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arrival rate of jobs remains constant. In this paper, we show that the SA-JSQ scheme is also
asymptotically optimal for heterogeneous systems in the Halfin-Whitt traffic regime where
the normalized arrival rate scales are 1 — O(1/+/n). Our analysis begins by establishing that
an appropriately scaled and centered version of the Markov process describing system
dynamics weakly converges to a two-dimensional reflected Ornstein-Uhlenbeck (OU) process.
We then show using Stein’s method that the stationary distribution of the underlying Markov
process converges to that of the OU process as the system size increases by establishing the
validity of interchange of limits. Finally, through coupling with a suitably constructed sys-
tem, we show that SA-JSQ asymptotically minimizes the diffusion-scaled total number of
jobs and the diffusion-scaled number of waiting jobs in the steady state in the Halfin-Whitt
regime among all policies that dispatch jobs based on queue lengths and server speeds.
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1. Introduction
Load balancing is key to optimizing resource utilization and ensuring low delay of jobs in multiserver sys-
tems. In modern data centers, where numerous servers of various capacities coexist, load balancers play a
pivotal role in distributing incoming network traffic or requests across these servers. This distribution of the
load prevents any single server from being overwhelmed with jobs when there are idle servers in the system.
Hence, load balancing ensures high utilization of the available resources, as well as low mean response time
for the jobs.

The standard model to study the performance of load balancing schemes involves n identical or homogeneous
servers, each equipped with its own queue to store pending job requests. In this setup, there is a continuous

stream of jobs arriving at a rate of nA™. In contrast to the well-known M/M/n system, there is no global queue
in this model, and the dispatcher routes all incoming jobs to a server queue immediately upon arrival according
to a specific load balancing scheme. This approach is especially beneficial to model the limited memory available
to dispatchers in data centers for storing incoming jobs. A natural load balancing scheme to consider in this
canonical setting is the join-the-shortest-queue (JSQ) scheme, wherein each incoming job is assigned to the server
with minimum queue length with ties broken uniformly at random. The JSQ scheme was first analyzed in Win-
ston (1977), and its optimality in terms of minimizing the mean response time of jobs was proved for Poisson

147


mailto:sanidhay.bhambay@durham.ac.uk
https://orcid.org/0000-0002-1601-1543
mailto:B.Buke@ed.ac.uk
https://orcid.org/0000-0002-6954-9144
mailto:arpan.mukhopadhyay@warwick.ac.uk
https://orcid.org/0000-0002-0634-1389
https://doi.org/10.1287/stsy.2023.0054
https://doi.org/10.1287/stsy.2023.0054
https://doi.org/10.1287/stsy.2023.0054
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Downloaded from informs.org by [216.73.216.232] on 14 July 2026, at 10:57 . For personal use only, al rights reserved.

Bhambay, Biike, and Mukhopadhyay: Speed-Aware JSQ in Halfin-Whitt Regime
148 Stochastic Systems, 2025, vol. 15, no. 2, pp. 147-193, © 2025 The Author(s)

arrivals and exponential service times. This result was later extended to service time distributions having nonde-
creasing hazard rate by Weber (1978). The transient dynamics of the JSQ scheme has been studied by Eschenfeldt
and Gamarnik (2018) in the Halfin-Whitt regime, introduced originally for M/M/n systems by Halfin and Whitt
(1981), by proving diffusion limits of the scaled system size processes when A" is dependent on 1, and the quan-
tity vn(1 — A™) has a nondegenerate limit > 0 as n — co. Braverman (2020) showed that this diffusion limit can
also be used to study the steady-state behavior of the model by proving an interchange of limits result. The rate
at which the steady-state distributions of the JSQ scheme converges to the steady-state distribution of the diffu-
sion limit was derived in Braverman (2023).

It is crucial to highlight that the effectiveness of the JSQ scheme primarily relies on the server homogeneity
assumption. However, this assumption does not align with practical scenarios because data centers typically
host an array of physical devices spanning multiple generations, having varying processing capabilities. Further-
more, the processing speeds of servers can diverge due to the incorporation of diverse acceleration devices like
Graphics Processing Units, Field-Programmable Gate Arrays, and Application-Specific Integrated Circuits
(Duato et al. 2010, Huang et al. 2016). In such heterogeneous systems, job assignment strategies like JSQ and the
power-of-d-choices (Pod), which were originally designed with homogeneous systems in mind, may exhibit
notably suboptimal performance (Bramson et al. 2012, Mukhopadhyay and Mazumdar 2015, Gardner et al.
2021). Additionally, it is worth noting that in finite systems, the classical JSQ scheme is recognized as nonoptimal
when servers exhibit heterogeneity (Krishnan 1987, Hyytia et al. 2017). Therefore, for heterogeneous systems,
speed-aware schemes that assign incoming jobs based on both the queue lengths and the server speeds are essen-
tial to minimize the average response time of jobs.

In a recent line of work by Weng et al. (2021), Bhambay and Mukhopadhyay (2022), and Rutten and Mukherjee
(2023), a speed-aware variant of the JSQ scheme called the speed-aware-join-the-shortest-queue (SA-JSQ), also
referred as join-the-fastest-shortest-queue (JFSQ), has been introduced for systems with n heterogeneous servers cate-
gorized into M different types or pools. In this heterogeneous model, each server pool je€{1,2,...,M} contains
O(n) servers with processing speed u; where u; >, >--> u,,. Under the SA-JSQ scheme, incoming jobs are
assigned to servers with the highest speed among those with the shortest queue length. Notably, Bhambay and
Mukhopadhyay (2022) prove that the SA-JSQ scheme asymptotically minimizes the average response time of

jobs when A™ = A €[0,1) for each # in the fluid limit. In the present work, we study the SA-JSQ load balancing
scheme for heterogeneous systems in the Halfin-Whitt regime. Specifically, we study both the transient and the
steady-state behavior of the SA-JSQ scheme and show that SA-JSQ is also asymptotically optimal in the Halfin-
Whitt regime among all load-balancing policies that dispatch jobs based on queue lengths and server speeds.
Our contributions are detailed below.

1.1. Contributions

The main contributions of this paper are three-fold. (i) We present a transient analysis of a system with heteroge-
neous servers and dedicated queues operating in the Halfin-Whitt regime under the SA-JSQ policy. Specifically,
we prove that the appropriately scaled and centered queue lengths converge to a two-dimensional reflected
Ornstein-Uhlenbeck process, exhibiting a state space collapse property. (ii) We demonstrate that this limiting
Ornstein-Uhlenbeck process has a stationary distribution that can be used to approximate the stationary behavior
of the system as the number of servers becomes large. (iii) We establish that under the Halfin-Whitt regime the
SA-JSQ policy stochastically minimizes both the diffusion-scaled total number of jobs and the diffusion-scaled
number of waiting jobs in the system in the limit as n — co. Although our transient and stationary analyzes
broadly follow existing analyzes for homogeneous systems with significant technical differences introduced due
to the increased complexity of the underlying state space, to the best of our knowledge, we provide the first proof
of asymptotic optimality of a JSQ-type load balancing policy in the Halfin-Whitt regime for a system where the
servers are heterogeneous and each server has a dedicated queue. We note that the general problem of finding
optimal load balancing policies for a system of heterogeneous parallel queues is a well-known open problem in
queuing theory, whereas its homogeneous counterpart was solved almost four decades ago by Winston (1977)
and Weber (1978). Our result therefore can be considered as an important step toward the general understanding
of efficient policies for heterogeneous systems.

1.1.1. Transient Analysis. To establish the diffusion limit for the conventional JSQ policy in homogeneous sys-
tems, Eschenfeldt and Gamarnik (2018) employ a three-step approach: (i) constructing a truncated system that
differs from the original only in that the queues cannot exceed a certain bound determined by the limiting
dynamics of the original system, (ii) proving the diffusion limit of the truncated system via an appropriate
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Skorohod mapping, and (iii) demonstrating that the difference between the truncated system and the original
system vanishes as n — co. We generalize this approach to heterogeneous systems. However, there are several
technical challenges in doing so.

First, unlike homogeneous systems, the queue lengths in different server pools scale differently, resulting in a
higher-dimensional state space and necessitating a more complex Skorohod mapping to establish weak conver-
gence. Second, the truncated system used in our proof differs from the one used in Eschenfeldt and Gamarnik
(2018). Specifically, the buffer sizes are not uniform across all queues in our truncated system: Although the
queues in the fastest server pool can hold at most two jobs, the queues in the remaining pools are restricted to
holding no more than one job. Finally, we show that under the SA-JSQ policy, the heterogeneous system exhibits
a state space collapse, where the diffusion-scaled number of idle servers in the fastest M — 1 pools converges to
zero for all finite times (Proposition 1). This result has no direct analogue in homogeneous systems.

1.1.2. Steady-State Analysis. The proof of the interchange of limits is carried in two essential steps: (i) by proving
that the sequence of stationary distributions of the diffusion-scaled queue length process is tight (Theorem 2)
and (ii) by proving that the limiting diffusion process is (exponentially) ergodic (Theorem 3). The proofs of both
theorems use Stein’s method that involves applying the generator of the underlying Markov process to a suitably
chosen Lyapunov function. The key challenge in this approach is to identify a suitable Lyapunov function that
will yield appropriate bounds on the expected value of the queue lengths in stationarity. The Lyapunov function
is derived as the solution to a partial differential equation obtained through a generator expansion approach. In
this method, the generator is approximated via a Taylor expansion, and it is shown that the error terms vanish
using the gradient bounds of the solution. In a recent work, Braverman (2020) used this approach to study the
behavior of the JSQ scheme for homogeneous systems in the Halfin-Whitt regime.

Even though we follow the framework in Braverman (2020) closely to prove the interchange of limits, the com-
plexity of the underlying state space again poses several challenges in the heterogeneous setting. First, to obtain a
tractable Partial Differential Equation (PDE), we need to introduce a suitable lifting operator that projects the state
of the Markov process into R?. In the homogeneous setting, this is done naturally by only considering the scaled
total number of idle servers and the scaled total number of servers with two or more jobs. In the heterogeneous
setting, however, we identify that the correct way to define the lifting operator is by setting the second dimension
to the scaled number of servers with two or more jobs only in the fastest pool as opposed to that in the entire sys-
tem. Once the PDE is obtained using this lifting operator, the next challenge is to solve it to find the Lyapunov
function and the gradient bounds. The heterogeneous nature of the system results in a PDE different from the one
used for homogeneous systems, and this results in a notable difference in the analysis required to solve the PDE.
Moreover, the resulting error terms in the generator expansion are significantly more complicated in the heteroge-
neous setting, and one needs to prove additional state space collapse results to derive bounds on these terms.

1.1.3. Asymptotic Optimality. Finally, we prove the asymptotic optimality of the SA-JSQ scheme in terms of sto-
chastically minimizing the diffusion-scaled total number of jobs and the diffusion-scaled number of waiting jobs
in the steady-state in the Halfin-Whitt regime (Theorem 4). To do so, we first derive a lower bound on the perfor-
mance achievable by any admissible load balancing scheme defined as a scheme that considers only the current
queue lengths and server speeds to assign each incoming job in the original system (Proposition 3). This lower
bound is established by coupling the original system with a modified system where servers are not attached to
queues but are free to move between queues at any time, allowing faster servers to always serve longer queues.
To complete the proof of asymptotic optimality, we finally prove that the modified system described above
shares the same diffusion limit as the original system operating under the SA-JSQ scheme (Proposition 4). We
note that the modified system we use in our proofs differs fundamentally from the M/M/n system having one
central queue used in the proofs of optimality in prior works of Armony (2005) and Tezcan (2008). This differ-
ence stems from the fact that the diffusion limit of an M/M/n system with a single queue is one dimensional,
whereas, in the parallel queue setting, both idle servers and queues with waiting jobs can coexist yielding a two-
dimensional diffusion limit.

1.2. Related Literature

The JSQ policy was shown to minimize the average response time of jobs in finite systems comprising identical
servers under the assumption of Poisson arrivals and exponential service times in Winston (1977). This result
was then generalized to service time distributions having nondecreasing hazard rates in Weber (1978). Further
extensions covered queues with state-dependent service rates, as demonstrated in Johri (1989), and systems with
finite buffers and general batch arrivals, as explored in Hordijk and Koole (1990).
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Recent works, such as Mukherjee et al. (2016) and Eschenfeldt and Gamarnik (2018), analyzed the fluid and
diffusion limits of the JSQ scheme. In the context of the fluid limit, Mukherjee et al. (2016) showed that under a
broader class of policies including the JSQ scheme, the proportion of servers with two or more jobs tends to
zero as 11 — co. In the Halfin-Whitt regime, characterized by the normalized arrival rate A™” varying with system
size n as A" =1 —B//n for some B> 0, Eschenfeldt and Gamarnik (2018) demonstrated that the diffusion-
scaled process converges to a two-dimensional reflected OU process as n — co. Braverman (2020) showed that
the many-server limit and the limit ¢+ — co can be interchanged and the stationary distribution of the limiting
reflected OU process can be used to approximate the stationary behavior of the load balancing policy in the
homogeneous setting. To do so, he showed that the steady-state proportion of idle servers, as well as servers
with precisely two jobs, scale as O(y/11), and the proportion of servers with more than three jobs scales as O(1).
Gupta and Walton (2019) analyzed the JSQ scheme in the nondegenerate slowdown (NDS) regime introduced
in Atar (2012), where A" =1 — /n for some fixed > 0 and established a diffusion limit for the total customer
count process.

Note that the JSQ scheme faces challenges related to communication overhead. In addressing this issue, alter-
native scheduling schemes, like Pod, were suggested Vvedenskaya et al. (1996) and Mitzenmacher (1996), where,
as a new job arrives, d > 2 servers are chosen uniformly at random from the set of all servers, and the job is rou-
ted to the server with the shortest queue length among those d servers. The problem of communication overhead
is still there in the Pod scheme if d is large. This can be eliminated with schemes relying only on the knowledge
of idle servers in the system. In the join-the-idle-queue (JIQ) scheme, first introduced by Lu et al. (2011), the dis-
patcher assigns the incoming arrival to an idle server (if available) chosen uniformly at random. Mukherjee et al.
(2016) shows an equivalence between different load-balancing schemes in the diffusion regime.

Relatively few works have explored load balancing in heterogeneous systems despite their importance in prac-
tical system design. The Pod scheme for heterogeneous systems has been studied in several papers, including
Zhou et al. (2017), Mukhopadhyay and Mazumdar (2015), and Izagirre and Makowski (2014). Although Izagirre
and Makowski (2014) and Zhou et al. (2017) investigated the performance of the Pod policy under light and
heavy traffic conditions for finite system sizes, respectively, Mukhopadhyay and Mazumdar (2015) explored its
performance in the mean-field regime. It was demonstrated that the Pod scheme exhibits a reduced stability
region in heterogeneous systems due to the infrequent sampling of faster servers. Subsequent works (Mukho-
padhyay et al. 2016, Gardner et al. 2021) explored variations of the Pod scheme with the aim of enhancing its per-
formance in heterogeneous systems while preserving the maximal stability region. Stolyar (2015a) analyzed the
JIQ scheme in a heterogeneous setting, revealing that the average waiting time of jobs under the JIQ scheme
tends to zero in the fluid limit.

The many-server systems with heterogeneous servers have received considerable attention in the M/M/n sys-
tem with a single global queue setting. Armony (2005) showed that in the Halfin-Whitt regime, the fastest-
server-first (FSF) policy in which each job is assigned to fastest available server is asymptotically optimal in terms
of stochastically minimizing the diffusion-scaled total number of jobs in the system. Tezcan (2008) considered a
similar model with heterogeneous servers where instead of a single central queue, each server pool consisting of
servers of the same processing speed has a dedicated queue and an arriving job must be routed irrevocably to
one of the server pools at its arrival instant. He showed that the minimum expected delay-FSF (MED-FSF) rout-
ing policy in which a job is either assigned to a queue with the minimum expected delay or to an available server
having the highest speed asymptotically minimizes the stationary distribution of the diffusion-scaled total num-
ber of jobs in the system in the Halfin-Whitt regime. In both works mentioned above, the diffusion-scaled total
number of jobs in the system converges to the same one-dimensional diffusion process, unlike in our system,
where the limit is a two-dimensional diffusion process. In a more recent line of work, Bitke and Qin (2023)
focused on multiserver queuing systems characterized by heterogeneous exponential servers and renewal arri-
vals where service rates are random and varies for each individual server and developed a framework has been
to analyze the heavy traffic limit of these queues in a random environment, employing probability measure-
valued stochastic processes.

1.3. Notation
Throughout the paper we use the following general notations. We denote the set of nonnegative integers as Z.
and the set {1,...,M} by [M]. We use R to denote the set of extended reals, that is, R U {c0}, and define the sets

My, p = (bj,iER/i€Z+/je[M]):ZZpiilbj,i|<O° ,

i€, je[M]
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and
M}\/Lp ={(bj,;) € Mip1,p : there exists a by € R such that b;,; = by for all j € [M]}.

