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1. Introduction

We study pricing and matching in two-sided queueing systems with multiple types of customers and servers.
Take ride sharing (Uber, Lyft, etc.) as an example. A ride order (request) can be viewed as a customer, and an
available driver can be viewed as a server. A ride order can have multiple types. For example, we can view differ-
ent numbers of passengers in the order as different customer types. We can also view different pick-up locations
of the order as different customer types. A driver can also have multiple types. For example, we can view differ-
ent vehicle capacities as different server types. We can also view different locations of the drivers as different
server types. Each type of waiting ride order or driver joins a separate queue, forming a bipartite graph with
customer-side (passenger-side) queues and server-side (driver-side) queues. We consider a discrete-time system.
At each time slot, the ride-sharing platform will determine a price for each customer or server type. If a passenger
accepts the price, they will be charged and join the queue. Similarly, if a driver accepts the price, they will be paid
and join the queue. Therefore, the arrival rate of each type of ride order (or driver) is governed by the correspond-
ing price according to some unknown demand (or supply) function. After that, the platform will match the dri-
vers and ride orders in the queues if their types are compatible. For example, if the customer type is the number
of passengers in the ride order and the server type is the capacity of the vehicle, then their types are compatible if
the capacity of the vehicle is no less than the number of passengers in the ride order. The matched pairs then
leave the system. The same process repeats in the next time slot. The profit of the platform is equal to the income
from ride orders minus the cost paid to drivers. Assuming the demand and supply functions are unknown, the
goal is to design pricing and matching algorithms to maximize the total profit of the platform over a finite time
horizon while keeping the queue lengths of both customers and servers below a predetermined threshold.

22
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Similar pricing and matching problems in two-sided queues have been studied in the literature (Caldentey
et al. 2009; Adan and Weiss 2012; Gurvich and Ward 2015; Nguyen and Stolyar 2018; Chen and Hu 2020; Varma
et al. 2020, 2023; Hu and Zhou 2022; Vaze and Nair 2022; Aveklouris et al. 2023, 2024). Caldentey et al. (2009),
Adan and Weiss (2012), Hu and Zhou (2022), and Aveklouris et al. (2023, 2024) study matching problems in two-
sided queueing systems with multiple types of demand and multiple types of supply. Nguyen and Stolyar
(2018) study a two-sided queueing system with on-demand servers with the goal of designing adaptive server
invitation scheme to minimize waiting times. Gurvich and Ward (2015) study a matching problem for multisided
queues. However, these works do not consider pricing. Varma et al. (2020) and Chen and Hu (2020) study pric-
ing and matching problems in two-sided queues, but they consider scenarios with strategic demand side and/or
supply side, which is different from our setting, where customers and servers are not strategic, and their arrival
rates are based on demand and supply functions. Vaze and Nair (2022) consider a two-sided queueing system
where servers arrive at a fixed rate, and the arrival rate of customers is controlled by the price. They consider
one-sided pricing and single-type customers and servers, whereas we consider two-sided pricing and matching
and multiple customer and server types. The most relevant work in the literature is Varma et al. (2023), whose
model is similar to ours. The differences between Varma et al. (2023) and ours include the following;:

o The key difference is that they assume that the platform knows the demand and supply functions, whereas in
our setting, the demand and supply functions are unknown.

e The objective in Varma et al. (2023) is the asymptotic long run expected profit of the platform subtracting a pen-
alty that is linear in the queue length, whereas our objective is to maximize the total profit of the platform over a finite
time horizon while keeping the queue lengths below a predetermined threshold during the entire time horizon.

e Varma et al. (2023) consider a large-scale regime in which they scale the arrival rates and study the profit loss
in steady state. We focus on finite-time analysis without scaling the arrival rates.

There are some other related works about learning-based dynamic pricing and matching. Besbes and Zeevi
(2015) study dynamic pricing with demand learning but they do not consider queueing. Chen and Shi (2024) study
a dual-sourcing inventory system with demand learning, which is different from our two-sided queueing system.
Tassiulas and Ephremides (1990) and Srikant and Ying (2014) study MaxWeight algorithms for scheduling in one-
sided multiserver queueing systems. Our matching algorithm can also be seen as a MaxWeight algorithm but
applied to a two-sided matching setting (Varma et al. 2023). Flaxman et al. (2004), Agarwal et al. (2010), Duchi et al.
(2015), Shamir (2017), and Lattimore (2024) study zero-order gradient descent algorithms, some ideas from which
are incorporated into parts of our pricing algorithm. There are other online learning algorithms in queueing systems
(Chen et al. 2023, 2024; Yang et al. 2023), but they consider only one-sided queueing system.

The key challenge of our setting is that the demand and supply functions are unknown. Learning the demand
and supply functions explicitly will not be adaptive if the demand or supply functions change over time. There-
fore, we propose to learn and make pricing and matching decisions simultaneously. Although several candidate
approaches exist, they are not suitable for our setting. One idea is to formulate the problem into a Markov deci-
sion process (MDP) and then use reinforcement learning (RL) to solve the MDP approximately. However, the
state space of this MDP increases exponentially with the number of queues (i.e., customer and server types), so it
is difficult to solve due to the curse of dimensionality. Another approach is to use bandit algorithms from
Lipschitz bandits (Slivkins 2019). For example, one may discretize the price space and apply upper confidence
bound (UCB)-based algorithms. However, such approaches fail to balance the matching rates and arrival rates
on both sides, making it difficult to control the queue lengths. These algorithms also have a high computational
complexity because the number of arms is large. Approaches from bandit convex optimization (Lattimore 2024)
aim to solve convex optimization problems with bandit feedback. However, the control variables in our setting
are prices and the profit function is not concave in terms of prices. The constraint set representing a set of bal-
anced arrival rates is also not convex in terms of prices.

To deal with this challenge, we propose to use a longest-queue-first matching algorithm and a learning-based
pricing algorithm, which combines gradient-free (zero-order) stochastic projected gradient ascent (Agarwal et al.
2010) with bisection search. We also borrow the idea of fluid pricing policy from Varma et al. (2023) to control
the queue length by rejecting arrivals according to a predetermined queue-length threshold. In this paper, we
prove that our proposed algorithm yields a sublinear regret O(T%°®) when compared with a fluid-based baseline
and guarantees an anytime queue-length bound O(T%?), where T is the time horizon. Furthermore, we establish
a tradeoff between the regret bound and the queue-length bound: For any y € (0,2/3], if we keep the queue
lengths of both customers and servers below @(T”), then we have a regret upper bound O(T"~/%). We prove a
hardness result: The regret is at least Q(T'~7) to maintain the queue length below T” for a single-link system
with demand and supply functions from a specific class, even when the functions are known.
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2. Model

We consider a discrete-time system with two-sided queues: a customer side and a server side. There are multiple
queues on each side, representing different types of customers and different types of servers. We can also view
customers as demand and servers as supply. We model the system by a bipartite graph G(Z U 7, &), where 7 =
{1,2,...,1} is the set of customer types and J ={1,2,...,]} is the set of server types with |Z| =I and | J| =]. £ is
the set of all compatible links, which means that a type i customer can be served by a type j server if and only if
(i,j) € £. Figure 1 is an example with three types of customers and two types of servers (I = 3,] = 2). At each time
slot, there are arrivals of customers and servers. At time slot ¢, let A, ;(t) and A j(t) denote the number of arrivals
of type i customers and type j servers, respectively. Assume that A ;(t) and A ;(t) follow independent Bernoulli
distributions. Let A;(t) := E[A, ;(f)] and y].(t) :=[E[A(t)]. At each time slot, after the arrival of customers and ser-
vers, the platform will match the customers and servers in the queues through compatible links. Once a customer
is matched with a server, that is, the customer is served by the server, they will leave the system immediately.
Let Q. i(t) and Qs j(t) denote the queue length of type i customers and that of type j servers, respectively, before
arrivals and matching at time slot t. Assume the queues are all empty at ¢ = 1.

There is also a price attached to each type of customer or server. Let p. ;(t) denote the price of the type 7 cus-
tomer and ps j(t) denote the price of the type j server at time slot . At time slot t, when a customer of type i
arrives, they will be charged p. ;(t) units of money by the platform. When a server of type j arrives, they will be
paid p j(t) units of money by the platform. Note that the prices determine the arrival rates. Increasing the price
of type i customers will reduce arrival rate A;(t); increasing the price of type j servers will increase arrival rate
u ](t) For a type i customer, the demand function is denoted by F; : [0, 1] = [pc,i,min, Pc,i,max], Where the input is an
arrival rate A; € [0,1], the output is the price p¢,i € [Pc,imin, Pe,i, max] cOrresponding to this arrival rate, and pc i min
and pc i max are the minimum and maximum prices for type i customer, respectively. Similarly, for type j server,
the supply function is denoted by G;:[0,1] = [ps,j,min, s j,max], where the input is an arrival rate y, € [0,1], the
output is the price ps ; € [ps j,min, Ps,j, max] corresponding to this arrival rate, and ps j min and ps jmax are the mini-
mum and maximum prices for a type j server, respectively. Then we have p ;(t) = Fi(Ai(t)) and ps,i(t) = G; (yl(t))
We make the following assumption on the demand and supply functions F; and G;.

