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1. Introduction

In recent years, there has been tremendous attention given to the study of many-server queueing systems with
customer abandonment due to its applications for telephone contact centers or (generally) customer contact cen-
ters (Garnett et al. 2002, Gans et al. 2003, Brown et al. 2005), patient flows in hospitals (Brown et al. 2005, Green
2006, Armony et al. 2015, Shi et al. 2015), and enzymatic processing networks in biology, where reneging seeks to
model the phenomenon of dilution (Mather et al. 2010). A basic model, also known as the G,/GI/N + GI queue,
describes a service system with N parallel identical servers, and customers (jobs) arrive with a (possibly) time-
dependent arrival rate, require independent and identically distributed (i.i.d.) service times drawn from a gen-
eral distribution, and have ii.d. patience times drawn from another general distribution. Arriving customers
enter service immediately if there is an idle server available, else they join the back of the queue. A customer at
the head of the queue starts service once a server becomes available. Once a customer completes service, it
departs the system. Customers are assumed to abandon from the system if their time spent waiting in queue
reaches their patience times. The arrival process, service, and patience times are assumed to be mutually inde-
pendent. The service discipline is first-come-first-serve (FCFS) and nonidling; that is, no server will idle when-
ever there is a customer in queue. Important system performance measures of interest include the stationary
waiting time and queue distributions. When the customers’ arrivals follow Poisson and the service times follow
exponential distribution, but the patience times follow a general distribution, explicit formulas for the scaled
steady-state distributions were obtained in Baccelli and Hebuterne (1981), and their asymptotics as N, the num-
ber of servers, goes to infinity, were studied in Zeltyn and Mandelbaum (2005). However, statistical analysis of
real call centers has shown that both service times and patience times are typically not exponentially distributed
(Brown et al. 2005, Zeltyn and Mandelbaum 2005), and the exact analysis of the scaled steady-state distributions
is typically not feasible. Instead, an asymptotic analysis, as the number of servers goes to infinity, is desired.

In Kang and Ramanan (2010), the state descriptor of the system with N identical servers includes a pair of
measure-valued processes, the “potential queue measure” process, ), the “age measure” process, vV, and the
total count process, X™™). Here, n™ keeps track of the waiting times of customers in the “potential” queue that
includes, not only those customers in queue, but also those customers who may have already entered service
(and possibly departed the system), but for whom the time since entry into the system has not yet exceeded its
patience time; V) keeps track of the amounts of time that customers currently receiving service have been in ser-
vice; and XN) represents the total number of customers in the system (including those in service and those in
queue). Under suitable conditions on the service and patience distributions, it was shown in Kang and Ramanan
(2010) that when the average arrival rate or traffc intensity converges to A >0, the rescaled state descriptor
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(XN, N ()Y converges to a deterministic limit (X,7,7) that is the unique solution to the (measure-valued)
fluid model equations in Definition 1.

In AKKR (Atar et al. 2023), the long time behavior of (X,7,7), parameterized by the constant arrival density
A €0, ), is studied under the assumption that the fluid model equations admit a unique invariant state (equiva-
lently, fixed point). When A < 1 (subcritical regime), the convergence of (X¢, 74, 1,), as t — oo, is established under
the assumption that the patience time distribution G" has finite mean and the service time distribution G* has
finite mean as well. On the other hand, when A =1 (critical regime) and A > 1 (supercritical regime), only the con-
vergence of (¥4,1),) is established under additional assumption that the hazard rate function /° of the service time
distribution G° is either decreasing or bounded away from zero and infinity. The proof techniques are different
under the two sets of assumptions on the service time distribution G°. When the hazard rate function /° is
decreasing, a reformulation of the dynamics in terms of a certain renewal equation is used, in conjunction with
recursive asymptotic estimates. When the hazard rate function /° is bounded away from zero and infinity, the
proof uses an extended relative entropy functional as a Lyapunov function. Note that, in AKKR, the convergence
of X(t) for A > 1 is not obtained, and the convergence results there do not cover distributions like lognormal, Wei-
bull, or gamma distributions because the hazard rate functions of these distributions are neither decreasing in
general nor bounded either away from zero or from infinity. It was discussed in Brown et al. (2005) that the ser-
vice duration of customers at a small call center for one of Israel’s banks actually follows a lognormal distribu-
tion. This observation is also confirmed in Cogdill and Monticino (2007) for service times of customers in retail
banks. Therefore, it is imperative to establish the convergence of (X4, 74, 1,) for a more broad class of distributions
than those in AKKR in the critical or supercritical regime A > 1. This is the main goal of this paper.

The main tool used here is different from the ones used in AKKR. We study the process X directly as the solu-
tion to a nonlinear Volterra equation (see Lemma 1). This enables us to use certain integrability and comparison
results on solutions to a certain class of nonlinear Volterra equations in Engler (1986), a sensitive analysis on solu-
tions to a certain class of nonlinear Volterra equations in Miller (1971), and another comparison result on solu-
tions to a certain class of nonlinear Volterra equations in Sato (1953). We establish the convergence of X and
hence the convergence of ¥ in Theorem 1 for A > 1 under Assumption 2 on the service time distribution G°, the
initial state 7o, and the patience time distribution G’. Note that Assumption 2, (a)—-(d), is very mild, and Assump-
tion 2, (1)-(3), on the service time distribution G° only comes in when the arrival rate A € [1,1 + a] for some « that
depends only on G* (see (30)). For lognormal, Weibull, or gamma distributions, the value « is typically small as
discussed in Remark 5. Therefore, when the system is slightly overloaded (A >1+a), the convergence of
(X1, 74,7 ;) holds just under Assumption 2, (a)—(d). Even when A € [1,1 + a], Assumption 2, (1)—(3), is more general
than the ones in AKKR (see Remark 3). Also, the assumption used in AKKR that the fluid equations admit a
unique invariant state is only needed here for the critical region (A = 1). For a future investigation, it would be
interesting to see if the convergence of (X;, 7,1 ;) can be established just under Assumption 2, (a)-(d), for all
A>1

1.1. Notation and Terminology

The following notation will be used throughout the paper. N is the set of strictly positive integers, R is set of real
numbers, and R; is the set of nonnegative real numbers. For a,b € R, a v b denotes the maximum of 2 and b, a A b
the minimum of 2 and b, and the shorthand a* is used for a v 0. Given a set B, 13 denotes the indicator function of
the set B (that is, 1g(x) = 1 if x € B and 15(x) = 0 otherwise). The constant function f = 1 will be represented by the
symbol 1. Given a nondecreasing, right continuous function f having left limits on R,, f ! denotes the inverse
function of fin the sense that

() =inf{x>0:f(x) >y},
with the convention that infimum over an empty set is co. For any finite measure p on [0, H), we define
F¥(x)=p[0,x], x€[0,H). 1)

The space of Radon measures on a Polish space E, endowed with the Borel c-algebra, is denoted by M(E),
whereas Mp(E) is the subspace of finite nonnegative measures in M(E). Here Mp(E) is equipped with the usual
weak topology; that is, a sequence {u,} in MF(E) is said to converge weakly to u if and only if for every bounded
and continuous function ¢ on E,

/ S, (dx) — / S(0)u(dx), as 1 — oo,
E E
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The symbol 0, will be used to denote the measure with unit mass at the point x. When E is an interval, say [0, H),
for notational conciseness, we will often write Mp[0, H) instead of Mr([0,H)). For any Borel measurable function
f:[0,H) — R that is integrable with respect to & € M[0, H), we often use the short-hand notation

(5= /[O,H f )

Let Zo(R;) be the set of nondecreasing, right continuous functions f having left limits on R, with f(0) =0. Let
C(R,) be the set of continuous functions on R, Cy(R;) be the subset of C(R;) of functions that are bounded, and
Cla, b] be the set of continuous functions on [a, b]. For two functions f and g defined on [0, o), let f x g denote the
convolution of fand g, that is, for each t € R,

fxg(t) = /O f(t—s)g(s)ds.