We endow R with the order topology, where the neighborhoods of {co} are the sets that contain a set {x > a} for
some a € R. We denote all multidimensional terms, for example, vectors, matrices, and elements of My, ,, with
boldface letters. We also define Ds[0, o) as the set of all cadlag functions f : [0,c0) — S. We denote the uniform
norm ||x||; = sup,_,.,[x(s)| for x € Ds[0, o0), where the |- | is considered to be the norm defined on space S. For
any x € R, we define (x), = max{x, 0}. We assume that all random elements used in this work are defined on the
probability space {Q, F,P} and E[-] denotes the expectation with respect to the probability measure P. We use
uppercase letters to denote random elements in this probability space and corresponding lowercase letters to
denote their realizations. For any stochastic process X = (X(t),f > 0), X(c0) denotes a random variable that follows
the stationary distribution of the corresponding process. We use = to denote weak convergence and L to

denote convergence in probability. For any two nonnegative real-valued functions f and g both depending on 7,

fn) @) _ o

we write f(n) = O(g(n)) when limsup,,_, 200 RO

< co and f(n) = 0(g(n)) when lim,, o
2. System Model

We consider a sequence of queuing systems, where the nth system consists of n parallel servers, each with its
own queue of infinite buffer size. Jobs are assumed to arrive at the nth system according to a Poisson process
with rate nA™, where A™ < 1 for all 1. In this work, we consider the Halfin-Whitt regime, where

lim V(1 —A") =B, (A1)

for some constant § > 0. Upon arrival, each job is assigned to a server where it either receives service immediately
(if the server is idle at that instant) or waits in the corresponding queue to be served later according to the first-
come-first-served (FCFS) scheduling discipline. The servers are assumed to be heterogeneous; that is, there are M
different server types and the service time of a job depends on the type of the server it is being served. In the nth
system, there are N " servers of type j € [M] and the service time of a job being served by a server of type j is

exponentially dlstrlbuted with rate y;. Hence,
M
ZN](”) =n, forallneZ,,
j=1

and we assume that there exists y; > 0 for each j € [M] such that

N(”)
lim \/_ = (A2)

Furthermore, without loss of generality we assume that the normalized system capacity is unity, that is,
Z] 1 4,7; =1 and the server speeds satisfy j1; > 1, >+ > .

The classical JSQ policy is known to yield an asymptotically optimal performance for systems with homoge-
neous servers. Our main interest is to analyze a modified version of the JSQ policy that we refer as the speed-aware
JSQ (SA-JSQ) policy, and it is defined as follows.

Definition 1. Under the SA-JSQ policy, jobs are sent to a server with the minimum queue length among all the
servers in the system upon arrival. Ties between servers of different types are broken by choosing the server
type with the maximum speed and ties between servers of the same type are broken uniformly at random.

A load balancing scheme or policy IT is called admissible if it considers only the present state of the system,
that is, the state and the queue sizes of each server, and the server speeds to dispatch jobs arriving at time ¢ > 0.
Let Q" () = (Q(” D), j€[M],i>1) denote the system occupancy state at time ¢ > 0, where Q(” M (#) is the num-
ber of type j servers with at least 7 jobs in the nth system under policy I1. It is clear that Q(" H)(if) N; ™ forall t >0

and j € [M]. Moreover, it is easy to verify that the process QU = Q" () : teR,) is Markov and takes values
in the space S defined as

S & {s e 7 :N}") >sj,1 282220, forall j € [M]}.

We also define the scaled process YD = (Y I (1) : £ > 0), where
YO = (YY), j e [M],i 2 1)
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with
Q(ﬂ H)( £) — N (Vl H)( f)
(" 1) (n 1) . .
t—— t-—zZZ,GM. 2.1
==+ (=""r jeM] @1

Moreover, we also define a process Y('; 5[2) (Y(;'1 5[2) (t) : t > 0), where

e (11
Yii, ]z]z(ﬂ—ZYﬁ (®).

J=h

Our main focus in this work is the analysis of load-balancing systems under the SA-JSQ policy. To simplify the
notation, we omit the superscript IT when we consider the state of the system under the SA-JSQ policy.

3. Main Results
In this section, we state our main results and their consequences. We also provide intuitions for these results.
The subsequent sections are devoted to the detailed proofs of these results.

We start with presenting the state space collapse result in Proposition 1 needed to prove the convergence of
the stochastic processes. The proposition establishes that the diffusion-scaled number of idle servers in the fastest
M —1 pools remains close to zero for all large n and for all finite times. In other words, to keep track of the
diffusion-scaled number of idle servers in the entire system in the limit as n — oo, it is sufficient to only keep
track of the diffusion-scaled number of idle servers in the slowest pool (pool M).

Proposition 1. Suppose that (A1) and (A2) hold and Y[1 M_1], 1(0) = Y(1,m-1),1(0), where Y1, p-1),1(0) is a proper ran-
dom variable. Then for any € >0, ty > 0 and T > to, we have

]P’( sup |Y1M 1, 1)1 >e> — 0, asn — oo, (3.1)

SE[tO/ ]

Moreover, if YE;‘,)M_”J(O) =0, then (3.1) also holds for ty =0

Proposition 1 states that, in the limit, almost all servers in the first M — 1 pools should immediately become
busy, even when there are idle servers in these pools at time f =0. This result can be intuitively explained by the
fact that the total normalized capacity available in the fastest M —1 pools is strictly less than one, whereas the
normalized arrival rate A™” into the system tends to one as n — co. Consequently, in the limit as n — oo, all ser-
vers in the fastest M —1 pools are used up by the SA-JSQ scheme as it prefers faster idle servers over slower
ones. This can also be seen numerically in Figure 1, where we plot the diffusion-scaled idle servers in the fastest
pool as a function of t1me for different values of n when M =2. It is apparent from Figure 1 that the fluctuations
of the component Yl 1 decreases to zero as n increases.

We now establish the limiting transient behavior of the process Y as 1 — co. To state the result, we assume
that Y ¥ (0) = 0 for all j € [M — 1], motivated by Proposition 1.

Figure 1. Sample Paths for Y{"} for Varying n with M=2,y, =1/5, 7, =4/5, 1; =20/8, y1, =5/8,and =2
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Figure 2. Sample Paths for Y/ with =700, M=2,y, =1/5, y, =4/5, u; =20/8, 1, =5/8,and p=2
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Theorem 1. Suppose that (A1) and (A2) hold and that there exists a random vector Y(0) = (Y;,;(0),i > 1,j € [M]) € My,
for some p > 1 with Y;,1(0) = 0 for all j € [M — 1], such that Y™(0) = Y(0) as n — co. Then, we have Y™ = Y as n — o,
where Y = (Y;,;,i > 1,j € [M]) is the unique solution in Dyy,, [0, 00) of the following stochastic integral equations:

Yia(t)=0,je{l,...,M—1}, (32)
Yana() = Yag1(0) + VIW(E) — Bt — /0 (i, Yan1(6) — 1y Ye2(6)ds + i: /0 Y26 — Ui (), (3.3)
V1200212000~ sy [ (32060 Y190 + L), ] 64
Y3200 = 1320~ by [ (206) = ;6 € ... M, 65)
V0 =Y,0) | (0,6~ Yy (s, 12 3 € [M], (36)

where W is a standard Brownian motion, and U, is the unique nondecreasing and nonnegative process satisfying
/ ]]_(YM,l(t) < O)dlll(t) =0. (37)
0

Equations (3.5) and (3.6) imply that the components Y, forj € {2,...,M} and Y,; for i > 3, j € [M] decreases to
zero exponentially fast as t — co. More precisely, the explicit solution for these components can be written as

Y, i(t) = et{Yf,i(O) + Z %tkyj,i+k(0)}. (3.8)
k=1 """
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Hence, if Y;,(0) =0 for j€ {2,...,M} and Y; ;(0) = 0 for j € [M] and i > 3, then Y1 and Y7,» are the only nonzero
components of the limiting diffusion process Y, and Equations (3.3) and (3.4) reduce to

Yor1(t) = Yar,1(0) + V2W(H) — Bt + /0 (pY1,2(5) = pp Y, 1(5))ds — U (t), (3.9)

t
Yia(t) = Y120) — g, /0 Y 2(s)ds + U (). (3.10)

Equations (3.9) and (3.10) define a two-dimensional reflected OU process where the regulator process U,
ensures that Y); 1 remains nonpositive and Y3, remains nonnegative at all times. Furthermore, we note that
Y1,» can only increase when Y), 1 is zero (see Figure 2), a feature of any JSQ-type policy that ensures that jobs
are sent to queues having an existing job only when there are no idle servers in the system. Furthermore, both
Y1 and Y7, can be nonzero at the same time. This is because even in the limit it can happen that jobs wait in
queues belonging to the fastest pool when there are idle servers in the slowest server pool. This is a fundamen-
tal drawback of having a separate queue for each server whose speed does not scale with . In contrast, for sys-
tems where each queue is served by O(n) servers of constant speed, in the limit as # — oo, no job has to wait in
a queue while there are idle servers available. This yields a one dimensional diffusion limit as in Armony
(2005) and Tezcan (2008).

Furthermore, the presence of the term 1, Y1,2(s) in (3.9) can be intuitively explained as follows. In the Halfin-
Whitt limit each departure from the fastest M — 1 pools is immediately compensated by an arrival because in the
limit, the arrival rate of jobs is strictly above the rate at which the servers in the fastest M —1 pool can process
jobs. This means that the moment a job leaves a queue with two jobs in the fastest pool a new job arrives that
must be routed to an idle queue of the slowest pool because no idle queue exists in the fastest M — 1 pools in the
diffusion limit.

The stability of a load-balancing system operating under the SA-JSQ scheme for all A" <1 was established in
Bhambay and Mukhopadhyay (2022). In our subsequent results, we investigate the steady-state characteristics of
the process Y™ We first establish the tightness of the sequence (Y<”)(c><>))neZ+ in Theorem 2.

Theorem 2. Suppose that (A1) and (A2) hold. Then, there exist positive constants Cq, Cp, and Cg such that for all suffi-
ciently large n the following inequalities hold:

E[|y;f1>(oo)|] <Cn V2 foralll1<j<M-—1, (3.11)
E[Y}) 1 (c0)]] < Ca, (3.12)
E[]Y{")(c0)] < Cs. 3.13)

Furthermore, for any a € (1/2,1) there exists a constant Cy(a) such that for all sufficiently large n we have
E[|Y{(c0)|] < Calayn™ "V forall 2<j<M,i=2and forall 1 <j<M,i>3. (3.14)

Theorem 2 implies that the expected number of idle servers in the fastest M — 1 pools are bounded above by
constants independent of n. The expected number of servers with at least two jobs in pool 1 and the expected
number of idle servers in pool M are O(y/n). Moreover, the expected number of servers with at least three jobs in
all pools and the expected number of servers with at least two jobs in the slowest M —1 pools all approaches to
zero faster than n~~1/? for any 1/2 <a < 1. As mentioned before, these results can be intuitively explained by
the facts that (i) the spare capacity n(1 — A™) in the Halfin-Whitt regime scales as O(+/n), and (ii) this spare capac-
ity is mostly available through the idle servers in the slowest pool because the SA-JSQ scheme prefers faster ser-
vers over slower ones whenever they have the same queue lengths. By a simple application of the Markov
inequality, it follows from the above theorem that the sequence (Y(”)(oo))n€Z+ is tight.

Remark 1. From Theorem 2 we can compute a bound on the probability with which a job has to wait in a queue
before being processed in the steady state. This probability is given by P(3_ Qj("l) (00) =1m) < P(Qg}?l(OO) = N](\Z))
< E[Q}Cﬁl] / N](\Z) = O(1/+/n), where the last equality follows by (3.12) and (A2). Thus, the stationary waiting proba-
bility of a job goes to zero at rate O(1/+/n).

Next, we establish the positive recurrence of the limiting diffusion process Y. This is the final ingredient
needed to establish the interchange of limits as stated in Corollary 1.
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Theorem 3. The diffusion process Y defined in Theorem 1 is positive recurrent.

Corollary 1. Let ") be the stationary distribution of the process Y™ and let 7t denote the stationary distribution of Y.
Then, 1™ = 7.

Hence, by Corollary 1, we can conclude that the stationary distribution of the diffusion-scaled queue length
process Y™ can be well approximated by that of the limiting diffusion process Y for large 1.

In our final result, we focus on the asymptotic optimality of the SA-JSQ scheme in the Halfin-Whitt regime.
Note that optimality can be defined in various ways. In the present paper, we are interested in asymptotic opti-
mality, which is defined in terms of minimizing the steady-state distribution of the diffusion-scaled total number
of jobs and the diffusion-scaled number of waiting jobs in the system as in Armony (2005) and Tezcan (2008). To
define a similar notion of optimality we define

(”) (n)
Z]E[M] Zr>1 ( ) and Y(nz)(t)

’ +
\/E je[M] i=2

to be, respectively, the diffusion-scaled total number of customers in the system and the diffusion-scaled number
of waiting jobs in the system at time ¢ € [0, 0] under the SA-JSQ policy. The same quantities under a stable
admissible policy I1 are denoted by Y(" 1_D(if) and Y D), respectively. We are now ready to state our asymptotic
optimality result.

Y () =

(3.15)

Theorem 4. Assume (A1) and (A2) hold. Then, for any stable admissible policy I1, we have

lim P(Y" (c0) > y) < lim inf P(Y" D (c0) > ), (3.16)
lim P(Y(")(oo) >y) < hm inf IP’(Y(n M (o0) > ), (3.17)

forally e R.

Theorem 4 ensures that the SA-JSQ scheme asymptotically minimizes the steady-state distribution of the
diffusion-scaled total number of jobs and the diffusion-scaled number of waiting jobs in the system in the Halfin-
Whitt regime.

The remainder of the paper is organized as follows. The proof of the state space collapse result, stated in Prop-
osition 1, is provided in Section 4. Section 5 is dedicated to the proof of Theorem 1. Theorem 2 is proved in Sec-
tion 6. One essential component of the proof in Section 6 is finding a suitable Lyapunov function. We do this in
Section 6.1. In Section 7, we prove the asymptotic optimality of the SA-JSQ scheme, as stated in Theorem 4.
Finally, we conclude the paper in Section 8.

4. State Space Collapse: Proof of Proposition 1

In this section, we establish the state space collapse result i 1n load -balancing systems under the SA-JSQ scheme.
To prove Proposition 1, we first express the evolution of Y (,M_1),1 in terms of arrival and departure processes.
We then examine the system’s behavior in two parts: first, from t=0 up to the point where Y[l M_1),1 feaches zero
(defined as 6(") below), and second, the behavior after hitting zero. We show that once Y [1,M-1],1 hits zero, it stays
very close to zero, that is, the probability that it will deviate by an amount € approaches 0 as n — oo. Finally, we
show that the time 6 to hit zero also converges to zero in probability. The following lemma from Pang et al.
(2007) is key in our proofs of Proposition 1 and Theorem 1.

Lemma 1 (Lemma 5.8 in Pang et al. 2007). Suppose that, for each n > 1, M,, = (M,,(t) : t > 0) is a square-integrable martin-
gale (with respect to a specified filtration) with predictable quadratic variation (M) = ((M,)(t) : t > 0), that is, M2 — (M,,) =
(M2(t) — (M,,)(t) : t > 0) is a martingale by the Doob-Meyer decomposition. If the sequence of random variables {{M,)(T)},1
is tight for each T > 0, then the sequence of stochastic processes {M,, : n > 1} is stochastically bounded in Dg[0, o) that is, the
sequence {Supy_, 1| Mu(t)|},51 is tight for every T > 0.

Proof of Proposition 1. We first define

05" =inf{t>0: Y[, ,(H) =0}.
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Now, we can write (3.1) as

P( sup |Y1M 1 >€ ) =P< sup Y[lM 1,108) > € 9<n)<f0> +P< sup Y1M 1,108 > € Q(n)>t>

se[tOI T] SE[tOI T] se[tOI T]

< ( sup Y[1 Mo1p,18) > € 68”) < t0> + IP’(GE)") > 1)

SE[tU, T]
<P| sup —YE;’I)M&“(S) >e |+ ]P’(G(O") > 1p). 4.1)
se[oy”, T

To prove (3.1), it is sufficient to show that each term on the right-hand side of (4.1) converges to zero as n — co. For a
given state q € S™, the process Y (1,m_1),1 decreases by 1/ yn withrate } jem-114;(qj,1 — q;,2), and it increases by 1/ \n

with rate nA"" )]l(y 1,M-1,1 <0). Let A and D be unit rate Poisson processes and define square integrable martingales

~ () AmAME) — nA Wt

M, (1) = Vi , (4.2)
(") (1) (n)
(t)‘ﬁ D(. > N t) 2 wNt . (4.3)
je[M—1] jelM-1]
For any 0 < t < 6", we can write
A(n/\(”) / 1Y, (s)<0)ds>
Y (0= =Y 10~ Vi +_ / > Q) — QY (s))ds
jelM—1]
A(n/\(”)t) f " (n)
1M 1,1(0) = Vi \/— / z;] H{Q;1(s) — Q) 5(s))ds
AmA™r)
Yo AT 1 N
[1,M-1],1 \/E \/_ ]E[;l i
NG
0 K AL oo D e Nt
= _Y%l,)Mfl],l(O) a () — \/— p (H)+ T]]
= Y1 0) = MY (1) + ME(6) et ), (4.4)
where
c(t,n) = \nt (/\(”)—nl Z N;")yj). (4.5)
jelM1]

Here, the second equality follows as for any 0 <'s < 681), we have ]l(YFf,)M_H,l(s) <0) =1, and the inequality follows

from the fact that Q](./”) < N(") Assumptions (A1) and (A2) imply that A" — 1 and 1~ DYy N = 1=yl
and hence, we have c(t, 1) = O(+/n) for any t > 0. For large enough n, we observe that for any t > 0 we can write

P(6Y)" > tg) <P < sup {1y yp1(H) < o)

0<t<ty

<sup YO 1020+ NI (1) — K (8) + (e, m) <0>

0<t<ty

() (n)

(to) — Mp (to) < —c(to, 1))

<PIY?,, 1110 = clto,n)/3) + BN, (k)| > clto, m)/3) + PN (to)] = c(to,m)/3),  (46)

<1p>(y<1 wo1,1(0) + My

where the second inequality follows from (4.4), and the last inequality follows from the union bound.
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The optional quadratic variations (]\71?)(1?) = A"t and
(1)
MO = > Nt/
jelM=1]
are stochastically bounded due to Assumptions (Al) and (A2). Lemma 1 implies that the martingales ]\A/If:) and Mg)

are also stochastically bounded. As n — oo, the sequence {Y%T?M_” 1(0)},,51 is weakly convergent. Furthermore, since
c(tp, n) — o0, each term on the right-hand side of (4.6) converges to zero.
Next, we define

or' =infs > 03" : —Y|1),_1,1(5) > €},

o2 = sup{@f)") <s<O"': _Yqu,)M—l],l(S) <e€/2}.

