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1. Introduction

TD(0) is one of the most popular reinforcement learning (RL) algorithms for policy evaluation (Tsitsiklis and Van
Roy 1997). Given a fixed policy, the algorithm is an iterative method to obtain the value function for each state
under the long-term discounted reward framework. To mitigate the issues of large state spaces, the value func-
tion is often approximated using a linear combination of feature vectors. This algorithm is referred to as TD(0)
with linear function approximation. In this paper, we work with online TD(0) with a single sample path of the
underlying Markov chain. Our goal in this paper is to obtain a concentration bound of the form from some time on
or, more precisely, for all n > ny for a suitably chosen ny for this algorithm.

A bound of this form was published for TD(0) as a section in our paper titled “Concentration of Contractive
Stochastic Approximation and Reinforcement Learning” (Chandak et al. 2022). This paper established an all-time
bound for contractive stochastic approximation with Markov noise and applied the bound to asynchronous
Q-learning and TD(0). Although the main theorem and its application to asynchronous Q-learning are correct,
TD(0) does not satisfy a key assumption for the main theorem,' and hence, the theorem was incorrectly applied
to TD(0). We remove the need for that assumption in this version, giving a completely different proof tailored to
the TD(0) algorithm.

The previous paper required the iterates of the stochastic approximation iteration to be bounded by a constant
with probability 1. This assumption is not known to be true for the iterates of online TD(0) with function approx-
imation for a single sample path. In fact, a common method to alleviate this issue is to project the iterates back
into a ball centered around the origin (Bhandari et al. 2018, Patil et al. 2023). The key difficulty caused by the lack
of this assumption is in applying martingale inequalities, which often require some restrictions on the increments
of the martingale that are often not easy to verify. We do not modify the algorithm and instead adapt relaxed
concentration inequalities (Chung and Lu 2006, section 8) for our problem. These bounds have an extra term
given by the probability of increments going above a certain threshold (Tao and Vu 2015, proposition 34).
Although the proof in this paper is restricted to TD(0), the underlying idea of using relaxed concentration
inequalities is broadly applicable to other algorithms that face similar challenges because of unboundedness.
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1.1. Related Works

There has been growing interest in analyzing the finite-time performance of reinforcement learning (RL) algo-
rithms. Existing results can broadly be categorized by the type of bounds they establish. The most extensive
body of work concerns expectation or mean square bounds (see, e.g., Chen et al. 2020, 2021). Another prominent
line of research focuses on regret bounds, which characterize how the cumulative error grows over time—
typically through almost-sure or expected regret guarantees (see, e.g., Azar et al. 2017, Jin et al. 2018, Yang and
Wang 2019, Yang et al. 2020). A third class comprises high-probability or concentration bounds (see, e.g., Even-
Dar and Mansour 2003, Qu and Wierman 2020, Li et al. 2023). Our work falls within this category but differs
from conventional analyses that establish high-probability guarantees only for sufficiently large time 7. In con-
trast, we derive uniform all-time bounds, that is, bounds that hold for all nn > 1y with probability at least 1 — 6.

Specifically for TD(0), moment bounds have been established in Bhandari et al. (2018), Srikant and Ying (2019),
and Chen et al. (2021). High-probability bounds have been established under various modifications of the TD(0)
algorithm. These include uniform sampling from data sets (Prashanth et al. 2021), projection and tail averaging
(Patil et al. 2023), and oracle access to independent and identically distributed (i.i.d.) samples of state—action-next
state triplets (s,a,s’) (Dalal et al. 2018, Chen et al. 2025).

One of us considered stochastic approximation involving contractive maps and martingale noise and derived
maximal concentration bounds for this class of algorithms (Borkar 2022). This covered, in particular, synchronous
Q-learning for discounted cost and some related schemes. In Chandak et al. (2022), we extended this work to cover
“Markov noise” (Meerkov 1972) in the stochastic approximation scheme, allowing us to give bounds for the asyn-
chronous case. As mentioned before, this work assumed almost-sure boundedness of iterates, which is not satisfied
by the TD(0) algorithm. We remove the need for this assumption in our current work. Other articles aiming at
bounds of these forms, such as the one we provide, are found in Chandak et al. (2023) for the LSPE algorithm and
Borkar (2002), Kamal (2010), and Thoppe and Borkar (2019) for abstract stochastic approximation schemes. A recent
work (Chen et al. 2025) considers all-time bounds for iterates without almost-sure boundedness, but they only con-
sider additive and multiplicative noise and not Markovian noise as considered in this paper. Their proof technique
relies on Moreau envelopes and a bootstrapping technique, which differs significantly from our work.

1.2. Outline and Notation
The rest of the paper is structured as follows. Section 2 gives a background to the TD(0) algorithm, along with
the required assumptions and the stochastic approximation formulation. Section 3 states the main result and pro-
vides some insights into the result. The result is proved in Section 4. A concluding section highlights some future
directions. Appendix A states a martingale inequality used in our proof, and Appendix B gives proofs for some
technical lemmas. which are used to prove the main theorem.

Throughout this work, || || denotes the Euclidean norm on R?, and (-, -) denotes the inner product in R?. 6
denotes the zero vector in RY. The ¢th component of a vector x and a vector-valued function /(-) are denoted by
x(€) and h!(-), respectively.