Assumption 1. For any customer type i, F; is strictly decreasing, bijective, and L,-Lipschitz. Let F;'! denote the inverse
function of F;. Assume that F;1 is Lg-1-Lipschitz. For any server type j, G; is strictly increasing, bz]ectzve and L,-Lipschitz.
Let G;- 1 denote the inverse functzon of Gj. Assume that G is Lg- 1-szsch1tz

]

From Assumption 1, we know F;(1) = pc,i,min, Fi(0) = P, i, max for any customer type i and G;(0) = ps j min, Gj(1) =
Ps,j,max for any server type j.

The sequence of events occurring in each time slot is shown in Figure 2. At the beginning of time slot ¢, we first
observe the lengths of all queues Q. i(t), Qs () for all i, j. Then the platform runs a pricing algorithm to decide
the prices pe,i(f), ps,j(t), Vi,j. The arrival rates A;(t), u(f), Vi,j will be determined by these prices, and then the
actual arrivals A ;(t), As j(t), Vi,j occur. Next, the platform runs a matching algorithm and then those matched
customers and servers leave the system.

At time slot ¢, the platform makes a profit of

D AiBpeit) = > As j(Bps (1) = D A iDFi(Ai(1) = Y As j(DGy(,(1)).
i j i j

Our goal is to design an online pricing and matching algorithms to maximize the profit of the platform over T
time slots without knowing the demand and supply functions while keeping queue lengths of both customers

Figure 1. Model

A (t) Qc,l (t)

i (t)

pa(t)

per-customer-type queues per-server-type queues

Note. An example with three types of customers and two types of servers.
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Figure 2. Timeline in Each Time Slot

time slot ¢ — 1 time slot ¢ i time slot ¢ + 1

T T T T 71

Qc.i(t) pricing . ival rnatching departure
Qs,;(1) algorithm algorithm

and servers below a predetermined threshold, that is, to maximize

T
DD AcOEAD) = > As (0 (1) |, (1)

=1 | i j
while keeping

max Tmax{max Q,i(t), max Qs ()}
j

t=1,..., i

below a predetermined threshold. To quantify the performance of the online algorithm, we compare it with the
following optimal solution to a fluid-based optimization problem (Varma et al. 2023):

max 3 AF() - ; wGi(w) @)
st. A= > x, forallieZ, )
jili, j)e€
W= Z x;j, forallje J, 4)
ii, j)e€
x;,; 20, forall (i,j) € &, 5)
)\i,yje [0,1], forallieZ, je J, (6)

where x := (x; ) jees A= (Ai)ier, and p:= (U Similar to Varma et al. (2023), we make the following assumption.

Assumption 2. For any customer type i, the revenue function r;(A;) := A;F;(A;) is concave. For any server type j, the cost
function ¢;(u) := p,Gj(u,) is convex.

From Assumption 2, Objective (2) is concave. Note that the constraints are all affine. Hence, the baseline opti-
mization problem (2)—(6) is concave, and there exists a solution that achieves the optimal value, denoted as

(A*, M*,x*)-
Let A;(t) and pj(t) be the arrival rates at time f under any policy. Then from (1), the expected profit under the

policy is
T

> E

t=1

D AcBF(A() =D A, At)G;(yj(t))}
i j

T
=>» E
t=1

ST ABENE) - Y Mj(t)Gj(uj(t))l .
i j

1

Let f* denote the optimal value of the fluid optimization problem (2)—(6). For the profit maximization, we con-
sider the following expected regret with respect to the fluid baseline:

T
E[R(T)]:=Tf - ) E
t=1

S AcOF () ZAs,j<t>Gj<uj<t)>]
i j

1

T
> ( (Z LLCHEDY y;cj(yp) ~E
]

t=1 i

D AMFA(D) = u,-(t)Gj(yj(t))] ) (7)
i ]

where (X%, w) is an optimal solution to the fluid optimization problem. The following lemma establishes the con-
nection between the optimal expected profit and f* over T time slots.
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Lemma 1. Let Assumption 1 and Assumption 2 hold. Then under any policy, we have
T
D E|DY AMFA) =Y p (G (1) | = TF
t=1 i j
< Z(Lﬂ‘ + pc,i,max)E[Qc,i(T + 1)] + Z(LGI' + ps,j,maX)E[Qs,j(T + 1)]
i ]

The proof of this lemma can be found in Appendix A. Lemma 1 means that the fluid baseline approximates
the optimal profit, with an error at most proportional to the queue length at time T. This justifies the use of the
regret definition (7). Specifically, let E[R°PY(T)] denote the expected regret with respect to the policy that maxi-
mizes the expected profit. Then Lemma 1 implies that

E[RP(T)] = E[R(T)] £ Y (Le, + Pe,imax)BIQe (T + D] + > (Lg, +Pejmax)EIQs (T + 1)].
i j

As long as the queue lengths E[Q. (T +1)] and E[Q; (T +1)] are orderwise smaller than E[R(T)], the regret
defined in (7) approximates the “true” regret (with respect to the optimal expected profit). We consider policies
that make the queue mean rate stable (Neely 2022); that is, under the policy, for all , j,

lim ZE[Qu(T)] =0, lim 1E[Q,(T)] =

Under any mean rate stable policy, using Lemma 1 and taking limit T — +oo, we obtain

hmsupTZE ZA(t)F(A (t) - Zy](t)c ()| <f,

T—+oco

which means that the optimal value of the fluid optimization problem is an upper bound on the asymptotic
time-averaged expected profit under any mean rate stable policy. This further justifies the use of the fluid opti-
mal value as a baseline to define regret.

We make another assumption on the problem.

Assumption 3. There exists a known positive number amin € (0,1) such that there exists an optimal solution X*, w* to the
fluid optimization problem that satisfies A} > Amin and y; > Amin for all i and j.

Assumption 3 means that we need the optimal arrival rates to be strictly greater than zero. This assumption is
not restrictive, because any queue with an optimal arrival rate of zero, indicating it is redundant, can be easily
identified in practice and removed from the problem formulation. Note that amin > 0 can be any lower bound on
the optimal arrival rates.

Assume that the functions F; and G; are unknown. The platform cannot directly control the arrival rates, but
they can control the prices of the customers and the servers and the matching algorithm. The platform can also
observe the number of arrivals and the queue lengths of all the queues. At each time slot, the platform needs to
design a price for each queue (customer or server) and to make a decision on how the customers and servers are
matched. The objective is to minimize the regret E[R(T)] while keeping the maximum queue length
max;=1,..., max{max;Q.,(t), max;Qs ;(t)} below a predetermined threshold. This anytime queue length constraint
is necessary in certain practical scenarios—for instance, when the system has a finite buffer size for each queue.
Moreover, customers’ experience is often affected by the anytime queue length because they typically expect a
consistent level of service.

2.1. Notation

We use bold symbols to represent vectors in R/¢! or R! or R/, such as x, A, u. We use subscript i or j to indicate an
element of a vector, for example, A; is the ith element of A. Note that we view x = (x; ])(l jee as a vector in RI¢I
rather than a matrix, and the order of elements in x can be arbitrary as long as the order is fixed. We use subscript
¢ to indicate the customer side and s for the server side. g(T) = O(h(T)) means that there exist positive constants
C and T such that g(T) < Ch(T) for all T > T; g(T) = ©(h(T)) means that there exist positive constants C;, C; and
Ty such that C14(T) < g(T) < Col(T) for all T > T; and g(T) = Q(h(T)) means that there exist positive constants C
and Ty such that g(T) > Ch(T) for all T > T\. We omit the base of logarlthmlc functions in O(-), O(- ) and Q(-), for
example, ©(log(T)), because the base does not affect the order. We use log (-) to denote (log(: ))*. We use O(-),
O(-), and Q(-) to suppress polylog(T) factors.
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3. Summary of Our Main Results

In this section, we provide an overview of the main results in this paper. We use a longest-queue-first matching
algorithm, which is a discrete-time version of the matching algorithm in Varma et al. (2023). We propose a
learning-based pricing algorithm, which combines gradient-free (zero-order) stochastic projected gradient ascent
(Agarwal et al. 2010) with bisection search, illustrated in Section 4 in detail. The proposed pricing algorithm
learns from samples and make pricing decisions simultaneously. Under the proposed matching and pricing algo-
rithms, we establish the following profit-regret bound and queue-length bound:

E[R(T)] = O (T%), ,max Tmax{max Q. i(t), max Qg j(t)} = O (T%)
=1,..., i j

By changing the parameters of the proposed pricing algorithm, we can achieve the following tradeoff between

regret and queue length: For any y € [0,2/3], there exists a set of parameters such that the algorithm can achieve:

E[RM]=0(T"%),  max_max{maxQe(t), maxQs, (1)} = O(T").
=1,..., i j

The above results are shown in Figure 3. As the allowable queue length increases, the regret bound that we can

achieve becomes better. However, if we allow the queue length to increase over @(T%?), the regret bound cannot

be further improved and remains O(T%/°).

