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Abstract. China has recently developed a large-scale high-speed railway (HSR) network
that not only revolutionizes the perception of long-haul transport but also fundamentally
improves the emergency response capability of the country. This gives rise to a problem
of scheduling a set of emergency trains within the predefined HSR timetable. According
to different degrees of disturbance of the timetable, this paper identifies three kinds of
solutions, named, ideal, quasi-ideal, and feasible solutions, to the problem. We define a
“headroom” function for computing the maximum number of emergency trains that can
be inserted between two adjacent regular trains without any disturbance, from which a
linear algorithm for finding ideal solutions is derived. By identifying the scope of changes
to each regular train, quasi-ideal and feasible solutions can be found based on the ideal
solutions on a set of alternative timetables. Numerical experiments demonstrate that our
method is very efficient for supporting near-immediate emergency responses. We have
used the solution method to evaluate the emergency capacity of most HSR lines in China.
In particular, we successfully applied the method to schedule emergency trains in the
rescue operation of the 2015 Tianjin chemical explosion.
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1. Introduction
The average speed of conventional trains in China
was about 60 km/hr in the 1990s and did not exceed
150 km/hr in the early 2000s, which had a significant
negative impact on the economic exchange and devel-
opment of the country for a long time. The govern-
ment started its ambitious high-speed railway (HSR)
plan in 2006. The first set of bullet trains with a max-
imum speed of 250 km/hr operated on some existing
or updated lines in 2007, and the first HSR line with a
maximum speed of 350 km/hr opened between Beĳing
and Tianjin in 2008 to coincide with the 2008 Beĳing
Olympic Games. Now the HSR network in China is
over 22,000 km long and carries more than four million
passengers a day. It is observed that HSR has greatly
shortened the time-space distances betweenmegacities
and stimulated the development of second- and third-
tier cities (Zheng and Kahn 2013), and is expected to
have some significant macro effects on the national pat-
tern of activity (Cao et al. 2013).
In addition, one reason the government built the

HSR network is to fundamentally improve its emer-
gency response capability. In fact, China’s railway
transportation has played a dominant role in disaster

relief, military, and other emergency supply chains in
China for decades (Zheng and Ling 2013; Zheng et al.
2014b, 2015b). In comparison with conventional trains,
bullet trains can deliver personnel, equipment, and
supplies in a much more efficient way to the affected
areas that are too far to reach by car and cannot meet
the requirements for aircraft operations.

The research on themodels andmethods for schedul-
ing and rescheduling of trains is extensive (Cordeau,
Toth, and Vigo 1998; Caprara, Fischetti, and Toth 2002;
Lusby et al. 2011;Wagenaar, Kroon, and Schmidt 2017),
but few have been conducted on HSR train schedul-
ing for temporary emergency delivery. EmergencyHSR
train scheduling can be a challenging task because of
the following reasons:

• The high train speed and high train frequency of
HSR.

• The relatively large number of emergency trains
to be accommodated, especially for large-scale relief or
military operations.

• The high sensitivity ofHSR timetables, i.e., the dis-
turbance toHSRtimetables, includingdirect andknock-
on delays to regular trains (Higgins and Kozan 1998;
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Khadilkar 2017), can cause significant direct and indi-
rect economic losses to the HSR holder.
In this paper, we consider the problem of reschedul-

ing a predefined HSR timetable to accommodate a
set of required emergency trains, the aim of which
is to make the emergency trains reach the destina-
tion as quickly as possible, while not disturbing the
regular train schedules too much. Specifically, given
a predefined HSR timetable and a set of emergency
trains, we are interested in the following three ques-
tions (Q1–Q3):

Q1. Can we (and if so, how can we) insert the emer-
gency trains into the timetable without disturbing the
schedule of any regular train?

Q2. Can we (and if so, how can we) insert the emer-
gency trains into the timetable without delaying any
regular train?

Q3. Can we (and if so, how can we) insert the emer-
gency trains into the timetable without violating the
specified delay constraint of any regular train?

Remark 1. We use the term “disturbing” to indicate
any change to a predefined schedule and the term
“delaying” to indicate any later arrival at planned
stops—the former is from the point of view of train op-
erators, while the latter is from that of passengers. For
example, a solution to Q2 allows that a train to arrive
later at some nonstop stations as long as it can arrive
at each planned stop station on time, but a solution
to Q1 does not allow this. The motivation lies in the
fact that in Chinese HSR, most regular trains run at a
lower speed (250∼300 km/hr), and in emergency sit-
uations they can give in to emergency trains and then
run at amuch higher speed (e.g., 350 km/hr) to recover
the delay.