2. Background on TD(0)

TD(0) is an algorithm for policy evaluation, that is, for learning the performance of a fixed policy, and not for
optimizing over policies. Hence, a stationary policy is fixed a priori, giving us a time-homogeneous uncontrolled
Markov chain {Y,,} over a finite state space S. The transition probabilities are given by p(-|-), where the depen-
dence on the policy is suppressed. Assume that the chain is aperiodic irreducible with the stationary distribution
n=[n(l),...,7(5)],S = |S]|. Let D denote the S x S diagonal matrix whose sth diagonal entry is 7(s). Reward r(s)
is received when a transition from state s takes place. Note that this reward can be stochastic as well, and the
additional noise thereof can be combined with other noise terms without affecting our concentration result. For
simplicity, we assume that we receive a deterministic r(s). The objective is to evaluate the long-term discounted
reward for each state given by the value function

V(s)=E [Z Y"'r(Xm)| Xo=5s|,s€8S.
m=0

Here, 0 <y <1 is the discount factor. The dynamic programming equation for evaluating the same is

V(s)=r(s)+ VZ p(s'|s)V(s'), se€S.

s'eS
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This can be written as the following vector equation:
V=r+yPV,

forr=[r(1),..., 7(S)]" and P = ([P |9)]]y ses € RS,
The state space can often be large (S > 1), and to alleviate this “curse of dimensionality,” V is often approxi-
mated using a linear combination of d linearly independent basis functions (feature vectors) ¢, € R°,1<i<d,

with § >>d > 1. Also, let ¢(s) = [¢,(s),...,¢ d(s)]T for s € S denote the vector comprising components correspond-
ing to state s in each feature. Thus, V(s) ~ Z;jzl x(i)¢p,(s); that is, V(s) = xTp(s) and V ~ @x, where x = [x(1),...,
x(d)]T, and @ is an S X d matrix whose ith column is ¢,. Here, x denotes the learnable weights for the linear func-
tion approximator. Because {¢,} are linearly independent, ® is full rank. Substituting this approximation into the
dynamic programming equation above leads to

Dx =1+ yPDx.

But the right-hand side (RHS) may not belong to the range of ®. So we use the following fixed point equation:
Ox =TI(r + yPdx) := H(Dx), 1)

where IT denotes the projection to Range(®) with respect to a suitable norm. It turns out to be convenient to take
a projection with respect to the weighted norm |ly||p := \/y"Dy = (Zsesn(s)(y(s))z)l/ 2 for y € R°. The projection
map with respect to this norm is

Iy := (@'DD) 'd Dy.

The invertibility of ®'D® is guaranteed by the fact that @ is full rank. Finally, the TD(0) algorithm is given by
the recursion

Xp+1 = Xp + a(”)(P(Yn)(r(Yn) + V@(Ynﬂ)Txn - QD(Y")TJC”). )
Here, a(n) denotes the positive step-size sequence. At the end of this section, we explain how this iteration can be
expected to converge to the required fixed point from (1).

2.1. Assumptions
We impose two assumptions on the algorithm. The first is about the feature vectors, and as we explain next, it
does not restrict the algorithm. The second specifies the class of step sizes a(n) considered, which is standard in
the analysis of RL. In fact, our results hold for a broader class of step sizes than those typically required in sto-
chastic approximation frameworks.

1. For the assumption on ®, define WV := ®"+/D, and let Ay be the largest singular value of W, that is, the square

of the largest eigenvalue of WW' and, equivalently, of W'W. Assume that
v2d-y)

Because the feature vectors can be scaled without affecting the algorithm (the weights x(i) get scaled accordingly),
this assumption does not restrict the algorithm. Alternatively, the step size can be appropriately scaled as well; that
is, a(n) = b(n)c, where b(n) acts as the effective step size, and c¢(-) act as the effective feature vectors that satisfy the
above assumption. This assumption can be replaced with the following assumption on the basis vectors:

v/2(1—
7( V) VseS;
1+y
that is, the £, norm of each row of @ is bounded by /2(1 —y)/(1 + y). To see this, note that
Wxll2 _ [[Pxllp _ 1Pl
lxlly Al = il

is the operator norm defined with ¢, norm for domain and ¢, for codomain, which is equal to

@l <

1Dx]lo
[IxIl>
the maximum ¢, norm of a row. Hence,

Wy Dx
= mas 2l
w0 |lxll, T a0 [lxll;

Now, maxy+¢

= nSlG%XII(P(S)IIz-
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2. {a(n)} is a sequence of nonnegative step sizes satisfying the conditions

a(n) — 0, Za(n) =00

and is assumed to be nonincreasing; that is, a(n + 1) <a(n) Vn. We also assume that a(n) <1 for all n. We further
assume that % <a(n) <ds (n%)dz, Vn, where d; >0 and 0 <d, < 1. Larger values of d; and d, and smaller values
of d3 improve the main result presented below. The role this assumption plays in our bounds will become clear
later. Observe that we do not require the classical square-summability condition in stochastic approximation,
namely, Zna(n)2 < co. This is because the contractive nature of our iterates (Lemma 1) gives us an additional han-
dle on errors by putting less weight on past errors. A similar effect was observed in Chandak et al. (2022). The
above assumptions on the step-size sequence can be weakened so as to hold only after some N > 1 without any

changes in the analysis.

2.2. Formulation as a Stochastic Approximation Iteration
We next rearrange Algorithm (2) to separate the martingale noise and the Markov noise, and we write it as a sto-
chastic approximation iteration:

Xp41l = X + a(”)@(yn)(r(yn) + V@(YnH)Txn - (P(Yn)Txn)
= x, +a(n)(F(x,, Yn) — X + Myi1X,)

= x, +a(n) (Z 7t(s)F(xy,s) — xn) +a(n)My1x, +a(n) <P(xn/ Yn) — Z (s)F(xy, S)) ’

seS seSm
T1

T2

where
F(x,Y) = o()r(Y) + yp(Y)>_p(s'| V)p(s) 'x — (V)p(Y) x +x,

s'eS
and
M1 = y9(Yy) <<p(Yn+1)T - p IYn)q)(S’)T> :
s’eS
Define the family of o-fields F, := o(xo, Y,y,m <n), n>0. Then, {M,x,_1} is a martingale difference sequence
with respect to {F,}; that is,
E[M,1x,|F,]=0,as. Vn,

where 0 denotes the zero vector. The term 71 denotes the error because of the martingale noise term, and term 7,
denotes the error because of the Markov noise {Y),}.

The following lemma shows that the function Y _s7t(s)F(-,s) is a contraction. Let (x,x’) = xTx" and (x,z),, = xT Dz.