3.1. Hardness Result
We show in the following lemma that in a single-link system, any policy that keeps the anytime queue length
bounded by T” must incur a regret of at least Q(T* 7).

Lemma 2. Consider a single-link system with one customer queue and one server queue with demand function F(-) and
supply function G(-). Let Qc(t) and Qs(t) denote the customer-side queue length and server-side queue length, respectively.
Consider the matching policy that matches all pairs whenever possible because there is no incentive to delay any match in a
single-link system. There exists a class of problem instances that satisfies Assumption 1, Assumption 2, and Assumption 3,
such that for any pricing policy satisfying max,=1, . rmax{Q.(t), Qs(f)} < T7, the expected regret satisfies E[R(T)] =
Q(T'7) for any y € [0,1/2).

,,,,,

The definition of the class of problem instances and the proof of Lemma 2 can be found in Appendix B. Our
upper bound results under the proposed algorithm also hold for this problem class. Note that when the queue
length threshold is a constant (i.e., y = 0), the regret under our algorithm becomes linear, which is unavoidable
by Lemma 2.

4. Algorithm

In this section, we present the proposed matching and pricing algorithms in detail. The matching algorithm is to
match the customers on the demand-side queues with the servers on the supply-side queues, and the pricing
algorithm is to learn and design the prices without knowing the demand and supply functions.

Figure 3. Tradeoff Between Regret and Queue Length

log(regret)
4 logT )
1 _/-» slope = ~1
5/6 ..............: .
0 2/3 1 log(queue lenEth)

log T
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4.1. Matching Algorithm

We use a longest-queue-first matching algorithm as shown in Algorithm 1 and Figure 4, where we present the
matching algorithm for one time slot, and it is the same for all time slots. In the algorithm, for each time slot, we
iterate over each queue on both the customer and server sides. For each queue, we check whether there is a new
arrival in the queue. If there is a new arrival (a customer or a server), the algorithm will match the arrival with
one server (or customer) in the longest compatible queue on the other side, as shown in Figure 4. After matching,
we decrease the queue length by one for both matched queues. Then we move on to the next queue and repeat
the process.

Algorithm 1 (Matching Algorithm)
1 At each time slot £, without loss of generality, assume that the arrivals come in order A 1(t), Ac2(t), ..., Ac1(t),
As,l(t)/ As,2~(t)/ v /As,](t)‘ .
2 Initialize: Q. ; < Qc,i(t) foralliand Q, ; «— Qs ;(t) for all j.
3 fori=1toldo 3 ;
4 | Observe A ;(t) and update Q. ; < Q. + A, (t);
5 | Letj;(t) € arg max;; jes Qs ; with ties broken arbitrarily;
6 |ifAqi(t)=Tand} ;e erj >0 then
7 Match the arrival A ;(#) with a server in queue f;(t);
8 Thenupdate Q. ; <= Q.; —land Qg () < Qi — 1/
9 forj=1to/do 3 B
0 | Observe A ;(t) and update Q, ; < Qs ; + As (t);
11 | Let i}f(t) = arg maxi, jes QC/,’ with ties broken arbitrarily;
12 | ifAgj(f) =1and 3, e Qi > O then
13 Match the arrival A ;(t) with a customer in queue ;(t);
14 Then update Q, ; < Q, ; — 1 and Qm-;(t) — chi;(t) -1

4.2. Pricing Algorithm

Because the functions F;, G; are unknown and the arrival rates cannot be directly controlled, we cannot simply
solve the optimization problem (2)-(6) and obtain the prices. In this section, we propose to combine the techni-
ques of gradient-free (zero-order) stochastic projected gradient descent (Agarwal et al. 2010) and bisection search
to solve the problem.

Before presenting the details of our pricing algorithm, we begin by providing a simple example to understand
the idea of our algorithm. We consider two customer queues, which are connected to one server queue. Let x1, x,
denote the arrival rates of customer queue 1 and customer queue 2, respectively. Then the arrival rate of the
server queue should be equal to x; + x, due to the balance constraints (3) and (4). Let x(k) := (x1(k), x2(k)), where k
denote the iteration. Suppose the demand and supply functions are known and the gradients g(k) are known;
that is, we have first-order access to the profit function f. In this case, we can use the gradient ascent algorithm to
solve the problem, as shown in Figure 5(a), where 7 is the step size. Suppose the demand and supply functions
are known but the gradients are unknown; that is, we only have zero-order access to the profit function f. Then
we can use the two-point zero-order method (Agarwal et al. 2010) to solve the problem, as shown in Figure 5(b).
In the two point method, in each iteration k, we first sample a uniformly random direction u(k) (u(k) is a unit vec-
tor) and then calculate the profits using two points, x(k) + 6u(k) and x(k) — 6u(k), where 6 is small number. Then
we can estimate the gradient and update x(k) using the formula in Figure 5(b). However, if the demand and

Figure 4. Example of Longest-Queue-First Matching Algorithm

new arrival

new arrival

matched and leave

Notes. At each time slot, for each queue, if there is a new arrival, it will be matched with one server (or customer) in the longest compatible queue
on the other side. Then the matched pairs leave the system and we move on to check the next queue and repeat the same process.
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Figure 5. Pricing Algorithm

(@) demand and supply functions are known; (b) demand and supply functions are known;
gradients g(k) are known gradients g(k) are unknown
profit f(x) profit f(x)

gradients g(k) &=
are unknown
z(0) 4 du(0)~

z(0) =bu(0)es=

1.0 1.0

0.8 A 0.8

06, 06 14 0.2 ®
“ 92 g0 00 2 92 g0 00
gradient ascent two-point zero-order method
z(k+ 1) = z(k) + ng(k) z(k+1) =x(k) + n%[f(w(k:) + du(k)) — f(z(k) — du(k))|u(k)

(c) demand and supply functions are unknown; gradients are unknown:

estimate the profit f(x) = x1Fy(z1) + z2F(x2) — (1 +22) Gi(z1 +22) for © = x(k) + du(k) and (k) — du(k)
———

server arrival rate

estimate the prices Fy(z1), Fa(x2), G1(x1 + z2)

sarrival rate x

For example, N
using bisection search z=Ftp) S
. ~
on prices to find S o
the price p such that N~
p = Fi(x1) given zy Iy . e S L L >
lower bound ~ upper bound  price p
~ -~ -
—~— -~ -

Notes. This is an example with two customer queues connected to one server queue. Let x; and x, denote the arrival rates of the two customer
queues, respectively. The arrival rate of the server queue should be x; +x, because of the balance constraint. Let x(k) := (x1(k), x2(k)), where k
denotes the iteration.

supply functions and the gradients are all unknown, simply using the two-point method does not work because
we even do not have zero-order access to the profit function f. As shown in Figure 5(c), for x = x(k) + 6u(k) or
x = x(k) — ou(k), to estimate the profit f(x), we need to estimate the prices of all queues F1(x1), F2(x2), G1(x1 + x2)
because f(x) = x1F1(x1) + x2F2(x2) — (x1 + x2)G1(x1 + x2), where x; + x; is the arrival rate of the server queue. Take
Fi(x1) as an example. Estimating F;(x;) is equivalent to finding the solution to the equation x; = F;!(p) given x;.
We propose using bisection search on prices to estimate p such that x; = F;1(p), as shown in Figure 5(c), where
the horizontal axis is price p, the vertical axis is arrival rate x of the queue, and the green dashed curve is the
inverse demand function x = F;!(p). We first have the initial knowledge that the price F;(x;) will be between
some lower bound and some upper bound, which forms our first search interval. Then we set the price of the
queue to be the midpoint of the search interval and run the system for multiple time slots to calculate average
number of arrivals per time slot. This is how we get an estimated value of F;!(p) for a chosen p. Then we deter-
mine the next search interval by comparing it with x1, as shown in Figure 5(c). The bisection search stops when
the accuracy is good enough. Note that during the process of running the system, we reject arrivals if the queue
length is larger than or equal to a predetermined threshold, to control the queue length. After the bisection
search, we obtain estimates of the profits f(x(k) + ou(k)) and f(x(k) — ou(k)). Then we can substitute these esti-
mates into the two-point method in Figure 5(b) to get an estimate of the gradient and then update the arrival
rate x(k).