To answer the above questions, we develop a solu-
tion method based on time-space networks, where
each train schedule is represented by a flow line. The
key to our method is the definition of a “headroom”
function for computing themaximumnumber of emer-
gency trains that can be inserted between two adjacent
flow lineswithout any disturbance, which directly sup-
ports solutions to Q1. For Q2 and Q3 that allow chang-
ing regular flow lines, we identify all allowable alter-
native timetables, and then obtain the optimal solution
to Q2 or Q3 based on the solutions to Q1 on those
alternative timetables. Hence the main outcome of this
paper includes a linear algorithm for solving Q1 and
two efficient branch-and-bound algorithms for Q2 and
Q3, respectively. The contribution of our method can
be summarized as follows:

• It can produce solutions to the above questions
directly and efficiently (within 20 seconds for almost
all of the HSR lines in China, as shown in the numer-
ical experiments in Section 5) and thus support near-
immediate emergency responses.

• It provides a convenient way to evaluate the ca-
pacity of an HSR line for emergency trains, i.e., the
maximum number of emergency trains that can be in-
serted into the regular timetable, which is of critical
importance for emergency operation planning.

• Retroactively, it offers a way to reserve adequate
space in a regular HSR timetable for accommodating
emergency trains, which is also important in train
timetabling.

• It has the potential to be generalized or extended
for a wide range of seemingly different problems con-
sidering the accommodation of a set of temporary ser-
vices in a predefined timetable, where services and
resources can be analogized as trains and sections.

In practice, we used the method to evaluate the
“emergency capacity” of almost all HSR lines in China,
and applied it to the rescue operation in the 2015Tianjin
chemical explosion.

In the rest of the paper, we review the literature in
Section 2, present the problem model in Section 3, and
propose our solution method in Section 4. Section 5
presents thenumerical experiments, Section 6describes
the real-world application, and Section 7 concludes.

2. Literature Review
Train timetabling (scheduling) is a difficult task of
vital importance. Train timetables were mainly con-
structed manually before the 1990s, and the planner
was often satisfiedwith a feasible timetable rather than
an optimized one (Brannlund et al. 1998). In the past
two decades, computerized scheduling systems have
played a dominant role in complex timetabling. As
a subclass of scheduling problems, timetabling prob-
lems are often formulated based on periodic event
scheduling (Serafini and Ukovich 1989; Kroon and
Peeters 2003), job shop scheduling (Odĳk 1996; Liu
and Kozan 2011), and resource-constrained project
scheduling (Zhou and Zhong 2005) models, almost all
of which are known to be NP-hard (Cordeau, Toth,
and Vigo 1998). Classical enumeration-based methods
with guaranteed optimality, such as branch-and-bound
(Jovanovic and Harker 1991; Higgins, Kozan, and
Ferreira 1996; D’Ariano, Pacciarelli, and Pranzo 2007;
Zhou andZhong 2007), backtracking (Voorhoeve 1993),
and cut generation (Odĳk 1996), only perform well on
instancesof small ormoderate size.As the sizeandcom-
plexity of timetables increase, many researchers have
been working on heuristic/metaheuristic methods, in-
cluding local search (Higgins, Kozan, and Ferreira
1997; Burdett and Kozan 2010), Lagrangian heuristics
(Brannlund et al. 1998; Caprara, Fischetti, and Toth
2002; Caprara et al. 2006), greedy heuristics (Cai, Goh,
and Mees 1998; Dorfman and Medanic 2004), and evo-
lutionary algorithms (Kwan and Mistry 2003; Semet
and Schoenauer 2005; Xu et al. 2014; Zheng, Ling, and
Xue 2014a; Zheng, Zhang, and Zhang 2016), which
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canproducenear-optimal solutionswithin a reasonable
amount of time.
The aforementioned models and solution methods