Whereas the contraction property of the TD(0) algorithm is well-known (Tsitsiklis and Van Roy 1997), we obtain an
explicit expression for the contraction factor.

Lemma 1. Forany x,z € Rd,

<allx—2||,

> ) (F(x,5) — F(z,5)

seS

where

. ||(Dx||2D 2 2
a=4/1—min 2(1 —vy) — A5 (1 + .
\/ min -2 (21 =) = A1 +7))

Moreover, 0 < a < 1, and hence, the function ) _s7t(s)F(-,s) is a contraction.

The proof appears in Appendix B. The Banach contraction mapping theorem implies that > . s7(s)F(:,s) has a
unique fixed point x*; that is, there exists a unique point x* such that ) __¢7t(s)F(x*,s) = x*. We next show that the
fixed point x* is the required fixed point we wish to converge to. Before that, we first observe that

Z n(s)F(x,s) = (®TDr + y®TDPD — ®TDD + I)x.
seS
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Then,

> n(s)F(x",s) = (®'Dr + y® ' DP® — O'DD + I)x* = x°
seS

= (®'Dr + y®'DPD)x* = ®TDDx*

= (®'D®) (@' Dr + yOTDPD)x* = x*

= O(@'DD) ' OTD(r + yPD)x" = dx*

= H(®x") = dx".

So ®@x"* is the required fixed point of (1).

3. Main Result

Before stating the main result, we define the following two sequences. For n > 0,

br(n) = Za(m), 0<k<n<oo,

m=k

1
_ k2—d1 1 7
‘Bk(n) - { 1

HdZ 7

ifdy <dy

otherwise.

Our main result is as follows:

Theorem 1. There exist finite positive constants c1,c, and D such that for 0 <6 <1,0 <e <1, ny > 0 large enough to sat-
isfy a +a(ng)cy <1, and n > ny,
a. the inequality
a(no)(ca + c1€) + 0
1—a—a(ny)cq

[t — x| < =P (m Ve 4 , Yng<m<n,

holds with probability exceeding
n
1-2d Z eiDbz/ﬁ"O(mil) - P(”xno - X*” > 6).
m=ngp+1
b. In particular,

a(ng)(cp + c1€) + 6
1—a —a(ng)c

o — x| < e ®on =D 4 , Vm > ny,

holds with probability exceeding
1-24 3 e PP _p(jx,, — x'|| > e).

m>np+1

The following are some remarks about the theorem and the proof that follows.

Remark 1. The assumption that 6 <1 and € <1 is used in the proof for Lemma 3 and has been made only for sim-
plicity. These can be taken as any positive values, with changes required only in the constant D.

Remark 2. The term P(||x,, — x*|| > €) captures the unavoidable contribution of the initial condition at 1. This can
be bounded by combining moment bounds (Bhandari et al. 2018, Srikant and Ying 2019, Chen et al. 2021) with
Markov’s inequality.

Remark 3. In Chen et al. (2025), an all-time bound is obtained, which goes to zero as m T co. In our bound, the
a(np)(ca+c1€)+6
1—a—a(ng)cy

Chandak et al. 2022, corollary 1). But the term a(n)(c, + c1€) arises from our treatment of Markov noise using the
Poisson equation. Note that Chen et al. (2025) do not consider the case of Markov noise, but only consider the
case of additive and multiplicative noise (i.i.d. samples of state-action-next state triplets). We leave incorporating
their ideas into our approach to get a bound decaying with m for Markov noise as future work.

term remains constant as m is increased. Here, 6 can be modified to 6(m) (similar to the treatment in
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Remark 4. For the special case of a(n) = n‘ill, we combine our result with Chen et al. (2021, theorem 2.1), a mean

square error bound, to get the following corollary.

Corollary 1. Let a(n) = dy /(n + 1) with sufficiently large dy. Let ny be large enough to satisfy assumptions of Theorem 1
and Chen et al. (2021, theorem 2.1). Then, with probability at least 1 — &1 — &2, we have, for all m > ny, that

o Loot2( LY, [loglmo) 1 (mo 1
|26 x||—(’)<\/n_olog <51)+ " Vo m+n0 .

The proof for this corollary has been presented at the end of Appendix B. The first term here corresponds to the

term 6 in Theorem 1. This term has a /1/ny decay rate and an exponentially small tail. The second term is the

contribution of the initial condition at 79. We have a polynomial tail in this case, but the dependence on m and ng

is stronger, as the term (\/log(r0)/+/no) X (19/m) decays with m, and the other term decays as logl/ 2(110)115 32,

4. Proof of the Main Result

We present the proof of the main theorem in this section. The key martingale concentration inequality used in
our proof is stated in Appendix A, and proofs for the technical lemmas used in the proof are presented in Appen-
dix B.

Proof of Theorem 1. Define z, for n > 1y by
Zp+l = Zp t+ Ll(?l) <Z T((S)F(Zn, S) - Zn> ’
S

where z,,, = x,,,. Note that [|x, — x*|| < ||x,, — z4|| + ||z — x||- To bound the second term, note that

Zny1 — X" = (1 —a(n))(z, — x7) +a(n) (Z 1(s)F(zn,s) — x“)

seS

= (1—a(n)(zy —x") +a(n)_ 1(s)(F(z,,5) — F(x',5)).

seS

The second equality follows from the fact that x* is a fixed point for ) __s7t(s)F(-,s). Then,

S 76) Pz ) — F(x,9))

llz2ns1 = x| < A = a(m)llzn — || + a(n)

S€S
< (1 =1 =a)a())llz, —7]-
which finally gives us
n—1
lza =2l < TT Q= (1 = aalk)lles, — 'l < e, — 7], @)
k=1’l()
This also implies that for all n > ny,
llzall < [y — 2711+ (7]l ®)

Next, we give a probabilistic bound on the term |[x,, — z,||. Note that

Xni1 — Znp1 = (1 —a(n))(x, — z,) + a(m)My 1%, + a(n) (F(xn/ Yn)— Z 71(s)F(zy, 5))
seS