2. Fluid Model Equations and Nonlinear Volterra Equations

2.1. Fluid Model Equations and Invariant States

We now state the fluid model equations considered in Kang and Ramanan (2010) as a fluid analog of the
G;/GI/N + GI queues and the associated invariant states.

For a cumulative distribution function G on R, with density g, the right end of the support H of g is defined as
H=sup{x €R, : g(x) >0} and then the hazard rate function & on R, is defined as h(x)=g(x)/G(x), where
G(x)=1— G(x). Note that when x > H if H < o0, g(x) = G(x) = 0. In this case, h(x) is interpreted as zero.

In this paper, we always impose the following mild density assumption on the patience and service time distri-
bution functions G" and G° and first moment assumption on the service time distribution function G°. Without
loss of generality, we can normalize the service time distribution so that its mean equals one. This is the reason
why we call A =1 the critical regime because, in this regime, the arrival rate equals to the mean rate of service
completion.

Assumption 1. The patience time distribution function G" has density g" on [0,H"), where H" is the right end of the sup-
port of §". The service time distribution function G° has density ¢° on [0, H®), where H° is the right end of the support of ¢°
and

/Omxgr(x)dx = /ODOC_;r(x)dx < 00, /Omxgs(x)dx = /Omés(x)dx =1. ()

Define the following space of feasible input data for the fluid model equations stated in Definition 1:
S = (e,x,v,1) € Zo(Ry) X Ry X Mp[0, H*) X Mp[0,H") :
o 1= () =[1 -], [x=1]" < (1,7 |

For any (E, X (0),v0,1,) € So, E represents the arrival process for the amount of mass (limiting fraction of custo-
mers) arriving to the system since time 0, X(0) represents the initial amount of mass in the system including
those in service and those waiting in queue at time 0, o(dx) represents the amount of mass in service at time 0
whose elapsed service time (time spent in service) lies in the range [x, x +dx) at time 0, and 7)(dx) represents the
amount of mass in the system by time 0 whose elapsed patience time lies in the range [x,x + dx) at time 0. The
first restriction that 1 — (1,7,) = [1 — X(0)]* simply reflects the nonidling condition. Note that (1,1,) represents
the total mass that have arrived to the system by time 0 and whose patient times have not been reached by time
0. This mass not only includes those waiting in queue at time 0, which is [X(0) — 1]*, but also includes those who
have entered service by time 0. This naturally leads to the second restriction that [X(0) — 1]" < (1,j,).

Definition 1 (Fluid Model Equations). The cadlag function (X, 7, 1) defined on R such that foreachf e R, X(t) e Ry,
vy € Mp[0,H?), and 7}, € MF[0,H") is said to solve the fluid model equations associated with (E,}_((O),&o,ﬁo) )
and the hazard rate functions " = ¢’ /G" and I* = ¢°/G*, if and only if for every t € R,

t t
/ (0,77, )du < oo, / (B dut < oo, 3)
0 0
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and the following relations are satisfied: For every fand f € Cy(R.),

. t
f(x)vi(dx) = flx+ t)w Vo(dx) + /f(t — u)@s(t - u)df((u), 4)

[0, He) [0, H) G’(x) 0

where
t
R(t) = (1,5) — (1,70) + / I, ) du; )
G

o rf(x)nt(dx) o f( X +t) G(x( ) 1, (dx )+/f(t u)G (tfu)dE(u),' (6)
Q®=X®fﬂm& 7)

B t Q(w) .
R(t) = /0 ( /0 h%(P'wl(y))dy)dw, ®)

where we recall from (2) that F=(x) = 1,0, x];

() = X(0)+ E(1) /0 0y du— R(D); ©)

and the nonidling condition

1—(1,7)=[1-X(®)]". (10)

From the definition of the fluid model equations, we obtain the following two additional balance equations:
From (7) and (10),

Q) = [X(H) — 117, (11)
and from (5), (7), and (9),

Q(0) + E(t) = Q(t) + K(t) + R(t). (12)

Remark 1. Note that (4) and (6) are required to be satisfied only for bounded continuous functions in Definition 1.
But by using a standard approximation argument, namely representing indicators of finite open intervals in R, as
monotone limits of continuous functions with compact support and appealing to the monotone class theorem, it fol-
lows that both equations in fact hold for any bounded measurable or nonnegative measurable f and f, respectively. In
particular, these equations hold with f =/ in (4) and f = " in (6). The latter fact is used several times in this paper.

We now give an informal, intuitive explanation for the form of the fluid equations. Recall that E(t) represents
the cumulative arrival of the amount of mass (limiting fraction of customers) arriving to the system in the time
interval [0, f]. Note that v,(dx) represents the amount of mass in service at time u whose elapsed service time lies
in the range [x, x + dx), and /°(x) represents the fraction of mass with elapsed service time x that would complete
service while having elapsed service time in [x,x +dx). Hence, in (3), (i°,7,) represents the departure rate of
mass from the system due to service completion at time u, and its integral, f é(hs,ﬁl,)du, is the cumulative depar-
ture due to service completion in the interval [0, ¢]. On the other hand, 7, (dx) represents the amount of mass at
time u whose elapsed patience time (time elapsed since arrival before its patience exhausted) lies in the range
[x,x +dx), and I (x) represents the fraction of mass with elapsed patience time x that would exhaust patience
while having elapsed patience time in [x, x +dx). Hence, in (3), (I, ], ) represents the departure rate of mass from

the system due to patience exhaustion at time u, and its integral, f é(hr,f]uﬁlu, is the cumulative departure due to
patience exhaustion in the interval [0, t]. Because of the FCFES nature of the system, the fluid queue at time w con-
tains all the mass in 7, that is to the left of (F1)™(Q(w)) and all the mass to the right of (F 1)1 (Q(w)) has
entered service before time w. Roughly speaking, given any y € [0, Q(w)], there is a mass of dy customers in the
queue whose elapsed patience time at w is (F+) '(y) and the mean abandonment rate of customers with this
elapsed patience time is i'(F ﬁw)fl(y)). Thus, the total actual abandonment that has occurred in the interval [0, t],
denoted by R(t), is represented by the integral, as specified in (8). Next, Q(t) represents the total mass in queue
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(awaiting service) at time ¢, X(t) represents the total mass in the system at time t including both those in service
and those in queue, and K(t) represents the cumulative mass of entry into service. Then, Equations (5), (7), and
(9) are simply mass conservation equations, and (10) represents a nonidling condition that ensures that no server
can idle when there is work in the queue. Finally, Equations (4) and (6) govern the evolution of ¥ and 7, respec-
tively. In particular, if x > t, the mass 7;(dx) is coming from initial mass vo(d(x — t)) conditioning its service has
not completed by time t with the fraction G(x)/G(x —t), and if x < t, the mass 7;(dx) is coming from the fraction
G(t — u) of arrived mass dK(u) with service time exceeding t — u for all u € [0,t]. These lead to the two terms on
the right-hand side of (4). Equation (6) is exactly analogous, but with #" and the cumulative arrivals E into the
system in place of * and K, respectively.