mainly focus on the development of new timetables
that are typically (but not necessarily) to be applied pe-
riodically (Burdett and Kozan 2010). There is another
variant that concerns the redevelopment of existing
timetables. Sahin (1999) studies a problem of resched-
uling trains to solve intertrain conflicts caused by
disruptions in a single-track railway, and develops a
heuristic algorithm that detects the trains involved in
the immediate conflict and stops each train sequen-
tially for the resolution, and then uses a look-ahead
method to search for the consequences by consider-
ing potential conflicts and associated delays. Adenso-
Diaz, Gonzalez, and Gonzalez-Torre (1999) consider a
similar rescheduling problem for solving the distortion
of established timetables and develop a backtracking-
based heuristic where each solution is evaluated based
on the service priority, the passengers transported,
and the delays. Burdett and Kozan (2009) character-
ize a problem of inserting additional trains as a hybrid
job shop scheduling problem, which is solved using a
constructive algorithm and metaheuristics. Cacchiani,
Caprara, and Toth (2010) solve a similar problem of
scheduling extra freight trains by a Lagrangian heuris-
tic. The rescheduling algorithm by Krasemann (2012)
performs a depth-first search to produce a first fea-
sible solution and then branches to find better solu-
tions, but the second phase can be inefficient. Albrecht,
Panton, and Lee (2013) present a model for simulta-
neously minimizing the delays of train arrival and
trackmaintenance,which is solved by first constructing
schedules for trains not yet at the destination and then
selecting the next train movement based on the earli-
est possible start time. Dündar and Şahin (2013) use
a genetic algorithm (GA) for train rescheduling based
on a conflict-free genetic representation where each
bit contains information on train pairs’ meeting and
passing order over the line. Isaai and Cassaigne (2001)
study both predictive and reactive train scheduling to
solve disruptions to timetables with imprecise plans,
and they combine the use of data and knowledge and
the differences in uncertainty levels to compare the
solutions. Yang, Zhou, and Gao (2014) use another
credibility-basedway to capture the uncertainty of inci-
dent duration based on empirical judgments and then
to seek a reliable rescheduling plan. Considering a
complete blockage of a railway segment for a certain

Figure 1. (Color online) Illustration of the Numbers of Sections and Stations

2 …… ……1 j nj – 1

s1 = 1 sk = j sK = n + 1 Other junction

Station

Section

period of time, Zhan et al. (2016) present a real-time
timetable rescheduling problem, which is solved by a
mixed-integer programming method to minimize the
total weighted train delay and the number of can-
celed trains, and test their approach on instances of the
Beĳing–Shanghai HSR line. The rescheduling problem
is further extended by Veelenturf et al. (2016) to handle
large-scale disruptions and is tested on the Dutch rail-
way network.

The work on temporary scheduling of emergency
trains within a predefined timetable, though of practi-
cal importance, is scarce in the literature. Such a sched-
uling problem can be hard in an HSR line because of
the high train speed and frequency, and can be harder
in a line carrying both high-speed and traditional
trains. The aim of this paper is to develop an efficient
solution method to the problem.

3. The Problem Statement
3.1. Model Assumptions
In our model, we view an HSR line as a sequence of
block sections (or segments) divided by signals. At any
time, there cannot be more than one train traveling in
the same direction in a section. For simplicity, we view
each station as a junction of sections, i.e., the length of
the station is regarded as zero (and the actual length
can be added to the associated sections), as shown in
Figure 1.

The formulationof theHSR train schedulingproblem
is based on the following assumptions A1–A3:

A1. The regular trains can have the same or different
maximum velocities, but all of the emergency trains
have the same maximum velocity, which is not less
than any regular train.

A2. There is no overtaking among the emergency
trains (in the rest of the paper, the term “overtaking”
refers to an emergency train overtaking a regular train
unless otherwise specified).

A3. All of the sections are double tracked: an up
train cannot enter into the down track, and vice versa.
However, the number of trains that can reside in a sta-
tion section is unlimited.
Remark 2. Inpractice, the tracknumberof a station sec-
tion is certainly limited, butwedonot consider this limi-
tation as an input to the problem. Insteadwe regard it as
a postcondition, i.e., for each solutionwe checkwhether
the number of trains residing in a station at a time will
exceed the number of tracks. As far as we can see from
our extensive experiments, this never happens.
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For ease of discussion, the following assumptions
are temporarily made for the problem (in Section 4.4
we will show how to handle the cases where these as-
sumptions do not hold):

Å1. There is no overtaking among the regular trains
in the original timetable.

