all three variables up to and including job k is denoted by Hy = (X1, A1k, Y1x). We assume an ordering of the
jobs, which means that a decision A, can only depend on information available immediately prior to the decision,
including the job’s present characteristics X}, and the history Hj_; consisting of past job characteristics Xy-1,
decisions Aj;_1, and outcomes Y7;_;. This assumption is expressed more formally later.

3.3. Marked Point Process
One of the foundations of causal inference is a causal model describing a probability model and causal relation-
ships between variables. The variables are usually fixed and finite and either discrete or absolutely continuous.
This poses a challenge for this paper’s interest in a random number of jobs. To overcome this challenge, we pro-
pose using marked point processes (MPPs) as a probability model for the variables. This requires extending the
definition of the random variables.

The first step in this extension is to attach a time T} to each job k, constrained so that

0<Ty<Ty - <Tg <00,

where Ty could be the observed or unobserved time at which the system first processes job k. To define times for
all k€ N, we let T} = co whenever k > K. The Ty can now comprise the times of a MPP, which must be an increas-
ing (infinite) sequence taking values in (0, oo]. The original random number K of jobs can be recovered from the
times Ty by taking the supremum of the set {k: T < co}.

The marks of a marked point process also need to be defined for all k € N. This is done by taking (Xj, Ak, Yi) to
be the marks of the process when k < K and introducing an irrelevant mark A to extend the definition of these
variables to all k € N. Specifically, X, A, and Yj can take irrelevant marks A to signify that the corresponding
time T is infinite, or equivalently, that the panel size K is less than k. The irrelevant mark is useful in subsequent
derivations to remind us that it only makes sense to manipulate the marks numerically when k < K. Moreover,
the original variables can be recovered perfectly from the T, and (X, Ak, Yk).
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The second step of this extension is to define appropriate measurable spaces for the times and marks. For times
up to a finite value n, we use the set

XD = {1, € R" 10 < by < o+ < by; b < baq if £ < 00},

which contains strictly increasing times while finite and increasing times in general. Similarly, for an infinite
sequence of times, we define the analogous set X’ (T) For the marks, we use the sets

XX =RUA X ={0,1}ulr XW=RUA,

which consist of marks that are either real-valued or the irrelevant mark A. By taking products of these sets, addi-
tional sets such as XX, yXus) yH) and xH~) can be defined. These spaces are equipped with appropriate
Borel g-algebras and product Borel g-algebras, as described in Jacobsen and Gani (2006).

By extending the variable definition, we can model the distribution P for (T, Xk, Ax, Yi)ien. We can induce P
by constructing random variables iteratively from Markov kernels, which follows from the Ionescu Tulcea theo-
rem (see theorem B.3.5. in Hinderer et al. (2016) and Theorem S.1 in the Online Appendix). Section 3.4 provides a
more detailed specification of the Markov kernels. Once these kernels are properly defined, we can view the col-
lection (T, Xk, Ar, Yi)rew as a marked point process. This is a stochastic process that resides in X (Ti) 5 pH) - for
which the Ty tend to infinity, and Xj, A, and Yj are the irrelevant mark if and only if T} is infinite.

To emphasize, assigning a time T to each job allows us to recast a process with a random number of jobs as an
infinite sequence, where jobs that do not occur are assigned an infinite time and their associated variables are
marked as irrelevant. This reformulation enables the use of MPPs to represent both the number and ordering of
jobs. As a result, we sidestep the technical complications that arise with sequences of random length while mak-
ing only the minimal assumptions needed for the MPP representation. Assumptions like strictly increasing times
while finite (i.e., T; < co = T) < T; < oo for [ <j) are imposed only to respect properties of an MPP and to encode
information about the original jobs, such as K and job order. Otherwise, Ty can be freely specified. They need not
be measured, but can be if desired, and may even be taken from the observed job characteristics Xy. Moreover,
they are not generally unique, meaning there are several valid ways to specify times for the same system. For
instance, in an M/M/1 queue, Ty could be either the arrival time or the start time of a job k. Both choices offer
valid perspectives and can be used depending on the specific modeling needs.

3.4. Causal Model

To place our random variables within a causal inference framework, we follow the approach of Richardson and
Robins (2013) and Malinsky et al. (2019), with one modification: We replace the use of conditional densities with
Markov kernels. This allows us to handle an infinite collection of general random variables. A causal model is
defined by specifying two objects for each random variable Z. The first object is a vector of variables, denoted by
Pa(Z), of parents or direct causes of Z. In general, the parents are those variables that, when intervened upon, may
directly affect Z. We make the following assumptions about the parents.

Assumption 1 (Causal Model: Parents). For each k € IN, let

e Pa(Ty) = (Tr-1,Hi-1)

e Pa(Xy) = (T, Hi-1)

e Pa(A) = (Xi, He-1)

e Pa(Yy) = (X, Ax, He-1)-

These sets give rise to a directed acyclic graph (DAG), where the nodes represent variables and a directed edge exists from
one variable to another if the former is a parent of the latter.

To allow for greater generality, we tried not to impose any restrictions on which past observations could be
direct causes of future observations. For instance, the parents of T include all past observations: T_1 and Hy_4,
and the same can be said for X;. However, in order to identify the causal effects of interest, we had to impose
some restrictions. For example, the parents of Y and Ay do not include the times T;; because they might be
unobserved. Additionally, our causal model specifies which variables could be direct causes of others, but they
do not have to be. This contrasts with the faithfulness assumption, which requires that any parent of a variable
must be a direct cause.

The DAG can be used to visualize the sets of parents. Although we cannot visualize the entire DAG for our vari-
ables, we can visualize the DAG restricted to a finite set. Figure 1 shows the DAG restricted to (T, Xk, Ak, Yi)io1,2-
It is worth noting that every DAG can be topologically ordered, which means that the nodes can be ordered in a
way that ensures no node comes before its parents.
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Figure 1. DAG Induced by Assumed Causal Model Restricted to (T, X, A, Yi)g=1 » When K > 2

The second object is a Markov kernel from XT3 to X®) for each Z. These Markov kernels tell us how to con-
struct a variable Z in Ugen {T%, Xk, Ak, Yi} from its parents. They also tell how to construct new variables were we
to modify the value of its parents. To ensure we can easily move between each set of variables, it is desirable to
define the same probability measure for both. Thus, in addition to assuming the existence of Markov kernels, it
benefits us to regard the original and new variables as arising from the same collection of independent variables,
often referred to as exogenous variables. These considerations motivate defining Markov kernels as arising from a
probability distribution for an exogenous variable and a deterministic assignment.

Assumption 2 (Causal Model: Markov Kernels). Assuming we have parents given by Assumption 1, each variable Z in the

collection Ugen {Tx, X, Ak, Yy} is associated with a Markov kernel P from XPa2) 1o X4 We assume this Markoov kernel
can be expressed as

P?(B|Pa(Z)) = P/ ({w € Q“)| f*)(Pa(Z),w) € BY),
for some probability distribution P¢2) on (Q?), £9)) and a measurable function f@) from XF@) x Q@ 1o x@,

To model (Ty, Xi, Ak, Yi)ren as an MPP, we require further conditions on the Markov kernels ensuring that,
almost surely, the times are strictly increasing when finite and increasing otherwise, and the marks take the irrel-
evant mark exactly when the corresponding time is infinite. These assumptions are stated precisely in the Online
Appendix (Assumption S.1). Our causal model, now comprised of sets of parents and Markov kernels, gives us a
probability model for the variables we are interested in.

Assumption 3 (Causal Model: Distribution). Suppose that we have parents and kernels as given by Assumptions 1 and 2
and Assumption S.1 in the Online Appendix. We obtain the distribution P of a marked point process for (T, Xi, Ak, Yi)ken
in two steps:

o Obtain a distribution IP on the sequence of random variables (e1,, €x,., €, €Y, Jren With each ez corresponding to the prob-
ability distribution P2 from Assumption 2 using the lonescu Tulcea theorem with respect to their respective sequence of
probability distributions.

e Assign iteratively Z = f¢2)(Pa(Z), e7) for each variable Z in Uren {Tx, Xk, Ax, Y}

Finally, assume K = sup{k : Ty < co} under PP is finite almost surely.