Let v, be a Borel probability measure on [0, H®) and 1, be a Borel finite nonnegative measure defined on [0, H")
as follows:

v.[0,x] = / Gy,  xel0,H), (13)
0
n,[0,x]= /0 Gr(y) dy, xe€[0,H). (14)
Note that v, and 7, are well defined due to Assumption 1. For A > 1, define the set X', as follows:
- A—1
= {relt oG @ -1 =1, 19

where recall by (2) that FM(x) = An,[0, x], and let
Y Zsup{xe[1,00): x€ X, }.

x} =inf{x€[l,00): xe X;} and x}=
By (14), the map x — 1,[0,x] is continuous and strictly increasing on [0, H"), and therefore (F M)~1 is continuous
and strictly increasing on its domain for each A > 1. Because G’ is also continuous, we have X', =[x}, x}'] is none-
mpty for each A >1. For A >1, let 7, C[1,00) X Mp[0,H®) X M[0,H") be the invariant manifold for the fluid

model equations, defined by
Ir={(x"v.,An,) :x" € Xy }. (16)
Each element in 7 is called an invariant state for the fluid model equations.

Remark 2. For each (x*,v.,An,)€Z,, let (}_(,17,1'7) be a solution to the fluid model equations associated with
(A1, x*,v.,An,) € Sp. Note that, by theorem 4.6 of Kang and Ramanan (2010), the solutions to the fluid model equa-
tions associated with (A1,x%,v.,A1,) € Sy are unique, and it is easy to check that the constant function (x*,v., A1,)
is a solution to the fluid model equations associated with (A1,x*,v,,An,) € Sy. It follows that (X (H), v, 1,) =
(x*,v.,An,), t > 0. This is the reason why we call each element in 7, an invariant state and 7 the invariant mani-
fold. Note that, for each A > 1, each invariant state (x*,v.,An,) depends only on the arrival rate A, the service time
distribution function G°, and the patience time distribution function G, and the invariant manifold Z, has infi-
nitely many invariant states if x} < x}. But if the equation G'(x) = (A —1)/A has a unique solution, then x}' = x}

and hence 7 has a single invariant state.

2.2. Nonlinear Volterra Integral Equation .
In this section, we show that the function X in a solution (X, ¥,1) to the fluid model equations associated with ini-
tial data (E, X(0),70,1,) € So satisfies a nonlinear Volterra integral equation.

Lemma 1. Let (X, 7, 1) be a solution to the fluid model equations associated with an initial data (E, X(0), v, 1,) € So. Then
the nonnegative function X satisfies the following nonlinear Volterra equation:

X(t)+ /Ot()_((u) APt — u)du + /OtB(u,)_((u))du = &)+ (Exr)(D), 17)

where 1°(-) denotes the renewal density associated with §°, for each t e Ry and x € R,

B(t,x)= /O o W ((E™) ™ (w)du, (18)



Downloaded from informs.org by [216.73.217.72] on 04 June 2026, at 14:35 . For personal use only, all rights reserved.

Kang: Long Time Limits via Nonlinear Volterra Equations
6 Stochastic Systems, Articles in Advance, pp. 1-23, © 2026 The Author(s)

and
G(x+t)—-G°

t
E(H)=X(0)— Q)G () + /0 G*(t — u)dE (u) — /[0 " o () Vo(dx). (19)

Proof. Fix (E,X(0), 7o, ,) € So and a solution (X,7, ) to the fluid model equations associated with (E, X(0),
Vo,1,)- By (4), Remark 1, an application of changing the order of integration and an application of integration by
parts, and (12), for each t e Ry,

/Ot(hs,ﬁu)du = /Ot( [O,Hs)gsgz(-;;l) 170(dx)>du+/0t/0ugs(u —w)dK(w)du

_/[O,HS) &) Vo(dx)+/01<(u)g (t — u)du

- [ SO E s [ Q0+ Ew) — Q) — Ra)g'(t — u)d
[0, H°) G*(x) 0

From the above display and (9), we can see that for each t € R,

o G(x+t) - G(x) _
X(H) = X(0) + E(t) /[O,HS) —sw To(dx)
t t
- /0 Q)+ E)g*(¢ — u)du+ /0 (QGw) + R(w)g*(t — u)du — (). (20)

By (8) and an application of integration by parts on the left-hand side of the display below, it follows that for
eachteR,,

R | ROy (t — wydu = / G- ( / Q(”)h%(ﬂu)—l(w))dw) du. 1)
Then (20), (1), (21), (11), and (18) together imply that, for each t € R,

(=) + /0 R (0) — 15t — ) — /0 G — B, X)),
Note that for each t e R,,
() = [X(H) - 1] + () A1,
For each t € R, define

t t
(=&t — /0 (X (1) A (t — ) — /O G5 (t — u)B(u, X (u))du. 22)

It follows from the above three displays that, for each t € R,,

t
X(t) = f(8) + / X (u)ge (¢ — )i (23)
0
Recall that 7°(-) denotes the renewal density associated with ¢° and satisfies that, for each t € R,

r(H) =g )+ *r)(), (24)

where recall that ¢° x7° stands for the convolution of ¢°* and #° (proposition 5.2.7 of Asmussen (2003)). Moreover,
because for each t € R,

GO+ (G *r) ()= =g B+ () — (& *r)(H) =0,
then it follows that, for each t € R,
G+ (G xr)(t) =G*(0) + (G°x*)(0) = 1. (25)
By applying theorem 5.2.4 of Asmussen (2003) to (23), for each t € R,,

X(B)=f®) +(fr)(1). (26)
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This, (22), (24), and (25) together imply that, for each t € R,
X =[e() +(Ex )] = [(XAD)*g° () + (X A1) g ) (D] — [(B(, X () * G (8) + (B(, X(-) * G x7°)(1)]
= [EB) +(Ex ) D] = (XA (g7+& ) (B)] = [(B(, X(:) (G + G % 7°)(H)]
= [E() + (EX )] = (XA (5 = (B, X(-) % 1)(F), (27)
which implies (17). O

3. Assumptions and Main Result i
We now state the main result of the paper under the following assumption on the initial data (E,7) and the ser-
vice time distribution G°* and patience time distribution G".

Assumption 2. The following conditions are assumed to hold:
(@) The arrival process E is absolutely continuous with the constant derivative A € [1, o).
(b) The service time distribution G° has finite second moment, that is,

/Owtzgs(t)dt < 0.

(c) The initial data v satisfies that

lO,HS)fxg:i((z)Wlﬂo(dx) < oo, [O,Hs)gsf(;f(;)t) Po(dx) > 0 as t — oo. (28)
(d) The density g° of G® is such that its renewal density r*° is differentiable and

/OOO [(r*) (t)|dt < oo. (29)

In addition, if 1 <A <1+ a, where
a=— /000(rs)’(t)l{(rs)/(tko}dt >0, (30)

one of the following conditions holds:

(1) The renewal density 1° satisfies
| ey wia<ro, @1

(2) The renewal density 1* is nondecreasing and if A = 1, r*(0) > 0.
(3) The quantities e, =infier, h°(t) > 0 and ¢, =sup, h*(t) <ooif A > 1.
Lastly, if A = 1, the patience time distribution G” satisfies that the equation G'(x) = 0 has a unique solution x = 0.

Remark 3. The finite second moment assumption in Assumption 2(b) is to ensure that certain properties involv-
ing the renewal density * hold, which are stated in Lemma 2. The two conditions in (28) are assumed for techni-
cal reasons to ensure the convergence of certain quantities involving vg. The two conditions in (28) and
Assumption 2(b) actually hold automatically under Assumption 2(3). In fact, if sup, h*(t) = ¢, < oo, then

Cx+1) - M i = .
/[o,Hs) &) Vo(dx) < Ch/[O,HS) &0 Po(dx) > 0 as t .

On the other hand, if infieg, #°(F) = ), > 0, then

/ fxoo(_}S(u)dqu(dx) . 1 [ ¢ (u)du
[0, H?)