Now we present the details of the pricing algorithm in the general case. The structure of our pricing algorithm
is shown in Figure 6. Before presenting the algorithm, we first define some notations and a shrunk feasible set.
Let &, :={j|(i,j) € £} and & ; :={i|(i,) € £} denote the sets of all queues that are connected to customer queue i
and server queue j, respectively. By substituting A;, i1; and by Assumption 3, the optimization problem (2)-(6)
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Figure 6. Structure of the Pricing Algorithm
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can be equivalently rewritten as

mxax f(x) ::Z in,]' Fi in,f —Z in,]’ G] in,j (8)
i

i j€Ee, i j€Ee, i i€, i€,
st Y X €lamn 1], i=1,...,1, )
j€£c,,'
in,je [aminrl]/ j= 1/~--r]r (10)
iESS,]‘
x,;20, (i,j)€€. (11)

Note that we view x:= (x; ) je¢ as a vector in R!¢!. Note that the problem (8)—(11) is also concave. Let D C R!¢!
denote the feasible set of the problem (8)—(11), that is,

D:={ x|x;; >0 for all i, Z Xi,jr € [Amin, 1] for all 7, Z Xir,j € [Amin, 1] for all j ». (12)

J€E,i €8s,

Let N;;j :=max{|&|, |&s;|} denote the maximum cardinality of the sets £ ; and & ;. Define a shrunk set of D
with a parameter 6 as follows:

D = {x for all i,j,x; _ Tmin ! > —<1 _é) fmin + 1

2Ni,]' r ZNI',]' !
Amin + 1 ) Amin + 1 ) Amin + 1
ot T2 (2 fmin ¥ 2w (1=2) (1 )
5 (w-tmtt)e[- (-9) (2t oo ) (-0) - 205
J€E,i /] €&, 2 J€&,i /]

amm+1> ( 5)( pmin + 1 ) ( 5)( min + 1
xi',j— el —(1—- — Amin |, 1—— 1-— , (13)
f’ezgs,f ( 2Nij [ r i;f 2Ny r i;f 2Ny

X 1+ Amin 1 Amin + 1 1 Amin + 1
ri=min P 1-— —_— |, 1- —_— |,
f,j { ZN[,]‘ |(€C,i| ( },Ezgc:‘ 2Ni,]'f ) |53,]| ( iz 2Ni’,j )

=2y

1 Amin +1 1 Amin + 1
———— —Omin |, 75— — Amin s (14)
|Ee,il (egg; 2N,y ) 1€s,] (1;/ 2Ny )}

and 6 € (0, 7). With the definition of D', we can show (Lemma 4 in the Online Appendix) that x + 6u € D for any
x €D’ and any vector u in the unit ball. To ensure that the definition of D’ is valid, we need the following
assumption.

where
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Assumption 4. Assume that 3 ce “fznj\“,:jl — min > 0 forall iand 3¢ “;‘;\}X — Amin > 0 for all j.
As long as am, is small enough, Assumption 4 holds. Because N ; > |€, ;| and amin < 1, we have
Amin + 1 Amin + 1
1-> e, 2N, >1— > >0
for all i. Also, by Assumption 4, Zjeé‘c i(amin +1)/(2N;, ]-) — amin > 0 for all i. Similarly, we have 1 — ZieES f(amin +
1)/(2N;;) >0 and Ziegs,(”min +1)/(2Nj,j) = amin > 0 for all j. Hence, ¥ >0 and the definition of D’ is valid. Let

Xetr := ((@min +1)/(2N;, j))(i, e We can see that x, € D', which can be used as the initial point for the pricing algo-

rithm; x can be thought of as the “center” of the set D’.

Algorithm 2 (Pricing Algorithm)

1 Initialize: Choose an exploration parameter 6 € (0, 7). Choose a step size 17 € (0, 1). Choose an accuracy parame-
ter € € (0,1/e). Choose a queue length threshold qth. Choose x(1) = X € D’ as the initial point. Define e. ; and
es,; according to (C.1) and (C.2). Define N := [BIn(1/€)/e*] and M := [log,(1/€)], where B > 0 is a constant.

2 Time step counter t « 1;

3 Outer iteration counter k « 1;

4 repeat

// Step 1. generate a random direction and two points

Choose a unit vector u(k) € R!¢! uniformly at random, that is, |[u(k)|l, = 1;
Let x;f]»(k) := (x(k) + 6u(k)); ; and x;j(k) i= (x(k) — ou(k)); ;;

Let A7 (k) := 3 see,, x11(K), A7 (k) := Z]GEC, oK), 17 () 2= D i, x50, (k) = D i, X 5(K);
Let A* (k) be a vector of A (k),i =1...,I. Define similarly A~ (k), u* (k), and = (k).
// Step 2. bisection search to approx1mateF (Af(k)), Fi(A; (k)), G (y;r(k)) G (y] (k).
9 |ifk=1then
10 For all 7, let pg’l(k 1) =peimin, ﬁ:l(k 1) = Pe,i max;
11 For a11], letps](k 1) = ps,j, min, pS](k 1) = ps,j maxs
12 Letg q = +400; // We donot reject arrivals fork=1.
13 | else
14 Foralli letp? (k1) =pg (k- 1,M) —ec,i, pe ik, 1) =pt(k—1,M)+ec,i;
15 For all j, let E;j(k, D =pg(k—1,M) —es; ﬁ;j(k, D =pg(k—1,M)+es;
16 Let 5 = gth;
17 | Letpl(k,1) be a vector of p;(k,1),i=1...,I. Define similarly p I (k, 1), pS (k, 1), pJ (k, 1).
18 |, p (k, M), p* (k, M) = Bisection (A*(k) m(k) P 1), 7k 1), pi (K 1), ;7;(k,1),qth,t,M,N,e);
19 | Do Line 9-18 for A™(k), w~ (k). Denote the counterparts of the prices by P k1), po(k, 1), p(k, M), Ps (k, 1),

Bz (1), p; (k, M).
// Step 3. gradient calculation

20 | Letg(k) = 5[ (S0 AT (02, M) — Sy 57 (02 0, M) ) — (S0 A7 (Ip 06, M) — Sy 5 (0, M) ) [l
// Step 4. gradient ascent update

21 | Projected Gradient Ascent: x(k + 1) = Iy (x(k) + ng (k));

22 |k«—k+1;

23 untilt > T;

The details of the proposed pricing algorithm are shown in Algorithm 2 and Algorithm 3. In the notation in
Algorithms 2 and 3, (k) denotes the kth outer iteration; (k,m) denotes the mth bisection iteration in the kth outer
iteration. As shown in Algorithm 2, we first choose 9,1, €, and qth; 0 €(0,r) is an exploration parameter for esti-
mating the gradient, and it is used to construct the set D’. We choose x(1) = x+ € D" as the initial point of the
algorithm; n € (0,1) is the step size for the gradient ascent step; and € € (0,1/¢) is the accuracy for the bisection
algorithm. The threshold g™ > 0 is used to control queue length. We also define e ; and ¢ ;, which can be later
proved to be the upper bounds of the change of the prices in one outer iteration. Note that the parameters
5,1,€,q™ can be a function of total number of time steps T and can be optimized later to obtain a sublinear regret.
In each outer iteration k, we have four steps.

e Step 1: We first generate a random direction, that is, a unit vector u(k) € R!¢! that is uniformly sampled from
the unit sphere, and then change x(k) in the direction of u(k) and also in the opposite direction of u(k), generating

x® 3 oG
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x;f (k) and x; (k) as shown in Line 6 of Algorithm 2. We can then calculate the arrival rates A; (k), ‘u*(k) and
/\ (k) H; (k) as shown in Line 7 of Algorithm 2.

° Step 2: Next, we find the prices that approximate F;(A] (k)), G; (y*(k)) and F;(A; (k)), G (p] (k)) using the bisec-
tion search shown in Algorithm 3, which will be illustrated in detaﬂ later in this section. Here, we specify the ini-
tial search intervals for the bisection search. If k=1, we start with search intervals [pc imin,Pcimax] and
[Ps,j, min, Ps,j,max], @s shown in Lines 10 and 11 of Algorithm 2. Note that we do not reject arrivals in the first itera-
tion because we want to quickly learn the price that can keep the queues balanced. If k>1, we use
pe ik =1, M; ), pg k=1, M ),pei(k—1,M_,), and pg (k—1,M_;),ec,i e, to construct the lower and upper
bounds for the bisection algorithm, as shown in Lines 14 and 15 of Algorithm 2, where e.; = ®@(ne/6 + 1+ 06 +¢€)
and e ; = ©(ne/6 + 1+ 6 +€), and the exact expressions can be found in Appendix C.

e Step 3: The bisection algorithm will output approximated prices p7 (k, M), pt (k, M), p< (k, M), and p_ (k, M)
that correspond to A*(k), u*(k), A~ (k), and p~ (k), respectively, as shown in Lines 18 and 19 of Algorithm 2. Then
we can use these arrival rates and prices to calculate an estimate g(k) of the gradient of the objective function f(x) in
(8), as shown in Line 20 of Algorithm 2.

e Step 4: With this gradient estimate, we do a projected gradient ascent as shown in Line 21 of Algorithm 2. The
algorithm stops until the number of time steps f > T.