It is important to mention that the ordering in which variables are assigned reflects a topological ordering of
our variables that is compatible with our DAG. Specifically, each variable Z must be defined after its parents are.
In addition, we could have applied the Ionescu Tulcea theorem directly to the Markov kernels P to arrive at
the same distribution IP. However, as mentioned previously, it would be advantageous to fix the exogenous vari-
ables while manipulating the values of parents, so all our variables are defined with the same distribution IP.

3.5. Potential Outcomes

Markov kernels describe the conditional distribution of a variable as a function of its parents. Crucially, by repla-
cing the parents in the Markov kernel with fixed values, we can examine what would have happened under dif-
ferent scenarios. Specifically, we focus on examining what would have occurred if we had fixed the values of A.

Definition 1 (Potential Outcomes). Suppose we have P on (e7,,€x,, €4,. €y, )ren from Assumption 3. We start by fix-
ing BC N and a € X=) representing the indices of jobs to be intervened and the values they take, respectively.
We define potential outcomes

(Ti(ap), Xx(ap), Ax(ag), Yr(aB))ren.

iteratively according to Z(ag) = f“#)(Pa[ap](Z), ez) for each Z in Ugen {Tx, Xx, Ay, Yi}, where we obtain Pa[az](Z) by
replacing each variable W in Pa(Z) either with ay if W is Ay and k € B or with W(ag) otherwise.
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The sets Pa[ag](Z) give rise to a single world intervention graph (SWIG), where the nodes represent potential
outcomes and the a;, k € B, and a directed edge exists from one variable to Z(ag) if the former is in the set
Palag](Z). To put it another way, if the variable Ay for k € B was originally used to construct a subsequent vari-
able, the potential outcome definition dictates we pass forward a; instead of Ai(ap). Even though Ax(ag) does not
get passed forward, we still construct Ax(ag), which distinguishes the causal inference framework of Richardson
and Robins (2013) from others.

Moreover, although other frameworks may make certain assumptions about potential outcomes, assumptions
like consistency end up being a natural consequence (Malinsky et al. 2019).

Proposition 1 (Consistency). Let A any subset of Uren{Ax}. Suppose we have potential outcomes defined for BU C CIN
and C C N with BN C =0 and a € X4=). For any Z in Ugen {Tk, X, Ak, Yi} and among events for which Ag(aguc) = ag,
the potential outcomes Z(ac) and Z(apuc) are equal.

To clarify, consistency implies that potential outcomes Z(ac) matches Z(agyc) when the potential outcome
Ag(apuc) matches ap. In essence, we need consistency so that Yy(ag) has the same distribution as the original vari-
able Y; when the intervention Ap matches the value ap that we have fixed for the intervention. This enables us to
substitute Yy(ag) for Yy when we condition on Ag = ap. The proof of consistency follows by noting that, under
the conditions of the proposition, Z(ac) and Z(aguc) are expressed identically in terms of the exogenous variables
¢ and the assignment functions f W) for W in Ugen {T, Xk, A, Y }. This identity allows us to claim that potential
outcomes are equal everywhere, as opposed to the weaker almost surely or in distribution.

The definition of potential outcomes leads us to another important concept called causal irrelevance, which
tells us when we can drop the potential outcome notation. The SWIG induced by the potential outcome defini-
tion is the most convenient way to express causal irrelevance.

Proposition 2 (Causal Irrelevance). Suppose we have potential outcomes defined for BU C C N and CC N with BN C =0
and a € XN If Z(apyc) is not a descendent of any ay with k € C in our SWIG, then the potential outcomes Z(ag) and
Z(apuc) are equal.

In other words, if a potential outcome is not a descendant in the SWIG of an intervened value 4, for k € B, then
the potential outcome is said to be causally irrelevant to the choice of a;. In such cases, the value of the potential
outcome does not change, whether we had passed a; forward at all. For example, since T; has no parents, then
T1(ag) is always equal to T;. The proof of causal irrelevance is similar to that of consistency; that is, under the
conditions of the proposition, Z(ag) and Z(agyc) are expressed identically in terms of the exogenous variables
and the assignment functions.

After applying causal irrelevance, we visualize the SWIG restricted to (Ty(a1), Xi(a1), Ax(a1), Yi(a1))y=1 , with B =

{1} in Figure 2. To obtain the SWIG from the original DAG, we split each node corresponding to Ay for k € B into
two nodes: one inheriting all incoming edges of Ay and the other inheriting all outgoing edges.

Causal irrelevance provides a useful way to reason about interference. In the causal inference literature, inter-
ference occurs when the potential outcomes of one individual are affected by the treatment assignment of other
individuals (Hudgens and Halloran 2008). In our context, this means the potential outcomes for job k may
depend on the decisions made for other jobs: In general, Xy(ag) # Xk, Ax(ap) # Ay, or Yi(ap) # Yi(ax) for any set B
that includes k and at least one other job. Figure 2 gives an example of interference, where the first job’s decision
affects the second job’s potential outcomes. More broadly, the potential outcomes for job k are descendants in the
SWIG of interventions on jobs i < k, but not of those on jobs i > k. By causal irrelevance, decisions for earlier jobs
may influence the potential outcomes of later jobs, but not the reverse.

A key advantage of SWIGs is that they uncover conditional independence relationships among potential out-
comes. These relationships are a result of the SWIG being Markov compatible with the potential outcome

Figure 2. SWIG Restricted to (Ti(a1), Xi(a1), Ax(a1), Yi(a1))x=1,» When K > 2
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distribution, which then implies local and global Markov properties. The local Markov property, for example,
says that a variable is independent of its nondescendants when conditioning on its parents. The global Markov
property characterizes conditional independence relationships arising from a property of the Markov compatible
graph, known as d-separation. Although we will not delve into these concepts further in this paper, we will use
two specific applications of the local Markov property of the SWIG.

Proposition 3 (Sequential Ignorability). Suppose we have potential outcomes defined for B ={k} and a € X i) Let Reye
be a vector of variables from Pa(Yy¢) \ Ay that includes Hy_y and Xy, and let Ry,¢(ax) be the corresponding potential out-
comes. Then, Yy.¢(ay) is independent of Ay conditional on Ry.¢(ax). As a result, we have

E[Yyye(ar) | Rire(ar), Tre(ar) < oo] = E[Yiye(ar) | Rese(ax), Ax, Trie(ar) < oo].

Proposition 4. Suppose we have potential outcomes defined for B = {k} and a € X'“1). Let V}, be a vector of variables
from Pa(Yiwe) \ {Ax, He—1, Xk}, and let Vi (ax) be the corresponding potential outcomes. Then, Vi e(ax) is independent of
Ay conditional on Hy_q and Xy. As a result, we have

E[Ag|Hy—1, Xy, Vire(ar), Tree(ar) < oo] = E[Ag|Hi—1, X, Tire(ax) < 00].

A formal proof of these propositions is provided in Online Appendix S.2. To demonstrate these using the local
Markov property, we first observe that the parents of Ay are precisely X; and Hy_;. Additionally, because a;
inherits all the outgoing edges of Ay in the SWIG, Ay has no descendants. This implies that every potential out-
come, other than Ay, is a nondescendant of A; in the SWIG. We include Ty, (ax) < oo in our conditioning event
when taking expectations to avoid taking expectation of the irrelevant mark. These propositions state that Ay
provides no additional information about potential outcomes, and vice versa, even those occurring after the
intervention on job k, beyond what is already known from the parents of Ax. This insight will be useful in the fol-
lowing sections, particularly when we include postintervention potential outcomes in our conditioning events.
We refer the reader to Richardson and Robins (2013) and Malinsky et al. (2019) for more on Markov properties of
SWIGs.

3.6. Lag Effect

Now that we have our causal model in place and our potential outcomes defined, we can focus on what we want
to learn from the data. Our aim is to understand human sequential bias in the sense of how the potential outcome
of a future job depends on whether the current job is subjected to a specific intervention. Let £ > 0 denote the
time lag between the current job being intervened upon and a future job that might be affected by it. We refer to
job k + € as the future job and job k as the current job. We can consider the potential outcomes as defined in Defini-
tion 1 with B = {k} and a, € {0,1} to capture this idea. According to causal irrelevance (Proposition 2), we have
Ti(ar) = Ty, Xi(ax) = Xi, and A;(ax) = A; when i <k; Y;(ax) = Y; when i < k. Otherwise, we cannot drop the potential
outcome notation. Provided it is not the irrelevant mark, we are interested in Y, (ax), which represents the out-
come for the future job we would have observed if the current job was forced to take intervention a;. Although
we cannot learn about individual potential outcomes Yi,/(ar), we can estimate their expectations in various
situations:

Definition 2 (Lag Effects). Suppose we have potential outcomes given by Definition 1 for B = {k} and a; =1 and
separately for a; =0. Let Ry, be a vector of variables from Pa(Yj.,) \ Ax that includes Hy_; and Xj, and let
Ry+(ar) be the corresponding potential outcomes. Introduce for k, £ € N,

Ck, €,7) = E[Yiy (1) | Rgye(1) = 7, Tiey (1) < 00] = E[Yyr0(0) | Res£(0) = 7, Ti1£(0) < 00].