) 1
= = Vo(dx) < — < oo,
G*(x) enJioH)  G'(x) €n

and

/ tzgs(t)dt:2/ tGS(t)dtSE/ tgs(t)dt:3<oo.
0 0 €nJo En
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The two conditions in (28) also hold under Assumption 2(b) if V¢ is supported on [0, M] for some M < H*. This is
because, under Assumption 2(b), r°(t) — 1 as t — co (see the proof of (1) of Lemma 2). Because g°(t) = r°(t) — (r° »
$°)(t) for each t e Ry and (¥* x¢°)(t) — 1 as t — oo, it follows that g°(f) — 0 as t — oo. Hence, the second condition
in (28) follows from a simple application of the dominated convergence theorem. The first condition in (28) holds
trivially when ¥ is supported on [0, M] for some M < H°.

Remark 4. When the hazard rate function /° is decreasing on R., then by theorem 3 of Brown (1980) and Alexan-
drov’s theorem (Niculescu and Persson 2005, p. 172), the renewal density 7° is nonincreasing on R, and then
() (t) <0forall t € R,. Then

/ 1Y @l = / Y (it =P (0) - P (e0) = P(0) — 1 <(0),
0 0

which shows that Assumption 2(1) holds automatically. Note that there are distributions that do not satisfy
(31) but satisfy Assumption 2(2). For example, if G° follows a Gamma distribution with shape 2 and rate 2,
then the renewal density 7°(t) =1 — e # (see (2.13) of Barlow and Proschan (1965)), and then 7* is increasing
and satisfies Assumption 2(2). On the other hand, because °(0) =0, then (31) does not hold for this G°. This
G® also does not satisfy Assumption 2(3). Another example of distributions with increasing renewal density is
the generalized Erlang distribution with order 2. Assumption 2(3) is the same as the one assumed in AKKR
(see assumption 3.1 therein). When A =1, ¢° is assumed to satisfy Assumption 2(1) or Assumption 2(2) only.
Also note that Assumption 2, (1)-(3), does not cover distributions such as gamma distribution with shape 3
and rate 3 because its renewal density (see the discussion after theorem 3.2.7 of Barlow and Proschan (1965))
is 7°(t) = 1+2e~"/2cos(2r/3 +13V3/2), as illustrated in Figure 1, which oscillates slightly as t— oco and
r*(0)=0.

Remark 5. For certain distributions, the constant « in (30) is actually very small. In this case, as long as the sys-
tem is reasonably overloaded (that is, A > 1+ «a), we only need Assumption 2, (a)—(d), for the main results to
hold. For example, when the renewal density is nondecreasing, then a = 0. For a gamma distribution with shape
3 and rate 3, its renewal density is 7°(t) = 1 +2¢~%/2cos(271/3 + t3V3/2) and a =4 x 37 V/*(1 + e\/g”)f1 ~0.01. For a
gamma distribution with shape 6 and rate 6, its renewal density (see the discussion after theorem 3.2.7 of Barlow
and Proschan (1965)) is 7*(t) = 1 + e~ %*cos(7t/3 + 3V3t) + e *cos(27/3 + 3V3t) — e~ %, as illustrated in Figure 2, and
a =~ 0.1333. For distributions with no explicit expressions of their renewal density functions, such as log-normal
distribution and Weibull distribution, numerical approximation of « is needed. For example, the renewal density
function of the log-normal distribution with parameters p=—1/8 and ¢ =0.5 is numerically computed and
graphed in Figure 3 with a ~ 0.07, and the renewal density function of the Weibull distribution with parameters
A =1/I'(1.5) and k = 2 is numerically computed and graphed in Figure 4 with a ~ 0.03.

Remark 6. When A =1, the assumption on the patience time distribution G" in Assumption 2 implies that the
fluid model equations admit a unique invariant state.

Now we state the main theorem of this paper.

Theorem 1. Suppose that Assumption 2 holds. For any (A1,X(0),7o,7,) € So, the solution (X(t),7,1,) converges to an
invariant state (x*,v.,An,) € T as t — oo.

4. Proof of Theorem 1

The proof of Theorem 1 is divided into the two mutually exclusive cases A >1 and A = 1. The first case is estab-
lished in Section 4.2, and the second case is established in Section 4.3. We shall focus on the convergence of
(X(t),7,), as t — oo, because the convergence of 7}, to An,, as t — oo, is established in lemma 4.1 of AKKR and is
included here for completeness.

Proposition 1. Fix A > 1 and, given any 1), € Mp[0,H"), let 1} = (7],)0 be the solution to (6). Then ), = An, as t — co.
Proof. Fixf € Cy(Ry). In view of (6), the boundedness of f, the finiteness of the measure 1), the dominated con-
vergence theorem, and the fact that G"(x+1)/G'(x) — 0 for every x € [0,H"), as t — oo, together imply that the
first term on the right-hand side of (6) vanishes. On the other hand, because the mean patience time | go G"(u)du is
finite by Assumption 1, the dominated convergence theorem shows that the last term on the right-hand side of
(6) converges to (f, An,). This concludes the proof that 7 = An,ast—oco. [
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Figure 1. Graph of *(t) = 1 +2¢~%"/?cos(27t/3 + t3V/3/2)
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4.1. Some Crucial Estimates
We first discuss some crucial consequences of Assumption 2 in Lemmas 2-5.

Lemma 2. Suppose that Conditions (a)—(d) of Assumption 2 hold. Then the following hold.
1. () > last — oo

2. [ (H) = 1]dt < oo;

B I [ ey S0 5000 ) 16 ¢ — )]t < .

Proof. Condition (1) and Condition (2) follow directly from (1) and the discussions in Stone (1966) under the
finite second moment assumption on G° in Assumption 2(b). For Condition (3), note that

/0 ) [ /0 t ( /[O,H)Géf{)”) ‘o(dx)) (Y (¢ - u>|du] it
_ /0 ; [ / ) ( /[0,H5>G<§f(+)u) -o(dx)) 167 (¢ - u)ldt] i
-/ T 10y 0t / ) ( /[O,HS)GC(;"(I;” 'o(dx)>du <o,

where the first equality follows from the exchange of the order of integration, the second equality follows from a
change of variables in the inner integral, and the last inequality follows from (28) in Assumption 2(c) and the
integrability of |()’| on R, assumed in Assumption 2(d). O
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Figure 2. Graph of *(t) = 1 + e >cos(1t/3 + 3V3t) + e " cos(2m/3 + 3V3t) — e 1%
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Lemma 3. Suppose that Conditions (a)—(d) of Assumption 2 hold. Recall & from (1). For each t € R, let
fe(O)= &) + (Ex7°)(B).

Then f; is differentiable on R, and its derivative ()" satisfies that
(fe)'(t) > A as t — oo.

Proof. It follows from (1) that £ is differentiable and, for each t € R,

Plx+1)
G(x)

0= -00g 0 +AG 0 - [ £ N,

Then the differentiability of f; follows from the differentiability of £ and, for each t € R,

(fe) (£) = & (£) + EQO)F () + (& *)(t).