Now, using a similar reasoning as in (4.4), we can write

IP’( sup =Y [y q)1() > e) <POJ <M <" <T)
se

og”, 71
1 - wa | A@AD (- 0m?))
<P| sup —=D Nt —007) | — €2 >¢/2
(e e VN ( Z i € i

5 jetM-1]
< IP’( sup MO(t— 0"2) — M1 (F— 02) — c(t — 02, n) > e/z), 4.7)
012 <t<T

where the second inequality follows because the term in the supremum is the change in the process _YF;,) M-1},1 from

time 0™ to time t. Again, using the fact that the martingales ]\A/I;, M},
diverges to oo, the right-hand side converges to zero. When Yﬁ')M_l 1,1(0) 54 0, the second claim of the proposition

can be proved using the same argument by writing

are stochastically bounded and c(t — 672, 1)

]P’( up Y[y 1105 > e) <P(—Y[y 11(0)>€/2) + PO < 01! <T),
s€(0,

and replacing 0! with zero in (4.7). This completes the proof. O

5. Transient Analysis: Proof of Theorem 1

The proof of Theorem 1 relies on the continuous mapping theorem by showing that the system of integral equa-
tions in Proposition 2 defines a continuous mapping on Dyy,, [0, 0). We first demonstrate that these equations
possess a unique solution and hence correspond to a well-defined mapping. The proof of Proposition 2 can be
found in Appendix A. As the next step, we introduce a truncated system and formulate the evolution equations
in terms of martingales specific to this truncated system. We establish the convergence of the martingale compo-
nents appearing in the evolution equations for this truncated system, and finally, we prove that both the trun-
cated and untruncated systems exhibit similar behavior in the limit.

Proposition 2. Consider the following set of integral equations:

t M t
yi(t) = by + () — / (ppy1(8) — pyya,2(s))ds + Z H]»/ Yj,2(8)ds — uq(t), (5.1)
0 =2 0
D)= b2+ 220 [ 10,01.206) ~ 12O+ () — 1), (52)
t
Yj,2(t) = bj2 +zj,2(t) — /0 1(Wj,2(s) — yj,3(s))ds, Vje{2,..., M}, (5.3)
v;,i(t) = bji + zj,i(t) — /o 1;(v;,i(8) — Yy i (s)ds, 2 3, j € [M], (5.4)

y1(t) 0,0 < y1,2(t) < B, y;,i(t) 20, foralli>2,j € [M], (5.5)
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where uq and u, are nondecreasing and nonnegative functions such that

/0 1 (6) < 0 (b) = 0, (5.6)

Awﬂ(yllz(t) < B)duz(t) =0. (57)

Given b € MM p and z € ]D)M1 p[O o) the integral Equations (5.1)—(5.3) have a unique solution (y,u) € ]DM1 [0, 00) X
Dg: [0, 00). Moreover, there exists a well-defined function (f,g): Ry x MM XDy [0 00) — Dy [0 00) X DRz [0, 0)

that maps (B,b,z) in to 'y =f(B,b,z) and u = g(B,b, z). Furthermore, the functzon (f Q) is contmuous on R, x M}\A p X
DM1 [0 o). Finally, y being continuous implies that x and u are also continuous.

Next, we consider a truncated system where the queues with more than two jobs are not allowed to form in
pool 1 and no queue with more than one job will form in pools {2,...,M}, even though there might be such
queues initially present at time 0. We first analyze this system and then show that the truncated system and the
original system are indistinguishable in the limit. For any ¢ > 0, let Q" (r) = (Q (t) i>1,je[M]), where Q] ; (t) is

the number of type j servers with at least i jobs in the truncated system. For all t> 0, we can represent the dynam-
ics of the truncated system as

Q)10 =0\ 1(0)+A(nA(")t)—D11(!J1 / @16 -0y 2(5))ds) ayy o), (58)
010 = 00+ 0 - Dia [@ho-o Ok ), 2 << M, 59)
Q10 = Q130)+ U130) - Dua (1 [ @ - es), (5.10)
t
O%m =010 - D ]2<,,l]. / (Q}fg(s)—ij“_,,(s))ds), je(2,...,M}, (5.11)
(n) (n) . .
0= 070 -y / (Q70) - Q)6 ), i3, < M), (512)
where A and D;,; are mutually independent unit-rate Poisson processes and
0y = / 10} (5) = NI AMA™s), 513)
<n> (n) () (n) ) .
()= /]l(Qll(s) N}, Vlie[j—1], le(s)<N]. YAA(nA™s), 2<j< M, (5.14)
uﬁ”i(t)— / Jl(Q]l(s) N, Vje[M], Q1 ") (5) < NU)YAA(AMs). (5.15)

It is easy to see that Ll1 1(t) counts the number of arrivals that see all pool 1 servers busy upon arrival within the
time interval [0, t]. Similarly, U ]( 1(t) for 2 < j < M counts the number of arrivals that see all servers in pools in [j — 1]

busy but finds at least one idle server in pool j within the time interval [0, t]. Finally, U i 5(t) counts the number of
arrivals that, upon arrival, sees all servers in the system busy but find some servers in pool 1 with only one job
within time interval [0, £].

Similar to (2.1), we define the diffusion-scaled version of the process QO™ as

(n) (n)
]1() N](”) A(l’l) Q]z()

\/;’Z /Yj,i (t) \/171

In addition to I\A/IZ’) (defined in (4.2)) and Mg), for any i > 1 and j € [M], we also define following martingales:

A(n)( b = ,i>2,je[M], and 17 mpa(t) = Z Y](nl)(t)

15,0 = 2=y (1, / (Q0) - O os) - - / (0% — Q. (5 (5.16)
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The martingale Z\A/I(Dn,)jli(t) are square integrable martingale (lemma 3.2 in Pang et al. (2007)) with optional and pre-
dictable quadratic variations

912 1) = ,,(y] / 0"~ 0 ]Hl(s))ds)

n 1) (n)
<M(D)]1 (t) = [J]/ (Q](l( ) Q] 1+1( ))dS
Combining (5.8), and (5.9), we have

(rll)M (t) = Y{T)M] 1(0) + M:l)(t) — Z M(Dn)] 1([-) — (1 _ /\(H))t
jelM]
(") (1)
(n) o (t) S U
_Z/HJ(YH() ;2())d— \/E ]2\/ﬁ]1 )

Slightly rearranging the terms to obtain the form in (5.1), we get

T 10 = V{10 + K150 — 37 55, (6 — Vi — At - Z / 7 5)ds — g / (V) (6) = V1 1600
jelM]
) () ~ ()
-/ (V) — A + 3 / a7 s)ds - ), (5.17)
j=2
where
~ (1) (1)
"(n)(t) _ ul 1(t) Z] 2 u]nl(t)
W e
Similarly, using (5.10)—(5.12), we obtain
(") (n) (1) () (") (n) ~ (1)
) = YU50) — M () - / it (V3s) = Vs + 706 — V), (5.18)
(H) (”) (1) (n) (”) .
700 = V00) - 15 6 / i (V) — s, je 2, ., M, (5.19)
(”) (1) (1) o (1) o (1) . .
= 10 - MY (6 - /O 1 (7)Y, (9)ds, 123, e [M], (5.20)
where
(")(t) e U(f?)z(f)
_ 120

From (5.13) and (5.14), we see that v 1(t) is a nondecreasing function increasing only when an arrival occurs and

Q) =N for all j € [M]; that is, for all t > 0,

t
o~ (1) ~ (1)
/O 17 1165) <0)dV(s) = 0. (5.21)

Also, by deﬁmtlon Y1 2(1?) < N/+/ii and V5(t) is a nondecreasing function and only increases when there is an
arrival, Q 1 = NJ(") for all j € [M] and Q(1; = N(”). Hence, for all t > 0,

0 N
/011< 7)< \F>dv§>(s)=o. (5.22)
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Equations (5.17)—(5.22) have the same form as (5.1)—(5.7) with B = BM, z = Z(ln) and z;,; = Z i where
B =NY"/ Vi,

M-1 ,t
20 = 1 1) - ZME?]l(t)—v%a—Awhwx ¥ -, / (V01(5) = Vg (5D,
2 2.

2,0t = M), (1), 122, j € [M].

Once we show that these terms converge to the appropriate 11m1ts, we can use the continuous mapping theorem

to prove Theorem 1. The convergence of the third term of Z (t) is implied by (3.16). Moreover, Proposition 1
implies that the fourth and the fifth terms converge to zero as n — oo. Hence, we focus on the limits of the mar-

tingales My ) (t) and N1 D,j, 1(t) in Section 5.1.

5.1. Martingale Convergence
The martingales Z\A/If:) and ]\A/Ig)] ;foralli € Z, and j € [M] are obtained by centering the time-changed unit Poisson
processes with the correspondmg random time changes. Hence, we can write the predictable quadratic variation

process for the martingale My A as
(1)

(M) () = AWt (5.23)
Assumpt1on (A1) clearly implies that <M )(t) —t as n — oo. The following lemma characterizes the limit of
<MD . z>(t)

Lemma 2. For any j € [M] as n — oo, we have
T, =7e (5.24)

where e(t)=1 for all t > 0. Moreover, for i > 2 and for j € [M] as n — oo, we have

A (1)
Qi

=0, (5.25)

To prove Lemma 2, we need the following version of lemma 9 in Eschenfeldt and Gamarnik (2018) modified
by incorporating the necessary coefficients. We provide its proof in Appendix B for completeness.

Lemma 3. For each n > 1, the following equations:

(n) (n) 5 (n) L om (1) ~ (1)
V0B = 10010+ 27 — / (g Vi1 (9) — 1, V0 o)ds — Vo),

t
Yt = 1000) + 20 (1) / V0 e)ds + V) - 0,

V(0 <0,0< V(1) <B,, t>0,

/ 1V 1) <007 (5) =0,

/ 1(7V)(s) < BV (5) =0,

have a unique solution (Y 1, M 1,Y§n)2, Vgn),V(;)) Moreover, if the sequences {Y[1 w10} s, {Y/ﬁ”)z(O)}m, {Zﬁ")},m, and

{Z1 2},1>1 are stochastically bounded, then the sequences {Ytl)M] 1ns1 and {Y1 2 tus1 are also stochastically bounded.

Proof of Lemma 2. Suppose {Y[l, M1t and {Y]-,l- }n for all i > 2 and j € [M] are stochastically bounded. Then by
lemma 5.9 of Pang et al. (2007), we have
o () A (1) (n) o) An)
Yo _ 2emn( @ =N 0 Y Qi

\/ﬁ n N

= 0.
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Applying (A2) to the above proves the lemma. Hence, it remains to establish that {?F;)M]/l}n and {lA/](-:-)}n for all
i>2 and j € [M] are stochastically bounded.
Because of truncation, we know that

(n) (n)

Y (=0 (t)/\/_<Q ) (0)/n.

This 1s for all ] e [M]and i>3 and j€{2,...,M} and i > 2. Hence, using Lemmas 1 and 3, we only need to prove
that 2" . and Z 1 é are stochastically bounded, which follows if the respective predlctlve quadratic variations are

stochastically bounded. From (5.23) it follows immediately that the sequence {(M A )(t)}n>1 is bounded for each
t >0, and we have

t
() A (1) 2u;
<MD] z>(t) = /0 [J]Q],l (S)dS +— / [,1] i, l+1( )ds < ]N]( )t

Hence, the stochastic boundedness of the sequence {m 1; j,i>(t)}n21 for each t > 0 follows from (A2) and Proposi-
tion 1. Hence, the lemma follows. O

The following lemma characterizes the limits of the martingales Z\A/If:) and ]\A/Ig’,)j,i asn — co.

Lemma 4. The sequence of scaled martingales converges weakly to following limits as n — oo

() 3 (1) (n) (n) ()
(M, ,MD“, MDMl, . MDll, . MDMl, )= Wa, iy Wy s it VmiWoa1s - -,0,...,0,..0),

where W4 and Wp j 1 for j € [M] are independent standard Brownian motions.

To prove this lemma, we utilize the continuous mapping theorem and functional central limit theorem (FCLT)
for Poisson processes, which we restate here for completeness.

Lemma 5 (Theorem 4.2 of Pang et al. 2007). Let A, and D;,; (for i > 1 and j € [M]) be be independent unit-rate Poisson
processes. For each such process C (i.e., C=A or C=D; ), define

~ C(nt) — nt
Mc,=—"—.
o Vn
Then, as n — oo, we have

(Mt M, s s Mgy s oo My oo My o) = (Wa, W, o, Wy o, Winy o Wiy, ),

where W4 and Wp, , are independent standard Brownian motions.

Proof of Lemma 4. Using the predictable quadratic variation processes, we can express the martingales my A " and
M) p,j,i fori>1and j € [M] as the following compositions:

o) _ o (), ) _ o
My =Mano (M), My =Mp, o0 (MD/,)1>1]6[M]

Now, applying Continuous Mapping Theorem (CMT) together with Lemma 5 and Lemma 2, we get

A1) () () () o (1)
(MA/MDllf" MDMl/MDlzl" Mp amar---)

= (Waoe,Wp,, ouyyqe,...,Wp,, © iy Ve Wp, ,00,...,Wp,,,00,...),
which proves the lemma. O
Now, we have all the necessary results to prove Theorem 1.

Proof of Theorem 1. Note that B, — oo as n — oo. Therefore, we have ‘7(2") converges to zero in the limit. Further-
more, Lemma 4, Proposition 1, and (A1) imply

M-1 ,t
~ (") () (1) (1) ()
D= 3" MG - V- A+ Y /0 i Vs — gy / V0 5) — V1 6)ds

jelM] =1

= Wal(t) — Z 17 Wo,, (t) — Bt
jelm]

D 2w — pt,
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where 2 indicates equivalence in distribution, and W is the standard Weiner process. Moreover, Lemma 4 also
implies that martlngales terms in (5.19)—(5.20) converges weakly to Zero as n — oco. Now using CMT, as n — oo,
we have V({1 = Yar1, V15 = Yio, Vi = ), forje {2,..., My and ¥} = Y, for i>3, j € [M]. Hence, for the
truncated system, we have Y = Y.
As the final step, we prove that both the truncated and the original system have the same limiting dynamics.
To show this, we define
T, = inf{t > 0: Q{")(t) = N{"}.

It is easy to see that starting from the same initial state at t =0, the original system and that of the truncated system
remain identical for all ¢ € [0, T,;) because, in both systems, no arrival is sent to a busy server in the slowest M —1
pools until all servers in the fastest pool have two jobs. Therefore, it suffices to prove that P(T,, <t) — 0, asn — oo
forall £ >0.

Because the truncated and the original systems are identical up to T, we have

w50 =¢sp 010 2 M) = (sup 70 2 01 45 ).

0<s<t 0<s<t

Hence, we obtain

limsup P(T, < t) < lim sup (sup ?gil)z(s) > Ng")/\/ﬁ> =0,

n—00 0<s<t

where the last equality follows because the sequence {f/gn;(s)}nez converges weakly and hence is stochastically

bounded, and ~ 7 is of the order of O(y/n). This completes the proof. O

6. Stationary Analysis: Proof of Theorem 2

The process level convergence in Theorem 1 only states convergence on compact time intervals and does not
imply the convergence of stationary measures. To prove the interchangeability of many-servers limit and the
limit as time goes to infinity and obtain the convergence of stationary distributions in Corollary 1, we need to
prove the tightness of the stationary distributions for the scaled system sizes under consideration as stated in
Theorem 2.

To prove (3.11) of Theorem 2, we establish through an appropriate Lyapunov function that E [Z |Y]("1) (o0 )”
= O(1/+/n). Then, leveraging rate conservation and (3.11), we establish E[lY(")l(oo)H O(1), thereby confirming
(3.12). Additionally, employing Stein’s method, we prove that E[Y%"z(oo)] O(1), which establishes (3.13). Finally
using a bootstrapping argument as in Braverman (2020), we prove (3.14).