This represents the average causal effect on job k + ¢ after intervening on job k among specific events for which
Ti+e(ar) < oo and Ry.¢(ax) = r under the respective intervention.

In the definition above, the expectation is taken with respect to the probability distribution IP, holding the
interventions for the first k — 1 jobs fixed and only varying the intervention for job k. The lag effect reflects how
the outcome for a future job (k + £) changes as a result of the intervention at job k, for given indices k and k + ¢. To
ensure the effect is well defined, we restrict attention to cases where the future job k + ¢ actually occurs under the
intervention (i.e., Ty, ¢(a;) < o0), thereby avoiding situations involving irrelevant marks.

In the above definition, we compute expectation with respect to the probability distribution IP while holding
the interventions of the first k — 1 jobs at their original values and varying only the intervention for job k. The lag
effect may depend on the index k of the current job and the index of k + ¢ of the future job. To avoid computing
the irrelevant mark, we condition on Ty (a;) < co.
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With the lag effect, we are essentially comparing what happens to future potential outcomes when we make
one decision versus another for an earlier job. For example, if we choose a; = 1 for job k, we check how this affects
the outcome of a later job, averaging over all cases where a certain condition would have been met. We then com-
pare this to what would happen if we made a different decision for job k, 4, = 0, and again observe the average
outcome for the later job under similar conditions. This lets us measure how an earlier decision influences
later outcomes, helping to reveal sequential human bias. If there is no influence, the decision for one job would
not affect future outcomes, and the lag effect will be zero. But if influence is present, the lag effect may be posi-
tive or negative, showing whether intervening (a; = 1 versus a; = 0) leads to better or worse average outcomes
for future jobs.

To make this more concrete, suppose we want to estimate how a routing decision for patient k (for example,
assigning them to usual care versus a new care pathway) affects the number of tests ordered for the next patient,
k+1, focusing specifically on scenarios where patient k+ 1 has blood pressure in the normal range at the time
they receive care. To do this, we first imagine all situations where patient k receives usual care; we look at the
subset of these where, as a consequence, patient k + 1 is present and has normal blood pressure, and we calculate
the average number of tests ordered. Next, we repeat this process for the scenario where patient k receives the
new care pathway: We again focus only on cases where, as a result of that decision, patient k +1 is present and
has normal blood pressure, and compute the average outcome. The lag effect is the difference between these two
averages. Importantly, the groups being compared may consist of different patients because the decision for
patient k can influence both whether patient k + 1 presents for care and what their blood pressure is at the time of
care.

It is important to understand the causal query being asked with the lag effect, because it is subtle. We expose
job k to intervention a; = 1 and average the resulting value of Yj., over all events which consequently attain a cer-
tain level for Ry, (possibly postintervention) and yield observations at time period k + £. This scenario is then
contrasted to exposing job k to intervention g, = 0 instead and averaging the resulting value of Yy, over all
events which consequently attain the same level for Ry, and yield observations at time period k + £. Our causal
query is also distinctly different than what it would be were we to use:

E[Yire(1)|Rire = 7, Tire < 0] — E[Yier(0) | Rirp = 7, Tiesr < 00].

This asks what would happen under different interventions among events who actually attain a certain level of
Ri+¢ and yield observations at time period k + £ under the realized intervention. Although neither are conven-
tional, Pearl has a nice discussion on distinguishing between these two causal queries (Pearl 2015) and why
someone might condition on postintervention variables.

For us, we have chosen this lag effect based on practical considerations. One important consideration is that
we need to condition on at least one postintervention event, specifically the event where the induced Yj,, is
observed. This is necessary to avoid computing expectations of irrelevant marks and is unavoidable when the
number of jobs, K, is random and influenced by interventions. This situation is common in many stochastic ser-
vice systems, such as those that process jobs at different rates depending on prior interventions and in a fixed
time frame (e.g., 9 a.m. to 5 p.m.).

Returning to our example, suppose instead we focused on the latter causal inquiry: estimating the effect of
patient k’s routing decision on the next patient’s outcome, but only among those who actually show up for care
with normal blood pressure under the observed pathway. The problem here is that, under a different decision
for patient k, some of these patients might not even appear for care, making their outcome undefined in the alter-
native scenario. Even if they do appear, their blood pressure could be different as a consequence of the earlier
decision (perhaps they had to wait longer), so observed differences might simply reflect changes in clinical con-
text rather than a difference in how decisions are made.

Another factor to consider is that, although the latter causal query, which conditions on realized values, may
be more straightforward to comprehend, it is generally not identifiable. The latter query is equivalent to condi-
tioning on colliders (e.g., Tx+¢) between the intervention Ay and the potential outcome Yy ((ax), thereby opening
up a path to transmit noncausal associations from Ax to Yy ¢(ar). The only way to close the path is to condition
on potential outcomes related to postintervention variables (such as Ti.¢(ax)). The two causal queries would coin-
cide if the conditioning event {Ry.¢(ax) =7, Tx+¢(ax) < co} remains invariant to a;. For example, if Ry, only
includes preintervention variables such as Hy_; and X}, and the intervention has no impact on whether the sub-
sequent Yi, is observed, then {Ry.¢(ar) = 1, Tir¢(ax) < oo} could be invariant to ax. Yet, as noted above, we antici-
pate that the latter condition may be too restrictive for many stochastic systems.

A final consideration was what variables should we allow in the conditioning set. We choose to require Hy_4
and X in Ry, for reasons that we will discuss in the next section, because they are relevant to identifying the
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causal effect. We allow for variables that occur postintervention, but prior to Yi,, so we later can better model the
variation in Yj,. For example, the future job’s characteristics Xj,, may have a larger influence on the outcome
Yy4¢ than the current job’s characteristics X. More generally, we can include any variable from Pa(Yy,,) \ Af in
R+ In addition to Xy and Hy_1, these variables include the characteristics, interventions, and outcomes of any job
between k and ¢ (i.e., Aj, X, Y forj=k+1toj={—1), the outcome of job k (Y), and the characteristics and inter-
vention of job k + ¢ (Xi.¢ and Ax.¢). We also consider these postintervention variables to focus on the direct effects
of the intervention, which fix the induced value of these variables to a certain level. For instance, we may wish to
determine if directing a patient to vertical flow in the ED would speed up service for a future job, even were the
induced congestion levels held constant.

At this point, it is useful to clarify why our lag effect is closely related to, but more general than, the DTR
causal effects studied by Boruvka et al. (2018). When the number of jobs K is fixed and finite, the structural causal
model for (Xi, Ak, Yi)ren coincides with that of a DTR, with X, Ax, and Y playing the roles of time-varying covar-
iates, treatment assignments, and outcomes at decision epoch k. In this case, the conditioning event {T}.¢(a) < co}
is deterministic and can be dropped from the lag effect. If we further restrict Ry, to variables observed prior to
the current decision (i.e., Hy_1 and Xj), the lag effect C(k, £, r) reduces exactly to the causal effects in Boruvka et al.
(2018). Consequently, many of the arguments developed for DTRs can be reused here, with additional care only
needed to accommodate random K and conditioning on postintervention variables.

We may find it too difficult to specify the right functional form to express the influence of r on the lag effect
C(k, ¢, r), because r can be a large vector. The vector r represents possible values of Ry.¢(ax), which itself is a vector
of real-valued random variables that includes the prior history Hy_; and current characteristics X. The size of r
grows linearly in size as k increases. For instance, if Xj captures one characteristic (e.g., age) and Ry.¢(ax) includes
only Hy_; and X, then » would be (3k — 2)-dimensional. This accounts for three real-valued random variables
from each prior job and one real-valued random variable from the current job. In these cases, it may be beneficial
to use marginalization to reduce the dimension of the lag effect and then express the functional form for this
lower-dimensional effect. One way to accomplish this is with the following.