Algorithm 3 (Bisection (A*/~(k), w*/~(k), p~(k, 1), 5/~ (k, 1), p2/ ~(k, 1), B/~ (k,1),5™, ¢, M, N, €))
1 form=1toMdo
2 | Let p;rl (k,m) = 2(pcf (k, m) +p+/ (k, m)) for all
3 | Letpl(k;m) =L(p2} ™ (k,m) +p} (k,m)) for all j;
4 | Letn,i(k,m) =0 forall i and ng ;(k,m) = 0 for all j;
5 | repeat
6 fori=1toldo
7 if Q. ;(t) > 3" then set price p., ; max for queue i;
8 else set price p:f (k,m) for queue i and n ;(k,m) < nc i(k,m) +1;
9 forj=1 to]do

10 if Qs (t) > q then set price ps j min for queue j;

11 else set price ps, i ~(k,m) for queue j and n j(k, m) < n j(k,m) +1;
12 Use the above set of prices to run one step of the system;

13 te—t+1;

14 Terminate the algorithm when t > T;

15 | until for all queues i, n ;(k, m) > N that is, the price p;’f(k m) is run for at least N times and for all queues j,
ns j(k,m) > N, that is, the price ps “(k,m) is run for at least N times;

16 | Lett / (k,m, n) denote the time slot when the price pc “(k, m) 1s run for the nth time for the customer-side
queue i; let t . (k,m,n) denote the time slot when the price ps " (k,m) is run for the n" time for the server-

side queue j;
17 | fori=1 toIdo

18 Let/\ ~(k,m)=(1/N) Zn 14 1(t “(k,m,n)); // sample average

19 | [if 4] (k m) > A~ (k) then p.~ (kym+1) = p2! G, m), PG, m +1) = 2 (k, m);
20 elsepcz (k,m+1)= pcf (k,m), ;7+/ (k,m+1)= p+/ (k,m);

21 |forj=1to]do

22 Letp+/ (k,m)=(1/N) Zn 1As](t “(k,m,n)); // sample average

23 ,f/ Sk m) > ! (k)thenp+/ (km+1) pei(m), pei (k,m+1) =pl/~ (k,m);
24 elseps] (k, m+1) ps] “(k, m) pS] “(k,m+1) = psf(k m)

25 Let p+/ (k, M) be a vector of p:I (k,M),i=1,...,1and define similarly p;f/ ~(k, M).
26 returnt, p/~(k, M), pt/~(k, M)

The proposed bisection algorlthm is shown in Algorithm 3, which is to find the prices p}/~,pZ/~ such that
+/ (k) ~F; 1(;7C “)and [.1 (k) G; 1(;95; ) for some given target arrival rates A+/ (k), y+/ (k) with initial inter-

Vals [pC “(k, 1), ;Tr/ (k,1)] and [ps ] (k 1), ﬁ+/ (k,1)] for all 7, j. In each bisection iteration m, we first calculate the
midpoints of the intervals, pcf (k,m) and p:/ (k,m) for all i, j just like the standard bisection search, as shown in
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Lmes 2 and 3 of Algorithm 3. For each queue, if the queue length is less than 5™, we will set the price with pc “(k,m)
or ps /i (k,m) that was just calculated; otherwise, we will temporarily reject new arrivals into the queue to control the
queue length by using the prices pc, i max OF Ps,j, mn- We will use this set of prices to run the system for a number of
time slots such that every price has at least N i.i.d. samples, as shown in Lines 4-15 of Algorithm 3. Next, with the
samples we obtained, we can calculate an estimate of the arrival rate corresponding to the price we set for each
queue, A; e (k,m) or y+/ (k,m), as shown in Lines 18 and 22 of Algorithm 3. Then we can update the lower and
upper bounds of the searchmg intervals by comparing /\ - (k,m), ﬁ+/ (k, m) with /\+/ (k,m), y+/ (k,m), as shown
in Lines 19 and 20 and Lines 23 and 24 of Algorithm 3. We conduct M [log,(1/€)] blsechon 1terat10ns to obtain suf-
ficiently high accuracy.

5. Main Result

The main result of the paper is shown in Theorem 1.
Theorem 1. Let Assumptions 1-4 hold. Under Algorithm 1, Algorithm 2, and Algorithm 3, ife < 0,2ec; < Pc,i,max — Pe,i,mins
and 2es; < Ps j max — Ps,j,min, We have

E[R(T)] = (loi(qlﬂ( 2 i T2+ 4 Ter Vog(1/e) +

2 €

Tmax{ loge#,qth}(fl +0) Te log(1/e)

JTe, @)
g o ne?

and the queue length

t=1

mameax{maxQCz(t) m]asz](t)} < max{ Mog,(1/€)] [ﬁln(l/e)—‘ } (16)

Based on Theorem 1, we optimize the regret bound by setting the parameters ¢,1,6,4™ to be a function of T.
Assume that g™ and g are large enough. Then we can first focus on minimizing the order of the following term:

2
T17+T6+E+log (12/6).
0 ne
If we ignore logarithmic order, the optimal solution is € = T~/3, =6 =T/, and the optimal order of (17) is
O(T®/®). By setting f =5 and g™ = @(T?/), we obtain E[R(T)] = O(T*/®). We summarize the above result as the
following corollary.

(17)

Corollary 1. Let Assumptions 1-4 hold. Under Algorithm 1, Algorithm 2, and Algorithm 3, with parameters e = T~'/3,
n=06=T7"°, g"=T23, B=5, for sufficiently large T such that 6 <r, € < 1/e, 2¢c; < Pe,imax — Pe,i,min, and
2¢5,; < Ps,j,max — Ps,j,min, We can achieve a sublinear regret as

E[R(T)] = O(T?),
and the queue length

. Iinameax{max Qei(1), m]ax Qs ](t)} = O(T%).

From (15) and (16) in Theorem 1, we can see that there is a tradeoff between minimizing the regret and minimiz-
ing the queue length. Firstly, we should not set g™ to be greater than the order of T?/3 because it will not benefit
the regret bound orderwisely because g™ = T?/3 is large enough to achieve the optimal order of (17). However,
we can reduce g so that the queue-length bound can be improved, although we may suffer a larger regret. Sup-
pose we want the queue-length bound to be the order of O(T?), where y < 2/3. Then we need to set g™ = ©(T”)
and e > O(T/?) by (16). From (15), we need to set the parameters €,1,0, f to optimize the regret bound. Assume
B is large enough. Then optimizing the regret bound is equivalent to minimizing the order of the following term
(ignoring logarithmic terms):

Te 1
1-y oy
+T +T17+T6+6+n62' (18)

The optimal solution is € = T™/2, 1= § = T"7/*, and the optimal order of (18) is T'77/%. By setting f =4/y — 1, we
obtain E[R(T)] = O(T'~7/*). We summarize the above tradeoff as the following corollary.

etTy
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Corollary 2. Let Assumptions 14 hold. For any y € (0, 3], under Algorithm 1, Algorithm 2, and Algorithm 3, with parameters
e=T2, n=06=T74 q" =TV, B=4/y — 1, for sufficiently large T such that & < r, € < 1/e, 2¢¢; < Pe,i max — Pe,i, min/
and 2eg,; < Ps, i max — Ps,j,min, We can achieve a sublinear regret as

E[R(T)] = O(T' "),
and the queue length

. max{ max Q. (1) max Q.0 b = (1)
i j

t=1,...,

From Corollary 1 and Corollary 2, when the allowable queue length increases (up to ©(T?/?)), the regret bound
that we can achieve becomes better. However, even if we allow the queue length to increase over O(T?3), the
regret bound cannot be improved and remains O(T°/®).

6. Proof Roadmap

In this section, we present a proof roadmap for Theorem 1. The complete proof of Theorem 1 can be found in the
Online Appendix. In the proof roadmap, we will consider the choice of parameters as in Corollary 1 to make the
proof idea clear, thatis, e = T/3,n=6=T"1¢, 4" = T?/3, g = 5.

For the first outer iteration, we have no control of the queue length, so the queue length will possibly increase
up to MN = ©(T??). Also, because the queue length is controlled by the threshold g™ = T?/? after the first outer
iteration, the queue-length bound is O(T%?3).

For the regret bound, the proof roadmap is shown in Figure 7. We first define an event C, which means that the
estimations of all the arrival rates are e-accurate. Then the regret can be divided into the regret when the event C
occurs and the regret when the event C does not occur. We show in Lemma 5 in the Online Appendix that the com-
plement of the event, C°, happens with low probability. Intuitively, because for each estimation we use N = O(1/€?)
samples, we can obtain € accuracy with high probability by Hoeffding’s inequality. Note that Lemma 5 cannot be
proved by simply applying Hoeffding’s inequality, and we will discuss the challenge in Section 7.

Therefore, the regret when the event C does not happen can be bounded. For the regret when the event C hap-
pens, that is, the estimations are e-accurate, we further divide it into two parts. One part is the regret when the
lengths of all the queues are less than the threshold g so that there is no queue that is rejecting arrivals, and the
other part is the regret induced by rejecting arrivals when there exists a queue whose length is greater than or
equal to the threshold g'". For the latter part, we can bound it by the expected number of time slots when a queue
is rejecting arrivals. We show in Lemma 6 in the Online Appendix that this can be bounded by O(T?/®). The proof
is using Lyapunov drift analysis with a Lyapunov function V(t) := }_,Q2 ,(t) for the customer side and V(t) :=
Zng, j(t) for the server side. The challenge of the proof will be discussed in Section 7.