Throughout the proof, we shall be using the infinitesimal generator G of the process Q™. To express the gener-
ator compactly, we write (f,7) < (k,]) if i<[, or i=I and j <k. We also use (k,[) > (j,) if (j,7) < (k,I). The infinitesimal
generator G applied to a function f : S — R and evaluated at a state q € S" can be written as

Gf(q) = nA™1(q1,1 < N™)(f(q+e1,1) —£(q)

+ > nA®1(g,; =N for () < k1), qe,: < ND(f(q + 1) —£(q)
(k,i)>(1,1)

+ Zzyk(%i — i, i+1)(f(q — ex1) —f(q)), (6.1)
k=1 i=1
where e; ; denotes the infinite dimensional unit vector with one in the (i, j)th position. We will be using the following
rate conservation result (Braverman 2020, lemma 1) that states that for any f : S — R with E[|f (Q(”)(oo))l] < o0,
we have
E[Gf(Q")(c0))] = 0. 6.2)
The above equation plays a key role in the proof using Stein’s approach that chooses an appropriate f to plug
into (6.2).
To use (6.2) within Stein’s approach, for each t € [0, 0] we define X(”)(t) = 1(Q(”) (t) = N7)/n and X(")(t) =
(”) »(t)/n. Furthermore, for any function f:R? — R, we define its lifted version Af:S"™ — R as Af(q) = f(x)
where q €S™ and x is the value of X" (t) when Q" (t) = q. Then, the generator acting on the lifted function can
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be written as
GAf(q) = nA" 101 <O)(f(x-+e1/m) = F()) + A" 10x1 = 0)(flx+ ea/n) —f(x))
—nA®1(x = 0,% = NY" /m)( f(x+ e2/m) = f(x))

M
+ Z#k(%1 — i, 2)(f(x —e1/n) —f(x)) + 1 (q1,2 — 91,3)(f(x — e2/n) — f(x)), (6.3)
=1

where e; is the two-dimensional unit vector with one in the ith position. Furthermore, because X" (c0) can only
take a finite many values for each n, we have E[|f (X" (c0))|] < oo for any f : R? — R, which by (6.2) implies that

E[GAf(X"(e0))] =0. (64)
To find the appropriate function f to plug into the above equation, we observe that for any twice-differentiable

f :R? > R, the Taylor expansion yields
1 x1+1/n
flx+ey/n)—f(x)= Efl(x) + / (x1+1/n—u) fi1(u, x2)du,

X1

Flc— e /)= F) == A+ [ (1) fal s

X1—1/l’l

where f; denotes the first-order partial derivative df /dx;, and f; denotes the second-order partial derivative
df /9x:9x;. Using the above expansion in (6.3), we have that for any twice-differentiable f : R — R:

GAf(q) = LF(x) — A" 1(x1 = 0)(f1(x) — (X)) + € (q), (6.5)
where
5100 = (=L + ) 0 - 0 66)
and
xi+1/n
1(q) = nAM1(x, <0) / (or + 1/ — 14) fua (0, 2)eb, 67)
1 x+1/n
+nAM1(x; = 0)/ (2 +1/n—u) foo(x1, u)du, (6.8)
. (N"+1)/n
—nA"1(x1 = 0,1 = N /n) / £(0,u)du, 6.9)
Ng”)/n
M-1 x1
+ > (e — ) (NF = qi1) , fi(u,x2)du, (6.10)
k=1 x=1/n
+ nnyl/ 1 (. —x1+1/n) fr1(u, x2)du, (6.11)
x1+1/n
M X
+ Ny / / (u — x1 +1/n) fi1(u, x2)du, (6.12)
k=1 x1—1/n
M X1
+ Dtk / fi(u, x2)du, (6.13)
k=2 x1—=1/n
— nylxz/ / (u—x1+1/n) fr1(u, x2)du, (6.14)
x1—1/n
+ nylxz/' ’ (u—x2+1/n) fro(x1,u)du, (6.15)
x—1/n
+ #1’11,3/ / falxr, u)du, (6.16)
XZ—l n

Mo N
N <A<n>_%zk=1+Nk> A, 6.17)
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Thus, Expansion (6.5) of the generator G shows that for any twice-differentiable f : R* — R the operator G act-
ing on the lifted function Af can be approximated by the linear operator £ (defined in (6.6)) acting on f as long as
the error terms contained in ¢f(q) remain small and first-order partial derivatives f; and f, coincide along the
boundary x; = 0 (which makes the second term appearing the generator expansion (6.5) zero).

The key idea of our proof using Stein’s approach is to restrict f to a class of functions for which fi(x) indeed
matches with f>(x) along the reflection boundary x; =0, and €(q) remains small for all sufficiently large n. For f
belonging to such a class of functions, we have from (6.4)

E[Lf (X" (c0)] = E[¢}(Q"(0))] ~ 0,
for all sufficiently large 7. Thus, to show that a chosen metric / of the steady-state X")(co) remains close to zero
in expectation for all sufficiently large 7, that is, to establish

E[h(X"(0))] = E[¢}(Q"(c0))] % 0,

it is enough to find f satisfying PDE Lf(x) = —h(x). This is the key idea we employ in our proof.
To prove (3.11) and (3.14), we will also make use the following lemma from Wang et al. (2022) that provides
steady-state bounds on expected value of a Lyapunov function when its drift is negative outside a compact set.

Lemma 6 (Lemma 10 of Wang et al. 2022). Let Z = (Z(t),t > 0) be a continuous time Markov process with countable state
space Z and infinitesimal generator Gz. Furthermore, assume that the chain Z is irreducible, nonexplosive, and ergodic and
Z(t) = Z(c0) as t — oo. Let 1, ; denote the transition rate of Z from state i € Z to state j € Z\ {i} and r;; = _Zjez\{i}ri,j'
Suppose that *max = sup,z|7;,i| < oo and a Lyapunov function V : Z — R exists such that Gz V(i) < —y for some y >0
whenever i € Z is such that 'V (i) > B for some B > 0. Then, for any integer m € Z.. we have

E[V"(Z(0))] < (2B)" + (4¥nz)" (W) il

where Vimax = SUP; iz, ol V(j) = V(D)I.

Proof of Theorem 2. Define function
M-1
Vi)=Y (N —g:1). (6.18)
j=1

To prove (3.11), it is enough to show that E[V(Q"(c0))] = O(1). Plugging V(q) into the generator in (6.1), we have
M-1

GV(q) = —nA"1(V(q) > 0) + > (g1 —4;,2).

=1
Fix € > 0, and (A1) and (A2) imply that for large enough n and any q with V(q) > 1, we have
M-1
GV(q) < —nA™ + ZN;”)pj
=1
< —nyyy+ (B +e)Vn<0.

Hence, using Lemma 6 for m € Z,, we have

E[V(Q)"] < @)" + &) (A(") + i it~ B+ 6)””2) .

Vbt — (B +e)n1/2

2
Hence, for any n > (%) and m € Z,:
1 m
E[V(g)"] < @2)" + <—6> ml. (6.19)
Vmbm
In particular, for m =1, (6.19) becomes

MEM

E Vi) [Y{{(eo)|| <2+ ,
= Yk

which proves (3.11).
Now we turn to the proofs of (3.12) and (3.13) for which we need the following lemma proved in Appendix C.
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Lemma 7. For any n > 1, we have

E

M
) F‘le(ﬁ(oo)] =nA",
k=1

B[S, om ™ (o) | = 1™ [ $2 0™ (00) = 1. O (o) = N
kZ_:ZF‘ka,z(OO)"'Hl 1,3(00) n kZQk,l(OO) ”/Ql,z(‘x’) 1]

=1

Now, we write

M
E[Va| Yy (o) ] < (ZNM -E
k=1

M
zykg&t’nw)])
k=1

M
. (zw,mk : A)

k=1

M
= \/Ey;/jl <‘/EZ(N1(<H)/77 - Vk)Hk + ‘/E(l - Am))) ,
k=1

where the second line follows from part 1 of Lemma 7. The proof of (3.12) now follows by applying (A1) and
(A2) to the above inequality.
To establish (3.13), it is enough to show that

o) |-

for any constant x > /u,. To establish (6.20), we first take expectations of both sides of (6.5) and apply lemma 1
from Braverman (2020) to obtain

E[GAf(Q"(0))] = E[LFf (X" (c0)] = A™E[L(X](c0) = 0)(fi(X"(c0)) — f2(X"(c0)))] + E[}(Q"(e0))] = 0. (6.21)

Lemma 8 provides the appropriate Lyapunov function f*(x) to plug in to (6.21) and prove (6.20). We construct the
function f*(x) in Section 6.1 and prove that this function satisfies the conditions stated in Lemma 8 in Appendix F.

Lemma 8. Fix k > /u, and define Q2 = (—o0,0] X [0, 00). Then, there exists a function f*(x) that solves the PDE

L (x)=—(x2—x/Vn),, forall x€Q, (6.22)
£1(0,x2) = £(0,%2) = % (xz - %) K forall x>0, (6.23)
with absolutely continuous first-order derivatives f; (-, x2) and f;(x1,-). Moreover, we have
1002 0,5) 20, 10 2 0, (0 >0, x€Q, (6.24)
f1u1(0) = f2(x) = 0, x2 € [0,5/Vn], (6.25)
F1100 < GV, 20 < Co()V, x€Q, (6.26)

2
Bty x _ 1 1 Hy K 14y (T+p,)
=—+; + 2 X
and Ceg(x) ™ (#1 )

=1
whereCs(K)—ﬁ TRy B\th—thy) ®=B/y " Bt~y

Now, for f* as given in Lemma 8, we have from (6.21)

| (x5 | =Blep@meon (627)

Suppose that we can show that the expected value of every individual term appearing in Lines (6.7)-(6.16) is
O(1/+/n). Then using (6.27), (6.7)~(6.17), and the fact that f;(x) > 0, we have

E[(X&M(oo)\’/{ﬁ)J so(\}ﬁ>+ (’/\(n)ljﬁ w
© (\/iﬁ> e (%)E[ff (0,X5" ()],

0 (\%) +0(1)E [(xg")(oo) - %) j ) (6.28)

+11

)E[ff(x<">(oo)>],

IA

IN
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where the second inequality follows due to Assumptions (A1) and (A2) and the fact that f;;(x) > 0, and the last
inequality follows because f;(0,x2) = (v/n/B)(x2 — x/y/n), . From (6.28), it follows that

o) -o(l)

which implies (6.20) and hence (3.13). Therefore, it suffices to show that the expected value of every individual
term appearing in Lines (6.7)-(6.16) is O(1/+/n).
Using the bounds on the second derivatives from Lemma 8, we have
x1+1/n

nA"W1(x; < 0) / (v1 + 1/n — w)fy, (, x2)du < Cs(k)A™ //n.
X1
All other terms involving second derivatives can be bounded in a similar fashion.

The second derivatives of f*(x) being nonnegative implies that the first derivatives are nondecreasing functions

in x; and x,, and hence,
) . N . . N . N
) <f (0, ! ) and f5(x) <f; (0, =f10 - (6.29)

1 1
n n n
(1)
for all x; <0and 0 < x, < - Hence, for the term appearing in (6.10), we have

M-1 X" (c0)
S (i — ) BLON] — Q)(e0)) /X o S X
k=1 1 —i/n
M-1 (n)
Iy (n) o N
< =K Y, (c0) 0, —

G -1) Nk
< )

where the first inequality follows from (6.29) and the last inequality follows from (3.11) and (6.23). From the
above inequality, it is clear that the right-hand side converges to zero as n — oo.
Using (6.23), we can bound the remaining terms appearing in (6.9), (6.13), and (6.16) as

(n)
Nk +1

N(‘fl) m N(”) N(”)
—nAM1 <x1 =0,x = ; ) o (0, u)du < —Amg <x1 =0,xp = — 10, 1

n n

M X1 1 M N(n)
OITURY N ACRSL TR SIUY A [
k=2 1 = "

X1—y

X2

1 N(”)
Hgus | Hhawdu < gys f (0, 1) :
-1 n n

Now, replacing q with Q") (c0), summing the above inequalities and taking expectations both sides with respect
to 1", we see that the sum of the right-hand sides is equal to zero due to part 2 of Lemma 7. Hence, the contribu-
tion of these terms to ]E[ej’i(Q(")(oo))] is nonpositive and can be safely ignored to obtain an upper bound. This
completes the proof of (3.13).

To establish (3.14), it is sufficient to prove that for any 1/2 < a < 1, there exists a Cs(a) > 0 such that for all suffi-
ciently large n

M
E [Z Qi) + ulczﬁ’?;@o)] <n'~"Cs(a).
k=2

Using part 2 of Lemma 7, the above inequality follows if we can show that for any 1/2 < a < 1, there exists a Cs(a)
such that for all sufficiently large n the following holds:

M
nAPp (Z Q\'}(e0) = 1, Q") (c0) = Ng”>> <n'""Cg(a). (6.30)
k=1
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By Assumption (A2) for any fixed € > 0, we have |N§") /n—y;| <€ and max(B/(u,v/n),1/n) <y, — 2€ for all suffi-
ciently large n. Choose « in the interval (y; —2¢,y, —€). Hence, for all sufficiently large 1, we have « € (max

(ﬁ/(“h\/_) 1/n), N(n)/n) We have

(n)
P(Q&’fé(ow:Ni")):P( X{ (o0 )—) (631)
(n
=ﬁ1@ (x4(e0) ~ &)1 (X““( )—Nn )1 (6:32)
WE[(XW(«» %), 1. (6.33)

Consider the f*(x) and ¢! i ?(q) as in Lemma 8 defined by replacing x = vnk > B/u,. Using (6.27) with ¢’.(q), the

result will follow if we can show that for any 1/2 <a < 1, there exists a Cs(a) such that E[s (Q"(c0))] < Cg(a)/n”
for all large enough 7.
The terms in (6.7), (6.8), (6.11), (6.12), and (6.15) of 6}’*(0;1(")(00)) are equal to zero when x, <% —1/n. On the

other hand, when x, > & —1/n, we can find a Cy > 0 such that for all large enough n

nAM1(x; < 0)/)(1“/”(9(1 +1/n— u)ffl(u,xz)du < CS(\/—K)

Vo
x+1/n
AW (x; = 0)/ 1 (xo+1/n— u)EZ(xl,u)du < Cé(\\//ﬁﬁk) < %,
nnyl/x:W(u —x1+ l/n)ffl(u,xz)du < % < %,

e C K 1 C
ZNk#k/xll/n(u —x1+1/n)f(u,x2)du < 5(\7_:7{) (1 + 0(7@)) < ‘/—%,
nylxz/:l/n(u —x+ 1/n)f2*2(x1,u)du < @ < %

Next, we prove a bound on the expected value of the third term of e .(q), (6.10). Taking the expectation of
(6.10) with respect to ", we can write

2 (1 — upE
k=1

X(”)

(N](:l) . Q(n)(oo))/ ff(“’ Xé”)(oo))db[|

" (e0)-1/n

<y E Z(N(H) Q(Vl)(oo))/(n) ]?1*(”, Xgn)(oo))du]
[Jl P1ip Z(N(H) Q(n)( ))fl (0, X(n)(m))]
U M-1
= i | 2 N QU0 () - m]
i M1

Rk _;Wi"’ Q) () (X" (00) — )1 (XY (e0) > K)]
u M-1
<y _;M’“ — Q) (o) (X (00) > Tz)]

< ﬁ%(E[V(QW(oo))P])”*’(P(XS”(oo) >R, (6.34)
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where the first equality follows from (6.23), the second inequality follows from (6.29), the second to last inequal-

ity follows as X;")(oo) <1, and in the last inequality, we used (6.18), and the Holder’s inequality with p,q > 1 satis-
fying 1/p+1/q=1.Leta=1/2+1/2q and define p = 715, then using (6.19) for m = [p], we have

14
fpl T
EIV(Q" )] < EIVQ (o)A < @+ (20 ) Tt | = ot
Vmbm
Furthermore, using the Markov inequality and (3.13), for all sufficiently large n
E[X}" ()] _ Ca

R T Rkyn’

P(X{"(c0) = %) <
Hence, the right-hand side of (6.34) can be bounded as

M-1 X" (c0)
> (4 B [(Nz ~Qen [ g, X&”(oo))du] <o),
= ’ X (00)=1/n pic/inn
This is for any a € (1/2,1) and all sufficiently large n.

In proving (3.13), we have already shown that the expected sum of the terms appearing in (6.9), (6.13), and
(6.16) is at most zero for any «, and therefore, we can safely ignore the contributions of these terms to obtain an
upper bound on E[sj’i(Q(")(OO))]. Hence, combining all the bounds obtained, we have

E[.(Q" ()] s%ﬂv(x;m(oo) > & —%) +”1ﬁi317(/:;,3@ (639

But using the Markov inequality and (3.13) again, we have

. 1 . _ 1Y\ _E[YY(e0)] _ C
p(xg (o) > 7 _E) _ p(y; (o) > ViR _\/_ﬁ> <o == o (6.36)

for all sufficiently large n. Hence,

E[e}'*(Q(oo))] S4:29~C3 +IJ1C3C10(01)

K pin?

and the result follows. O

6.1. Construction of the Lyapunov Function for Lemma 8

In this section, we construct a candidate Lyapunov function f*(x) that solves the PDE (6.22)-(6.23) using the drift-
based fluid limit (DFL) approach of Stolyar (2015b). This approach relates to the method of characteristics for
solving the PDE by reducing the problem to solving a set of Ordinary Differential Equations (ODEs) (Renardy
and Rogers 2004, chapter 2). The key idea behind this approach is that a solution to the PDE:

L (x) = ~h(x), (6.37)
where the operator £ satisfies £f(x) = Vf(x) - F(x) for some continuous vector field F is given by
() = / h(v*(s))ds, (6.38)
0

provided that the right-hand side of (6.38) is finite, and the function v*(t) is the solution of the ODE v.(t) = F(v(t))
with initial condition v(0) = x.

To apply the DFL approach to our problem, observe that a function f* solves the PDE (6.22)-(6.23) if and only
if it is also the solution of the following PDE:

Lf(x) = —<x2 - %) K (6.39)

£10,%2) = £5(0,32) = %’7 <X2 - %) . (6.40)
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for all x € R? with x, > 0, where the operator L is defined as
Lf(x)= (— B X1 + ylxz) 1(xeQ\Q)fi(x)— pyx2l(x € Q\ Q) fo(x) — ﬁ]l(x € Q) fH(x), (6.41)
\n vn
and Q = {x €Q:x1=0,x> \f} Clearly, the operator L satisfies £ f(x) = Vf(x) - F(x) with F defined as

_B :
F(x) = <O’ ‘/ﬁ), Y (6.42)

<_5ﬁ_ L1 + Ly Xo, — y1x2>, xeQ\Q.