=1 —a(m)(x, — zu) + a(m)My1x, + a(n) <Z 71(s)(F(xn, 5) — F(zn, 5)))

+a(n) <F(x,,, V)= n(s)F(xn,s)> :

seS
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For n,m >0, let x(n,m) =];_,,(1 — a(k)) if n > m, and one otherwise. For some n > 1y, we iterate the above for
ng < m < n to obtain

Xm+l — Zm+1 = ZX(mzk + 1a(k) M xx

k=nyg

+3 xm k+ Da(h (Z (6 () — F(zk,s»)
k=ng seS

+ zm: x(m, k+1)a(k) (F(xk, Yi) = > m(s)F(xi, s)> : (6)
k=ngy seS

Here, we use the definition that x,, =z,,. We first simplify the third term above. For simplicity, we define
F(x,Y)=F1(Y) + F2(Y)x + x, where

Fi(Y) = p(V)r(Y) eR? and  Fy(Y) = (W(Y)Z p(s' V)g(s")" — <P(Y)<P(Y)T> e R™,
s'eS
We define U : S — R? to be a solution of the Poisson equation

U(s) = F1(s) = > _mi(s")Fa(s') + Y _p(s'|s)U(s"), s € S. @)

s'eS s’eS

ForspeS, t:=min{n>0:Y, =5y}, and E[---] = E[--- | Yo = s]; we know that

7—1
U'(s) = Es lZ(leﬂ) -3 n(s')ﬂ(s’))] ,SES ®)
m=0

s'eS

is one particular solution to the Poisson equation (see, e.g., Borkar 1991, pp. 8591, section V1.4, lemma 4.2 and theo-
rem 4.2). Thus, ||[U'(s)||e < 2maxses||F1(s)||Es[7]. For an irreducible Markov chain with a finite state space, Es[7] is
finite for all s, and hence, the solution U’(s) is bounded for all s. For each ¢, the Poisson equation specifies U’(-)
uniquely only up to an additive constant. Along with the additional constraint that U(sy) = 0 for a prescribed s € S,
the system of equations given by (7) has a unique solution. Henceforth, U refers to the unique solution of the Pois-

son equation with U(sg) = 0. Similarly, let W : S — R be the unique solution of the Poisson equation

W(s) = Fa(s) = > _ (s )Fa(s") + Y p(s'|s)W(s), s €S, )

with the additional constraint that W(sg) = 0 for a prescribed sy € S as above. O

The following lemma gives a simplification of the third term in (6), using the solutions of the Poisson equation
stated above. Before stating the lemma, we first define x7, = sup, ., [lxm — Zull-

Lemma 2. There exist positive constants c1,c, such that for all ng <m <mn,

Zm:)((m/k +1)a(k) (F(Xk, IOEDY n(S)F(xkrs)>

k=ng seS

=Y x(m k+Datk)(Ugsr + Wiaxe) + p,, (n0),

k=ng
where
llet,,, (o)l < a(no)(c2 + c1x;, + callxn, — x7]).

Here, Uy and Wi, xi are martingale difference sequences with respect to F, where U = U(Yis1) — >op(s’ | YiU(s")
and Wi = W(Yiyq) — Yo" Y)W(s’) for k > ny and the zero vector, respectively, or the zero matrix, otherwise.
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The proof appears in Appendix B. Returning to (6), we now have

Xl — Zm+1 = i)((mlk + 1)01(]() (Z T((S)(P(Xk,s) - F(Zkr S)))

k=nq seS

+ ZX(m,k + Da(k) (M1 xx + Wigaxie + Uger) + 1, (10).-

k=l’lo

Now,

||xm+1 - Zm+1|| <

S clm, b+ Da(h (Z 7()(Flxe 5) — Fze, s))) H

k=ng seS
m ~ ~
1S m, Kk Dt My + Wi + o) ‘
k:m)

+ a(no)(c2 + c1x;, + c1llxn, — x])

m
<ay x(mk+Da®llx — z¢ll +alro)(cz + c1x;, + ealln, — x°[)
k:no

S+ 10 M+ Wi + ) ‘ (10)

Forany 0 <k <m, o
x(m, k) + x(m, k+ Da(k) = x(m,k+1),

and hence,

x(m,ng) + zm:)((m,k + Da(k) = x(m,m+1) =1.
This implies that o

i){(m,k + Da(k) < 1.
Using the definition of x;,, we have o
X1 < (@ +a(ng)cr)x, + kzm:)((m,k + D)a(k) (M1 + Wi g + Ugerr) || + a(n0)(c2 + cal|xu, — x7). (11)
—

Next, we wish to obtain a bound on the probability
P(llxp, — x7|| < exp(—(1 — )by, (m — 1))e + A(no, €,0), Vng <m <n),
for some € > 0 and 6 > 0 (recall the assumption that & +a(np)c1 < 1). For ease of notation, here, we have defined

a(ng)(ca +c1€) + 0
1—a—a(ng)e;

A(ng,€,0) :=

From (4), recall that ||z, — x| < exp(—(1 — @)by, (n — 1))||x,, — x*|| 2.5, and hence,
Ixn, — x| < € = ||lzi — X7|| < exp(—(1 — @)by, (m — 1))e.
Also recall that sup,, ., [IXm — zul| = x},. Hence,
{llxn, — x| < €} ﬂ {x;, < A(ng,€,0)} C{||lxm — x*|| < exp(—(1 — @)by,(m — 1))e + A(no,€,0), Yng <m <n}.
This implies the following relation between the probabilities of the two sets:
P(llxy — x| < exp(—(1 — a)by,, (m — 1))||xy, — x7|| + A(no,€,06), Vg <m <n)
> 1 - P({x}, > Ang, €,6)} | J{llxn, — x| > €}).