For the part of regret when there is no queue that is rejecting arrivals, regret is induced by zero-order optimiza-
tion process. We show in the Online Appendix that this part of regret can be bounded by O(T%/°). The intuition
is as follows. If there is only one run of the system in each outer iteration, then from the literature of two-point
method of zero-order optimization (Agarwal et al. 2010), the regret will be bounded by O(VK), where K is the

Figure 7. Proof Roadmap

- Regret when the arrival rate Regret when the arrival rate
Regret . . . . . .
estimation error is small estimation error is large

———————————————————————————————————— ~
If Regret when the lengths of all Regret induced by rejecting } This happens with low
I the queues are less than arrivals when there exists a queue || probability, bounded by
: the threshold that is longer than the threshold : O(T%/%) (Lemma 5)
\___ _____ 1. - - EFErEEFZrmFTTT o /
Regret induced by zero- The expected number of time slots
order optimization is when a queue is rejecting arrivals

bounded by O(T5/9) is bounded by O(T?/%) (Lemma 6)




Downloaded from informs.org by [216.73.216.198] on 19 June 2026, at 09:19 . For personal use only, all rights reserved.

Yang and Ying: Learning-Based Pricing and Matching for Two-Sided Queues
Stochastic Systems, 2026, vol. 16, no. 1, pp. 22-43, © 2025 The Author(s) 35

number of outer iterations. In our algorithm, there are ©(T?/?) runs of the systems in each outer iterations, and
there are ©(T*/3) outer iterations. Hence, the regret will be bounded by @(T%3)O(VT'/3) = O(T*/¢). However, the
proof needs additional steps because, even in the same outer iteration, the prices and arrival rates are changing.
In fact, we need to connect the actual prices to the prices corresponding to x(k). Moreover, there can be depen-
dence between the arrival rate estimation and the randomness of the optimization algorithm, which we will dis-
cuss in Section 7.

7. Challenges in the Proof

In this section, we discuss the challenges in the proof of Theorem 1 and the methods we use to overcome them.
The first challenge is to prove that the event C° occurs with low probability (Lemma 5 in the Online Appendix).

The event C is defined as

C:= {for all outer iteration k=1,...,[T/(2MN)], all bisection iterationm =1,...,M, all i,j,

and all arrival rates

Al(t:, i(k/ m/ n))/ Al(tg,z(k/ m/ Tl)), [,l](t;:](k, m/ Tl)), H](t;](k, m/ 7’1)) € [0/ ]-]/

N

0D ettt ) = A )| <
n=1

1 N

N ZAC,i(t;i(k/ m, 7’1)) - Al(t;,z(k/ m, T’Z)) <Eg,
n=1

1 N
NZ;AS,,-(t;j(k, m,n)) — (8] (k,m,n)| <e,

1 N
NE;AS,j(t; e m, ) — (kg (k,m,n))| < e},
=

where t!,(k,m,n) is the time slot when the price p{,(k,m) is run for the nth time for the customer-side queue i,
and similarly, we define t;i(k, m,n), t7 ].(k, m,n), and ts, j(k, m,n). In the definition, we require that the accurate esti-
mation holds for any arrival rates within [0, 1] because we want to ensure the independence between the event C
and the randomness of u(k) in Algorithm 2, which we will discuss later in this section. To prove that the event C
holds with high probability, simply using Hoeffding’s inequality with the union bound does not work because
arrival rates are continuous random variables within [0, 1]. Therefore, we use a discretization idea that is similar
to the covering argument for linear bandits (Lattimore and Szepesvari 2020). We define a set Sy, 1}, a discretized
version of [0, 1] with resolution €/2, and rewrite the first inequality in the definition of C as
[(1/N) 25:1 {Uug (k,m,n) < A} — A| < e, where U{ (k,m,n) is a random variable uniformly distributed in [0, 1]
that is generated independently at the very beginning of the process, and similarly, we can rewrite other inequal-
ities in the definition of C. We can bound the quantization error and then use Hoeffding’s inequality and the
union bound over A € Sjg 1] to bound the probability of C°.

The second challenge is to prove the upper bound on the expected number of time slots when the length of
one of the queues is greater than or equal to the threshold g (Lemma 6 in the Online Appendix). As mentioned
in the proof roadmap in the previous section, we use Lyapunov drift analysis with quadratic Lyapunov func-
tions. The challenge is how we make sure that the actual arrival rates are balanced or almost balanced. We know
that x(k) € D’, so the corresponding arrival rates are balanced. Because x* (k) and x~ (k) are o-close to x(k), their
corresponding arrival rates are almost balanced. We want to prove that the actual arrival rates are close enough
to the almost balanced arrival rates corresponding to x* (k) or x~ (k). To show this, we use an important property
that the true price corresponding to x* (k) or x~ (k) is within the search interval of the bisection algorithm with
high probability and an important fact that the width of the search interval is small enough for k > 2. Therefore,
the actual arrival rates are also almost balanced for k > 2.

The third challenge is bounding the regret induced by zero-order optimization conditioned on e-accurate
arrival rate estimations (Lemma 7 in the Online Appendix). As mentioned in the proof roadmap in the previous
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section, the challenge is that there could be dependence between the estimation of arrival rates and the random-
ness (u(k)) in the optimization algorithm. By defining the event C such that the e-accuracy is required for all
arrival rates in [0, 1], we can show that the event C is independent of u(k). Note that if we change the definition of
C such that only the estimations of the actual arrival rates are e-accurate, this independence does not hold. This
independence between C and u(k) is essential so that, conditioned on the event C, we can use the proof idea of
two-point method of zero-order optimization to bound the regret.

8. Numerical Results
In this section, we present numerical results of the proposed algorithm and compare its performance with that of
the UCB algorithm with uniform discretization designed for Lipschitz bandits (Slivkins 2019).

We consider a system with three types of customers (I = 3) and three types of servers (] = 3). The compatibility
graph is given by € ={(1,1),(1,2),(1,3),(2,1),(2,2),(3,2),(3,3)}. The demand and supply functions are given by
Fi(A) =2(1—Ay) foralli=1,2,3 and G; ([J )= 2;1 for all j=1,2,3. We compare the following algorithms.

e Proposed algorithm: The parameters are set to gth = t2/3 B=1.0,e=1.0xt"13,6=02xt"16,n=01xt"1°,
and e.; = ¢5 j = 8 max{e, 6,1}

e Discretization-UCB: We first discretize the price space uniformly and then apply UCB algorithm as in Slivkins
(2019). We gradually refine the discretization so that the discretization error decreases at the rate of T~1/(*/+2),
which theoretically achieves the optimal regret order for Lipschitz bandits according to Slivkins (2019).

e Discretization-UCB with w > 0: As mentioned in the introduction, the discretization-UCB algorithm fails to
balance the matching rates and arrival rates, making it difficult to control the queue length. Therefore, we modify
this algorithm by adding a penalty /bonus term such that the reward of pulling an arm at time t becomes

(profit at time t) — w (Z Qilt+1)+> Quj(t+1)=> Qeilt) = > Qs,j(t)>,
i j i j

where the additional term is the increase/decrease of the total queue length. Note that when w = 0, it reduces to
the original discretization-UCB algorithm.

For all the algorithms, we set a queue length threshold of g™ = #?/3 for fair comparison, which can be viewed as
the buffer size of each queue. All the algorithms use the longest-queue-first matching policy.

Figure 8 presents the results of the profit regret and the maximum queue lengths. Note that both the x axis and
y axis of the figures are in log scale. We can see that the proposed algorithm significantly outperforms the
discretization-UCB algorithm (w = 0) in terms of both profit regret and maximum queue length. The maximum
queue length under the discretization-UCB algorithm grows at the same rate as the threshold #*/3, meaning that
the queue lengths consistently hit the buffer size. This indicates that the discretization-UCB algorithm fails to
control the queue lengths. The regret under the discretization-UCB algorithm grows almost linearly with ¢,

Figure 8. Comparison

(a) Profit regret (b) Maximum queue length

227 —_ 219
—— Proposed learning policy —— Proposed learning policy
223 Discretization-UCB w=0 —A 216 | Discretization-UCB w=0
-------- Discretization-UCB w=1.0 _‘,‘,:3-""' - Discretization-UCB w=1.0
219 4 ---- Discretization-UCB w=2.0 'ﬁ_-,.'-"‘f" 513 | ---- Discretization-UCB w=2.0

Profit Regret
Maximum Queue Length

2t T T T T T T 1 272 T I T T T T 1
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Time Time

Note. The shaded areas represent 95% confidence intervals, calculated from 10 runs.
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because rejecting arrivals whenever the queue length hits the buffer size (threshold) incurs a constant regret, and
the queue lengths hit the threshold frequently. The modified discretization-UCB algorithms with w =1.0 and w =
2.0 achieve a better maximum queue length performance. However, their profit regret remains significantly
worse than that of the proposed algorithm. The reason could be that the additional penalty/bonus affects the
exploration of the arms (prices).