Å2. All regular trains travel from the first (original)
station to the last (terminal) station.

3.2. Input, Decision, and Intermediate Variables
Formally, the input of the problem can be divided
into two parts. The first part is a predefined timetable,
denoted by X, which consists of the following com-
ponents:

I The set of m regular trains.
J The sequence of n sections.
S The sequence of K stations.

d j The length of section j ( j ∈ J).
vU

i , j The maximum allowable velocity of train i on
section j (i ∈ I; j ∈ J).

ti , j The predefined time of train i entering section j
(i ∈ I; j ∈ J).

t̂i , s The predefined time of train i arriving at station
s (i ∈ I; s ∈ S).

Ût j The latest time of section j for passing trains
( j ∈ J).

t̃ The (minimum) buffer time between a train
leaving a section and the next train entering the
section.

Excluding the original station and the terminal sta-
tion, each intermediate station is a junction of two adja-
cent sections (but the opposite is not necessarily true).
For notational simplicity, each nonterminal station is
denoted as the number of the section after the station,
and the terminal station is denoted as n + 1, as illus-
trated by Figure 1.
In the present problem, each train i has an elastic

time interval constrained by d j and vU
i , j for passing

through each section j, and ti , j+1 is also the predefined
time for train i leaving section j. For each s ∈ S we have
ti , s ≥ t̂i , s , and the equality holds when train i does not
stop at station s.
The second part of the problem input is a set E of p

temporary emergency trains to be inserted into the pre-
defined timetable X (here the term “insertion” indi-
cates that we only consider the emergency trains that
depart later than the first regular train; the number of
emergency trains that can be scheduled before the first
regular train is easy to determine and thus is excluded
from the considered problem). At each section j, there
is also an upper velocity limit, denoted by vU

j , which is
the same for all emergency trains. For Q3 there is also
a latest time Üti of each regular train i arriving at the
terminal station.

A solution to the problem is a new timetable (de-
noted by X′) of the train set I′ � I ∪ E, which includes
the following decision variables for all i ∈ I′, j ∈ J, and
s ∈ S:
tRi , j The real entry time of train i into section j in X′.
t̂Ri , s The real arrival time of train i at station s in X′.
To evaluate the disturbance of the predefined time-

table, we calculate the following intermediate variables
from the input and/or decision variables:
∆ti , s � ti , s − t̂i , s :

The predefined dwell time of train i at station s in X.
Si � {s ∈ S | ∆ti , s > 0}:
The set of stations that train i plans to stop at in X.

∆tRi , s � tRi , s − t̂Ri , s :
The real dwell time of train i at station s in X′.
∇t̂i , s � max(t̂Ri , s − t̂i , s , 0):
The delay of the arrival time of train i at station s.
For notational simplicitywewill use te , j to denote tRe , j

if e definitely denotes an emergency train. We also
use τi , j and τRi , j to denote the predefined released time
and real released time of section j by train i

τi , j �

{
t̂i , j+1 , if ( j + 1) ∈ S
ti , j+1 , else,

τRi , j �

{
t̂Ri , j+1 , if ( j + 1) ∈ S∧∆tRi , j+1 > 0
tRi , j+1 , else.

3.3. Constraints and Objectives
To ensure traffic safety, a train cannot enter a section
unless the section has been released for at least the
buffer time. The predefined timetable already satisfies
this requirement, i.e., |ti , j − τi′ , j | ≥ t̃ holds for all i , i′ ∈ I
and j ∈ J. After insertion, the new timetable must also
satisfy the hard constraint

|tRi , j − τRi′ , j | ≥ t̃ , ∀ i , i′ ∈ I′; ∀ j ∈ J. (1)

The following three constraints should also be sat-
isfied.