Definition 3 (Marginalized Lag Effects). Consider the lag effect ((k, £, 7) as it is given in Definition 2. Let Sy, be any
(possibly empty) subset of Ry,. Introduce

Cmarg(k, €,8) = E[C(k, €, Ris) | Skie = 8, Tiyr < ).
This represents the lag effect marginalized over Ry, conditional on Sy, and Tj.¢ < .

If Sk+¢ = Ri4¢, then the lag effect and the marginalized lag effect are equivalent. Our choice of the marginalized
lag effect is also guided by practical considerations. In this case, our concern is not about identification. Identify-
ing the marginalized lag effect can be achieved once the lag effect is identified. However, it is possible to condi-
tion on potential outcomes instead of observed variables. This would result in an identifiable effect, which can be
calculated through a parametric g-formula (Robins 1986). However, this approach requires a full specification of
the Markov kernels, which we find too restrictive. As we saw before, if the conditioning event {Ry.(ax) =
7, Tire(ax) < oo} remains invariant to ai, then the two strategies coincide, and the marginalized lag effect is simply:

E[Yise(1)|Skre =8, Trse < 0] = E[Yii(0)|Sgse = 8, Tiae < 0.

3.7. Identification

The primary challenge in causal inference is that we can only observe one of the potential outcomes, namely
either Yi./(1) or Yi.¢(0). As a result, we are generally unable to estimate the lag effect (as defined in Definition 2).
We need to extrapolate from our observations of Yj,,(1) when the intervention is assigned to Ay =1 in order to
make inferences about Yj.,(1) when the intervention is assigned to A, = 0. For such extrapolation to be valid, we
require the assumption of positivity in addition to consistency, causal irrelevance, and sequential ignorability (as
outlined in Propositions 1-3). This assumption states that every job has a chance of being assigned to the
intervention.

Assumption 4 (Positivity). Consider Ry, as defined for the lag effect (Definition 2). Assume
IE[Akle+€/ Thre < OO] € (01 1)
almost surely.

With positivity and the other properties, we are able to identify the lag effect, which is to say that we can
re-express the lag effect equivalently in terms of observed variables.
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Lemma 1 (Nonparametric Identification). Consider the lag effect C(k, €, r) as it is given in Definition 2. Assuming positivity
(Assumption 4), then the lag effect C(k, €, r) is equivalent to

E[Yiie| Ak =1, Rese =7, Trpe < 0] = B[ Yy | Ak = 0, Reyr = 7, Ty < 0.

Proof. Sequential ignorability (Proposition 3) implies that, conditional on Ry, (ax), the treatment assignment Ay
is independent of the potential outcome Y. /(a;). This allows us to write the following:

E[Yire(ar) | Rire(ar) = 1, Tipe(ag) < oo] = E[Yiye(an) | Ak = ag, Rive(ax) = 7, Tire(ag) < o0].

Observe that the conditioning event includes Ay = a, so the conditional expectation is taken only over samples
where Ay = a;. By causal irrelevance (Proposition 2), we have Ai(ax) = Ay, because Ax(ax) is not a descendant of a;
in the SWIG. Therefore, we are equivalently conditioning on the event Ai(ax) = a,. This is exactly the setting
where we can invoke consistency (Proposition 1) for sets B = {k} and C = 0. Consistency then guarantees that for
any potential outcome Z(a;) equals Z whenever Ax(ar) = a;. In other words, if Ax(ax) =ar, then Ry e(ar) = Rire,
Tire(ax) = Tire and Yiie(ax) = Yiie. This justifies replacing the potential outcomes in the conditional expectation
with their observed counterparts:

IE[Yiie(ar) | Ak = ar, Rere(ax) = 1, Trpe(ax) < 00] = E[Yiyr| Ak = ag, Ripe =1, Trye < 00].

Positivity (4) then ensures this quantity is defined for both a; = 1 and a; = 0. Applying these expressions to a; =1
and a;, =0, we arrive at

Ck, €,7) = E[Yire(1) | Rise(1) =7, Ty o(1) < 00] = E[ Yy £(0) | Ry (0) = 7, Ty (0) < 0]
= E[Yie | Ax =1, Reye =7, Tire < 0] = E[Yiir | Ax = 0, Ry = 7, Tiyp < 0],

completing the proof. [

4. Estimation
4.1. Estimating Equation
Our goal is to estimate marginalized lag effects Cnarg(k, €, 5) using estimating equations for a fixed ¢ € N. Suppose
we have collected data on n panels. These data are assumed to be comprised of n independent and identically
distributed (i.i.d.) realizations of our marked point process (T, Xy, Ak, Yi)ren modeled with distribution IP. We do
not assume T} is observed or use irrelevant marks for estimation, so that observations are restricted to the vector
(Xp A Yikeqn,. ., xy- Let IE denote expectation with respect to IP and IE,, denote the empirical average with respect
to n i.i.d. realizations of our marked point process.

The primary estimating function we work with is of the form

E,[U] =0, @

where

=

—

U= Uy, and U = Wi(Yiee — §(Rive) @ — A f(Skie)'B) {
1

g(Rk+l’) }
Ay f(Sk+e)

=~
1l

for parameters a, 5, &, 1) that we wish to estimate and suitable functions g and f that depend on & and 1. We search
for parameters 0 := (&, 7, @, B) that solve Equation (1) in some compact subset ® of R™. To simplify notation, we
dropped the dependence of functions on parameters. The variable U} can be decomposed into several parts:

e WV, (a weight for mitigating bias and emphasizing certain data points)

¢ Y (outcome of future job)

e ¢(Ry:¢) a (alinear working model for the baseline conditional mean of Y.)

e f(Sk+¢)'B (alinear working model for the marginalized lag effect)

. { 8(Ry+e)

A f(Skre)

In particular, the parameter g is the inferential target, because it contributes to the marginalized linear work-
ing model for the lag effect. If K were deterministic, then the estimating equation (Equation (1)) has several
precedents. It is akin to a generalized estimating equation (GEE), in which data are weighted, clustered into
panels, and given an independent working correlation matrix. It is also akin to the g-estimation approach of

] (derivative of the working mean model ¢(Ri¢)' @ + A f(Sk+¢)'B with respect to a, f)
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Vansteelandt and Sjolander (2016) for structural nested mean models and the weighted and centered approach
of Boruvka et al. (2018).

Although not the inferential target, the estimating equation depends on parameters & and 7). These parameters
specify a working model for conditional probabilities of job k’s intervention assignment:

9k (Sk+e; &) = E[Ak|Skre, Tiere < 0]
Pr(Rise; ) = E[A|Rire, Trse < 00].

We assume ¢ is also estimated using an estimating equation of the form
K-¢

S =0

k=1

for variables Li1 <k; that depends only on & and the observations of (X, A, Yi)ge a
is also estimated using an estimating equation of the form

K¢

ZM;(] =0

k=1

for variables My1 <k that depends only on 77 and the observations of (X, Ax, Yi)keqn,. . kj- Most likely, & and 1
would be estimated using logistic or log-linear regression. For example, if we used logistic regression and

assumed a linear model in S, on the log-odds scale with & as the regression coefficients, our estimating equa-
tion might use:

E, [L] =1,

;- Similarly, we assume 7

,,,,,

IE, [M] =IE,

L—%(A —logit '([1,S ]’é)){ ! ]
= - k 24 s Ok+l S |

By stacking the estimating equations together,

u K—¢ Uk
E,.{ | L =E, Ly =0, 2
M =M

and estimation can be viewed as searching for «, §, &, and 7 that solve the stacked estimating equation. If we
define Ugackea as the concatenated vector of U, L, and M, then for Equation (2) to be meaningful, we are assuming
that Ugtackea 1s integrable. Because these variables are sums of a random number of variables, we impose mild
conditions on K and Uy, Ly, and M to recover integrability (see Assumption S.2 in the Online Appendix) to
recover integrability.

Lemma 2 (Integrability). Under the conditions on Uy, Ly, My, and K in Assumption S.2, Equation (2) is well defined in the
sense that, for each 6 € ©, Ustacked 15 integrable and has finite expectation.

The assumptions can be found in the Online Appendix S.1 and the proof in Online Appendix S.3. The broad
arc is to replace the random sum in the definition of Usackeq With an infinite sum and then exchange the expecta-
tion and the infinite sum. The conditions in Assumption S.2 are then used to ensure that the final sum can be
bounded above by the expectation of K up to a constant.