Let v*(¢) denote the solution to the ODE:
v(t) =F(v(t)), (6.43)

v(0) =x€Q. (6.44)
Thus, taking h(x) = (x, — k/+/n),, the DFL approach implies that

£ = /0 " (0k(s) — 1/vn). s, (6.45)

is a candidate for the solution to the PDE (6.39)-(6.40). In the remainder of this section, we derive the expression
of f* given in (6.45) by solving (6.43)—(6.44) and computing the integral in (6.45) explicitly. However, it is to be
noted that f* constructed in this way is not guaranteed to solve the PDE (6.39)—(6.40) because the vector field F in
(6.42) is not continuous. Hence, we need to additionally verify that the constructed f* indeed solves (6.39)-(6.40).

Remark 2. We note that if the two-dimensional process v*(f) = (v}(t),v3(t)) solves (6.43)-(6.44) for each x =
(x1,x2) € Q, then it must also solve the integral equations:

vi(t) =x1 — —t — / (pp 01 (s) = pyv3(s))ds — Uy (t), (6.46)

o) =x — /0 p,03(s)ds + Uy (t), (6.47)

where the function U (t) is the unique nondecreasing function satisfying

/ "X ()L (5) = 0, U (8) > 0, U (0) = 0. (6.48)
0

Proposition 2 ensures that the process v*(t) = (v}(t), v5(f)) € Q is well defined. Note that Equations (6.46)—(6.48)
closely resemble those used to define the fluid model in Braverman (2020), except for the coefficients of v; and v;.
Although this may appear to be a subtle difference, it significantly alters the solution, requiring a full rederiva-
tion of the solution.

The drift of the process v*, given by the function F, clearly has a switching behavior depending on whether the
process v* enters the set Q or not, which in turn is determined by the starting point x. More specifically, if we
define 7(x) = inf{t > 0: v}(t) = 0} and set 7(x) = oo if v}(t) <0 for all ¢ >0, then 7(x) = co implies that the process
never enters the set Q. Furthermore, for all ¢ € [0,7(x)), we have

dvgt(t) - % S R ) (6.49)
dvj:t) = w0, (6.50)

Solving the second equation, we obtain
O3(t) = xpe M. (6.51)
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Plugging this into the first equation, we obtain

X :8 :ul —u,t ‘B [,113(2 — Uyt
vi(t) = — - xpe M+ + + e Hut, (6.52)
! pVn by =ty ’ ' VI R Y
B p — iyt BaX2 gt gt
=— + | x + eHmt 4 TS (pTHMt — eTH'), (6.53)
P‘M\/ﬁ ! #M‘/ﬁ Hy =ty

In the lemmas below, we determine the conditions needed on the initial point x for 7(x) to be finite and show
that, if 7(x) is finite, then v¥(t(x)) > B/u,V/n, implying that the trajectory v* indeed enters the set Q.

Lemma 9. Consider the nonlinear system of equations:

,8 ﬁ —UpyT HyX2 —Hy T —HpT
- 4 xg +—E— |ertnT — T2 (pmiT i) =, (6.54)
HpVn ' uyNn t — Hum

xoe M7 = /\/n. (6.55)
The above system of equations has a unique solution in (x2,7) € [K/n,00) X [0, 00) denoted by (x}(x1,x), T*(x1, %)) for any
x1 <0and any « > B/ . In particular, we have (x5(0,«), (0, x)) = (k//n,0).
Lemma 9, proved in Appendix D, allows us to define the curve
I ={xe€Q:x=x5(x;,«)} (6.56)
for each x > B/,. Clearly, we have (0,«x/+/n) € T*. We write x > T when x, > x3(x1,«) and define x> T*, x <T*
similarly. The following lemma relates the curves I'*, k > B/+/n, to 7(x).
Lemma 10. The following statements hold:
1. Ifx > T* for some « > B/, then T(x) < 0o and xye 17X > 1 //n.
2. Ifx € T* for some k > B/, then T(x) = T*(x1, k), where T*(-) is as defined in Lemma 9. Hence, xe~*1"® =« /+/n.

3. We have that ©(x) is differentiable if x >T" for some « > B/u,. Furthermore, the derivatives t,(x) = dt(x)/dx; and
T2(x) = d1(x)/9x; satisfy

ol e B
71(x) = —e tnl )<y1xze HyTk) _\/_ﬁ <0, (6.57)
-1
_ Hq — 1, T(x) — 1 T(X) — 1, T(x) ﬁ
To(x) = ————— (e ™ —e7Hu Hqxpe T — <0, (6.58)
1~ Hm ( ) ! n

where T1(x) is understood to be the left-derivative when x, = 0 and x > T* for some « > /.
4. If kg > K2 > B/, then T > T2, that is, x > T*" implies x > T2,
5 Ifx< TP/, then 1(x) = co.

Thus, from Lemma 10, it follows that 7(x) < oo if x € I'*, for some x > /u,, or equivalently, if x > /1 and in
this case, v3(7(x)) = et > B/, y/n, that is, at time 7(x) the trajectory v* enters the set Q. On the other hand, if
x < TP/t1, then the trajectory v* never enters the set Q. This behavior is shown in Figure 3. Once the trajectory v*
enters Q, we have from (6.42)—(6.44) that

doX(t) =0, (6.59)

p
duy(t) = ——=dt. 6.60
The above equations hold as long as v* remains within Q. Hence, for any x > f/u,, if we define 7(x) = inf{t > 0:
vX(t) = 1 /v/n}, then 6/t (x) > t(x) if x > T?/#1. Furthermore, for ¢ € [7(x), T¥/#1(x)), we can characterize v}(t) using
(6.60) as P
V() = — = (t — 7(x)) + xpe T, 6.61

2(6) \/ﬁ( (x)) +x2 (6.61)
After leaving the set Q) at time 76/t (x), the trajectory of v* never re-enters the set Q because v() is nonincreasing
in time. From Lemma 10, it also follows that if x < T#/#1, then 7(x) = o, and therefore, v}(t) and vX(t) are given by
(6.53) and (6.51), respectively, for all ¢ > 0.
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Figure 3. Any Trajectory That Begins Below the Dashed Curve Representing the Curve I'*/#1 Will Not Intersect the Vertical
Axis, While Trajectories Starting Above the Curve Will Eventually Reach the Axis and Move Downward Until Arriving at the

Point (0,6 = 11, Vi)

~o_ To ~<_ To
\\\\\\ \\\\\ \\
\ \d \\
— = 1 v
B Ao
N 022 0, 77
N L/ _
B__ B
( HM\/’TL’O) Z1 ( llNIﬁ’O) o

Taking «x as in Lemma 8, Equation (6.55) implies that the set {x € Q: x, < x/+/n,x > T*} is empty. Hence, the set
Q) can be partitioned as ) = () U, U Q3, where

Q) ={x; <x/Vn}, Q= {x2 > x/vnand x <T*} and Q3 = {x > T'*}.

We are now ready to evaluate (6.45) for each x € Q; for i € [3]. Because v} is nonincreasing in time, we have

v3(s) < v3(0) = xp < x/+/n for all s > 0 and for all x € Q;. Hence, from (6.45), we have f*(x) =

0 for all x € ;.

For x € Q;, we have 7(x) < 7(x) because otherwise we would have x,e 1™ > i /+/n, which contradicts the
fact that x <T™ according to Lemma 10. Because v} is given by (6.51) for all ¢ € [0, 7(x)), we have 7°(x) = y; 'log

(Vnxy/x) and therefore

nxy

ro= [ . )<"2€““‘5a)df:‘ﬁ T

X2 i K

1 Vi
Hllog( ) X2 K K 10g<\/ﬁ)€2>'

0 _1‘71_.”1\/%_/41\/5 K

Finally, for x € Q3, we have 7°(x) > 7(x) and therefore

Fx)= /O “ <x2ew - \’/‘E> dt +

Vi

- +xpe 1T
/ F (\/' 2 ) (ﬁt+xze‘ul’[(x) K> dt
0 Vi

n Vn

Blgone)

(%)
X2t ﬁ 2 ( —p,T(x) K )
S LAy B S Ly
th Vil Vn Vi)l
2
:Q_X_Zefyl’t(x) T( ) (\/ﬁx et 7(x) K)
oty NG 2y p

_2 X

\/"

N —pyT(X) _
My \/_ (X)+2.B (x ‘ \/E) .

Aggregating the above expressions, we obtain the candidate solution f*(x) to the PDE (6.22)—-(6.23) as

f =

In Appendix F, we complete
(6.22)-(6.23).

0, X € Ql,

n K K Vnx,

22 _ — log( >, x €L,

By wVn pyn K (6.62)
2

X2 X2 _ K \/ﬁ _ K

22 et 2 g(x) 4 <X26 Tk _ —) , x€Qs.

et \z 2 "

the proof of Lemma 8 by verifying that the above function indeed satisfies
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7. Asymptotic Optimality of the SA-JSQ Scheme: Proof of Theorem 4

In this section, we establish the asymptotic optimality of the SA-JSQ scheme in the Halfin-Whitt regime. To dem-
onstrate this optimality, we first derive a lower bound on the performance achievable by any admissible load bal-
ancing scheme for the original system. This lower bound is obtained by coupling the original system with a
modified system in which the servers are not attached to the queues but can freely move between queues ensur-
ing that faster servers always handle the longer queues. We then show that this modified system shares the same
diffusion limit as the original system when operating under the SA-JSQ scheme.

7.1. Modified System with Free Servers and Blocking

To identify a lower bound on the achievable performance of admissible load balancing policies, we consider
a modzﬁed system where, similar to the original system, in each pool j € [M], there are N( " servers with rate Ly
and Z] 1 N(”) =n queues. However, contrary to the original system, the queues are not attached to the servers.
Instead, at any time f > 0, the servers rearrange themselves in a preemptive fashion so that longer queues are
always served by faster servers. We further assume that each queue has a buffer capacity of two including the
job in service at that queue and arrivals occurring when all queues have two jobs are rejected/blocked. Each arriv-
ing job is irrevocably assigned to a queue according to the conventional JSQ policy that picks the shortest queue
(breaking ties uniformly at random) for each incoming arrival.

To better understand the dynamics of the modified system, consider a system where there are two type 1 servers
with rate uq, two type 2 servers with rate y,, and one type 3 server with rate u3. Suppose that right before time ¢
(i.e., at time t—), there are three queues with two jobs and two queues with one jobs as illustrated in Figure 4(a),
where at each queue the first job at the head-of-the-line (shaded job) is being served. As the servers always need to
organize themselves so that the faster servers serve the longer queues, we need to have two type 1 servers and one
type two server serving queues with two jobs and one type 2 server and one type 3 server serving queues with one
job at t—. Now, consider the following two scenarios. For the first scenario, suppose that a departure occurs at ¢

Figure 4. Modified System with Two Type 1 Servers, Two Type 2 Servers, and One Type 3 Server

(a) Snapshot of the modified system at t —

[] [] []

(b) Scenario 1: A departure from the second queue occurs at time
t. Servers serving second and third queues are swapped

D D

@@@@@

(c) Scenario 2: An arrival occurs at time t. Servers serving
the fourth and the fifth queues are swapped

[] [] []

[]
] ]

B = |m
ONONONONO
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from the second queue with two jobs being served by a type 1 server. Then, to ensure that the longer queues are

served by faster servers, the type 1 server serving this queue will change places with the type 2 server serving the

queue with two jobs as illustrated in Figure 4(b). As another scenario, suppose that an arrival occurs at time £, and

following the JSQ policy, it is assigned to the fifth queue that was being served by a type 3 server. Then, at time t, the

type 2 server serving the queue with one job should change places with the type 3 server as illustrated in Figure 4(c).
Similar to the original system, we define the following quantities for the modified system:

(n)(t) = The number of queues with i or more jobs at time ¢
A(n)(t) := The cumulative number of external arrivals by time ¢
(n)(t) = The number of arrivals routed to queues with exactly 1 job by time ¢
Agl)(t) := The number of rejected jobs by time ¢

Dl(-n)(t) := The total number of departures from servers with i or more jobs by time .

As the arrivals are routed in a JSQ fashion where the ties are broken randomly, we have

M
(”)(t) _/ ( (H)(S )= ZN](n) and Q;n)(si) < ZN](‘H)> dA(”)(s)

=1 =1

A;”)(t) :=/0 ( (n) ZN("))dA(”)(s)

Then, the number of arrivals routed to idle servers is given by A (t) A (t) — A (t) for any time ¢ > 0. Finally,
because we always have the faster servers serving the longer queues, the departure rate for queues with i or
more jobs at time f is given by

M i—1
BQ" ) =3y, l(Q(")(t )— ZN,@) A Nﬂ . (7.1)
j=1 1 +

From lemma 16 of Bhambay and Mukhopadhyay (2022), it follows that for any 0 < Q](-f',-)(t—) < N;"), we have

~(n) <Z Q(n)(t ) > Z[’l] (") (7.2)

j=1

() (n)

Now, we have the following balance equations:
01" =0/"+A" () - AL - A" () - DY"(5) + D3 1), 73)
(") (") () (n)
5 (=0, (0)+A,"(t) — D, (b). (7.4)

To present key results for the modified system, we define the following quantity for any ¢ > 0:

(n H)(t) ZZ (")(t)

j=1 i=2

which represents the number of servers with at least two jobs in the original system under any admissible load
balancing policy I'l. With this definition in place, we now introduce the following coupling proposition.

Proposition 3. Consider the original system under any admissible load balancing policy I1 and the modified system with
initial states

(n)

M
Q"™(0) = 01"(0) and QU™ (0) = 05”(0) < S NI

=1
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Then, there exists a coupling between the two systems such that for any t > 0, we have Q1 (t) + Q(zn)(t) < Q(ln’ D(e) + Q(” =0
and OV (1) < QU™ ().

The proposition above implies that if IT is any stable admissible policy then ]P’(an)(oo) + Q;n)(oo) >1y) <
P(QV" ™M (c0) + QU™ (c0) > y) for all y € R.

We now proceed in the next proposition to prove that the diffusion limit of the modified system is identical to
that of the original system operating under the SA-JSQ scheme. To state the proposmon we need the following

additional notations. We define the scaled process Y1) = (Y(¢) : t > 0), where Y(t) = (Y (t) Y (t)) with

~ (1) o
. Qi (t)—n ~m » (B
Y, (f)—iﬁ Y (t)— \/ﬁ

Proposition 4. Suppose that (A1) and (A2) hold, and there exists a random vector Y(0) = (Y1(0), Y»(0)) with Y1(0) =0
and Y,(0) € R, such that

(7.5)

Y"(0) = Y(0), vn>1. (7.6)
Then, we have

Y" = ¥, asn — oo,

where Y = (Y1 € [2]) is the unique solution in D2 [0, 00) of the following stochastic integral equations:
t
Ya(t) = Y1(0) + V2W(t) — pt — / (i Y1(s) = py Ya(s))ds — U (b), (7.7)
0

Ya(t) = Y2(0) — /O tl?z(s)ds + U4 (t). (7.8)

In the above, W is a standard Brownian motion, and U, is the unique nondecreasing and nonnegative process satisfying
/0 ooJl(ifl(t) < 0)dU;(t) = 0. (7.9)
Note that the limiting diffusion process Y given in the above theorem is the same as the two-dimensional process

defined by (3.9)-(3.10). Hence, we can now prove the asymptotic optimality of the SA-JSQ scheme as follows.

Proof of Theorem 4. The diffusion-scaled total number of ]obs g 1 ) and the d1ffus1on—scaled number of waiting

() +Q5"(t) — m)/vir and Y5 = Q3" (+)/vm, respectively.
The same quantities for the original system operating under any general policy IT are glven by Y(n D = (Q(n " (t)+
Q(fzn)(t) —n)/+/n and Y(" M Q(fz )(t) //n, respectively. Now, by Proposition 3, we have Q1 (t) + Q2 (t) <qt Q(ln’n)(t)
+ Q(” D(t) for any t > 0. Therefore, assuming that the steady-state distribution exists under policy I, we obtain after

centering and scaling

jobs v +2 in the modified system are given by g +1 =

P(Y ") (00) > y) < (Y™ (c0) > ), Vy €R.

Hence, we have
lim P(Y+1 (00) > y) = lim P(Y{}(e0) > y) < liminf P(Y(;"(e0) > y), Vy € R,

where the equality follows from Proposition 4. This proves (3.16). The proof of (3.17) follows similarly using sto-
chastic ordering of Q2 (t) < Q(” H)(t) forantt>0. O

7.2. Coupling Construction: Proof of Proposition 3
In this section, we first construct a coupling that enables us to relate the modified system presented above to the
original system operating under any load balancing policy. To construct the original system under any
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admissible load balancing policy I'l, we define
(" rI)(t) = The number of arrivals assigned to queues with i or more jobs in pool j € [M] by time ¢

A(" ‘™ (t) := The total number of arrivals assigned to queues with i or more jobs by time ¢
D™ 1_[)(t) = The number of departures from queues with i or more jobs in pool j € [M] by time ¢

D(" (f) := The total number of departures from queues with i or more jobs by time ¢

Q) = ZQ,(”lm(t)

QU0 =SS ).

j=1 i=2

We note that the processes AU7 " (t) is determined by the load balancing policy IT and is not used explicitly in the
remainder of this section. We only need that for all ¢ > 0 the following equations hold:

AP (t) = ZA](.Z.’H)(t) and D{""V(t) = ZD}E’H)(t).
1 =1

Furthermore, we have the following balance equations:

Q) = QI (0) + AL () — A () — DIV (t) + DYV (8, (7.10)
Q™) = QU™ (0) + AP ™(t) — DY ™). (7.11)

Now, to couple the original system and the modified system, we take A(t) and D(t) to be two unit rate Poisson
processes and assume that, for both original and modified systems, we have

APy = A7 (1) = AmA™y), (7.12)

that is, both original and the modified systems have the same arrival streams. For both systems, we define the
“potential” departure process as

M
D%”(t) =D Z ‘uij(”) , forallt >0,
=1

and we let 6;") to be the Ith event epoch for Dg)(t) and take {LIZ(")}lez+ to be a sequence of independent uni-
form(0,1) random variables.