To compensate for the lack of an almost-sure bound on the iterates {x,}, we adapt the proof method from Tao
and Vu (2015, proposition 34) (see Chung and Lu 2006, section 8, for a detailed explanation). For this, we define
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& ={xo, Yy, k > 0} and the “bad” set B, as
By = { £1%,(6) > Alro,€,0) [ Ibon (&) — | > e}

Here, the notation x/,(£) and x,,(&) highlights the dependence of x/, and x,, on the realizations of xy and {Y}.
Analogous notation is used for other random variables. For & ¢ B,,_1, let us define Xy ,—1(&) = x¢(&) and Zx ,—1(&) =
z(€) for all k. For & € B, 1, we define Xy ,-1(£) = x* and Zj ,-1(€) = x” for all k. Also, define X, , 1(&) =sup, i<,
Xk, 11-1(E) — Zk, n—1(&)||- Note that f;n,n_l =0 when £ €B,,_1, and f:n/n_l =x,, <A(ng,€,6) when & ¢ B,_q. The intui-
tion behind these definitions is that X, , ; is always bounded by A(ny,€,0) for all m <n — 1.

Note that £ ¢ B,1 = X, , (&) = x,(&), which implies P(x], , (&) # x;,(¢)) < P(B,,—1). Henceforth, we drop & for
ease of notation, rendering implicit the dependence of all random variables on &. Then,

P(x;, > A(ng,€,0)) < P(x; > A(ny,€,0) U 1y — X7|| > e)

(IZ) vid vid / *
< P(xm_1 > A(ng, €,0) U Xy 01 F X, U |2, — x*|| > e)

(b) vid vid / *

< P(xn,n_1 > A(no,e,é)) +P(x),, 1 #x, U Iy — x*|| > €)
© /.,
< P(xn,n% > A(ny, €, 6)) +P(B,_1)

= P(Y;,,nq > A(ng, €, 6)) + P(JC;F1 > A(ng,€,0) U [, — x°|| > e).
Inequality (a) here follows from the observation that
{Frnn < At0,€, 0}V {F, 0 = %} € 13, < Almo,€,0)},
which implies that
{x, > Ano, €,0)} X}, , 1 > A(no, &, )} | J{X), .1 # 5},

which gives us the required inequality. Inequality (b) follows from union bound, and inequality (c) follows from
the observations that {|[x,, —x*|| > €} CB, 1 and {X], , | #x,} CB, 1.

Now, we obtain a bound for P(x}, , ; > A(ng,€,0)) by induction. We first note that x;, _; , ; is bounded by A(ny, €, 6)
by definition. Hence, P(x), , | > A(no,€,0)) = P(|[Xy,1-1 — Zn,n1ll > A1, €,0)). We first restate (11) for m =n — 1.

llxen — zull < x3, < (@ +a(no)er)x;,_y +alno)(c2 + cillxn, —x7I)
n—1

Z)( (m, k + 1)a(k)(Mys1% + Wi xg + Uge)

k=Tl()

+

Now, let I{-} denote the indicator function, which is one when {-} holds true, and zero otherwise.

”En,nfl - En,rﬁl“
= ”fn,ﬂfl - En,"*lnl{énfl € anl} + ”En,nfl - En,nfl”I{(Snfl ¢ anl}

(a)
S0X &y 1 €By} + 0 — zall X {E_1 ¢ B,1}

<SHE 1 ¢B, 1) X ((06 +a(ng)c1)x;,_4 +a(ng)(ca + cillxz, — x7))

)

(21{5%1 ¢B, 1} X ((Of +a(ng)c1)A(no,€,0) +a(ng)(ca +cr€)

n—1
> xm, k+ Datk) (M xx + Wi e + Ugan)

k=n0

+

n—1

> x(n =1Lk +1)a(k)(Myaa X n-1 + Wi X no1 + Ui

k=l’l()

+

).
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Here, inequality (a) follows from our definition of B,_; that |[X,,s—1 — Zn,n—1|| =0 when &, 1 € B,,_1 and x,, =X, 1
when &, 1 ¢ B,_1. Inequality (b) follows from the fact that when &, ; ¢ B,_1, then x; =%, for all k, and
[Ixs, — x*|| < €. Substituting the expression for A(rng,€,0), we obtain the following:

a(ng)(cy +c1€) + 0
1—a—a(ng)cy

%, n-1 — Zn,n-1ll < (@ +a(ng)c1) +a(ng)(c2 +cr€)

n—1

+{I> x(n =1,k + 1Da) (M Xy, u1 + Wi X, uo1 + Uiir)
k=‘fl0

a(ng)(cy + c1€) a+a(ng)c

“1—a—a(ng)er 1—a—a(ng)c

n—1

+{I> x(n =1,k + Dalk) (M Xy, n1 + Wi X, uo1 + Ui ||
k=n0

When
n—1 B B
H X011 k4 Dalk) M s + Wiy s + D) || <,
k:no
we have
_ _ a(ng)(ca +c1€) + 6
”xn,nfl - Zn,nfl“ < ( 0)( 2 ! )
1—a—a(ng)cy
Hence,
_ a(ng)(ca + c1€) + 6) =1 _ - 3
Plx > <P x(m =1,k + Da(k)(Mi1Xk n-1 + WXk 1 + Ugs1)|| > 0 |-
( n,n—1 1—a —a(no)c1 ];) +14k,n—1 +14k,n—1 +1

Let us denote the probability on the right side of the inequality as p,_i. Then,

, _a(ng)(ca +c1€) +6 , a(ng)(c2 +c1€) +0 .
P <p,_1+P o — .
<x” T 1—a- a(ng)er )~ Pra + 8\ X1 > 7 a —a(ng)cy leny =7l > €

Then, repeating the same procedure using B, _», we obtain

1T —a—a(ng)er

, _a(ng)(ca +c1€) +6 .
<Pn-2 +P(x,12 > ) U I, — x*|| > € ).