4.2. Estimating Procedure
The first step of estimation would be to use the observations of (X, A, Yi)ieq1, .k to recover an estimate &, and
n, that solves the estimating equations IE,[U] = IE,[V] =0. For example, we might use logistic regression to
model the above conditional probabilities on the log odds scale as a linear function of the Siy¢ or Riys. In such a
case, the parameters &, and 77, would be the estimated regression coefficients. In special circumstances, the inter-
vention Ay was randomized according to a known probability. Consequently, gi(Sk+¢; &) and pi(Ry.¢; 1) would be
exact.

Once & and 1 are estimated, we turn to specifying Wy, f, and g. The weight term W is taken to be the ratio of
the two conditional probability models:

1 — qi(Skse;En)

G (Sk+e; En)
We=zA,——— "+ (1 -A) ——M—— .
ok ( o 1 —pe(Revesn,,)

Pr(Reses1,,) ©)
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Naturally, we are assuming that we are not dividing by zero; otherwise, the weights would be ill defined. This
assumption is the empirical equivalent of our positivity assumption (Assumption 4). These weights resemble
(stabilized) inverse probability weights, in which a job is weighted inversely according to the probability of
receiving their realized intervention assignment (Horvitz and Thompson 1952). Jobs that are more likely to
receive their realized intervention assignment are subsequently down-weighted relative to those that are less
likely. Given that certain jobs may be predisposed to be assigned a particular intervention, the weights create a
pseudo-population of jobs in each intervention group that better reflects all jobs and not just those in the given
intervention group. In the special case when Sy, = Ryys or when pr(R.r;1,,) = qi(Sk+e; £1), then the weights Wi
are just one.

Meanwhile, we specify f(Sk+¢) to be any vector-valued function of Si,,. It reflects our assumptions about how
we think the marginalized lag effect might vary as a function of S, that is,

f(sk+€)/ﬁ ~ émarg(kr f, Sk+€)'

For example, we might think the marginalized lag effect of assigning a patient to vertical flow is quadratic in a
patient’s age. If Sy, were the current patient’s age, then we might chose

f(Skee)=[1 Spe S3.,]-

We can similarly specify the baseline term g(Ri.¢) to be any vector-valued function of Ry, with one caveat. It
must contain the variable gi(S.¢; &) f(Sk+¢). This caveat is so that the working mean model:

S(Rise) a0 + Ag f(Ske) B,

upon a redefinition of «, includes the model in which the Ay is centered:

8(Rive) a + (A — qi(Sse:En)) f(Skse) -

Including gx(Sk+e;E) f(Sk+e) In g(Rive) follows the strategy of Vansteelandt and Sjolander (2016) of making the
mean model more general while still, practically, centering the intervention assignments. Centering is recom-
mended for reasons we discuss later and is recommended in Boruvka et al. (2018).

The last step of estimation is to search for a solution @, and §, to the estimating equation (Equation (1)). Given
the similarity of Equation (1) to GEE, these parameters (although not necessarily their standard errors) can be
estimated using standard GEE software, provided the working correlation matrix is specified to be independent.
We next study the properties of the resulting estimator f3,.

4.3. Consistency and Asymptotic Normality

Our estimator is a type of estimator called a Z-estimator (Z for “zero”), as it involves searching for roots of an
estimating equation. Asymptotic properties of Z-estimators have been extensively studied, so that we can invoke
standard arguments. In an effort to be self-contained, we sketch the arguments in Van der Vaart (2000). We start
with the following definition.

Definition 4 (Estimator). Define an estimator 0, = (,,1,,ax,,) to be a solution in a set ® C R to the (stacked)
estimating equation (Equation (2)), should such a solution exist. Define 0o = (Eco, 7, Ao, Bo,) tO be a solution in
O to the asymptotic version of the estimating equation:

E[Ustacked] =0,
should such a solution exist.
The first property of our estimators is consistency.

Theorem 1 (Consistency). Under Assumption S.3, the estimator 0, in Definition 4 is consistent with respect to Ou:
P
0,, — O.

Proof. The proof follows from theorem 5.7 in Van der Vaart (2000) if two conditions are met. Take M, (0) =
—|IEE;,[Ustacked ]Il and M(6) = — || EE[Ustackea]ll- The first condition is the uniform convergence of M,(6) to M(0) in
probability over ®. Given that IE,[Uscked] is the empirical average over i.i.d. samples of Ugacked, this uniform
convergence is an application of a uniform law of large numbers and follows from several conditions, including
compactness of © in R", finiteness of E[Ugcked] (Lemma 2), and the mapping 0 — Usiacked being almost surely
continuous and dominated by an appropriate function (see lemma 1 in Tauchen (1985)). The second condition,
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known as well separatedness, is a property of the maximizer of a function. Specifically, the maximizer O, of
M(0) is well separated if it satisfies

sup M(0) < M(O)
020 (|0 — O.|| 2¢

for any € > 0. This condition ensures that only parameters very close to 6 can yield values of M(0) that are near
the maximum M(0.,). Well separatedness follows immediately from the uniqueness of the maximizer and the
almost sure continuity of the mapping 0 — Usacked OVer compact © (Assumption S.3). The proof of theorem 5.7

in Van der Vaart (2000) uses the uniform convergence condition to argue that M(6,,) LN M(0s) = 0. Well separat-
edness then ensures that the only way M(6,) converges in probability to zero would be if 6, were converging in
probability to 6. O

The assumptions required for consistency (Assumption S.3) in common choices of L and M (such as logistic or
log-linear models) are relatively mild. Continuity of 8 — Ustacked 1S reasonable, because U is linear in « and  and
smooth in &, and L and M are constant in & and  and smooth in & and 7. The main concern is that U involves
division by px(Ry+¢; 1) or 1 — pr(Ry4e; 1), which could prevent continuity over © if pi(Ri.¢;17) is not bounded away
from zero and one. For a function to dominate the mapping 0 — Ustacked, K and variables contributing to Uy can-
not be too large. This is comparable to the conditions for integrability (Assumption S.2). In practice, these vari-
ables are usually bounded. Similarly, parameters are usually bounded in practice, so compactness of ® is usually
not an issue.

The second property of our estimators is y/n-consistency and asymptotic normality.

Theorem 2 (Asymptotic Normality). Under Assumption S.4, the estimator 6, in Definition 4 is \/n-consistent with respect
t0 Ooo:

\/E(Qn - 900) = _B_l \/EEn[ustacked |9:9w] + Op(l)
and asymptotically normal with mean 6, and variance B~'C(B~')’, where

B= IE[VH Ustacked | 9:9w]; C= E[ustackedu;tacked | 9:900]-

Proof. The proof follows from several results in Van der Vaart (2000), including theorem 5.21, lemma 19.24, and
example 19.7. Let W(60) = E[Ugtacked] and W,,(0) = E,[Ugtacked], such that W(6«) = W,,(6,) = 0. We can obtain an
approximation for yn'W(0,) from ¥(0.,) = 0 and the differentiability of W(0) at O..:

\/E\P(Qn) = \/EB : (Qn - 900) + \/Ellen - 900||0P(1)-

Meanwhile, the central limit theorem allows us to conclude that ynW,(6.) is asymptotically normal with mean
zero and covariance C. The challenge is to connect the two aforementioned results through empirical process the-

ory, which necessitates demonstrating that vnW,(6.) + Vn¥(0,) LA 0. This connection relies on the compactness
of ® and the (almost sure) Lipschitz continuity of 6 — Uacked, Which provides uniform convergence in distribu-
tion over O of the empirical process Vn(W¥,(0) — P(0)). Thus, we can deduce the following:

\/E\Ij(gn) = \/EB . (Gn - 900) + \/E ”6n - 900” OP(l) = _\/%\Ijn(eoo) +0P(1)-

Last, we argue V1 ||0;, — Ol 0p(1) = 0p(1) because VnW,(0) = Op(1) and because B is invertible as specified in
Assumption S.4. O