44

(32)

(33)

(34)
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Figure 3. Graph of the Renewal Density Function of the Log-Normal Distribution with Parameters y = —1/8 and 0 = 0.5
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By the representation of &’ in (33), we have that, for each t € R,

t
(& *7°)(t) = —Q(O)gS * (D) +AGSx P (F) — /0 o H“)M Vo(dx)r’ (u)du

G*(x)
=000 -gw+acn - [ [ EED g 35
0 Jom) G(x)
Note that by exchanging the order of integration, we have that, for all t € R,
ghx+t—u) u)_ IO fotgﬁ(x+t—u)r5(u)du_ i
/ /0 o o= [ B ST

By applying a change of variables and then the integration by parts, we have that, for each t e R, and x € [0, H*),
t
/ S+t —u)r(u)du
0
t
= / r*(t—u)g* (x +u)du
0

= -G x+0r0)+Gx)r ) — /tés(x +u) () (t — u)du.
0
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Figure 4. Graph of the Renewal Density Function of the Weibull Distribution with Parameters A = 1/I'(1.5) and k =2

- Renewal Density for Weibull Distribution (A=1/7(1.5), k=2)
) I T [ T l
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5
Time (1)

Combining the above two displays, we have that, for all t € R,,

g+t —u)_
/ /[o o GS( ) Vo(dx)r®(u)du

) Gl Foldx) + (1, 70)r () — / ( /[0 HS)M 'o(dx)> ) (¢ — w)du.

oH) G(%)
Combining the above displays with (33), we have that, for all t € Ry,

Y0 =-Q0g 0+ - [ S D

+X(0) (1) = Q) (1) — g* (1) + AG*(¢)

o[ C8D s - oro)

o ( /lOH)GSé’:—(:f)vowx)) (P (¢ — wydu

o gs(x—i-t)_ x+t) _
_a /[o,Hs) S (dx)+r““(0)/[0 N Bo(dx)

' /0 | (/[O,HA )%&r)u) v (dx)) () (t = w)du.

G*(x)

(36)



Downloaded from informs.org by [216.73.217.72] on 04 June 2026, at 14:35 . For personal use only, all rights reserved.

Kang: Long Time Limits via Nonlinear Volterra Equations

Stochastic Systems, Articles in Advance, pp. 1-23, © 2026 The Author(s) 13
Note that
X+t Gi(x +t
/ g )' o(dx) — 0 and ( ) Vo(dx) > 0 as t — oo,
o1y G(x) o) G(x)

where the first convergence is assumed in Assumption 2(c) (see (28)), and the second convergence follows from
an application of dominated convergence theorem because the integrand G°(x +t)/G*(x) is bounded by one and
G*(x +1)/G*(x) — 0 as t — co. By an application of change of variables and then an application of dominated con-
vergence theorem using the fact that [;”|(r*)'()|dt < co, we have that

/Ot</[O,HS)Géx(+)u) —O(dx)> () (t — u)du

_ t G(x+t—u) _ . B .
_/0 <~/[O,H5)(_;S(x) O(dx)> () (w)du — 0 as t

It follows that (fs)'(t) > Aast — co. O

Lemma 4. Suppose that Conditions (a)—-(c) of Assumption 2 hold and let x* € X,. Recall B(u,x) in (18). Define a function
fronRyas

FH=x+ /()'trS(u)dqu /O B, x)du, t € .. (38)

Then
(f) () > Aast — co. (39)

Proof. Fix x* € X;. For the function f* defined in (38), it is clear that f* is differentiable on R, with derivative

(f) () =7(t) +B(t,x"), t e R,. (40)
Recall that B(t,x*) = f[x - W ((E") ™ (u))du from (18). We define a function t(-) on R, as
XO=FEM ([ —1]"), teR.. (41)

It follows from an application of change of variables, (6), and Remark 1 that, for all t € R,,

Bt x") = / Ly, (1 ()" ()77, (dx)
[0,H")
+t _ t
:/[o,H) 0x(t)](x+t) ((;( )) O(d )+/\/ 1[0,x(t)](f—u)gr(t—u)du,

Note that, by Proposition 1, , = An, as t — co. It follows that jy(t) — (FM) 71 ([x* = 1]%) < o as t — co. Then the
above display implies that, for all ¢ sufficiently large,

B(t,x") = AG"(x (1)). (42)
Because [x* —1]" =17 :[0, X (t)], we have that, for all ¢ sufficiently large,
G'(x+t) _
G’ (x)

ot
= [ 150006 @)t = 20,0, 50

1] = /{0 Mo+ D D o+ / o.co1(t— )G (t — ) du

This, in particular, implies that, for all ¢ sufficiently large,
Xy = F) 7 ([x —1]7),
and then
AG/((F') ™ ([x = 11%) = B(t,x"). (43)

It follows from Lemma 2(1) and the fact that x* € X, that (f*)' () > Aast— 0. O
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Lemma 5. Suppose that Conditions (a)—(d) of Assumption 2 hold. Then the functions f: and f* stated in Lemma 3 and

Lemma 4, respectively, satisfy that
[ 160 -y <o

Proof. Note that by (37) and (40), for each t € R,,

v [ EEED Gx+t)
fro-ro=a- [ S Dw@osro [ T

t Gi(x+u) _ . ) *
+A(A;” &) dMOU)G u)du — r*(t) — B(t,x")

_ (x+t)_ G(x+t)_
= /[O,H) 0 o(dx) +7°(0) o G0 Vo(dx)

+ﬂ—ﬁ@»+[i<4H)G&Hﬂ)]wm>030 wdi+ A —1— B(t,x).

G*(x)

/000 (/[OH) ((;(Z)t) Vo(dx )> = (L) < 1.

By Assumption 2(c), the initial data 7o satisfies (28), then

/m/ G“*”-m)m_ QGG hat s 1 <o
om) G'(x) o)  G(x)

Note that

It follows that

R G(x+t)_ Gi(x+1) _ oo,
/0 (r (0)( o O o(dx )>dt 1’9(0)/ /[OH) 0 vo(dx)dt <

/‘W@fﬂﬂ<m
0

/000 {/;(/[O,HS) G((;x(+)u) ‘o(dx)> [(#) (t — u)ldu} dt < o,

Lastly, because x* > 1 satisfies

By Lemma 2(2),

Also, by Lemma 2(3),

L+AG (™) (v =1]") =4,
and for all ¢ sufficiently large,

AGH(FM)~([x — 11%)) = B(t,x),

as shown in the proof of Lemma 4. This shows that, for all ¢ sufficiently large, B(f,x*) = A — 1, and then

/ A —1—B(t,x")|dt < oo.

0

Then it follows that (44) holds. O

4.2. Long Time Limit of (X,7) When A>1
In this section, we consider the case when A > 1.

(44)

(45)
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Lemma 6. Suppose that Assumption 2 holds. If A > 1+ a, then
there exists T > 0 such that X(t) > 1 forall t > T. (46)
If1 <A <1+ aand the density §° of G° satisfies Assumption 2(2) or Assumption 2(3), then Assertion (46) also holds.

Proof. Recall that X satisfies the following nonlinear Volterra equation:

X(t) + /Ot(}_((u) ADP(t—u)du + /OtB(u,}_((u))du =f:(t), teR,. (47)

Now define the function Y such that Y ()= X(t) — 1 for each t € R,. Then it follows that for each t e R,, X(f) A1 =
YB+1)A1=Y(#)A0+1and

[yer

B [X(H-11* . o
B(t, X(t) = /0 () (u))du = /0 W ((E) ).

For each t e R, and x € R, define

B(t,x)= /0 : W ((F™)~" (u))du. (48)

Then Y satisfies the following modified nonlinear Volterra equation: For each t € R,

t t t
Y(t) + / (Y(u) AO)P(t — u)du + / B(u, Y (u))du =fe(t)—1— / 7 (u)du.
0 0 Jo
For each T € R,, consider l_/m, the time-shifted Y by T, as
YT H=Y(T +1), teR,.

Then, it is readily checked that Y!™! is a solution to the following nonlinear Volterra equation:
t t
Y1) + / (YT () A 0)(F — w)dut + / BT +u, YD (w))du =F (1),
0 0

where

zIT]

T+t T T
A OzfTen—1- /0 P () — /O (Y () A OY (T + £ — u)edut — /0 B(u, Y (u))du.

Note that

M0y = () =1 - /0 s du /0 " T AT — udut — /O "B, Y0u)du
=Y(D),
and for almost every (a.e.) t € Ry,

z[T1

(f

We first consider the case that A > 1+ a. Because the function X is nonnegative, then —(Y(t)A0)€0,1] for
each f € R,;. Recall « in (30). Forall T,t € Ry,

T
Y () = () (T+t)—r(T+1) 7/0 (Y(u) AOYF) (T +t — u)du.