To convert the potential departure process to the actual departure process in the original system, we first order
the pairs of positive integers (j, /) such that (j,7) > (j/,i") if i > " or i =i’ and j <. Then, the potential departure at
epoch 9( " is assumed to contribute an actual departure for D(” D(#), that is, D(" H)((9(”)) D(" H)(65”)—) =1, if and
only if (j, 7) is the supremum pair for which the following holds

e 15,0051 (0)" )
M (n)
2= N

u'” < (7.13)

where the supremum should be understood in terms of the ordering above. If no pair (j, i) satisfying the above
inequality exists, then the potential departure assumed to be lost; that is, it does not correspond to an actual
departure.

In the modified system, the potential departure occurring at time 6(") is an actual departure from a queue with
two customers if

103" (t-))

, (7.14)
M
SN

u <
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or an actual departure from a queue with one customer if
- (n) ~ (n)
1@y (1)) Q@ (1)
Z] 1”} (”) Z] 1|u] (”)

The potential departure is assumed to be lost (i.e., does not correspond to an actual departure) if none of the
above two conditions is satisfied.

<um <t

1 (7.15)

Proof of Proposition 3. We prove the result with a contradiction. First, define T(") =inf{t>0: Q(n)(t) > Q(” D)y

If Tgn) < 00, we need to have Q2 (T(”) )=Q% H)( (n)

(7.4) and (7.11), yields

—), which together with the assumption on initial conditions,

A(ln'n)(r(ln)—) - Dé"’n)(”c(f')—) = A(n)(ﬁ")—) - D(Zn)(’c(f')—), and (7.16)
")~ DV (t) for all t < 7. (7.17)
(1)

APty — DIty > A

Equations (7.2), (7.13), and (7.14) imply that the event occurring at time 7, cannot be a departure. Hence, we

need to have an arrival at T(l ), this arrival should be routed to a queue w1th one job in the modified system, and

it should be routed to an idle queue in the original system, which can only happen if

Q(ln,l_[) (T(n) ) < Q(n) (n) )= Z N
Combining (7.12), (7.16), (7.3), and (7.10), we need to have
AV )+ D (el -y < DI (0 )

Hence, there should exist a minimal T(Z") < Tgn) where the equality A R (s) + D(”)( )= Dg"’m (s) is violated (note that
this equality trivially holds at s=0). We now show that this is not possible even when T%”)

logic as above, if such a T(Z") exists, we need to have

(n)( (n) )+D(”) gn)_):Dgn,n)(Tén)_)'

= co. Using a similar

This can only happen if there is a departure only in the original system at time T(Z"), that is,
~n ), (n n, n
Wgu”»<2mdmﬂ)y

However, using the inequality in (7.16) and (7.17) in combination with (7.3) and (7.10), we see that Q(ln)(”c(n)—) >

(n)

Q(")(T(”) ). The monotonicity of fi(-) and (7.2) implies that a departure only in the original system at 7, is not

possible. Hence, we can conclude first that T(”) =00 and Q2 (t) < Q(" r[)(t). The nonexistence of T(Z") < T(ln) =00
implies that A (t) + D(n)(t) > D(" "(#) for all + > 0, and hence summing (7.3), (7.4), (7.10), and (7.11), we see that

Q@@+me§grmm+gmmm.m

7.3. Diffusion Limit of the Modified System: Proof of Proposition 4

To prove Proposition 4, we follow similar steps as in the proof of Theorem 1. In particular, (i) we first define a
stopping time T, to be the first time the system reaches a state with at least NI(\',}) /2 idle servers or at least Ng”)
queues with two jobs, (ii) we then derive the diffusion limit of the system for all t € [0, T,], (iii) and finally show
that, for any finite t, the probability of T, <t decreases to zero as n — oo to obtain process-level convergence.
Finally, we present a Lyapunov-type argument to argue tightness of the stationary distributions to conclude
interchange of limits.

Proof of Proposition 4. To derive the diffusion limit for the modified system, we first define the stopping time
T, as follows:

Ty=inf{t>0:n— Q" (#) =N /2 or Qh(t) = N}, (7.18)

This definition implies before time T, only the slowest servers (i.e., servers in pool M) can be idle and no job can
be blocked. Hence, using the unit rate Poisson processes A(t), Dy,1(t) and D,;,(t), the evolution of the modified



Downloaded from informs.org by [216.73.216.232] on 14 July 2026, at 10:57 . For personal use only, al rights reserved.

Bhambay, Blike, and Mukhopadhyay: Speed-Aware JSQ in Halfin-Whitt Regime
Stochastic Systems, 2025, vol. 15, no. 2, pp. 147-193, © 2025 The Author(s) 177

system up to time T, can be described by the following equations:

Q1" =0"0)+AmA"t) ~ D, (ZN(”W— / (uM(n—Q?<s>>+u1Q§")(s>>ds) -, (7.19)
j=1
0y (1) =0y (0) - Duz ( / " é’“(s)ds) + 1), (7.20)

where U(n)(t) = A(ln)(t) = féﬂ(Q%”)(s) =n)dA(A"s) forall 0<t < T,,. Upon centering and scaling the processes as
in Section 5, we get

7 ) ) w . A =3 N o e o
(O =Y, (0)+M, () - Mp (1) + \F] T by, / Yi(s)ds + / (s)ds — V" (t), (7.21)
n 0
t
V') = ¥37(0) — W) — /0 u, VP s)ds + 7\ (0), (7.22)
where

M) = (AmAM8) — A,

§

5

m 1 = M ! =7 = ()
W) =D | SNt = [ nn = Q1)+, Q55
=1

- \}ﬁ (ZNWW B / (i — Q1(5)) + ple (S))ds)

Mé”)z(t)——( a(m / o es) - [ uldz”)(s)ds),

)
L.

Assumptions (Al) and (A2) imply that the following convergence holds uniformly on compact intervals

A" — Z] 1H; ](n)
\n
where e(t) =t for all f. Hence, the continuous mapping theorem and Lemma A.1 in Appendix A imply that the

solution of (7.21) and (7.22) converges to the solution of (7.7)—(7.9), once we prove that Mf:)(t) and Mgl,)l(t) each
converges weakly to standard Brownian motions and ]\N/Igrz(t) converges weakly to the zero function. As in the

7 =

t— —pe(t),

proof of Lemma 4, we have that ]\N/IZL) = Wj because (MZ’))(t) = A"t - t, where Wj is a standard Brownian

motion. Furthermore, the predictable quadratic variations <1\7I§§,)1> and (Mg%) of the martingales Mg,)l and M”D,z

satisfy
W) = 2 f’% /f(uM<n—Qi’<s)>+u1 06, )
0

n

M
< _Zle N(ﬁ)[’l}'t

n

M) =

which by (A2) and Lemma 1 imply that {MD 1}n and {MD 2},, are stochastically bounded. Hence, Lemma 3
implies that {Y }n nd {Y }n are stochastically bounded. Therefore, by lemma 5.9 of Pang et al. (2007), we
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have Y1 / Vn= (Q1 —n)/n=0 and Y / \n = Q(zn) /n = 0. Therefore, by (A2) and continuous mapping theo-

rem, we have <MD,1> = ¢ and (MD,Q) = 0. This proves that the solution of (7.21) and (7.22) converges to the
solution of (7.7) and (7.8).
To complete the proof, we need to show that P(T, <t) — 0 for any finite f > 0. We have

0<s<t ‘/_ 0<s<t \/_

Assumption (A2) and the stochastic boundedness of Y1 and YQ imply that the right-hand side (RHS) of the
above inequality goes to zero as n — co.
To prove the convergence of stationary dlstrlbutlons we need to prove that the sequences {Y (oo)}n and

(n) (n)
]I”(Tnst)s]P’<sup|Y (s)] = Ny >+]P’<squ (s) = N )

{Y (oo)}n are tight. From Proposition 3, we have 0 < Y (oo) <stY(+”2) (0). Furthermore Theorem 3 implies that the
sequence {Y(")(oo)}n weakly converges to Yi »(c0) and is therefore tight. Hence, {Y (oo)}n is tight. To prove the

tightness of {Y1 (oo)}n, we consider the Lyapunov function V defined for any state § of the modified system as
V(q) =7, >0.
By definition, we have
M
A0@) <Y ON" = Vi, V().
j=1
Hence, applying the generator G of the process Q(n) to V, we obtain

GV(q) = —\/ﬁ/\(”)]l(y <0) +m < A 4 2:Jl—](n)[“lj

1 VA o
where the last inequality follows from (A1) and (A2). Hence, for q satisfying V(EI) >2B/u,,, we have G V(q) <
—(B —o(1)). Then, applying lemma 10 of Wang et al. (2022), we have

-~ (n) Y ﬁ (/\(n) + 2 jem) HjN}")/”) +B— 0(1)) ~
E[V(Q ()] = E[-Y; "(c0)] < 5o =0(1),

which shows that {Y(ln)(oo)}n is tight. This completes the proof of interchange of limits. O

V(@) < B — 1y V(@) +o(),

8. Conclusion

In this paper, we established that the SA-JSQ policy is asymptotically optimal in the Halfin-Whitt traffic regime
for a system with heterogeneous servers. In order to prove this result, we needed to do both transient and
steady-state analysis of the SA-JSQ policy in addition to finding a suitable system that provides asymptotically
tight performance lower bounds for any admissible load balancing policy. The key difficulty in our transient and
steady-state analyzes arises from the heterogeneity of the servers that results in a more complex state space for
the underlying Markov process. This makes generalizing existing analyzes hard as we need to establish addi-
tional state space collapse results and construct Lyapunov functions suited to heterogeneous systems. To the best
of our knowledge, our proof of asymptotic optimality is the first in the literature for a heterogeneous system
where each server has a dedicate queue. It uses a system that differs fundamentally from those used in earlier
works where the number of queues did not scale with the number of servers.

The paper opens up several interesting avenues for further exploration. We stated our optimality result in terms
of minimizing the steady-state distribution of the total diffusion-scaled number of jobs and the diffusion-scaled
number of waiting jobs in the system. Another natural way to define optimality is through the diffusion-scaled
mean response time of jobs and the diffusion-scaled mean waiting time of jobs in the steady state. Although one
can relate the expected number of waiting jobs and expected total number of jobs in the system at steady-state to
the mean waiting time and mean response times of jobs, respectively, one cannot conclude the optimality in terms
of (diffusion-scaled) averages from our result as this requires showing uniform integrability of stationary queue
lengths that we have not established. An interesting direction of future research would be to show asymptotic
optimality in terms of averages by establishing uniform integrability results as in Braverman (2023).

In this paper, we focused on analyzing the SA-JSQ policy under the condition A" =1 — g/n®, with a =1/2. In
a related analysis in Bhambay and Mukhopadhyay (2022), the optimality of the SA-JSQ was estabhshed fora=0,
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corresponding to the fluid limit. However, asymptotically optimal policies remain unknown for other values of a.
Analyzing the SA-JSQ scheme for a =1, corresponding to the NDS regime, is of particular interest as it could reveal
interesting dynamics.

Finding optimal load balancing policies for nonexponential service time distributions remains another chal-
lenging open problem.
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Appendix A. Proof of Proposition 2

To prove Proposition 2, we first prove an important result for the first two dimensions involving reflection terms.

Lemma A.1. For a given B € R., b= (by,b,) €R?, and z=(z1,25) € D2 [0, ), consider the following integral equations

t
() = by +22(8) — /O (i 1(5) — pyya($)ds — (9, (A1)
t
Ja(t) = yalt) = by + 2(8) — /0 2 () + 1 (8) — (D), (A2)
y1(t) <0,0<y,(f) <B, t >0, (A.3)

where u; and u, are nondecreasing and nonnegative functions satisfying

t
/0 1(y1(s) < 0)dui(s) =0, (A4)

/0 1(y2(s) < B)dua(s) = 0. (A5)

Then (A.1)~(A.3) have a unique solution in (y,u) € Dy [0, 00) X Dy2[0, 00). Moreover, there exists a well-defined function (f,g): R, X
R? x Dp2[0, 00) — D2 [0, 00) X D2 [0, 00) that maps (B, b, z) toy = f(B, b, z) and u = g(B, b, z). Furthermore, the function (f, ) is contin-
uous on Ry X R? X Dy2[0, 00). Finally, z continuous implies that y and u are also continuous.

To prove Lemma A.1, we first define a one sided reflection map function with upper barrier x as (¢,, ) : Dr[0,00) —
Dp2[0, 00), where for any x € Dg[0, ) and for all £ >0

(PK(X) =X— IIJK(X) =K

/ " 16,(x) < g, (x) = 0 and

Jo

Y, (x) is nondecreasing and 1P, (x(0)) = 0.

It is well known in the literature that the reflection map (¢,,1,) is well defined (Whitt 2001, sections 5.2 and 13.5) and
can be expressed as

P, () = sup (x(s) —x)*, (A.6)
O (X)) = x(t) — P (x)(F). (A7)

The reflection mapping can be trivially extended to x = oo as (¢ (x), 1 (x)) = (x,0). The Lipschitz continuity of the reflec-
tion mapping, expressed as

9, (0) = o e < Ml = X[l + [ — 5], (A.8)

¢, () = b, e < 2f1x = 2" [l + [ = "], (A9)
is used in our proofs. To be able to use the continuous mapping theorem, we need the continuity to be extended to cover
the order topology for extended reals.

Lemma A.2 (Eschenfeldt and Gamarnik 2018, Lemma 2). The reflection mapping (¢,¢): R, X Dg[0, 00) — D2 [0, 00) is con-
tinuous with respect to the product topology, where R, and Dg[0, c0) are equipped with the order topology and topology of uniform
convergence on compact sets, respectively.

We also need the following Gronwall-type inequality.
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Lemma A.3 (Gronwall Inequality; Greene 1977, Das 1979). Let Ki,K, € Ry and h; €R for i=1,..,4 and let f and g to be con-
tinuous nonnegative functions such that

f <K+ h1/0 f(s)ds + hz/o <(s)ds,

t t
g(t) <Kr+1n /0 F(s)ds + I /0 g(s)ds

for all t >0. Then,
F(#) < (Kq + Kp)e" and g(t) < (Ky + Kp)e™,

for all t >0, where h = max{h + h3, hy + hy}.
The following lemma is a version of Lemma 3 that addresses (A.4) and (A.5) internally using the reflection mapping.

Lemma A.4. Consider the following equations
t
W) = by + z1(t) — /0 (i Bo(@1)(5) — @ (a02)(s))ds, (A.10)
t
Wa(8) = by + 2a(t) + P (w)(F) - /0 iy by w2)(5)ds. (A11)

For given BER,, b€ R? and z € D2[0,00), (A.10) and (A.11) have a unique solution w and define a function £=(&1,&,) Ry x
Dg[0, 00) — Dg2[0, 00) such that w = &B, b, z). The function & is continuous and the continuity of z implies the continuity of w.
Proof. In the first part of the proof, we show the existence of a solution using a fixed point argument. We consider the
version of (A.10) and (A.11) by replacing (@1, @2) = (w1, w2 — Py (w1)) as
t
Wi(t) =b1+z1(t) — /0 (Up1Po(@1)(5) — 1P (@2 + U (@W1))(5))ds, (A12)

t
D(t) = by + 22(t) — /O 11y @2 + o @1))ds. (A13)

For fixed (B,b,y), a solution to (A.12) and (A.13) is the fixed point of the operator 7 : Dy2[0,00) — D2[0, c0) defined by
t
T(W)y(t) = b1 +zi(t) - /0 (1P (@1)(5) — 1 P (W2 + 1P (W1))(5))ds,

T(W)s(8) = by + 2a(t) — /0 11y, (02 + 9 (@01))ds.

For any W,V €Dp:[0, c0),

17 (W) = T () Il < ppet (Ul @p(@1) = P (@)l + | pp(@2 + 1P (@1)) — (02 + P (01)) [l¢)
< pgt 2Nl @01 — Ol + 2[| @2 + Yo (@1) — 02 — (1) [11)
< gt — 911l + 2|02 — D2ll¢) < 6, t[W—V ]|,
and
17 (W), = T(¥)all¢ < ppgt(l@p (@2 + Yo (@1)) — P02 + Py (01) 1)
< gt 22 + Yo (@1) — D2 — Py (D1) )
St @@y — o1l + 2|2 — D2 ly) < 4pytl|W—V ||
Therefore, we have
I17(W) = T@)l: < byt W—7]];.

This implies that the mapping 7 is a contraction on D:[0, fo] for any ¢y < (6y1)71. Now, repeating the same argument iter-
atively for intervals [to,2tp],[2to,3t0],..., and using the contraction mapping theorem (Rudin 1987, theorem 9.23), we con-
clude that a fixed point to the operator 7. Hence, a solution to (A.12) and (A.13) exists, and (wq,w2) = (@1, + 1Py (@1))
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solves (A.10) and (A.11). Now, we prove uniqueness. If w and w’ both solve (A.10) and (A.11), then
t t
llwr —wille < HM/O llPpg(w1) — Ppy(w))llsds + #l/o llpp(w2) — Pp(w))lsds
t t
< ZyM/ oy — o |1« +2y1/ w0z — s
0 0

ot ot
S4u1/ I —willst+2#1/ (w2 — w1y — s — ) 1) ds
JO JO
and

t
w2 — whls < 1o (@1) — o@Dl + 1y / 1 (w2) — g s
t ’ t
w2 — whl; — llwr —w;ufszul/ ||w1—WiI|st+2#1/ (w2 — whlls — llaoy — w}[l,)*ds
Ot Oi’
(w2 — whlls — llwr — ;1) SZyl/O ||w1—w;||sds+2u1/o (w2 — whlls — N1y — w}[l,)*ds,

where the last inequality follows due to the nonnegativity of the right-hand side. Now, applying Lemma A.3, we have
llwor = wile = [lwz —wy [l =0,

which implies uniqueness of the solution.