The additional assumptions required for asymptotic normality (Assumption S.4) in common choices of L and
M (such as logistic or log-linear models) are relatively mild. Similar to continuity, it is reasonable to assume
Lipschitz continuity and differentiability for the mapping 6 — Ustacked, because Usiacked is @ smooth function over
© with pr(R+¢; 1) bounded away from zero and one if needed. Finiteness of B is linked to integrability and find-
ing a dominating function for 6 — Ugackea and requires that K and the variables contributing to U cannot be too
large. Invertibility of B follows from the uniqueness of our minimizer 6.,. The main concern is the finiteness of C
and the square-integrability of the Lipschitz constant, which further limits the size of K and the variables contrib-
uting to Uj.
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4.4. Double Robustness
Our next task is to connect f_, for which 8, is consistent, to the marginalized lag effect &marg(k, £,5). We can make
this connection if some of our various modeling assumptions is correct. All told, there are four different models
that we wish were valid for some 6 € ©:

e Outcome model, viz,

8(Ryse) a + Ar f(Skre) B = E[Yire |Rse, Ax, Trre < 0] )
e Conditional probability model in the numerator of the weights, viz,
Ak(Skre; &) = E[A| Skt Tiewe < 00]. )
e Conditional probability model in the denominator of the weights, viz,
Pe(Rise;m) = E[Ag|Ricve, Tere < 00]. 6)
e Marginalized lag effect, viz,

f(SkJr[)/ﬁ = Cmarg(k/ f, Sk+{’)' (7)

Theorem 3 (Double Robustness). Suppose positivity (Assumption 4) and the conditions for asymptotic normality (Theo-
rem 2) hold. If either the outcome model is correct (Equation (4)) or the conditional probability model in the denominator of weights
(Equation (6)) is correct for O € ©, then the asymptotic limit of our estimator B, is related to the lag effect Crnarg(k, €, Ski)
according to the linear equation:

Gﬁoo = g’
where
G = EIq(Skr; Eco)(1 = q(Skre; Ewo)) f(Skre) f(Skre) | Trve < 00]P(Tipr < 00)
k=1
8= E[G(Sksti o)1 = 4(Skst; €c0))omarg (ks €, Skae) f(Sicee) | Tire < 00]P(Tisp < 00).

=~
I

1

If, in addition, G is invertible and the lag effect model is correct (Equation (7)) for some 6. = (., 1,, ., B,) € ©, then
ﬁoo = ﬁ*'

The proof for this theorem can be found in Online Appendix S.4. There are several points to consider. First, the
outcome model in Equation (4) may appear to impose a restrictive form on the conditional mean of the outcome
by suggesting it is the lag effect plus a linear adjustment based on Ry, ,. However, double robustness (Theorem 3)
shows that this model does not need to be perfect to accurately estimate causal effects. Second, our proof expresses
the estimator’s error as a product of terms: one term becomes zero if the conditional probability model in the
denominator of the weights (Equation (6)) is correct and another if the outcome model E[ Y| Rise, Ak, Thsr < 0]
(Equation (4)) is correct for both Ay =0 and Ay = 1. Accurately capturing how A; influences this outcome is thus
essential for double robustness; without it, the estimator cannot compensate for a misspecified propensity score
model, which is especially important in observational studies where propensity scores are often estimated.
Third, although it would be preferable if double robustness could be achieved when only the marginalized lag
effect (Equation (7)) is correct, this is not sufficient. The full outcome model (Equation (4)) has to be correct for both
A =0and Ay = 1. Correctness of the outcome model implies correctness of the marginalized lag effect but not vice
versa.

Fourth, B, can be viewed as a weighted average of the causal effect Cnarg(k, €, Ski¢), even if the lag effect model
is incorrect. This implies that we have a third form of robustness where, although we may not precisely recover
our target effect, we can still obtain a relevant causal effect. Fifth, we use a weighting scheme based on
Gk(Skrt; €)1 — Gi(Sk+05 Eoo))- This idea is not novel, because there exists a recent method in causal inference
known as overlap weights. This method weights the average causal effect conditional on a variable x, denoted by
u(x), by e(x)(1 —e(x)), where e(x) is the propensity score conditional on x (Li et al. 2019). Our weighting scheme
gives greater importance to jobs where Sy, is balanced between intervention groups. Such jobs have intervention
decisions that are essentially random, allowing for greater comparability between the groups. Last, double
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robustness is hiding an important point. The error terms in the proof are directly related to the errors in both the
conditional probability model in the denominator (Equation (6)) and the outcome model (Equation (4)). Even if
both models are incorrect but are good approximations, G, = g. Therefore, it is beneficial to propose an out-
come model and a propensity score model that are as accurate as possible. Later, we will see this strategy is also
beneficial for improving the efficiency of our estimator.

4.5. Semiparametric Efficiency

The theorem on asymptotic normality (Theorem 2) provides some notion of efficiency. It shows that the estima-
tors’ variance takes the form of the standard sandwich estimator B~'C(B~')/n’. This observation enables us to
estimate the variance of our estimator, along with standard errors, by using their empirical counterpart:

B, =E, [V@ Ustacked | 0=0, ]; C,=E, [ustacked u;tacked | 0=0, ] .

One important question is whether there is a better way to estimate the inferential target f. This question is
often asked in terms of asymptotic efficiency, which captures the extent to which our estimator for p has small
asymptotic variance. To compute the asymptotic variance of our estimator of 5, we can use the matrix
1m—1 —1v/ . . . . . . .
~B~"C(B")". In particular, the asymptotic variance of our estimator for f is given by the § portion of the formula,
which can be written as

1 _ L1y
E(vﬁe-ma NC(V0-B1Y.

Although our estimator is not generally optimal, we offer the following evidence to suggest that it is a sensible
choice.

Theorem 4 (Efficient Score). Consider the special case when Siyp = Rire = Pa(Yire) \ A, and the semiparametric model
M described in Definition 1. Let IEy and Varg denote expectation and variance with respect to the correct model in M.
Then, the efficient score function for p with respect to M is

See(B) = Z g((;rg) (Yire — te(Rese) — A f (Rese) B Ak — pp(Rise)),

where
P (Rere) = Eo[ A | Rive, Tiere < 0]
Ui (Rieve) = IEo[Yiere | Ak = 0, Riig, Trap < 9]
0k(Rere) = (1 = pp(Rise))Varo[ Yie |Ax = 1, Riwe, Trae < 0]
+ 0 (Rewe)Varo[ Yiee|Ax = 0, Rere, Tie < 00].

The proof of the theorem above is presented in Online Appendix S.5. It is worth noting that the condition
Sk+¢ = Ri+¢ implies Wi =1, based on Equation (3). The form of the efficient score inspired us to define the estimat-
ing equation (Equation (1)). Specifically, under the conditions stated in the theorem, our proposed estimator
satisfies the following expression:

K-t

i | FRere) Yire = §Rpwt)' @ = A f(Rese) B) Ak — pr(Riees) |-

k=1

Upon comparing this expression to the one in the theorem, we observe that, although we do not have precise
knowledge of p(Ri+¢), we utilize g(Ry.¢)'a as an approximation for 1, (Re¢). Similarly, although we may not
have exact information about p,(Ri.¢), we use px(Rys¢; 1) as an approximation for p,(Ri+¢). These ideas are then
used for the general case when the conditioning set Sy, is a proper subset of Ry, or when Ry, is a proper subset
of Pa(Ysr) \ Ak

5. Case Study

We apply our developed framework to observational data obtained from a large academic hospital in the Mid-
west, where a popular patient flow model known as “split-flow” operates in the ED daily from 12 p.m. to 9 p.m.
Unlike the traditional model, where a nurse performs triage by collecting initial information like vitals and
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assigning an acuity score before patients wait for further care, in the split-flow model, a physician takes on the
triage role. This physician not only gathers initial information but also directs patients into appropriate care
paths. Patients requiring intensive care are sent to the main ED, whereas those with lower acuity are directed to
a specially designated “vertical area,” designed for treating patients who can remain upright, or ambulatory,
during their care. Existing empirical evidence primarily focuses on evaluating the overall effects of split-flow on
ED operations and the current patient’s outcomes (Konrad et al. 2013, Wiler et al. 2016, Garrett et al. 2018, David
Gomez et al. 2024). However, it remains uncertain if there is sequential human bias in the vertical area decision:
could the physician’s decision to direct a person to the vertical area, as opposed to the main area, alter the poten-
tial outcomes of future patients?

To estimate lag effects, we analyzed data from patient visits to the ED between November 1, 2016, and Septem-
ber 26, 2018. We included only visits that fell within the split-flow model’s operational hours of 12 p.m. to 9 p.m.
Visits were excluded if the patient was triaged outside the main ED area, because either they arrived by ambu-
lance, helicopter, or another method other than walking through the ED registration; were under 18 years old; or
were triaged by an outside ED. A remaining 27,831 visits were used for analysis. Because split-flow is operated
within a specific time window each day, we treated encounters on a given day as independent panels. Thus, a
panel was defined as the collection of arrivals within the range 12 p.m. to 9 p.m. on a single day, with K repre-
senting the total number of arrivals (in the window period) for that day. We excluded the five days that had
fewer than three ED split-flow visits. As a result, our analysis was conducted on a total of 695 panels.