T
_ / (Y () AOYP) (T + — u)du
0
T = o
> [ (V@AY T+t =01y e
T
> /0 (P (T + £ = )1 ey -y <y

T+t
= / () (W)L sy <oyt = —av.
t
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Because A > 1+ a, there exists € > 0 such that A —1 > a + ¢. By Lemma 2(1) and Lemma 3, there exists T > 0 such

that (]7 [T])'(t) >A—1—a>e¢ for all T>T and all teR,. We may assume that there exists T > T such that
Y(T) >0, because, otherwise, for all T > T, Y(T) < 0, and then X(T) < 1, Q(T) = 0 by (11) and R’(T) = 0 by (8) and
(1,71y=X(T) <1 by (10). It follows from (12) that, for all T > T, Q(0) + E(T) = K(T) + R(T), which implies that
K'(T)=E'(T)=A>1forall T > T. But this together with (4) implies that (1,77) — A > 1 as T — oo, which contra-

dicts that (1,77) = X(T) <1 for all T>T. Now fix a T > T such thatf[T](O) =Y(T)>0. For all 0 <s<t< oo and
ueR,let

3(t,5,u)=7r°(t —s)(u AO) + B(T +5,u).
Then §(t,£,0) =0 and 0;3(t,s,u) = () (t — s)(u A 0). It follows that for every bounded, measurable, nonnegative
function w and for each s, t € R, with s <t, d;3(t,s,w(s)) = (°)'(t — s)(w(s) A0) = 0, and then

3(t,,0) + / tatg(t, s,w(s)ds =0 < (FY (1), t R,
0

By corollary 5.2 of Engler (1986), we have that YT(t) > 0 for all t € R,, thatis, X(f) > 1 forall t > T.

We next consider the case that 1 <A <1+ a. In this case, the density ¢° of G is assumed to satisfy Assumption
2(2) or Assumption 2(3). If g° satisfies Assumption 2(3), then the conclusion holds by theorem 3.2(2) of AKKR
(see (3.1) therein). Now, let us assume that g° satisfies Assumption 2(2). Because the renewal density 7° is
assumed to be nondecreasing on R, under Assumption 2(2), then (+*)'(t) > 0 for each t € R, and hence for all
T, teR,,

_ / " T @) A (T + £ — w)du 0.
0

Then we also have that there exists T > 0 such that (f [T])'(t) >0forall T>T and all t € R,. Thus, corollary 5.2 of
Engler (1986) can still be applied to show that Y"l(#) > 0 forall t € R,, thatis, X(f) > 1 forallt > T. O

We next establish a supporting lemma. For r* that satisfies Assumption 2, let M > 0 such that [ go [(#%) (t)|dt < M.
Consider

Pt =r(t)+aM, te Ry, (49)
where
. { 0, if Assumption 2(1) holds,
1, otherwise.

Then X satisfies the following nonlinear Volterra equation:
X(t)+ /Ot()_((u) AL (t— u)du + /OtB(u,)_((u))du
= fe(t) +aM /0 t()_((u) A)du. (50)
Note that
/ 16 ()t = / 0 (W)1dt < #(0) +aM = 7(0). 51)

Foreach 0 <s<t<ooand u € R, define
G(t,s,u)=7°(t —s)(u A1)+ B(s,u). (52)

Lemma 7. For the kernel 7° that satisfies (51) and the function § defined in (52), let x1, x5 be two solutions to the following
equation:

x() + /0 (0, u, x(u)du = (1), (53)
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with absolutely continuous right-hand side f1, f», respectively. Then there exists € € (0,1] such that
® ’ / 2 2 ® ’ ’
[0 xolas (2-1) 0 -£01+2 [T1o - fol 9

Proof. Because 7 satisfies (51), then there exists ¢ € (0, 1] such that

| 1evensa-ero), (55)
and from the definition of § in (52), we have that, foreach0 <s<t<oand u € R,

2ig(t,s,u) = (7°) (t — s)(u A 1).

It follows that for all #,v € R and for a.e. s € [0, ),

/w|8tt7(t,s,u)—Bﬁ(t,s,v)ldtz (/wl(?s)'(t—s)(u/\l —v/\1)|dt)

_ (/Ooo|(?s)’(t)|dt) luAl—oAll.

On the other hand, for all u,v € R and for a.e. s € [0, ),

[G(s,s,u) —G(s,s,v)]sign(u — v)
=7(0)(uA1—vAl)sign(u —v) + (B(s,u) — B(s,v))sign(u — v)
=70)|lunl—ovAl|+|B(s,u) — B(s,v)|.

Combining the above two displays with (55), we have that, for all #,v € R and for a.e. s € [0, ),
(1 —o)[q(s,s,u) —4(s,s,v)]sign(u — v)
> [ 1205, - ot s oldt. (56)
Then (54) follows from theorem 4.1 of Engler (1986) with T = co. [

Now we prove the main result of this section.

Theorem 2. Suppose that Assumption 2 holds and A > 1. The solution X to the nonlinear Volterra Equation (50) satisfies
/ | X' (t)|dt < oo. (57)
0
Proof. Fixx* € X,.Letxy(t) = x*, t € R, , be the constant function on R, It is clear that the function x, satisfies (53) with
fot) =f7(f) +aMt, teR,.

By (50), x1 = X also satisfies (53) with t
) =f:(t) + aM/ (X(w)Al)du, teR,,
0

and then it follows from (54) in Lemma 7 that there exists ¢ € (0,1] such that

JALCLE (%—1) 1£0)

F1(8) = £1(6) +aM(X(H) A1) and f3(1) = (£ () + aM.

+2 [ ro-po 68)

Note that for each t e R,

Then foreach T > 0,

T T T _
/If{(t)—fz’(t)ldts/ I(fé)'(t)—(f*)'(t)ldt+uM/ IX(H) A1 —1|dt.
0 0 0
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Note that by Lemma 6, if A >1+a or if 1 <A <1+a and the density g° of G° satisfies Assumption 2(2) or
Assumption 2(3),

/Oool)_((t)/\l—lldt<oo, (59)
and then by (44),
[ ro-pons (6o - ouem [ 1% <.
If 1 <A <1+« and the density g° of G satisfies Assumption 2(1), then a = 0, and then by (44),

/ IR - R0t < / 1Y) — (P 1t < oo,
0 0

Thus, (57) follows from (58). O

Corollary 1. Suppose that Assumption 2 holds and A > 1. Let (X, 7,7) be a solution to the fluid model equations associated
with (/\1,}_((0),170,1'70) € Sy. Then, ast — oo, X(t) = x* € Xy, X'(t) = 0 and ; = v..

Proof. Because X is a solution to the nonlinear Volterra Equation (50), then by Theorem 2,
/ |X'(t)|dt < co.
0

It follows that there exists x* such that X(t) — x* as t — co. Then
B(t, X (£)) = AG"(F™) Y([x* — 1]7)) as t — oo.

Because for each t € R,

X =)+ /0 R G0) — 175t — ) — /0 Gt — u)Bw, XG0,

and &(t) — A as t — oo, then it follows that
X = A+ [ =10 = AGT(F') 7 ([x ~11)),

that is, x* € X'y. Note that x* > 1 because A > 1.
We next show that X’(t) — 0 as t — co. Note that by differentiating both sides of (27), for each t € R,

t
X'(t) = —(X(H A1)F(0) - /O (X(u) A1) (t — u)du — B(t, X(t))
+ (1) + EQO)r () + (& 7)(8).