To prove continuity, consider a sequence (B",b",z") — (B,b,z). There exists solutions w" and w corresponding to the
solution of (A.10) and (A.11) for (B",b",z") and (B,b,z), respectively. Lemma A.2 implies that for any 6 >0, there exists
an N; such that for n > N implies

[b" —b| + (12" -zl + [Ipp.(w2) — Py(w2) || <6.

For n > N,
I —wrll <01y | ot — dolaen)llds + g / g ) — gl s
<o | olat) — yteon)lsds + gy / Nerg @) — g ()l + / e (02) — o0l
<O(1+ u,t) +2yM/Of||wy —w ||Sds+2y1/0t||w; —ws||sds

<O(1+ pyt) +4yM/0t||w’1’ —w ||Sds+2y1/0t(||w§ —ws|s — l|w) —un IIs)"ds
and similarly,
(lwy —walle = llwf —will)* < 5(1 +#1t)+2#1/0t||w§’ —wlllsd5+2ul/0t(||w§ —wals = 1w} —wils)"ds.
Choosing 6 = (4 +4y,t) 'e %e and applying Lemma A.3,
[wh —w: [ <eand [lw —ws||; <2,

which proves the continuity of the mapping &. Finally, to prove that continuity of z implies the continuity of w, we first
show that the function w is bounded using a similar approach as above. Choosing x=w and x" as the zero function, for
any x >0, (A.8) and (A.9) imply

Iy @)l < llwlle, lp @)l < 2||w]]:.
Now, reorganizing (A.10) and (A.11), we have

t t
lwnlle < 101] + llz2 ]l + (y +uM)/O ||wl||sds+ul/0 (lw2 s — el )ds,

t t
lwalle = Nlwills < [b2| + l|z2l: +y1/ Ilwlllsd5+u1/ (llwozlls = llws | s)ds.
0 0
Now, applying Lemma A.3 again, we get
lwille < (1ol + llzille + [B2] + llz2l)e*#) and

lwalle = llwrlle < (1br] + 1z lle + 152 + [[z2 |l Jela a0,
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which implies that w is bounded. Then, again using (A.10) and (A.11), we get
t+s
lwi(t +5) —wi(B)] < |zt +5) -z ()] + #1/ [Po(w)(@)] + |Pp(w2)(2)|dz,
t

[wa(t +5) —wa(t)] < |z1(t+5) =z (B)| + |wi(t +5) —wi(t)] + ul/ +s|<¢>B(zvz)(Z)|dz,

and along with the boundedness of w, this implies the desired continuity. O

Proof of Lemma A.1. The lemma follows using the same arguments in the proof of lemma 1 in Eschenfeldt and Gama-
rnik (2018) by taking

n= ((7)0 o él)(b/ Z)/ uy = (111)0 ° 51)(]3/ Z)
2= (Ppg0&)b,z), ux=(Pyo0&)(b,z). O

Proof of Proposition 2. The existence, uniqueness and continuity of y;; solving (5.3) and (5.5) can be shown by fixing j
and applying lemma 5 in Eschenfeldt and Gamarnik (2018). Defining

t
Z10(t) = z1,2(t) + #1/ y1,3(s)ds,
0

and applying Lemma A.1 with Z;,, we can prove existence, uniqueness and continuity of the solution. To show the conti-
nuity of the mapping (f, g), suppose that (B",b",z") — (B,b,z) as n — o and y" and y solve the respective (5.1)—(5.3).
Lemma 5 in Eschenfeldt and Gamarnik (2018) implies that y; — y;; for all i >3 and (j,2) for j > 2, which implies

zi‘lz(t) + #1/(”%,3(5)‘15 — z12(f) + ylfmyl,g,(s)ds.

Combining this with the continuity in Lemma A.1, we obtain the desired continuity. O

Appendix B. Proof of Lemma 3
o (1) 5 (n)

Proof of Lemma 3. Let Y (Y1 2/Y[1 ML) z"=(z, ,Z1 2) and fix t > 0. To prove the result of proposition we establish
the following bound

Y1l < 8 (1Y) + 11Z1],). B1)

To prove the above bound, we show that the similar bound holds for the unreflected process w defined in Lemma A4.
Then (B.1) follows from the Lipschitz continuity of the reflected maps ¢, and ¢, . We write o [ M] (= (po(w(”)(t)) and Y1 2(t) =
®p, (w(")(t)) where w(") (t) and w(")(t) satisfies

W) = Va0 + 217 (1) — /(uM%(w("))(s) b (@) (s))ds,

W () = 75(0) + 22 + o @l)(b) — / 1y by @) (6)ds.

Now using Grownwall’s inequality from Lemma A.3 and using Lipschitz property of ¢, ¢ , and b, we have for any
t>0

t
o (1) (1)
i Nl < 1Y (a1 O] + 127 ||t+2u1/ (s 15 + 1w [1s)ds,

(1)
o [l < 15O)] + 1237 1+ Ny @)l + / i i || ds.

Note that we have ||yb0(w(n))||t < ||w(n)“t Moreover, we define r{(t) = ||w(n)||t and r,(t) = (||w(”)||t — ||w§")||t)+ and note that
|w2 & |l <71(t) + r2(t). Therefore, we can write above inequalities as

t
n) <170 (O)|+||Z()||t+4y1/ rl(s)ds+2y1/ r2(s)ds,
0 0

n)

t t
() < |y12(0)|+||z§")||t+/ ylrl(s)ds+/ylr2(s)ds.

Let [Y™(0)| + |IZ™]|; = m. Now from Lemma A.3, we have r;(f) < 2me® and r(t) < 2medtt, Finally, using the definition
of ry, r; and from the fact that ¢, ¢; are Lipschitz with a constant of two, we get

() 611t
7

||Y[1 mpalle < 4met!, ||Y1 2 It < 8me

which proves (B.1). Hence, the proof is complete. O
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Appendix C. Proof of Lemma 7
To prove part 1 of the lemma, we define a Lyapunov function g(q) = min{T, DRI Sl gk, }- Then,

M o M
gg(q) =nA™1 (ZZ% < T) =Y il (ZZ% i< )
k=1 i=1 k=1 k=1 i=1

Now taking the expectation of both sides with respect to the appropriate stationary measure, applying (6.2) and the
monotone convergence theorem, we have E[Zk—l ka(n)(oo)] =nA". Hence,

M M N"
0< 1B [ e (Z(N” Q) (oo))) w2 (Z#k(Nz’ - Qi’fi(m))ﬂ =n!/? ((1 =AY (7" - Vk) )
k=1 k=1

which implies tightness using (Al) and (A2). Part 2 of the lemma can be proved in a similar fashion by using the Lyapu-
nov function

M )
8(‘]) mm{TZquz+Zq1z} O

k=2 i=2

Appendix D. Proof of Lemma 9
For fixed x1 <0, plugging in xe #17 = x/y/n, (6.54) becomes

B B\ - L S T—
— + | x+ e tmt — (1—e )T =0, (D.1)
o o M)‘[‘
When 7 =0, the left-hand side is equal to x;, which is nonpositive, and as T — oo, the left-hand side converges to co. Fur-
thermore, the derivative of the left-hand side of (D.1) with respect to 7 is given by

— _ﬁ M) 7:“MT—( ‘L_l( FlT_E)) —HmT
( 2ves! \/_ﬁ-f— \/ﬁ e = ‘LlMX1+\[ﬁ Ke 0 e ,

which is clearly nonnegative for any x >p/u,. Hence, we can conclude that there exists a unique 7" € [0,00) such that
Equation (D.1) holds, which in turn implies the uniqueness of x3. The second statement of the lemma follows directly by
solving for (x1,7) as a function of x,. O

Appendix E. Proof of Lemma 10
If x>T* for some k > B/u,, then by definition of I'* and Lemma 9 there exist 6 >0 and 7" = 7*(x1, k) € [0, 00) such that the
following equations hold:

ﬁ —u [Jl(xz 6) —1,, T
+ | x1 + e fMT ( :ul —e fMT)zol (E].)
#fo ( VT Vi Hy — b
(x — 0)e ™M™ =i /+/n. (E.2)
To simplify the notation, we define
p p - X2 -
(1) = — + | X+ eTHMt — 1= (e7HT — e7HMT), (E.3)
g ,UM\/E ! [JM\/E Hi = Hym

Clearly, gx(0) =x; <0, and using (E.1), we also have gx(7’) = 7“1 HM (e7t™ — e #u™) > 0. Hence, by the continuity of gx(-),
there exists 7 € [0,7'], where g(1) = 0. Furthermore, for such a 7 <1’, we also have xye 17 > x,e 17 > «/+/n. This proves
the first part of the lemma because 7(x) is defined as the smallest nonnegative root of gy(-).

To prove the second part, observe that x e I implies =0 in Equations (E.1) and (E.2). Hence, we have gx(7’) =0, where
T’ = 7"(x1,%). Now, we shall prove that there exists no root of gx(-) in [0,7"), which will establish that 7(x) = 7/, thereby com-
pleting the proof of this part. Let us suppose that it is not true. Hence, there exists at least one point 0 < 7y < 7’ such that
8x(11) =0 and g/(11)g%(7") <0, where g}(-) denotes the derivative of gx(-) w.r.t 7. But from (E.3), it is easy to see that g/(7) =
— & () + pyxoe 1T — B/+/fn. Hence, gL(t1)=px0e "1™ —B/yn and gl (7') = wyxoe 1% — B/+/n. Furthermore, 0<1 <7’
implies that x,e 17 > x50 17 = /y/n > B/, \/n. Hence, g/,(11)g%(12) > 0, which contradicts g (11)g,(t") <O0.

To prove the third part of the lemma, we take the partial derivatives of the equation gyx(7(x)) = 0 with respect to x; and
xp. This yields the expressions given by (6.57) and (6.58), respectively, after manipulation using gx(7(x)) = 0. The inequal-
ities 71(x) < 0 and 7,(x) < 0 follow by observing that x,e 1™ > 1c/y/n > B/u, \n.
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To prove the fourth part of the lemma, we fix x and assume that x > I''. From the first part, we know that Xpe 1T >
#1/4/n > x2/+/n. Taking derivative of x,e #1™™ with respect to x, we get

d
—xpe T = e’“lT(")(l — Uy %272(x)) > 0,
de

where the inequality follows from (6.58). Therefore, x,e #1™® is nondecreasing in x,, and we can write for any 6 >0

(xp + 8)e T2t > e /i > 1y /. (E4)

The above inequality implies that (x;,x; +0) ¢ I for all 6 > 0 because by part 2 of this lemma, (x1,x, +96) € I'? will imply
T(x1,x2 +0) = T*(x1,k2), which violates (E.4). On the other hand, from Lemma 9, there must exist x} >0 such that
(x1,x5) €™, implies that x} = x, — ¢’ for some &’ > 0. Hence, we have x >I'?.

To prove the last part of the lemma, let us assume 7(x) < oo for some x < T*/#1. Then we must have y, x,e~#1"® < /+/n because
otherwise we would have i, x,e 17 = i /y/n for some k > B/, and combined with gx(7(x)) = 0, it would imply that x € T* for
some « > /11, that contradicts with x < I/t due to the fourth part of the lemma. Furthermore, because 7(x) is the smallest non-
negative root of g(-) and gyx(0) = x; <0, we must have g/(7(x)) > 0. But from the proof of the previous part, we know that
L (T(x)) = — 1, (T(X)) + pyx2e ™™ — B /f1 = py 067 H1™®) — B/4fn < 0, which contradicts with ¢/(t(x)) > 0. O

Appendix F. Proof of Lemma 8
In this section, we show that the Lyapunov function given by (6.62) solves the PDE (6.22)-(6.23) and satisfies the proper-
ties stated in Lemma 8.

For convenience, we repeat the expression of f*(x) below:

0, forxe )y,
X2 K K \/ﬁxz
2 _ 10g( ), for x € Oy,

F)=< 1 myn K (E.1)

2
X2 Xo _ K Vn B K
L™ o r(x) + (xze T _ —) , forxeQ;s.
th Vi 2p Vi
Here, the sets Q;, i € [3] are defined as
Q) = {x2 <x/Vn}, Qy = {x2 > «/yYnand x <"} and Q3 = {x > T},
and by Lemma 10, we have (—o0,0] X [0,00) = Q = U, U Q3. Also recall that the operator £ is defined as
£ = (—% i ) 00— iy 00, (F2)

for any differentiable function f.

We first calculate the derivatives of f* on the sets (), 0, and 3. When x € (21, we clearly have f;(x) =f;(x) =0. By
(6.6), this implies that £ f*(x) =0 = —(x — x/v/n), when x € Q.

When x € (), we have f;(x) =0 and

o=tV 1«
2 N A AV E o S PR TRV

and therefore, we have

LFX) =2 fr(x) = —x) +% = —(xp — 1/ V1), .

When x € O3, we have

fi0) = (<> -%- % (<> - T) xwleww) (),

_ _\/?ﬁﬁ(x) (xwlef,ﬁr(x) _ %) (xze’“”(") _ \%),

= %ﬁe_“m(") <xze_“1T(") - %) , (E.3)
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where the last line follows by using the expression of 71(x) given in Lemma 10. Furthermore, in the same region, we have
1 K \Vn K
(x) = —(1—e ™) 4 (x et f—) X)+— (x e f—> e ™)y xpe T, (x
£x) F‘l( ) 2 Vi T2(x) B 2 Vi ( HiX2 72(x))

= #i(l —e Ty 4 (xze’W(") ) <1 Vi BV et T(")) To(X) + \gﬁe"‘lr(")>
1

= l(l — ety 4 (xzef“”(") _) £ (4['[1 (e*!‘MT(") — e’“lT(x)) + 67‘111()()) . (F4)
i V) B Hm
Also, by definition of 7(x), we have
B (B et — 1w oy 2 (F.5)
#M‘/ﬁ Hp VI 1= Hm

After some straightforward algebraic manipulations using (F.3), (F.4), and (F.5), it follows that £f*(x) = —x; + % /4/n when
x € 3. Hence, we have verified that (6.22) is satisfied for all x € Q.

Now, we verify the boundary conditions for the derivatives. It is easy to verify from (F.5) that when x; =0 and x € Q3
we have 7(x) = 0. Hence, from (F.3) and (F.4), we have

ﬁmmhﬁmm=%%@a%) (£6)

which shows that (6.23) holds for all x € Q.
Now, we show that the second-order derivatives of f*(x) satisfy the bounds given in Lemma 8. To summarize our
development above, we have derived the following expressions for the first derivatives of f*:

0 ifxe(QyUQ),
f(x) = and E.7
fl( ) %E*PMT(X) <x26*F1T(X) _ %) ifxe QS/ ( )
0 if xe O
i — K if xe [0
£0)=S th pVnx (F.8)
1 x '\ Vi
—(1—e ™) 4 (xze’“lw‘) — —> —0(x) ifxeQ;s,
ty vn) B
where
0 = A1 (e ) ) T 2, (F9)
17 Hum

Taking the derivative of (F.7) with respect to x; for x € Q3:

Vil + i) Hv
i) = YEELTEM 1 (et (_ype ) 4 T
" B Vi +
Now, x> T implies that x,e #1?™ > x/4/n, which in turn implies that the term inside the parenthesis in the above expres-
sion is negative. Furthermore, because by Lemma 10, we have 71(x) <0, we conclude that f;;(x) > 0 for all x. Plugging in
the expression of 71(x) from Lemma 10 in the above equation, we obtain

\/ﬁ(ﬂl + ) o2t <xz6 1) Hp )

p o™ — % \/_Pl T Hm

\/—(H1+#M)e ZyMT(x)xze iy T(x)
B Ly Xpe T — % ’
VI i) et

- B’
P Xoe 1T — v

fiix) =

Vgt x

< — 5
B ox Hl
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where the last inequality follows because x,e#17® > x /y/n for x> T* and z — % is a nonincreasing function for any con-
stant ¢ > 0.
Now, taking derivative of f;(x) with respect to x, for x € (3, we obtain

\/—([J e us SN ug'% 04 [‘l M) — - K ,u M
fia) = e My (x) (xpe T — M)
2 B Vi + thy
As 15(x) <0 (by Lemma 10) and x > I, it follows that f;,(x) > 0.
Now, we concentrate on f3,(x), which is trivially zero when x € Q1. When x € ), from (F.8), we have

fal = X W

i \/—xz
and hence f3,(x) € [O ‘/—] When x € ()3 again from (F.8), we have

UK
= (a0 (1 ‘//fulxze(x)) +%6(x)) +% (e —%) 621, (F.10)

where 0,(x) is the derivative of 0(x) with respect to x, and is given by
0a(x) = — M (it _ gty ), (F11)
Hy = Hym
for x € Q3. Because 7,(x) <0, we have 0(x) > 0. Furthermore, by the definition of Q(X) we have 0(x) > e *17™_ Now, because
x € O3, we have x,0(x) > xpe 17 >« /y/n > B/, v/n. In other words, we have 1 — —#1x2 0(x) < 0, which implies that f3,(x) > 0
for x € Q3. Hence, we have established that f;,(x) > 0 for all x € Q.