• The travel speed of each train cannot exceed its
upper limit

tRi , j+1 ≥
{

tRi , j + d j/vU
i , j i ∈ I; j ∈ J\{n}

tRi , j + d j/vU
j i ∈ E; j ∈ J\{n}. (2)

• The predefined dwell time of a regular train at a
planned stop should not be decreased

∆tRi , j ≥ ∆ti , j , ∀ i ∈ I; ∀ j ∈ Si . (3)

• A regular train cannot leave a planned stop before
the predefined time

tRi , j ≥ ti , j , ∀ i ∈ I; ∀ j ∈ Si . (4)

Considering Q1–Q3, we, respectively, identify the
following three types of solutions.
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Definition 1. An ideal solution (for Q1) is a timetable X′

where constraints (1) and (2) are satisfied while all reg-
ular trains are scheduled as in the predefined timetable
(and thus constraints (3) and (4) will be automatically
satisfied)

tRi , j � ti , j , ∀ i ∈ I; ∀ j ∈ J, (5)
t̂Ri , j � t̂i , j , ∀ i ∈ I; ∀ j ∈ Si . (6)

Definition 2. A quasi-ideal solution (for Q2) is a time-
table X′where constraints (1)–(4) are satisfied while no
regular train will be delayed on any planned stop

t̂Ri , j ≤ t̂i , j , ∀ i ∈ I; ∀ j ∈ Si . (7)

Definition 3. A feasible solution (for Q3) is a timetable X′

where constraints (1)–(4) are satisfied while the real ar-
rival time of each regular train at the terminal station
should not be later than its deadline

t̂Ri , n+1 ≤ Üti , ∀ i ∈ I . (8)

To answer Q1, Q2, or Q3, we are to determine
whether there is an ideal, quasi-ideal, or feasible solu-
tion for inserting E into X and, if so, produce such a
solution that makes each emergency train in E reach
the destination as early as possible

min
∑
i∈E

t̂Ri , n+1. (9)

For simplicity, we present the complete mathemati-
cal programming formulation in Online Appendix A.
The answer to Q1–Q3 is yes if we can find a solution
optimizing the objective function while satisfying all
of the constraints and is no otherwise. If a problem
has a solution when |E | � p but has no solution when
|E | � p + 1 (while all other inputs remain the same),
then p is the maximum number of emergency trains
that can be inserted into the predefined timetable.

3.4. A Time-Space Network Representation
For the considered problem, a time-space network
(Chardaire et al. 2005) can be used to represent the
movement of trains over the time horizon. As illus-
trated in Figure 2, the vertical axis (time dimension)
represents the time duration, the horizontal axis (space
dimension) represents the sections, each flow node
denotes the time point that a train enters a section or
arrives at a station, and the route of each train is a
flow line that connects the nodes of the train in time
sequence.

Remark 3. We are only concerned with the time points
on the junctions of the sections, thus, we always draw
a straight line to connect two nodes no matter whether
the train passes the section with a constant velocity—
the smaller the slope of the line, the higher the average

Figure 2. Illustration of a Railway Time-Space Network
Sections/Stations

Trains

……

…
…

……2

2

3

1

1

t1, 1

t2, 1

t3, 1

tm – 1, 1

tm, 1

tm, j

tm, n
tm, n + 1

j nj – 1

m – 1

m

velocity of the train in the section. According to our
problem model, each train has a maximum allowable
velocity in each section, hence there is a lower limit on
the slope of each line.

A vertical line denotes that the train stops at the cor-
responding station, and the length of the line is propor-
tional to the dwell time. In the railway time-space net-
work, the “blocking” constraint can be expressed as we
cannot drawahorizontal line crossing twoormore flow
lines within (the open interval of) any section. Thereby,
the problem of inserting a set of emergency trains into
a predefined timetable is equivalent to inserting a set of
flow lines into the time-space network of the timetable
while satisfying all specified constraints.

4. Solution Method
In this section we develop algorithms for finding solu-
tions for Q1, Q2, and Q3 (according to Definitions 1–3),
respectively.

4.1. Ideal Solutions
An ideal solution to the problem inserts a set of flow
lines of the emergency trains into the time-space
network without modifying any existing flow lines.
Depending on whether an emergency train can over-
take a regular train, the solutions can be divided into
two cases.
4.1.1. Ideal SolutionsWithout Overtaking. Suppose an
emergency train e is to be inserted between two reg-
ular trains i and i + 1 without overtaking i. Based on
constraint (1) we have

te , j ≥ τRi , j + t̃ , j ∈ J,{
tRi+1, j ≥ te , j+1 + t̃ ( j + 1) < Si

tRi+1, j ≥ t̂e , j+1 + t̃ ( j + 1) ∈ Si .
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Thus we can derive

tRi+1, j ≥ τRi , j+1 + 2t̃ , j ∈ J ∧ j < n , (10){
tRi+1, j − τRi , j ≥ te , j+1 − te , j + 2t̃ , ( j + 1) < Si

tRi+1, j − τRi , j ≥ t̂e , j+1 − te , j + 2t̃ ( j + 1) ∈ Si .
(11)