Characteristics Xy of patient k within a panel consisted of

e Demographic information on age, gender, and race

e ED census, representing the number of patients in the ED upon arrival

e Chief complaint, categorized into four common complaints: abdominal pain, chest pain, dyspnea, and head-
ache; there was an additional category to capture the remaining complaints

e Comorbidity factors including the hierarchical condition category (HCC) score (RTC 2018) and binary indica-
tors of congestive heart failure, hypertension, obesity, and diabetes with and without complications.

The intervention Ay of patient k is whether the patient is assigned to the vertical area (Ax = 1) or a traditional
bed (Ar = 0). We considered four outcomes Y}, with the estimation procedure repeated for each outcome. These
outcomes included time to disposition after being roomed (in minutes), number of tests performed such as elec-
trocardiograms and radiology scans, admission decision, and the patient routing decision to either vertical area
or fast track area (which is simply Ax). We consider the times Ty to be the start times of triage in the ED for
patient k. These times are partially unobserved in our data set, because providers do not always record the triage
start time. Additionally, Tj depends on past patients, as the triage process of one patient affects when a future
patient’s triage starts. Taking more time to triage a vulnerable patient, for example, delays the triage start time
for the next patient. Table 1 provides summary statistics for the key variables in the analyzed sample.

We set the lag £ to one, hypothesizing that the effect of a vertical area decision on the next patient (£ = 1) would
be stronger than on later patients (£ > 1), thereby giving us the best chance to detect an effect. We defined Ry, to
include characteristics Xy, of the future patient. To model the conditional probability pi(Rk+¢; 1) in the denomi-
nator of the weights, we performed GEE regression with a logit link function and an independent working corre-
lation matrix. The regression model included the outcome Ay as the dependent variable. Independent variables
included the current patient’s characteristics X, the future patient’s characteristics X, and a fixed number i of
lagged decisions Ax_, ..., Ar_1. Quadratic and cubic splines were considered for age of the current patient with
knots placed at tertiles in the age distribution (i.e., 30, 46, and 62 years). Model comparison was conducted using
the quasi-likelihood under the independence model criterion (QICu; Pan 2001), where different choices in i and
age splines were evaluated. The model with the smallest QICu value was selected, which consisted of i =4 and
quadratic splines for age.

We explored various choices for Si.,. We began with Sy, being an empty set (9). To demonstrate the flexibility
of considering different Sy.,, we then set S, to include each of the comorbidity variables for the future patient,
which are available in X, ;. To model the conditional probability gi(S.¢; &) in the numerator of the weights, we
performed GEE regression with a logit link function and an independent working correlation matrix. In the
regression model, we treated Ay as the dependent variable. When Sy, was not empty, it was included as an inde-
pendent variable in the model.

For each outcome and each Sy, we estimated the inferential target of . In the context of Theorem 3, f(Sy.¢)'B
corresponds to the marginalized lag effect Cinarg(k, £, Sk+¢)- To achieve this, we solved the estimating equation pre-
sented in Equation (1) for a given baseline model ¢(Ry)'« and marginalized lag effect model f(S.¢)'B. The term
f(Sk+¢) included a constant term of one to represent the main intervention effect, and when Sy, was one of the
comorbidity variables, it incorporated Sy, as well. Our baseline model included a constant term of one to
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Table 1. Sample Characteristics of ED Arrivals Triaged in the Main ED During Split Flow
Hours (12 p.m.-9 p.m.)

Characteristic Value Missing
Age in years, mean (SD) 46.6 (19.3) 0
Female, n (%) 13,188 (55.6) 2
Race and ethnicity, n (%) 0

White 18,793 (79.2)

Black 2,541 (10.3)

Hispanic/Latino 1,285 (5.4)

Asian 733 (3.0)

Other 196 (0.8)

American Indian/Alaska Native 46 (0.5)

Unknown 62 (0.6)
Chief complaint, n (%) 10

Abdominal pain 2,875 (12.1)

Chest pain 1,542 (6.5)

Dyspnea 1,076 (4.5)

Headache 822 (3.4)

Other 17,400 (73.3)
Comorbidity factor, n (%) 0

Congestive heart failure 980 (4.1)

Hypertension 5,619 (23.6)

Obesity 2,247 (9.4)

Diabetes with complications 1,523 (6.4)

Diabetes without complications 1,169 (4.9)
HCC, mean (SD) 0.98 (1.38) 0
ED census, mean (SD) 434 (9.1) 0
Outcomes
Assigned to vertical area, n (%) 7,670 (32.3) 0
Time to disposition decision in hours, mean (SD) 3.7 (2.0)
Number of tests, mean (SD) 1.4 (1.3) 0
Admission decision, 1 (%) 5,656 (23.8) 0

represent the intercept, as well as the characteristics of the current (Xj) and future (Xj.,) patient. Additionally,
the requisite term f(Si4¢)qk(Sk+e; €n) was included, where &, represents the estimate obtained from performing
GEE regression to model gi(Si+¢; £). As mentioned earlier, we tackled the estimating equation by employing an
equivalent procedure of GEE regression with an identity link and independent working correlation matrix.

Tables 2 and 3 report the main effect B when Si., =0 and the interaction term f(1)'8 — f(0)’'8 when Sy, # 0.
Standard errors were calculated using the geex package (Saul and Hudgens 2020). The implementation details
are in Online Appendix S.6. Estimates and standard errors were used to construct Wald 95% confidence intervals
and perform Wald hypothesis tests of the null hypothesis that the true value of the estimate is zero. Significance
was considered p <0.05. Given the exploratory nature of this investigation, marginal significance was considered
p<0.10.

Our results suggest sequential human bias in the decision to send a patient to a vertical area over a traditional
bed. In Table 2, we find that sending the current patient to vertical area leads to a significant increase of 0.04

Table 2. Estimates for Main Effect (Sy,, = 0) or Interaction Term (S, # @) of Sending the Current Patient
to the Vertical Area on the Time to Disposition and Number of Tests for the Next Patient

Time to disposition (min) Number of tests

Variable Sy, Interaction (95% CI) P Interaction (95% CI) p

0 3.6 (~1.1,83) 0.11 0.04 (0.01, 0.09) 0.02
Congestive heart failure —3.1 (=223, 16.1) 0.74 —0.06 (—0.2, 0.1) 0.56
Hypertension 1.9 (~11.0, 7.2) 0.68 ~0.03 (—0.1, 0.05) 043
Obesity 29 (-9.4,154) 0.63 0.02 (0.1, 0.2) 0.70
Diabetes with complications —10.5 (—25.4, 4.4) 0.16 —0.01 (-0.1, 0.1) 0.88
Diabetes without complications -7.3(-22.2,75) 0.33 0.06 (—0.1, 0.2) 0.45
HCC -1.9 (-4.1, 0.3) 0.09 0.01 (—0.01, 0.03) 0.47

Note. We report p values for Wald tests.
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Table 3. Estimates for Main Effect (Sx., = 0) or Interaction Term (Si.¢ # 0) of Sending the Current Patient to
the Vertical Area on the Admission Decision and Vertical Area Decision for the Next Patient

Admission decision (%) Vertical area decision (%)

VariableS, ¢ Interaction (95% CI) p Interaction (95% CI) [4

0 0.9 (0.8, 2.7) 0.29 2.0 (0.3, 3.6) 0.01
Congestive heart failure 1.6 (5.5, 8.8) 0.65 —0.7 (=5.5, 4.1) 0.76
Hypertension —3.7 (—7.4, 0.05) 0.05 0.3 (—2.6, 3.3) 0.81
Obesity —0.5 (-5.0, 3.9) 0.81 0.1 (—4.1,4.4) 0.94
Diabetes with complications 1.0 (-5.2,7.3) 0.75 —0.1 (-5.2,4.8) 0.95
Diabetes without complications —4.0 (-11.0, 2.9) 0.25 0.6 (=5.2, 6.5) 0.83
HCC -0.1(-1.1,0.7) 0.74 —0.3 (-1.0, 0.4) 0.46

Note. We report p values for Wald tests.