Sensitivity analysis of the proposed algorithm to its parameters, along with additional numerical results, can
be found in the Online Appendix.

9. Conclusions

We studied the pricing and matching problem for two-sided queueing systems with unknown demand and sup-
ply functions. We proposed a novel learning-based pricing algorithm that combines zero-order stochastic pro-
jected gradient ascent with bisection search. We proved that the proposed algorithm yields a sublinear regret
O(T%/®) and guarantees an anytime queue-length bound O(T??) and established a tradeoff between the regret
bound and the queue-length bound: O(T"~7/4) versus O(T?) for y € (0,2/3]. In addition to ride-sharing platforms,
the proposed algorithm also has potential applications in online marketplaces and healthcare systems.

Appendix A. Proof of Lemma 1

Fix any policy. By the concavity in Assumption 2, we have
1T
72 B
t=1
1< 1<&
<E|) TZAi(t) F; TZ/\i(t) -3 TZH](f) TZH/(t)
i =1 =1 7

By Jensen’s inequality, we have
T T
RG] (el )
=1 =1
T 17 1.7
SZ(—Z A(t)) (TZE[W)]) Z(TZ w(t)) (TZE[W)) (A2)
t=1 =1 =1

i

Z Ai()Fi(Ai(t) — Z ,u]»(t)Gj(uf(t))}
' ! (A1)

—_

Combining (A.1) and (A.2), we have

iE

S MORA®) =3 m(t)cf(yj(t))]

1< 1 1<
{Z (Tzlj [Ai(8)] ) ( ZE[A (t)]) Z (TZ: [,(8)] ) (T ;E[uj(t)]>] : (A3)
Note that the dynamics of the queue length of type i customers is
Qeilt+1) = Qi) + Aci(h) — > Xij(b), (A4)
ji(i, )eE
where X; ;(t) denotes the number of matches on link (i,j) at time t. Taking expectation on both sides, we have
E[Qci(t+ 1] =E[Qci(D] +E[A(B)] — Y EIX;()]-
iy jee
Taking time average on both sides, we have

T

T
T EIQt+ D] =5 ZEQcm ZEW) S IS EIX 0]
t=1

Hipee i1
which implies that

T
%Zl OIS ZE X, ()] = = Z(E[ch(Hl)] E[Q.(H)])

J: (1,1)55

= TE[QC,Z‘(T +1)]. (A5)
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Similar argument holds for the server side and hence

T
%;E[uj(t)] > ZEXz,(t) ;IE[QS,](T+1)]. (A.6)

I8 (z,])eé‘

From (A.5) and (A.6), we know that the tuple

T T
(( DB QCZ<T+1>J> , GZ (18]~ 1E Q5]<T+1>J> , (TZ ,](t>> )
=1 jeg =1 (i,j)e€

satisfies Constraints (3)-(6) and is therefore a feasible solution to the fluid optimization problem. Hence, the objective
value of this feasible solution must be less than or equal to f*, that is,

Z < ZE [Ai(8)] = =E[Qc (T +1)] ) ( ZE [A:(8)] - QCZ(T+1)]>
_ Z (TZE ‘u](t)] E[Q (T + 1)]) (TZIE (O] — IE[QS,]'(T+ l)]) <f. (A7)

By the Lipschitz property in Assumption 1, we know that the function A;F;(A;) is Lipschitz in A;, and the function
14;Gj(y;) is Lipschitz in . This can be shown as below:

[(Ai + A)Fi(Ai + A) — AiFi(Aq)| < |Ai(Fi(Ai + A) — Fi(A) | + [AF;i(A; + A)|
S(LF, +pc,i,max)|A|'

—_

i€Z

Similarly,
|([J] + A)G](“] + A) - [J]G]([J])l < (LG/ + Ps/j,max)|A| .

Hence, we have

T T ;
Z(%; A(t)) ( ZE[A(t)) Z(;ZE y](t)]> GZMWH)
1
(5
1< 1T
_Z(fz [, ()] — IE[QS](T+1)]> (TZ [1(D)] - QS](T+1)]>
4 =1

+ Z(LF, + Pe, i,max)TE[Qc,i(T + 1)] + Z(LG] + ps,j/max) TE[QS,]'(T + 1)] (A8)
i )

MH

T
E[A:(t)] —E[QC (T +1)] ) (%Z E[A:(t)] - - E[Qe (T + 1)])

Il
—_

Combining (A.3), (A.7), and (A.8), we have
T

> E
=1

Lemma 1 is proved.

Z /\i(t)Fi(Ai(t)) - Z [u](t)G](.u](t)):| < Tf * +Z(LF1' + Pc, i,max)E[Qc,i(T + 1)] + Z(LGf + ps,j,max)E[Qs,j(T + 1)]
i j i j

Appendix B. Proof of Lemma 2
For the single-link system, we will omit the subscripts i, j in the notations because there is only one customer queue and
one server queue. The fluid optimization problem (2)-(6) reduces to

max xF(x) — xG(x) s.t. xe€][0,1]. (B.1)
X
Let f(x) := xF(x) — xG(x). Consider a class of problem instances (i.e., a class of functions F, G) satisfying Assumptions 1-3
for which there exists an optimal solution x* to Problem (B.1) satisfying the following properties:
(A) x*¢{0,1}.
(B) There exist constants v, > 0, v, >0, and v’ € dr(x*) N dc(x*) such that for any x € [0,1],
r(x) —r(x) =V (x" —x) + v, |x — x|
c(x) —c(x) 2 v (x —x) +ve|x — x7|,

where r(x) := xF(x), c¢(x) := xG(x), and dr(-) and dc(-) represent subdifferentials of functions r and c, respectively.
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We will first show that this class of problem instances is not empty. Consider the following functions F and G:

32y, if x €0, if x € [0, 1]
F(x) := 7 G =dt 2
x—L, ifxe(,1]

— 8%/

(B.2)

J-x+4, ifxe(3,1]

We can show that this problem instance (B.2) satisfies the requirement. First note that both F and G are strictly decreas-

ing, bijective, and Lipschitz in [0, 1]. Also, the inverse functions of F and G are also Lipschitz because the

derivatives/subderivatives of F and G are strictly greater than zero. Hence, Assumption 1 holds. By definition, we obtain
2

r(x):{sx—zxz, if xe [0, 1] C(x):{%, if x [0, ]

T_x?+1, ifxe(3,1] -3, ifxe(3,1]

By definition, we can show that r is concave and c is convex. Hence, Assumption 2 holds. The subdifferentials of r and ¢
are as follows:

{38—4x}, ifxel0,3) X, if x € [0, 3)
ar(x) =< [3,1], ifr=1 de(x) =< [§,1], ifx=1
-2x}, ifxe(},1] 2x, if xe (3,1]

Also, we have
{3-5x}, ifxel0 )
Ar—a) =3 [-1,4, ifx=1
3—4x}, ifxe(},1]

Because 0 €d(r —c)(1/2), x* =1/2 is an optimal solution to Problem (B.1). Hence, Assumption 3 and Property (A) hold.
Next, we will prove Property (B). Let v, =1/4, v. =1/4, and v' =3 /4. Note that v' € dr(x*) N dc(x*) = [1/2,1]. Consider two
cases, x<x*=1/2 and x>x" =1/2.

e x <x*=1/2:Forr, wehave

r(x*) —r(x) =1 —3x + 242, v’(x*fx)+v,|xfx*|:%fx.

Then

2
r(x) —r(x) — [V (x" — x) + v, |x — x7|] :%72x+2x2 = (\/Exf%) > 0.

Hence, r(x*) — r(x) > v'(x* — x) + v,|x — x*|. For ¢, we have
1 1 1/1
c(x) —c(x") =§x2 ~g V(x—x)+v]x—x"| = ~3 (7736).
Then

2
C(x)*C(X*)*[V'(X*X*)+Vc|x*f|]Z%xzf%x+%:(i—i) >0

Hence, c(x) — c(x*) = v/ (x — x*) + v |x — x*].
e x>x"=1/2:Forr, we have

V(X*)*r(x)=%*32*x+x2, V(X" —x)+ v x — x| =*%<x71>,

Then

2
r(x") —r(x) — [V (" — x) + v, |x — x7|] :ifx+x2 = (xf%) > 0.
Hence, r(x*) — r(x) > v/ (x* — x) + v,|x — x*|. For ¢, we have
1

1
c(x)—c(x*):xz—i, v’(x—x*)+vc|x—x*|:x—§.