Now we proceed to find an upper bound on f;,(x) on Q3. To do this, we first note that

0(x) = —H1 e S VRTINS o
t— Hm = Hm By~ Hm

Now, plugging in the expression of 7»(x) from Lemma 10 into (F.11), we obtain

i e—yMr(x) _ e—ylr(x) 2 1
65 (x) = ity ( — ) < tibm —
th = Hym xpe™t Ve H1 — Hamxpe™n Ve

From the above and the fact that ¥ > 8/, the second term in (F.10) can be bounded above by

Vi iy .
Bt —

Using the expression of 7,(x) from Lemma 10, again we have

et (e‘“MT(") - e—MT(X)) (\/_ﬁ
= B (xze*#ﬂ(x) - L\/_) p

wyVn
i ( u ) 2 (e—dex),e—w(x))
vn 1 —1,7(%)
Xpe
- B
18 = Hm (xze ) — W)

eI 1, (x) (1 _ \/?ﬁ‘uleQ(x)) = Uy X%20(x) — 1)

IN

(Y ser
T B\ —Hy (Xze‘#ﬂ(") — M‘%)
2
LV (L) — (F.12)
B\t —tim/ - L

H

Hence, combining the bounds, we have

Vn Hy P x (1 + )
fo(x) < << HM) -+ ) , (F.13)

p k=L =y

Hy
for x € Q3. The bound on f},(x) stated in Lemma 8 now follows by combining the bounds for the sets {2, and Q3.
The absolute continuity of f;(-,x2) and f;(x1,-) follows using the same argument as in Braverman (2020).
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Appendix G. Positive Recurrence of The Limiting Diffusion: Proof of Theorem 3
The diffusion limit is expressed as

nm®=YmND+ﬁW®—W+AQﬁnﬂﬂ—mﬂmﬂwﬁ—VﬁL G.1)
Yl,Z(t) = erz(o) — ‘Lll‘/o Y1,2(S)d5 + Vl(t), (GZ)

and using Ito’s lemma, for any f(x) € C*(Q),

Eo[ f(Yar,1(t), Y1,2(8)] — Ex[ f(Yar,1(0), Y1,2(0)]

=E, {/o (u1Y1,2(8) = pp, Y, 1(8) = B)ft (Yo, 1(5), Y1,2()) — 1y Y1,2(8)f1 (Yo, 1(5), YI,Z(S))dS:|

t
+E, /f1,1(YM,1(S), Yllz(S))dS +E,
0

t
Am@nm%mwmwwﬂ.

Therefore, for any function f(x) with f1(0,x2) =£2(0,x7), the extended generator becomes
Gyf(x) = (=P — upx1 + pyx2)f1(X) — g 22f2(x) + f11(x), x € Q.

The geometric ergodicity of the diffusion will follow if we can find a suitable Lyapunov function V(x), constants
¢,d >0, and a compact set K such that

GyV(x) < —cV(x) +di(x € K).

In the rest of this section, our goal is to prove the theorem by identifying the function V(x), the compact set K, and the
constants ¢ and d following the same steps as Braverman (2020). The compact set K has the form

K =[-%,,0] X [0,x2],

for some «; > B. Unfortunately, the indicator function 1(x ¢ K) is not smooth, and hence, we need to define a function
¢(x) > 1(x ¢ K) for all xe Q) with regularity properties to approximate the indicator function. The function we need has
the form

0 for x <«
2 —(x—x1) 2
500 = (x—x1) <((K2 +x1)/2 — 1) (K2 — K1) " (12 +1%1)/2 — x1) (12 — K1)) forxe [, (2 +11)/2]
.2 —(x—x1) _ 2
1=k—w) (((Kz +x1)/2 - K1) (ko — 1) (k2 +%1)/2 — K1) (k2 — K1)> forx & [(k2 +31)/2,x2]
1 for x > 15,

for some «; > x1 > . We need the first and second derivatives of this function, and as shown in Braverman (2020), we have

¢’ (1) = ¢’ (x2) =0,

’ 4 ’7”
[ (x)] SKZ_KI and [¢" (x)] S(Kz_Kl)z.

We choose the Lyapunov function V(x) of the form

V(x) = exp(a(fV () +2(x), (G3)

where a >0 and

L1fV(x) 1= (= — 1 + ) () — 02 AV (%) = —p(—x1),x € Q,

](1)(01 xz) :fz(l)(ol x2)/ X2 < 0/ (G4)
L1fP(x) = —(x2),x € Q,
£2(0,x2) = £12(0,x2), %2 < 0. (G5)

It is easy to check V7(0,x2) = V»(0,x2) for all x, > 0. For convenience, we use the notation

P ) =)+ (x).
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We need the following derivatives of V(x):
Vi(x) = af” () V(x),
Va(x) = afY () V(x),
Vi (0 = a( AP 00)V() + a2 (S ()P V().
Now, we have
GV() = (LB )aV )+ (7 6)V + (fl X))’V (x)
= (—¢p(—x1) — Pp(x))aV(x) + (oc(fl?(x)) + (P @))V(x)
—aV()1(x ¢ K) + (@£ () + (7)) V()
= a(-1+£7(0) + a7 @)WV + (@(f7 00) + A7)V 1(x € K).

Our goal now is to find fV(x) and f?(x) that solve the two PDEs in (G.4) and (G.5) and then show that x; and x, can
be chosen so that

a(-1 +f1(f)(x) + a(fl(z)(x))z) < —¢, forallxeQ, (G.6)
(@(fP ) + 2(FF (X)) V(x) < d for all x K. G.7)

Lemma G.1. For any x; >« > f, there exist solutions fV(x),f® € C2(Q) that solves (G.4) and (G.5). Moreover, 1 and «, can be
chosen so that

[P < Hllog 2 X € [—x2,0] X [0, 2], (G.8)
O] < l‘fl 2 5 xelmOlx[o, G9)
A0l <HB2 i) < uyi%fz (G.10)
TRCIE IR G11)

Proof. For x; > k1 > f, we first identify functions f)(x) and f?(x) that solves (G.4) and (G.5) as

0= [ "ol ()t

0= [ gt
0
where v{(t) and vj(t) are as in Section 6.1 with n=1. To evaluate the first integral, we need t > 0 that solves
£ — K= (xl +£ +&(1 _ e*(!‘l*PM)f)) e*[»‘Mt_
Hpm Har B — Hm

There exists a solution to this equation when x; < —x, as the right-hand side is x; for t=0 and zero as t — co. However,
the solution may not be unique. Hence, we define

TK(X) = min{t >0: ﬂ —xk < (Xl +£+&(1 _ ef(,ulfyM)t))eﬁth}.
Hm Har o B~
The continuity of the right-hand side implies that, for any x; < —x» < —x3 <0, we have 7?(x) < 7 (x). We also have
k2 —f _ (xl it + - e*%*HMﬁ”(x)))e*uMm(x)
U1 — ﬁ (xl + ﬁ X (1 e (g — )T (x)))eflJMTxl )

TR
Hpk2 — ﬁ > eyM(T"'l (x)—7*2(x))
tykt =B

élog (ing) > 7 (x) — T%(x). (G.12)

HyK1 —
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Now, we can write

T (x) + / ¢(£ - (x1 + P ﬁ(l - e—(m—mﬂ)) e‘“Mt) dt  for x; < —1,
™ M By H = Hp

(1) = ™1
7 / ¢<£ _ (xl + i __HhX (1- e—(Hl—,uM)t)) e_“Mt>dt
0 Hm Hy o B~ By

0

for x1 € [—x, — 1]

for x1 € [—x1,0].

We have fl(l)(O,xz) = fz(l)(O,xz) =0, and hence, f(l)(x) satisfies the boundary condition. To check whether the suggested
fW(x) satisfies the PDE, we now calculate its derivatives. First, consider the derivative with respect to x; when x; < —#a:

D (x) = 72 (x ﬂ_ ﬂ_
1 Tl()+¢(uM (x1+uM By — by

X2 (1 — et (x))) ety (x)) (x)

_ (ﬂ _ (Xl + i _ ‘ulixz(l — o (=) (x))) gfyMsz(X)> sz(x)
Hae By B = Hm
+ /T leintqb’ (ﬂ _ (X1 WP g ef(uruM)t)> E—yMt) it
™ Hm v 1~ Hum

™2 M M 17 UM

Note that the boundary terms reduce to ¢(x1) =0 and ¢(k,) =1. Now, considering the case x; € [k, — k1], and using

the same trick for the boundary term, we get
™
) — Ut 4/ ﬁ ﬁ
f(l(x)=/ e!M¢<__(xl+__
! 0 Em By B = Hm
Combining, the results we have

3

M0 =

K
M

Using a similar argument, we get

/ ty (e—th _ g*!‘lt) X (]-b’ <£ _ (xl +£ — L
2ty Ty Fm Pyt = Hm

1 K
Pix) = / %
0

Hy o B = By
0/

Now, we can show that for x; < —x»

ﬂ(l — e*(urHM)t)

e g ef(yryM)t)) e*ﬁ‘Mt) dt.

1
/T e—ﬂMt(P' (ﬂ — (x1 + ﬂ _ “17962(1 _ e—(m—ﬂmﬂ)) e—#Mf) dt, for x; < —k»
™ Em Y Y|

for x1 € [—x1,0].

U

(=B — pp1 + I"le)fl(l)(x) + P1x2f2(1)(x) - / <(7ﬁ — fpX1F P‘1x2)e#’Mt - F‘lxzﬁ(f“m —ett)
“ X

T

p

X(;b/(—— (X1+£—L
Hm Havr My = By

M

(1—e *Wf)) ewf) dt

(! 2
= / ((—‘B — Upxy)e B Ve U e e’”l’)
™2

Y|
(Xl n B Hq

X¢/ (if -
Hm Hp M1~ Hum

Hy = Hpm
e sin)on)a

/ e tmtgy’ (£ - (x1 + B ‘ulixz(l - e’(”l’“M)t)> e’“Mt) dt, for x; € [—x2, — 1]
0 IS Y S Y]

1- e’(“l’“M)')) e"‘Mt) dt, for x; < —x»

)

)ewmf) dt, for x; € [—x, —x1]
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Now, making the variable change

u= i _ xle*“Mt + ie*#mt — Ha e Hmt _ Fa g’:“lt’
Hm Hm Hy = Hym Hy = Hym
2
1y, X x
du = (B + pyxi)e Mt + b2 oyt B2 gy

Hi = Um Hy = Hpm
we have

(=B — 1 + 200 + pxafy () = / g wdu = —1 = —p(—).

K2

A similar result holds for all other cases; hence, f)(x) satisfy the PDE along with the boundary conditions. To prove a
similar result for f(z) (x), we will again follow the analysis in Braverman closely. First, we define four subdomains

So={x€eQ:x <xq}
S1={xeQ:x>x1,x<T}
So={xeQ:xy>x1, Ty, 2x>T,}

S3={xeQ:x;>x1,x>T,,}.

Then, we can define the function as

0, for x € Sy
1081):121/K1)
P(axpetnt), for x; < ky,X € S
0
log(xp /x7)
1 T
w + / " (rae™t1h)dt, for x; > k3, X € S
1 0
@) (x) = 7(x) xpe 17
7% / xae )t + Vi / ¢o(Hdt, for x, <x2,x€ S,
0 ﬁ K1
1 T(x) 1 Xpe H17X)
M + / (xpe t)dt + —/ o(H)dt, for x, > k3, x€ S,
‘ul 7105(?1/”2) ﬁ K1
—yT(x) _ 1 K2
T(x) + S +— o(t)dt, for x € Ss3.
ﬁ/ .B K1 /Vn
Now, we calculate the first derivatives with respect to x; and x:
0, for x € Sy U Sy
1
(2)(X) = BeleT(X)(P(xzeiHlT(X))/ for x € S,
1 =
1_ 1, T(X)
—e HM™, for x € S5
0, for x € S
1
. xz_(P(xZ), for x € 5;
1
(2) = —yT(x) —u;T(x)
X) = 1 1 UM i
2 (¢(x2) - ¢(x2€7“17(x)> + —(P(Xze*“”(x)) pe T Hme , forxe§S,
X2 p B —Hy B
1 —ppT(¥) _ —yT(%)
Byle MH :jMe : p for x € S3.
17 Hum

Now, we prove that the suggested f?(x) satisfies the PDE.
1. Whenx € Sy, Lf(x) =0 = —¢(0)
2. Whenx € Sy,

(=B — 1 + 1 22)f 2 (0 + 1y 0f47 (%) = — 11037 (%) = —p(x2)
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3. Whenx € S,,
(=B — 1 + iy x2)fi 00 + 02y ()
—e [.IMT(X)(P(X e “17("))77# x1e [,er(x)qb JC e le(x))+ [yx2e '“MT(X)(P(Xze iy T(X)) (P X)+(¢) Xpe M T(X))
p

8 —pT(x) [J e — 1y T(x)
—Hm

7¢(x)+¢(x23 ,ulr(x)) 1—e —iyT) ‘u xie :“MT(X)+

1 pdxpe ™ 1y e P 1 p2xe T . 1 by Xoe Ha™®
Bty B il Poth—tn P i~ Hu

Bt~y B~y

—ppT(x) iy T(%)
*(P(X)+(P(X2€ pl"r(x)) (16 pMT(x)i_[J xie — iy T(X) 1[-11[‘1}\/[3(28 HpT +1[JM[J]X2€ T )

= —P(x) + P(xe™t1 Y[ 1 — et 1 et _ nu_Mlulxze*,MM’t(x) — Hlng*}llf(x)> B 1;11ny287“1\/1’(") +1yMy1x2e’“17(")
P =t B~y B —Hy
=—¢(x).
4. Whenx € S3,
1 1 2x. Ei'uMT(x) — X E*H]T(X)
(=B — 1 + lule)fl(Z)(x) + /'11x2f2(2)(x) = (=B — Py + P1X2)—e*F‘MT(x) + 1Hx2 Hq X2
P p My~ iy
= —e Hu™™ _ HM N P oty _ [y Xoe HuT — . xpet ™)
p Hy ‘“M Hy =ty
ly%xzewﬂ(x) _ Hll_lMxZg#uT(x) . llu%xzefy,v,r(x) 7 #1nyze,Hl.[(x)
p =ty p =ty

= 1= —().

Now, in a similar fashion we check the boundary conditions.

1. When x € Sy, the equality is trivial as both derivatives are equal to zero.

2. Whenx € S, 1(2)(0, x2) = 0. Note that the only point in S; with x; =0 is x, = k1 and fz(z)(O, k1) = 0. Hence, the boundary con-
dition is satisfied.

3. When x € S, and x1 =0, 7(x) =0, which impliesfl(z)((), X2) =f (0 Xp) = lcj)(xz)

4. Similarly, when x € S, 1(2)(0, X)) = fz(z)(O,xz) =
Hence, the boundary condition is also satisfied for all values of x,.

Now, we prove that the suggested f(V(x) satisfy the bounds in (G.8)~(G.11) as

FD(x) < T(x) < T (k) — T (12) < ilog (M) for all x; < x». (G.13)
Hm pyk1 —p
Similarly, for f?(x), we have
f(z)(x) < log(zw’ for x, <xy,x€ S, (G.14)
1

Xpe T e < log(xa/x1) N Ky — K1
B Hq B

where the second inequality in (G.15) follows as

FP(x) < 1(x) + , for x, <K, X €Sy, (G.15)

x2e ™™ > 3 and x, < Kk, when x; € S,.
Now, we prove the bounds for fV(x) and f?(x). As shown in Braverman, we have

19" ()| <4/ (2 — K1),

and hence,

tyk2—p
4t (X) < 4 IOg (pﬁki—ﬁ)
Ky — K1 - Ky — K1

2] < % for all x € Q. (G.17)

fl(l)(x) < for all x1 < xy, (G.16)
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Now, we will focus on fﬁ)(x) and fl(f) (x):

/ ety (‘uﬁ - <x1 P ﬂ(l - e’(“l"‘M)t)) e’“Mt) dt, forx; <—xy

K2 M Har o B~ Hm
(1) — K
X) = T
fu'®) / ety (‘uﬂ - <x1 +‘u£ m— Hlx; 1- e’(*‘l’*‘M)t)) e’“M’) dt  forx; €[—x2, — 1]
0 M M 17 M
0 for x1 € [—x1,0].
0 for x € Sy U Sq
1 1 T
f(z) (x) = —ByMTl(x)q)(xze"‘”(")) - Be’(*“ T gy (x0T ) 1 T4 (%) forxe S,
1 \X) =
1
_EPMTl(X) for x € S3.

Again, as shown in Braverman, |¢”(x)| <12/(k, — x1), and hence,

12 <—*‘MK2*§)
A7 0] s — 2 (G.18)
(2 — 1)

We also have

) Ha 4
[f7 ()] < B =P +ﬁ(1<2 ) for all xp > x3. (G.19)

Choosing «; = %+2€ and k1 = £ +€ and realizing u,, <1< u,, (G.13)~(G.19) yields (G.8)~(G.11). DO

thy
Proof of Theorem 3. Lemma G.1 implies that for any € >0, we can choose f(l)(x) and f(z)(x) solving (G.4) and (G.5),
respectively, such that

12 log 2 +4 4log2 1\°
_ (X) (Z) (4 ))2 _ g2y g2 1
o (X)))Sa< v tp€ * pe +a( € +ﬁ) )

and

. . 1210g2  py +4 4log2 1\?
(@(f1700) + @ (7 (x))) < <a <W PR ) v (S5 ) ).
Choosing « sufficiently small and € sufficiently large, we can find constants ¢,d > 0 to satisfy (G.6) and (G.7), which proves the
first part of the theorem. Then, the positive recurrence of the diffusion follows from theorem 5.2 in Down et al. (1995). O
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