The velocity limits indicate τe , j − te , j ≥ d j/vU
j , and

thus from Equation (11) we can derive

tRi+1, j − τRi , j − t̃ ≥ d j/vU
j + t̃ , j ∈ J. (12)

Equations (12) and (10) must hold to allow the inser-
tion of an emergency train between trains i and i+1. By
extension, to enable the insertion of θ emergency trains
between i and i+1, the following conditionsmust hold:

tRi+1, j − τRi , j − t̃ ≥ θ(d j/vU
j + t̃), j ∈ J, (13)

tRi+1, j ≥ τRi , j+θ + (θ+ 1)t̃ , j ∈ J ∧ j ≤ n − θ, (14)

where Equation (13) indicates that the idle time inter-
val between trains i and i + 1 on each section is suffi-
cient for θ emergency trains to pass through the sec-
tion, and Equation (14) indicates that train i should
release section j + θ before train i + 1 enters section j
such that there are θ idle block sections for accommo-
dating θ emergency trains.

Because in an ideal solution τRi , j � τi , j and tRi , j � ti , j
always hold, we define the following two threshold
functions for all s , s′ ∈ S and 1 ≤ i ≤ m:

Υ(i , s , s′) � min
s≤ j<s′
{(ti+1, j − τi , j − t̃)/(d j/vU

j + t̃)}, (15)

Θ(i , s , s′) � arg max
1≤θ≤Υ(i , s , s′)

{∀ j: s ≤ j < s′− θ:

ti+1, j ≥ τi , j+θ + (θ+ 1)t̃}. (16)

Theorem 1. The maximum number of nonovertaking emer-
gency trains that can be inserted between regular trains i
and i + 1 from station s to station s′ without disturbing the
regular trains is Θ(i , s , s′).
The proof of Theorem 1 is given in Online Ap-

pendix B.
We call Θ(i , s , s′) the headroom between i and i + 1

from s to s′. Therefore, if the headroom θi � Θ(i , 1,
n + 1) is larger than zero, we can iteratively insert θi
emergency trains between i and i + 1 without disturb-
ing the other trains. Each emergency flow line e is
determined by first initializing

te , 1 � τ
R
i , 1 + t̃ , (17)

and then iteratively applying

te , j+1 � max(τRi , j+1 + t̃ , te , j + d j/vU
j ), j ∈ J ∧ j < n , (18)

t̂e , j+1 � te , j + d j/vU
j , ( j + 1) ∈ S, (19)

and finally reaching t̂e , n+1 � te , n + dn/vU
n . Note that i

in Equations (17) and (18) will also increase after each
insertion, i.e., i always denotes the index of the train
after which e will be inserted.

Remark 4. Equations (18) and (19) make every emer-
gency train run at the maximum velocity and thus
leaves a maximum headroom after the train. Note that
if an emergency train needs to wait at an intermediate
station and the time interval between the emergency
train and its subsequent train is more than the buffer
time, we can derive other ideal solutions bymaking the
emergency train run at a lower velocity in the section
before the intermediate station, and in practice such
“moderate” solutions might be more preferable. The
derivation of alternative solutions from our ideal solu-
tions is simple and is omitted.

Theorem 1 and Equations (17)–(19) lead to Algo-
rithm 1 for finding an ideal solution to insert a set of p
emergency trains into a predefined timetable X. Calcu-
lation of the headroom for each i requires O(n) time,
and thus Algorithm 1 has a worst case time complexity
of O(n(m + p)). However, since there are T/t̃ choices
for determining the entry time of each emergency train
at each section (where T denotes the total time hori-
zon), the complexity of a standard integer program-
ming method for solving the problem is O((T/t̃)pn),
which is considerably higher than our method. The
algorithms that follow for finding quasi-ideal and fea-
sible solutions is based on this linear algorithm, and
thus are typically much faster than the corresponding
integer programming methods.