(95% confidence interval (CI): [0.01, 0.09]) tests on average for the next patient. Regarding time to disposition,
our findings indicate a marginally significant interaction between the next patient’s HCC score and the decision
to send the current patient to the vertical area. Although, in general, sending the current patient to vertical area
leads to an estimated nonsignificant increase in average time to disposition of 3.6 minutes for the subsequent
patient, this increase is 1.9 (95% CI: [-0.3, 4.1]) minutes shorter when the subsequent patient has an HCC score of
one compared with an HCC score of zero. In Table 3, we find that sending the current patient to vertical area
leads to a significant increase of 2% (95% CI: [0.3%, 3.6%]) in the next patient’s probability of being assigned to
vertical area. Further, we observe a marginally significant interaction between the next patient’s hypertension
status and the decision to send the current patient to the vertical area. Although, in general, sending the current
patient to vertical area lead to an estimated nonsignificant increase of 0.9% in the next patient’s admission rate,
this rate increase is estimated to be —3.7% (95% CI: [-7.4%, 0.05%]) lower when the patient has hypertension com-
pared with when they do not have hypertension.

Additional analyses were performed in Online Appendices 5.7 and S.8 to investigate the robustness of our con-
clusions. Because the assumption of independent panels may not hold, we examined the autocorrelation between
variables from separate panels and repeated our analysis after dropping ever other panel, reducing dependence
between panels. A final analysis involved a simulation study of our partner ED to confirm the theoretical proper-
ties of our estimators.

6. Conclusion

We introduced a new causal inference framework to examine sequential human bias in stochastic service systems
from observational data. Sequential human bias has been widely observed across diverse domains, including
sporting competitions, stock markets, and judging decisions. If we can accurately measure this bias, we can pave
the way for enhancing decision making in stochastic service systems through stochastic modeling and optimiza-
tion. With this goal in mind, we had to address two obstacles to performing causal inference: interference and a
random number of jobs. To handle interference, we drew upon insights from DTRs, building specifically upon
the work in Robins (1997), Boruvka et al. (2018), and Qian et al. (2021). Handling the random number of jobs
introduced challenges across modeling, identification, and estimation. These challenges include building a causal
model that permits a random number of variables, identifying the resulting causal effects, and deriving estima-
tion properties such as double robustness and an efficient score. Our innovative solutions to these challenges rep-
resent the core contributions of our work, pushing the boundaries of causal inference forward.

To tackle the issue of modeling a random number of jobs, we conceptualized the decision-making process as
an MPP and integrated it within the well-established causal inference framework established by Richardson and
Robins (2013) and Malinsky et al. (2019). By employing the MPP, we were able to effectively account for the num-
ber of jobs. However, this required working with an infinite number of random variables, posing certain techni-
cal difficulties. Ensuring the integrability of our proposed estimating equations and justifying the exchange
between differentiation and an infinite sum in our proof of semiparametric efficiency were among the difficulties
we encountered and successfully navigated. These successes not only help us quantify sequential human bias,
but also offer a way to effectively handle a random number of decisions in a DTR.

Based on the MPP, we introduced two causal effects as measures of sequential human bias. These effects differ
from their counterpart in the DTR literature (Boruvka et al. 2018, Qian et al. 2021) for their inclusion of variables
collected after the intervention in the conditioning set. This inclusion is unavoidable because, in the presence of a
random number of jobs, measuring the causal impact that intervening on a current job has on a future job
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requires that the future job exists. In other words, we always condition on a specific postintervention variable,
namely the binary indicator of whether the future job exists. Moreover, the inclusion of postintervention vari-
ables brings an additional advantage of modeling the future job’s outcome using its own characteristics, rather
than the characteristics of the current or past job. This approach holds promise for achieving more efficient esti-
mators. Indeed, we derived an efficient score for those specific lag effects that conditioned on every postinterven-
tion variable that is a parent of the future job’s outcome. Without conditioning on postintervention variables, our
proof would only work for effects on the outcome of the currently intervened job, instead of a future job. This
consideration may explain why Qian et al. (2021), which did not condition on postintervention variables, pro-
vided an efficient score only in the special case of their causal effect when the outcome was the most immediate.

Nevertheless, it is crucial to acknowledge a caveat when conditioning on postintervention variables: The inter-
pretation of the lag effect becomes more nuanced. To address the confusion surrounding conditioning on postin-
tervention variables, Pearl (2015) extensively discusses this topic in a dedicated paper. He highlights the
importance of considering whether to condition on the observed value of postintervention variables or the hypo-
thetical value that these variables would achieve under the contrasting scenarios. These considerations lead to
different research questions. In our study, the question was clear: To identify the lag effect, we needed to condi-
tion on the hypothetical value rather than the observed value. Consequently, the resulting lag effect is inter-
preted as an average contrast in a future job’s outcome between intervening and not intervening on a current job
among those events whose posttreatment variables would achieve a certain value regardless of the intervention.
For instance, we may compare the future job’s outcome when intervening or not intervening on a current job,
focusing on events where the future job exists in either case.

Applying our framework to specific settings comes with several limitations to consider. One such limitation is
that, like many other causal inference approaches, we rely on assumptions that cannot be directly verified from
data. These assumptions involve considering multiple hypothetical scenarios, of which only one is actually real-
ized. Therefore, the validity of our approach in a given application depends on how well the application can be
accurately represented using our proposed causal model. A specific issue to be mindful of, because it could com-
promise the model’s validity, is an unobserved common cause of the future job’s outcome and the current job’s
outcome. Thus, careful consideration of such confounding factors is necessary to ensure the validity of our
approach.

Another limitation is the unknown assignment mechanism for the intervention, which needs to be estimated
from the available data. Because our estimator is doubly robust, this implies that if both the probability model of
assignment and the outcome model are incorrect, there is a risk of biased estimates. A related issue is the occur-
rence of intervention assignments with extremely low probabilities, which we then divide by during estimation.
The accuracy of these probabilities can impact on estimation. Furthermore, such probabilities suggest that certain
jobs are very unlikely to experience one of the intervention conditions, which violates our assumption of positiv-
ity. One proposed solution is to exclude cases with extremely low probabilities (Lee et al. 2011). Alternatively,
overlap weights can be used to smoothly reduce the influence of observations with extreme probabilities (Li et al.
2019). Encouragingly, our investigation of double robustness demonstrates that by adding a term in the numera-
tor of our weights related to the probability of assignment, our estimator effectively produces a weighted causal
effect similar to one that used overlap weights.

Additionally, the assumption of independent panels may not hold for our case study. Although limiting the
analysis to specific time windows each day (e.g., 12 p.m. to 9 p.m.) helps reduce potential dependencies between
panels (represented as days), it may not entirely eliminate them. Certain patterns, such as increased activity dur-
ing busy periods, can create correlations across consecutive days. This would lead to overly narrow confidence
intervals from underestimating the variance of our estimators. An autocorrelation analysis suggested some
dependency between panels in our case study, such as weekly seasonality in time to disposition and correlation
up to two days for the vertical area decision. To further address this, we “thinned” our data by dropping every
other panel, which yielded similar conclusions, suggesting minimal impact from potential dependence. Despite
these steps, nonindependence remains a limitation to consider, and future studies may benefit from more robust
approaches that account for correlation between panels.

A final limitation is the assumption of noninterference among panels, that is, that the outcomes within a panel
are solely determined by the decisions in that panel, independent of decisions made in other panels. However,
this assumption may not hold if the decision maker for one panel of data were to coordinate their decisions with
the decision maker on another panel. For example, physicians in the ED can potentially impact each other’s deci-
sions, making it inappropriate to consider patients treated by different doctors during the same time period as
arising from distinct panels.
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To conclude our investigation, we estimated lag effects for a specific decision-making scenario in the ED, offer-
ing a concrete illustration of how our proposed causal inference framework can be applied. We provide step-by-
step guidance on how to implement our method using commonly available statistical software. The estimation
of standard errors may be the most challenging aspect, and we include code snippets in the Online Appendix to
facilitate this process. Our analysis reveals a noteworthy finding regarding the influence of a current patient’s
routing decision on the next patient. Specifically, our data analysis demonstrates that routing the current patient
to a vertical area significantly increases both the number of tests performed and the probability of the next
patient being routed to the vertical area. These findings provide compelling support for the existence of sequen-
tial human bias in a setting of paramount importance and profound consequences.
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