Then

2
c(x) —e(x) = [V'(x — x) + ve|x — x*]] = 2 fx+411= (xf%> > 0.
Hence, c(x) —c(x*) = v/(x — x*) + ve|x — x*|.
Combining the above two cases, we have proved Property (B). Hence, this problem instance (B.2) belongs to the
defined class of problem instances. Therefore, the defined class of problem instances is not empty.
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Next, we will show that, for this class of problem instances, any policy that keeps the anytime maximum queue length bounded
by T” must incur a regret of at least Q(T'77). Fix any y € [0,1/2). Fix any policy such that max;=1, . rmax{Q.(t), Qs(t)} < T7.
From the regret definition (7), we have

T
E[R(T)] = ) (B[x'F(x") = ABFAE)] +E[u(AG(u(t) — ' G(x)])
t=1

T
=) (E[r(x") = r(AE)] + E[c(u(t)) — c(x)]). (B3)

t=1

From (B.3) and Property (B), we can obtain the following lower bound:

E[R(T)] = Z(Ev(x — AB) + v | A — 2 []+ B[V (u(t) — x7) +ve|p(t) = x°[])
t=1
T

T
= STVE[(®) — AO]+ S En A0 — x| + velut) - x| . (BA)
t=1

=1
From the queue dynamics, we have
Qc(t+1) = Qc(t) + Ac(f) — X(1).

Taking expectation on both sides, we have

E[Qc(t + D] = E[Q.()] + E[A(H)] — E[X(D)],
where X(t) is the number of matches on the link at time ¢. Similarly, we have

E[Qs(t+1)] = E[Qs()] + E[u(H)] — E[X(1)].
Hence, we have

E[Qc(t + D] — E[Qs(t + D] = E[Qc(D)] — E[Qs(£)] + E[A() — u(B)]-
Define Q(t) := Q.(f) — Qs(t). Then, we have
E[Q(t+1)] = E[Q(&)] + E[A() — u(D)].

Summing both sides from ¢ =1 to t =T and noting that Q(1) = Q.(1) — Qs(1) =0, we obtain

T
E[Q(T+1)] =Y E[A(t) — u(®)]. (B.5)
=1
From (B.4) and (B.5), we obtain
T
E[R(T)] = — [V [[E[Q(T + D]| + > E[v, [A(t) — x*| + velu(t) — x°[]. (B.6)

t=1

By Lemma 3 in the Online Appendix, we know that either Q.(T+1)=0 or Qs(T+1)=0. Hence, |E[Q(T+1)]| <
E[|Q(T +1)|] < E[max{Q(T +1),Qs(T + 1)}] < T” under the policy. Hence, (B.6) can be further bounded by

T
E[R(T)] 2 — VT + > _Elv [ A() = x| +ve|p(t) —x"[]
t=1

T
>— |V |T + min{vc,v,}ZIE[M(t) — x|+ |u(t) —x*]]. (B.7)

t=1

By the triangle inequality, the term ZtT_l E[|A(f) —x*| + |u(t) —x*|] in (B.7) can be bounded by

ZJE[IA(t) X+ lp®) —x] = ZE [A(E) —u®)]]+ ZE () = x|+ [A() =27 ]. (B.8)

Next, we will bound the term Zt 1 E[JA(f) — u(@®)|] in (B.8) using the Lyapunov drift method. Consider the drift
E[Q*(t +1) — Q*(H)]. By the queue dynamics, we can obtain

E[Q*(t+1) — Q*(] = E[(Q(1) + Ac(t) — As(D)* — Q*(1)]

[(Ac(t) = As(B)*] + 2E[QE)(A(H) — As(D)]
[

[

(Ac(t) = Ad()*] + 2E[QUOE[A(H) — A()] Q(E), A1), u(B)]]
(Ac(t) = A()] + 2E[Q(H)(A(E) — p(1)],

E
E
E



Downloaded from informs.org by [216.73.216.198] on 19 June 2026, at 09:19 . For personal use only, all rights reserved.

Yang and Ying: Learning-Based Pricing and Matching for Two-Sided Queues
Stochastic Systems, 2026, vol. 16, no. 1, pp. 22—-43, © 2025 The Author(s) 41

where the third line uses the law of iterated expectation. Summing both sides from t =1 to t = T, we obtain

E[QX(T +1)] Z]E (Ac(t) — As(t)*] +2E
t=1

ZQ(t)(A(t) - y(t))]

T
> E[(Ac(t) — As(£)*] - 2E
t=1

,max IQ(t')IZIA(t) - u(t>|} (B9)

For the variance term E[(A(f) — As(H)?] in (B.9), we have
E[(Ac(t) ~ As(D)’]
= E[AZ(t)] + E[AZ()] — 2E[A(DA(D)]
= E[E[AZ()|A(D]] +E[E[AZ(1) | u()]] - 2E[E[A(BAS(D [ A(E), w(B)]]
=E[A®) +u(t) —2A()u®)],

where the second equality uses the law of iterated expectation and the last equality uses the independence between A.(t)
and Ag(t) conditioned on A(t) and u(t). Adding and subtracting x* and 2x*u(t), we obtain

E[(Ac(t) = As(D)’] = BIA®H) —x* +x° + pu(t) — 2x" () + 2(x" = A(D)p(®)]
=E[x" + pu(t) —2x"u(t)] + E[A(f) — x" +2(x" — A(t))u(t)]
E[x" + p(t) — 2x"u(t)] — 3E[|A(f) — x7].
Adding and subtracting x* and 2(x*)?, we further obtain
E[(Ac(t) = As(H))’] 2x" +x° = 2(x")? + E[u(t) — x" +2x" (x" — p(£)] = BE[|A(t) — x"[]
>2x"(1—x") = 3E[|u(t) — x"|] = BE[|A(t) — x7]]. (B.10)
Hence, from (B.9) and (B.10), we have

\%

T T
E[QY(T+1)] =) 2x"(1 —x") =3 E[|u(t) — x| + [A() — x'[]
t=1 t=1

—2E

T
L max Q)3 IA®) - (o) |-
rener t=1

Rearranging terms and noting that max,—1, 7|Q(#)| < maxi1, . rmax{Q.(t), Qs(t)} < T”, we obtain

T
ZlA(t)—y(m} L Ee2025) 3 S+ a0 - x 1 - 2
t=1

Because x* ¢ {0,1} by Property (A), we have 2x*(1 —x*) > 0. Hence, ZtT_l 2x*(1 — x*) = ©(T). Hence, we have

T

E|> A0 - p (t)@ > (')

t=1

mZEnu(ﬂ SARNCEEIE

=o(T" })——ZE lu(®) = x| + 1A —x°]], (B.11)

where the last line holds since y <1/2. From (B.8) and (B.11) and noting that IE[ZH |A(t) — u(t)|]1 = 0, we have

ZE[M(t) X+ ut) —x |]>max{@(T1 ”)*mZE lu() — x| + [A(D) —x']], 0}
t=1
1 T
+§;E[Iu(t)fx*l+|A(t)fx*|]
=max{®(T”)+ (3 ) B0 1+ 1A -1
2 4T )&= ’
1 T
2ZIE[I#(t)x*I+IA(t)x*I]}

. 3 ¥
1-y Z_ z
2 min {max{@(T )+ (2 4T7’)y }},

where in the last inequality we substitute ZL E[|u(t) —x*| + |A(f) — x*|] with y and then take the minimum. If y > 0, then
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the right-hand side will be of order minyo<y<or{max{®(T"7)+O(y),O(y)}} = min,o<y<r®(T* 7" +y) =O(T' 7). If y =0,
then the right-hand side will be of order min,.o<y<>r{max{®(T) — O(y),O(y)}} = O(T). Hence, we obtain

T

D E[A®) x|+ u®) —x'[] = (T 7). (B.12)

=1
From (B.7) and (B.12), we have
E[R(T)] = — |V'|T” + min{v,, v,}O(T'7)
= O(T' ) —O(17) = O(T' ),

where the last equality is by y <1/2. Lemma 2 is proved.

Appendix C. Exact Expressions of e. ; and e ; in Algorithm 2

eci = %P/ZLF' { 1 Lf, (1 + Le 1 (Pe, i, max — pe,i’,min)) + iLG’” (1 + Lcj,l(ps,j’,max - Ps,j’,min)>:|
=1 ’ 7=1 ]
+ 2€Lp, <1 + Lp1 (pe,i;max — Pe, i,min)> + T]|5|3/2LF, <2|5c, # |(LE, + Pe,ir,max) + Z; 1€, 1(Lg, + p:;,j’,max)) (C.1)
i'= 7=
+25|E1M2L,
=®(%+n+5+e),
3/2 1
Cs,j = % LzlLF{, (1 + Lp;l (P, #, max — P, i’,min)) + iLGﬂ (1 + Lc/ﬂ (ps,j7, max — ps,j’,min)):|
_ Ij _ J
+2eLg, (1 +Le1(ps,jymax = Ps, j,min)) +nl€P2Lg, <2|5w (Le, + pe,ir,max) + Zl|gs,j’ (Lg, +ps, j’,max)> (C.2)
= j’=
+25|&V7Lg,
= ®<%+n+6+e>.
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