Algorithm 1 (Searching for an ideal solution without over-
taking)
Input A predefined timetable X � (I , J, S, d[n],

vU[m , n], t[m + 1, n], t̂[m + 1,K], t̃),
the number p of the emergency trains,
and the maximum velocity vector vU[n]

Output An ideal timetable X′

1 let X′ � X;
2 for i � 1 to m do
3 γi← min

1≤ j≤n
{(ti+1, j − τi , j − t̃)/(d j/vU

j + t̃)};
4 θi← arg max

1≤θ≤γi

{∀ j: 1 ≤ j ≤ n − θ:

ti+1, j ≥ τi , j+θ + (θ+ 1)t̃};
5 if (θi > 0) then
6 for h � 1 to θi do
7 Apply Equations (17)–(19) to insert

an emergency train into X′;
8 p← p − 1;
9 if (p � 0) then return X′ end if;

//scheduling succeeds
10 end for
11 end if
12 end for
13 return X′; //scheduling fails.

4.1.2. Ideal Solutions with Overtaking. How can an
emergency train e “ideally” overtake its preceding
train i stopping at station s? The premise is that the
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dwell time of i at station s should be sufficient for e to
pass through sections s − 1 and s

∆ti , s ≥ ds−1/vU
s−1 + ds/vU

s + 2t̃ . (20)

Let S∗i denote the set of stations satisfying Equa-
tion (20). For convenience, we define two predicates
Ideal(i , s , s′) and IdealNO(i , s , s′) to denote whether an
emergency train can be ideally inserted immediately
after i from station s to station s′ when overtaking is
and is not allowed, respectively. We already know the
latter can be evaluated as

IdealNO(i , s , s′) ≡ (Θ(i , s , s′) > 0). (21)

The former can be recursively evaluated as

Ideal(i , s , s′)

≡


true (i � 0) ∨ IdealNO(i , s , s′)
(∃ s∗: s∗ ∈ S∗i ∧ s ≤ s∗ < s′: IdealNO(i , s , s∗)
∧ Ideal(i − 1, s∗ , s′)) otherwise.

(22)

If Ideal(i , 1, n + 1) is false for any 1 ≤ i < m, no emer-
gency train can be inserted. Otherwise, let i∗ be the
smallest index satisfying that Ideal(i∗ , 1, n + 1), the ear-
liest emergency train (the uppermost emergency flow
line) that can be ideally inserted into X is scheduled as
follows (the pseudo-code is given by Algorithm B1 in
Online Appendix B):
(1) Traveling immediately after i∗ by applying Equa-

tions (17)–(19) unless an overtaking is feasible.
(2) Overtaking thepreceding train(s)wheneverover-

taking is feasible, and set i∗ to the newpreceding train it
does not overtake.
(3) If i∗ � 0, traveling with the maximum velocity to

the last station.
(4) Repeating steps (1)–(3) until reaching the last

station.

Theorem 2. Let e∗ be the earliest emergency train that can
be ideally inserted into X, then e∗ can always be included in
an ideal solution.

Let Λ(X) be the maximum number of emergency
trains that can be ideally inserted into timetable X, and
X ↓e be the timetable produced by inserting an emer-
gency train e into X, then Theorem 2 indicates

Λ(X)� 1+Λ(X ↓e∗). (23)

The principle of optimality is, in fact, the founda-
tion of Algorithms 1 and B1, and its proof is trivial
when overtaking is not allowed. The proof of Theo-
rem 2, when overtaking is allowed, is given in Online
Appendix B. Based on Equation (23), we develop Algo-
rithm 2 for finding an ideal solution to the problem
when overtaking is allowed.

Algorithm 2 (Searching for an ideal solution with over-
taking)
Input A predefined timetable X � (I , J, S, d[n],

vU[m , n], t[m + 1, n], t̂[m + 1,K], t̃),
the number p of the emergency trains,
and the maximum velocity vector vU[n]

Output An ideal timetable X′
1 let X′ � X, i � 1; //i is used to keep the position before

which the insertion has been done
2 while i ≤ m do
3 let i∗ � arg min

i≤i′≤m
{Ideal(i′, 1, n + 1)};

4 if (i∗ � m) then break; //scheduling fails
5 Create an earliest emergency schedule e∗

according to Steps (1)–(4) in Section 4.1.2;
6 X′←X′ ↓e∗ , i← i∗ + 1, p← p − 1;
7 if (p � 0) then return X′; //scheduling succeeds
8 end while
9 return X′.
The nonrecursive procedure for evaluating Ideal(i , 1,

n + 1) is given in Online Appendix B, which has a time
complexity of O(i · n). Thus Algorithm 2 has a worst-
case time complexity of O((m(m + p)/2)n). Yet in most
cases the efficiency of Algorithm 2 is close to Algo-
rithm 1, because the size of S∗i is much smaller than n
and the number of selected i∗ is much smaller than m.