Iterating this for n > m > ng + 1, we get

, _ang)(ca +c1€) +0 - .
P(xn> OIS E2) < 3 pur+ Pl 1> 0)

m=np+1

The probabilities p,, can be bounded using standard martingale inequalities as the terms of the martingale differ-
ence sequence are almost surely bounded. The following lemma, proved in Appendix B, gives a bound on the
probabilities p,,:

Lemma 3. There exists positive constant D such that for 0 <e <1,0<0 <1,
P < 2P Brg ).

Recall that d here denotes the dimension of the iterates {x,}.

This completes the proof for the first part of Theorem 1.
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Let A,, be the set

a(ng)(co + c1€) + 0
1—a—a(ny)c

{llxm — x| < eI =D 4 , Vng<m< n}.

Then, {A,} is a decreasing sequence of sets; that is, A,.1 € A, for all n > ng. Now, let A be the set

o — 7| < e—(l—a)b,,o(m—l)e+a(n0)(52 +oe)+ 5, Vm >y b
1—a—a(ng)cq

Then, A=N¢%

n=ngy

A,. Hence, P(A) = lim,1oP(A;;). This completes the proof for Theorem 1.

5. Conclusions

In conclusion, we note some future directions. The concept of relaxed martingale concentration inequalities can
be used to obtain bounds of the similar flavor for algorithms that suffer from similar issues. These include TD(A)
and SSP Q-Learning. Alternatively, similar bounds can be obtained for variants of temporal difference learning
(Chen et al. 2021). Another direction could be to improve the bounds in this paper to get an exponentially small
tail for Markovian stochastic approximation.

Appendix A. A Martingale Inequality
Let {M,} be a real-valued martingale difference sequence with respect to an increasing family of o-fields {F,}. Assume
that there exist ¢,C > 0 such that

E[ef™M|F, 1]1<C Vn>1as.

Let S, :=>"1 _; Cy,nM,,, where C,, ,, m <n, for each n, are a.s. bounded {F,}-previsible random variables; that is, C,, , is
Fn-1-measurable Vm >1, and |(,, ,| <Ay, n a.s. for some constant A,, ,, Vi, n. Suppose

n
ZAm,n <7y;, max Amn < Vzw(n)/
1<m<n

m=1

for some y,,w(n) >0,i=1,2;n>1. Then, we have
Theorem A.1. There exists a constant D > 0 depending on ¢,C,y,,y, such that for € >0,
P(1S,] > €) <2055, if e € (o, %] (A1)
2e7ut  otherwise. (A.2)
This is a variant of Liu and Watbled (2009, theorem 1.1). See Thoppe and Borkar (2019, pp. 21-23, theorem A.1) for details.

Appendix B. Technical Proofs
B.1. Proof of Lemma 1

Proof.
2 2
> n(s)(F(x,s) — F(z,i))|| = H YY_ns)p(s)> s 19)ps) (x —2) = > m(s)p(s)p(s) (x — 2) + (x — 2)
seS seS s’eS seS
= |[(y®"DP® — ®TDD + I)(x — 2)|]?
= |[(y®TDPD — ®TDD)(x — 2)|]* + (x — 2)" (x — 2) — 2(x — 2) ' DTDD(x — z)
+(x — 2)" (y®'DPD + y®TPTDD)(x — 2). (B.1)
Now,
(x — 2) (y®"DPD + y®"PTDD)(x — 2) = (x — 2)"y®T(DP + P'D)D(x — z)
= Y(D(x — 2), PO(x — 2))p + y(PD(x — z), D(x — 2))p
L opPo(x — 206 — Do
oo - 2R, (2)
and

2(x — 2)"OTDD(x — z) = 2(D(x — 2), P(x — 2))p = 2||D(x — 215 (B.3)
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Inequality (a) follows from the Cauchy-Schwarz inequality, and (b) follows from the observation that |[Py|lp < |[yllp,
which can be proved as follows:

2
IPyli = m(s) (Z p(s’ IS)y(S’)> <D ) pE s Y = m s =yl

seS s'eS s€S s'eS s'eS
Here, the inequality follows from Jensen’s inequality.

Combining (B.2) and (B.3) with (B.1) gives us
2

ZS n(s)(F(x,8) = F(z,9) || <l =2l = 2(1 = p)|@(x - 2)|[} + [[(y®"DP® — &'DP)(x — 2)]*. (B-4)
se
To analyze the last term in (B.4), we use the fact that the operator norm of a matrix defined as ||[M]|| = sup, 20 “HMXﬁ”, using
the Euclidean norm for vectors, is equal to the largest singular value of that matrix. Thus,
(@' DP® — ®TD®)(x — z)|* = |®T VD(y VDP® — VD®)(x — z)|*
< AyllyVDP® — VD®)(x - 2)|f*
= (7P = DP(x — 2), (yP — DD(x —2))py
= AT = yP)®(x —2)lIp
<A@+ 7)ll0Cx = 2. (B.5)

The last inequality follows from the triangle inequality. We now invoke Assumption (3) and combine (B.5) with (B.4) as follows:

2
<l — 2l = 21 = )I(x = 2)I[f + A3 (1 + )P (x - 2l

2
<l =2l =21 = )o@ -2l + (72(1_7/)) (1+ y)lIP(x - 2)I5

S E)(E G, ) — Flz,9))

seS

, 1+y
= |lx — z||". (B.6)

This gives us the required contraction property with contraction factor a for which an explicit expression can be
obtained, using the first inequality in (B.6) as

i, 2 2
a=4/1—-min——7—=2(1 —-y) - Ay,(1+ .
¢ 20 =) = 1+
Note that as the columns of @ are linearly independent, x # 0 = ®x # 0, and hence, “cﬁillllf’ >0 when x # 0. Also, note that
[|Dx]|
{1l

greater than zero. Along with Assumption (3), this implies that « <1. O

min,.g = minyy=1[|Px[lp, and hence, by the extreme value theorem, we have that minjy||®x||p is attained and is