Because X(t) — x* as t — oo, then (X(t) A 1)r°(0) — (x* A 1)r*(0) = 7°(0) as t — co. By using a similar argument that
yields (42), we can also show that for all t sufficiently large,

B(t, X (t) = AG"(F™) " ([X(£) — 1]")).
Then it follows that
B(t, X(t)) = AG (FM) " Y([x* — 1]7)) as t — .

By taking the limits on both sides of (33) and using (28), we see that &’(t) — 0 as t — co. Note that £(0)r*(t) —
X(0) due to Lemma 2(1). Moreover, by letting T = 0 in (35) and using (36),

(& <)) =~ () ~ g (1) + AG (1) +7(0) /[0 " Gé(f(;” Po(dx) — (1,70)r° (1)

N /0 t ( /[O,HS) %&;‘) vo(dx)> (FY (¢ — w)du. (60)
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Because [ (0,1 G(;L(;’;) Vo(dx) — 0 as t — oo, this and the fact that || (‘)’" [(¥*) (t)|dt < oo together imply that
t ~s
G'(x+u) _
/ (/ # vo(dx)> () (t —u)du > 0ast— oo,
o \Jiom) G(x)
and then

(& *P)(t) = A —(1,70) — Q(0) as t — oo.
Note that

t
/ XW)A1=x" AT (t — u)du — 0 as t — oo,
0
and

t
/ (" ADE) (= uydu = (x* A1) () — (0)),
0
and thus it follows that
t
/ (R(w) A )Y (- wd — (¢ A1)(A — £(0) = 1 — 1°(0) as ¢ — oo,
0

Combining all the convergence results derived above, we see that X'(t) — 0 as t — co.

At last, we show that v; = v, as t — co. It follows from (9), (8), (11), and (18) that, for each t € R,

X'(t) = A — (I, 9,y — B(t, X(t)).
By taking the limits on both sides of the above display, we have that, as t — oo,
0,51) > A= AG (M) M[x = 1] ) =x"Al=1.

It follows from theorem 2.6 of AKKR that the auxiliary process K in (4) has a derivative K’ such that for a.e.
teR,,
— A if <1,17t> <1,
K'(t) = 61
O={tes0 wmar o

Because A >1 and X(t) — x* > 1, there exists T > 0 such that X(t) >1 and then (1,7,) =1 for all t > T. It follows
that K’(t) — 1 as t — co. Then for each f € C;(R,), as t — oo,

/ 't — )Gt — ) dR (1) = / b — )G — R () — / R G ).
0 0 0
Then by (4), for each f € C;(R+), as t — oo,

() Fi(dx) — / )G ),
) Jo

[0, Hs

thatis, V; = v.. O

4.3. Long Time Limit of (X,7) When A = 1
In this section, we consider the case when A =1; hence, we fix A = 1. Note that, by Assumption 2, when A =1,
Xy = {1}, Assumption 2(a)—(d), and Assumption 2(1)-(2) hold.

Lemma 8. Let R be a solution to the following equation:
t
R(#) = /0 (P (O)(=R(w)) v 0) — B(u, 1 + R()))du + (fe — f)(t). (62)

Then we have that R(t) — 0 as t — oo.

Proof. We prove this lemma by contradiction. Suppose that R(f) does not converge to zero as t — co. Then either
limsup,_,  R(t) > 0 or liminf; . R() < 0.
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We first consider the case that limsup,_,  R(f) > 0. Let ¢ > 0 be such that limsup,_,  R(f) > ¢. We claim that there
exists a sequence {t,} C R, such that R(t,) > ¢, R’(t,) > 0and f, — co as n — co.If the claim does not hold, then there
existsa T € R, such that forallt > T, either R(t) < € or R’(t) < 0. If there exists ty > T such that R(tg) < &, then R(t) < ¢
for all t > ty, because otherwise, there exists ¢ >ty such that R(t) > ¢, let s=sup{u <t: R(u) < ¢} <t. Then for all

u € (s,t), R(u) > € and then R’(u) < 0. It follows that R(¢) = R(s) + f: R’(u)du < R(s) < &, which is a contradiction. But
R(t) < e forall t >ty implies that limsup,_, R(t) < ¢; this is again a contradiction. Therefore, there does not exist ty >
T such that R(f) < ¢; that is, for all u € (T, o), R(u) > ¢, and then R’(u) < 0. This implies that R is decreasing on
(T, ), lim; o R(t) exists, and lim;,oR(t) > €. Therefore, lim; ,R’(f) = 0. By (62), forall t > T,
R(t)=r(0)(—R(H) V0 —B(t, 1+ R(1) + (fe —f)' ()
= —B(t,1+R(t)) + (f: —f)'(t).

From this, the fact that lim;_,.,R(t) > &, Lemma 3, and Lemma 4, we see that

0<—limB(t,1+¢/2) = —AG(FM) (1 +e/2-1]") <0.

This implies that AG (F*) M ([1+¢/2—1]%)) = 0 and then 1 + ¢/2 € X, which contradicts the fact that X'y = {1}.
This shows that the claim in fact holds.
It follows from the claim and (62) that
0 < R'(t;) = —=B(t,, 1+ R(t,)) + ((fé),(trz) - (f*),(tn))-

From Lemma 3 and Lemma 4, we see that (f:)'(t,) — (f*)(t,) — 0 as n — co. On the other hand, because B(u, x) is
nondecreasing in x, then

—B(t,,1+R(t,;)) £ —B(t,,1+¢) <0.
It follows that
lim B(t,;,1+¢) = 0.

By (43), for all t,, large enough,
AG (') ™M (e)) = AGT(FY) ! ([x" +& = 1]7)) = Bltu, X" + &) = B(tu, 1 + ¢).

It follows that AG"((F*")'(¢)) = 0 and then 1 + ¢ € X, which contradicts the fact that X = {1}.

We next consider the case that liminf, ., R(t) < 0. Let ¢ > 0 be such that liminf; ,,,R(f) < —&. We claim that there
exists a sequence {t,} C R, such thatR(t,) < —¢, R'(t,) < 0and t, — co asn — co.If the claim does not hold, then there
exists a T € R, such that, for all £ > T, either R(t) > —¢ or R’(f) > 0. If there exists ty > T such that R(ty) > —¢, then
R(t) > —¢ forall t > t; because otherwise, there exists t > fy such that R(t) < —¢, lets=sup{u <t: R(u) > —¢} < t. Then
forallu € (s,t), R(1) < —e, and then R’(u) > 0. It follows that R(f) = R(s) + f:R’(u)du > R(s) > —e, which is a contradic-
tion. But R(t) > —¢ forall f > tp implies thatlim inf, ,o,R(t) > —e¢; this is again a contradiction. Therefore, there does not
exist fp > T such that R(tp) > —¢; that s, for all u € (T, 00), R(u) < —e and then R’(u) > 0. This implies that R is increas-
ing on (T, 00), lim;_,R(t) exists, and lim;_,ooR(t) < —¢. Therefore, lim;,R’(f) = 0. By (62), forallt > T,

R'(t) = =r*(OR(H) + (fe — ) (1)
From Lemma 3 and Lemma 4, we have that
(fe —=f)'(t) > 0 as t — oo. (63)

From the above two displays and the fact that lim;,R’(t) = 0, we see that lim;_,.R(f) = 0, which contradicts that
lim;,oR(t) < —¢. Then the claim that there exists a sequence {f,} C R, such that R(t,) < —¢, R’(t,) <0and t, — co
as n — oo holds. Then limsup, ,  R’(t,) <0. By (62), foralln >1,
R'(ty) = = (0)R(ty) + (fc — ) (tn).
Note that
limsup(—7*(0)R(t,) + (fe — f*)'(t,)) = —7°(0) lim inf R(t,,) > r*(0)e > 0,
n—oo

n—oo

and then limsup,_,  R’(t,) > 0. This is a contradiction.
Because both cases lead to contradictions, this proves that R(f) —» 0ast — c0. O
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Lemma 9. Suppose that A = 1 and the density g° of G° satisfies Assumption 2(2), then liminf; o X (t) > 1.