B.2. Proof of Lemma 2
Proof. Using definitions of U(-) and W(:), we have

Zx(m/k + l)a(k) (F(xk/ Yk) - Z T[(S)F(xk/ S))

k=ny seS

m (B7a)
= > x(mk+1a(k) <U(Yk) - P IYk)U(S’))
k=ng s’eS
+zm:)((m, k+1)a(k) (W(Yk) - Zp(s’ | Yk)W(s')) X (B.7b)
k=ny s’eS

We first simplify (B.7a) as follows:
> x(m, k+Da(k) <um) ->op |Yk>U<s'>>

k=ng s'eS

m (B8a)
= x(m,k+1)a(k) (U(Ym) = ('] mU(s'))
k=ng s'eS
+ ) ((cm, k+ Da(k) — x(m, kja(k — 1)U(Yy) (B.8b)

k=no+1

+x(m, ng + 1a(no)U(Yy,) — x(m, m + 1)a(m)U(Y y41)- (B.8¢)
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For (B.8a), define Uy =U(Yis1) — > oesp(s'|YU(S') for k>mng, and zero otherwise. This is a martingale difference
sequence with respect to {F,}.
We define U,y := max;es||U(7)|| and bound the norm of (B.8b) as follows:

S (Gclom b+ 1a(k) — xm, Kk — D)UCY)

k=np+1
< Z ((x(m, k+ Va(k) — x(m, k+ Da(k — 1))U(Yy)
k=np+1
+ [ D (xm ke + Dalk — 1) = x(m, Kya(k — 1H)U(Yy)
k=np+1

< Y ((alk=1) —al)x(mk+ DUpe) + > (Oc(m, ke +1) = x(m,k))alk — 1)Uy

k=ng+1 k=no+1
< (k= 1) = alk DU + > (cm,k+1) = xm,K)al10)Uies)

k=ngp+1 k=np+1
= (a(i’lo) - a(m))umux + (X(mrm + 1) - X(m/ no + 1))“(”0)Umax
< 2a(no)Uypax- (B.9)

The second and third inequalities follow from a(k — 1) —a(k) > 0 because a(k) is a nonincreasing sequence for k > ng, and
x(m,k+1)— x(m,k) is positive because 1> x(m,k+1)> x(m,k) for m,k>ng, as a(k) <1 for k> ny. Note that the norm of
(B.8c) is directly bounded by 2a(19) Uy

Now, we simplify (B.7b) as follows:

> x(m k+alk) (W(Yk) DG IYk)W(S’)> X

k=ng s’eS

m (BlOa)
= Zx(m,k + Da(k) <W(Yk+1) - Z(P(S’ | Yk)W(S’)> Xk
k=ng s’eS

+ Z (x(m, k + Va(k) — x(m, k)a(k — 1))W(Yy)xx (B.10b)
k=no+1

+ Z x(m, ka(k — YW(Yg)(xx — x¢-1) (B.10c)
k=no+1

+ x(m, ng + D)a(me)W(Yy,)xn, — x(m, m + 1)a(m)W(Y 1) Xm. (B.10d)

Similar to the sequence Uy, ;, for (B.10a), define Wiy, = W(Yji1) — o csp(s'| YO)W(s') for k>ng, and zero otherwise. Note
that Wiqxy is a martingale difference sequence with respect to {F,}. ‘

Define W, := max;es||W(i)||- Note that, here, ||[W(i)|| denotes the operator norm of a matrix, that is, ||W(i)|| = sup, 26 %,
using the Euclidean norm for vectors. Similar to (B.8b), we bound the norm of (B.10b) as follows:

> (clmk+Da(k) — x(m, k)a(k — 1))W(Yi)xe

k=no+1

<[ S= vom k+ 1900 — s, Kyatk — YWY 20

k=no+1

HI D elm k+ Dalk) — x(m, Katk — 1)W(Yi)z

k=np+1

< 2a(10) Wanax (x, + [, — x°[[ + [1x°[])-

The last inequality here follows from the definition of xj, =sup, 4, llxm —zu|l and from the bound on |z,|| (5). For
(B.10¢), let us first bound ||x; — xx_1]|-

Il — xe-1ll = a(llp(Ye1)(r(Ye1) + yo(Yi) %1 — o(Ye1) x|
< a(k)(Ky + Ka||xx—11l)
<a(ng)(Ky + Ka(x;, + [, — x*[| +Ix°[1)),

for appropriate K; and K,. Before simplifying (B.10c), we first need to repeat an important simplification from our main
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proof. Note that for any 0 <k <m,
x(m, k) + x(m, k+ 1)a(k) = x(m, k+1),

and hence,

x(m,ng) + ix(m,k+ Da(k) = x(m,m+1)=1.

k=ng

This implies that

m

S xm, k+ Da(k) < 1.

k=ng

We can finally bound the norm of (B.10c):

m

> x(m,kjatk = W) (e — x1)

k=np+1

< Y xmkatk = DIWY) (o — xe)ll

k=no+1

n

< > x(m kalk = 1amo) WKy + Ka(x;, + I, — x*[| + [1x°[]))

k=np+1

< a(110) Winax (Ky + Ko (a3, + (12, — (| + [lx*[])).-

Finally, the norm of (B.10d) can directly be bounded by
llx(m, no + 1)a(ro) WY )xn, — x(m,m + 1)a(m)W(Y i )xmll < 2a(10) Winax (3, + [y — 2°[| + [|x°[])-
Combining the bounds above gives us

> x(m,k+ (k) <F<xk, Yi) =D m(s)Flx, s))

k=ng seS
= ZX (m, k + Da(k)(Uysr + Wiaaxi) + 1, (110),
k=ng
where
llet,, (o)l < 4a(110) Upniax + a(110) Winaxr (Ky + (4 + K2)(x7, + [, — 27| + [1x7[])).