Proof. By (17), X is a solution to the following equation:

X(t) = /Ot(—rs(t —u)(X(u) A1) — B(u, X(u)))du + fe(t), t € R, (64)

Consider the function Y on R, defined by Y(t)=X(t) — 1,t € R,. Let X*(t) = 1, t € R, be the constant function on
R,. Then X" satisfies (64) with f: replaced by f* in (38) with x* =1. Foreach 0 <u <t <ooand v € R, let

k(t,u,v)=r(t —u)((—v) v0) — B(u,1+0).

It follows from (64) that

t
V() = / Kt u, V()i + (Fs — £)(D), £ € R, (65)
0
Foreache>0,0<u<t<ocoandveR, let
ke (t,u,0) =r°(0)((—v) v 0) — B(u,1 +v) — e.

Note that, because 7° is nondescreasing and bounded below by 7°(0) by Assumption 2(2), for 0 <u <t <t <o,
—00<v<?<oo,and ¢ >0,

k(t,u,0) — k°(t,u,v) = (¥ (t — u) — *(0))((=v) V0) + £ > 0,
and
k(t,u,0) —k(t,u,0) = (*(t — u) — *(t —u))((—0) v 0)
>0=k“(t,u,v) — k“(t,u,0).

For each ¢ > 0, let R, be a solution to the following equation:
t_
Ri= [ R, Relw)du+ (e~ )0
0

By applying theorem 4 of Sato (1953), we have that R.(t) < Y(t) for all t € R, and ¢ > 0. By theorem 4.2 in chapter
2 of Miller (1971), we have that there exists a sequence ¢, >0, n € N such that ¢, — 0 and R, — R uniformly on
compact sets as 1 — oo, where R is a solution to the Equation (62). It follows that X(t) — 1= Y (t) > R(t) for all
t € R, and then by Lemma 8, we have that lim inf_X(tH)>1. O

Theorem 3. Suppose that A =1, Xy = {1} and the density g° of G° satisfies Assumption 2(1) or Assumption 2(2); then,
X(t)—1,X'(t) > 0and v = v.,as t — oo.

Proof. When the density ¢° of G® satisfies Assumption 2(1) and a =0 in (49), then by the same argument as in
Theorem 2, fgo | X’(t)|dt < c0. By the same argument as in Corollary 1, there exists x* such that X(f) — x* as t — co
and x* € X;. It follows that x* = 1. When ¢° of G* satisfies Assumption 2(2), by Lemma 9, to show that X(t) — 1,
we just need to show that
limsup X(t) < 1.
t—o0

We prove this inequality by contradiction. Suppose not, there exists an ¢ > 0 such that limsup, , X(t) > 1+ ¢. We
claim that there exists a sequence {t,} C R., such that X(t,) > 1+¢, X'(t,) =0, and f, — o0 as n — co. If the claim
does not hold, then there exists a T € R, such that, for all t > T, either X(t) <1+ ¢ or X’(t) < 0. If there exists ty > T
such that X(tg) <1+ ¢, then X(t) <1+ ¢ for all t > ty because otherwise, there exists t > t; such that X(t) > 1 + ¢, let
s=sup{u<t: X(u)<1+e}<t. Then for all ue(st), X(u)>1+e, and then X'(u)<O0. It follows that
X(t) = X(s) +_fst)_(’(u)du <X(s)<1+e¢, which is a contradiction. But X(t)<1+¢ for all t>t, implies that
limsup, , X(t) <1+ ¢; this is again a contradiction to limsup,_,_, X(t) > 1 + ¢. Therefore, there does not exist o > T
such that X(tp) < 1+ ¢; thatis, forall u € (T, o), X(u) > 1+ ¢, and then X’(u) < 0. This implies that X is decreasing on
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(T, 00), limy_e X (t) exists, and lim;_,o X (t) > 1 + €. Therefore, lim;_,. X’ (t) = 0. By (64), forallt > 0and T’ > T,
X(T +1)
T+t

= —/OT/Hrs(u) (}_((T’ +t—u)A 1)du — /0 B(u, X (u))du + f«(T' +1)

T +t

= —/Otrs(u) (R +t—w) A1 )du— P (R +t =) 1) du
- / " B, X + F(T' +19)
0
- /Otrs(u) (T +t=w) A1 )du— /OT,rS(T’ +t—u) (X AT)du
- / " B, X))+ (T + 1
0
= —/Otrs(u)du - /OT/VS(T’ +t— u)(}_((u) A 1)du

- /T/HB(u,}_((u))du +f:(T' +1),
0

where the last equality follows from the fact that X(T” +t—u)A1=1 for all u <t because X(u) > 1+ ¢ for all
u > T. It follows that, forallt >0and T" > T,

X(T +1) = —r°(t) — / T’(rs)’(T' +E—u) (X(u) A l)du
JO

—B(T" +t,X(T" +t)) + (f) (T +1).
By Property (1) of Lemma 2 and Lemma 3, we have that —7°(t) + (f:) (T” +t) — 0 as t — oo. Note that B(T" +
t, X(T" +1)) > B(T' +t,1+¢) for all t >0 and T’ > T. Because X is nonnegative, then 0 < X(f) A1 <1 for all t € R,.
We see that

T T T +t
’ / (FY (T + — u)(X(u) A )du| < / (P (T +— ) |du = / () () .
0 0 t

Then, by Assumption 2(d), we have that
-
/ () (T" +t — u)(X(u) A1)du — 0 as t — oo.
0
It follows that
0<limB(t,1+e) = AG(FM)y M [1+e—-1]Y)) < lim B(t, X(t) = 0.

This implies that AGT((EM) "N ([1+& —1]%)) = 0 and then 1+ ¢ € X, which contradicts the fact that X, = {1}. This
shows that the claim in fact holds. Note that along the sequence {t,}, we have by (64) that, foralln € N,

X'(t) = =P (O)(X(ta) A1) — /O (P (b — ) (R(00) A D)t — Bt R()) + (Fe) (8)

tn _ -
=—r(0) - /0 () (tn — u)(X (1) A L)du — B(ta, X () + (fe) (tn)
t” - —
= _rs(tn) - 0 (rs)/(tn - u)(X(Ll) Al — 1)du - B(tnr X(tn)) + (fé)/(tn)-
Note that (f:)'(t,) — °(t,) — 0 as n — oo by Lemma 3 and Property (1) of Lemma 2. Because X, = {1}, we have
that

liminf B(t,, X (£,)) > liminf B(t,, 1 + €) = AG'(E*) ' ([1 + & —1]%)) > 0.
n—oo n—oo
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Because liminf;_,.,X(t) > 1, then X(f)A1 —1— 0 as t — co. This and the fact that Jo 1) |(t)dt < oo by Assump-
tion 2(d) together imply that

/ " Y (6 — (X)L — 1 = / Y (b — 1) AL — 1)t — 0 as 1 — oo,
0 0

Note that, because X'(t,) > 0 for all n > 1, then B(t,, X(t,)) < B(ty, X (1)) + X' (t,) for all n > 1. Note that B(t,, X(t,))
+X'(t,) = 0 as n — oo. It follows that

limsup B(t,, X(t,)) <0,

n—oo

which contradicts liminf,_,.B(t,, X(t,)) > 0 derived above. Therefore, we proved that limsup, , X(t) <1 and
hence X(t) — 1 as t — co. The convergence results of X’(t) to zero and ; to v, follow the same argument as in
Corollary 1. O
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