Define constants ¢q := W, (4 + Ky) and ¢ := 4U 00 + Ky Wiy + c1]|x*||. This completes the proof of Lemma 2. O

B.3. Proof of Lemma 3
Proof. We first note that for ny <k <m, |[Xiull < Xk m — Zi,mll + 2k mll £ X7,
tion of By,. If &€ By, X, ,(£) =0 and if £ ¢ By, X, (&) = x7,(£) < LGRS Y

1—a—a(ng)c

+1Zk, mll. The following follow from the defini-

a(ng)(ca +c1€) +0
1—a—a(ng)e;

El

mm =

Using (5), we have ||z, || < € +||x*]|. Under the condition that € <1 and 6 <1, we have

_ . a(no)(c2+c1)+1
X <1+ |x||+———"—.
] <1+ e+ G220
Let v¥ denote the ¢th component of a vector v. Then,

m
Ty = || Y x(m ke + 1)a(k)(Mioa X, m + Wit X + i)

k=ny

< Vdmax
1<t<d

m
> (0 D0 Ve + W+ U
k=ng
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Recall that d here is the dimension of our iterates {x,}. We apply Theorem A.l1 from Appendix A component-wise. For
this, first note that

(M1 X + Wi1 X m + Ui) <3 (2 + [l +

a(no)(cy +¢1) + 1)

1—a—a(ny)cy
where ¢3 = max{Msx + 2Wiax, 2Uax }- In the theorem statement, let

a(ng)(ca+c1)+1
1—a—a(ny)

C = Vdcs (2 +Ix N+ )lk/m = x(m,k+1a(k),e=1,7, =1.

Next, we choose suitable y, and w(m) such that max, <<mCin <y,w(m). For this, we use our assumption that
A< a(n) <ds(- )dz, Vn > ng, to obtain

n+1 n+1
x(m,k+1)= H (1 —a(i)) <exp (—Z a(i)) <exp <— Z li—11>

i=k+1 i=k+1 i=k+1

m+1
<exp (— / d—]dy) < exp(di(log(k +2) — log(m +2)))
Je y+1

_(k+2 e
“\m+2
N (k+2\% %/ 26\
k k+1) < ds| — —_— ds| — — .
=>n£rslka§)§11u( ))((T’I’l + ) nﬁgl?sxm 3(]() (m+2> ngrslkas);z 3(’() (Tl’l+2>

From the last inequality, y, = d;2% and w(m) = ‘Bno(m) satisfy the required conditions. Then, there exists a constant D >0
such that for ng <m and 6 € (0,C], we have

IN

P(rm > (S) < Zde*Dbz/ﬁ,,O(m),
and for 6 > C,
P(T,, > 6) < 2de P/Fu ™),

The factor d comes from the application of union bound to bound the maximum over all components. Under the assumption
that 6 <1, we have that ¢ D8 /By (m) > ¢ PPy and hence, P, >06) < 2de D8 /Brym o

B.4. Proof of Corollary 1

To show Corollary 1, we first obtain values of 6 and € such that the probability in Theorem 1 is 1 —&; — &2. We use s;,i =
1,2,... to denote different constants throughout this proof. For a(n) =d;/(n+1) with a sufficiently large 4;, we have
B, (m) <1/m. This implies that

Z exp(—Déz/ﬁnO(m))S Z exp(—D&*m) < s1exp(—D&*ny).

m=no+1 m=np+1

Let ¢1/(2d) = slexp(—Dézno), which gives us 6 = 52n51/210g1/2

gives us

(s3/€1) for appropriate constants s, and s3. This choice of 6

2d Z exp(fD(Sz/ﬁnU(m)) <eé.

m>np+1

Let € = \/ E[l[xy, — x*||2]/\/£_, which implies that

. . E[llx,, — x|
mmm—xn>@=P<mm—xw>—Mﬂ;—JJ>s@.

Here, the last inequality follows from Markov’s inequality. Being a linear contractive stochastic approximation iteration
with an aperiodic irreducible Markov chain, our formulation satisfies the assumptions for Chen et al. (2021, theorem 2.1).
To apply their result, we note the corresponding mapping between constants: the norm || - ||, is the Euclidean norm in our
case, h is one, ¢, is 1 —a in our case, and their « is d; in our case. For d; > 1/(1 — a) and ny sufficiently large to satisfy the
condition for Chen et al. (2021, theorem 2.1(2)), we can use their result (Chen et al. (2021, theorem 2.1(2)(b)(iii)) to obtain
the following mean square bound:

Hmm—ﬂﬁﬁﬂ(

(1—a)d;
) e log(np +1) <s log(ng + 1).

ny+1 ng+1 — 6 no+1
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Substituting the values of 6 and € in our bound, we get, with probability greater than 1 — &1 — ¢,

Ellxs, — 1]

x| < e (=@ (m=1)
«[12
Czdl C1d1 E[”xno - X ” ] ~1/2 1/2
+5 + +som, 7l s3/€
7 Vlo+1 I/l()+1 \/E_i 27 08 (3/ l)

< e~ (1=abyy (m=1) _S6_ log(19 +1)
\/527 no+1

cdi | cadi se  [log(ng+1) 1y ap
§7<n0+1+n0+1\/5 o+l 2 log™/“(s3/€1)

for all m > ny. Now,
exp(—(1 - a)by,(m —1))

m—1 m—1
<exp <—Z(1 - a)a(i)) <exp (—Z %)

i=ng i=ng

<exp (— / uy_%%dy) < exp((1 — a)d; (log(k + 1) — log(m + 1)))

_ no+1 dl(lia)<}’lo+1
T \m+1 “m+1’

Here, the final inequality follows from the assumption that (1 —a)d; > 1. Hence, we get that for sufficiently large ny, the
following holds with probability 1 — &1 — &, for all m > ny:

. 1 12(1) log(ng) 1 (no 1)
X — x| = O —=log"?( =) + /=2 — (224 =) ).
” ” <\/1’lo & &1 no AVE \m Ny

Endnote

" In Chandak et al. (2022), TD(0) does not satisfy Assumption (6), which is required in the proof of Lemma 1 that shows almost-sure bound-
edness of the iterates. The authors thank Zaiwei Chen for pointing this out.
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