4.2. Quasi-Ideal Solutions
4.2.1. Lifting and Lowering. A quasi-ideal solution al-
lows regular trains to change their schedules in some
intermediate sections, as long as it will not delay their
arrival at any planned stop. Of course, such changes
should facilitate the insertion of emergency trains.
From the perspective of the time-space network, the
changes can be divided into two types:

• Lifting the flow line (or a part of it) of a regular
train, i.e., speeding up the train to increase the head-
room between the train and its succeeding train.

• Lowering the flow line (or a part of it) of a regular
train, i.e., slowing down the train to increase the head-
room between the train and its preceding train.
4.2.2. Quasi-Ideal Solutions Without Overtaking.With-
out overtaking, the lifting or lowering should be done
for increasing the headroom over the whole line rather
than part of it.

The first train should be lifted as much as possible
while satisfying constraint (7), thus we schedule it as

tR1, 1 � t1, 1 , (24)

tR1, j+1 �

{
t1, j+1 ( j + 1) ∈ S1

tR1, j + d j/vU
1, j ( j + 1) < S1 ,

(25)

t̂R1, j+1 � tR1, j + d j/vU
1, j , ( j + 1) ∈ S1. (26)

Each intermediate train i (1 < i ≤ m) may be either
lifted or lowered. Suppose the schedule of the preced-
ing train i − 1 is fixed, we can draw an upper limit flow
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line and a lower limit flow line of i, denoted as ULFL(i)
and LLFL(i), respectively, to limit the range of lifting
and lowering:

• ULFL(i) advances i as much as possible but still
keeps theminimum safety distance to i−1 and does not
violate constraint (4), and thus its time points (marked
with a superscript U) are determined as

tUi , j+1�

{
ti , j+1 ( j+1)∈Si

max(τRi−1, j+1+ t̃ , tUi , j+d j/vU
i , j) ( j+1)<Si ,

(27)

t̂Ui , j+1�tUi , j+d j/vU
i , j , ( j+1)∈Si . (28)

• LLFL(i) delays i as much as possible but still en-
ables it to arrive at each planned stop on time, and
thus its time points (marked with a superscript L) are
determined (in a backward manner) as

t̂Li , j � t̂i , j , j ∈ Si , (29)

tLi , j �

{
t̂i , j+1 − d j/vU

i , j ( j + 1) ∈ Si

tLi , j+1 − d j/vU
i , j ( j + 1) < Si .

(30)

There can be seemingly infinite alternatives between
ULFL and LLFL. However, those alternatives can be
partitioned into a finite number of equivalence classes.
Let θL

i be the headroom between i − 1 and ULFL(i)
and θU

i be the headroom between i − 1 and LLFL(i).
We can use Equations (31) and (32) to determine (θU

i −
θL

i + 1) alternatives, each of which keeps an exact head-
room of θ between i − 1 and i while leaving as much
headroom after i as possible (θ � θL

i , θ
L
i + 1, . . . , θU

i )

tRi , j�



max(ti , j ,τ
R
i−1, j+θd j/vU

j +(θ+1)t̃)
j∈Si∧ j>n−θ

max(ti , j ,τ
R
i−1, j+θd j/vU

j +(θ+1)t̃ ,
τRi−1, j+θ+(θ+1)t̃) j∈Si∧ j≤n−θ

max(tRi , j−1+d j−1/vU
i , j−1 ,τ

R
i−1, j+θd j/vU

j

+(θ+1)t̃) j<Si∧ j>n−θ
max(tRi , j−1+d j−1/vU

i , j−1 ,τ
R
i−1, j+θd j/vU

j +(θ+1)t̃ ,
τRi−1, j+θ+(θ+1)t̃) j<Si∧ j≤n−θ,

(31)

t̂Ri , j+1�tRi , j+d j/vU
i , j , ( j+1)∈Si . (32)

Figure 3. (Color online) Illustration of ULFL, LLFL, and Alternative Flow Lines

i – 1

i

ULFL(i)

Safety distance

LLFL(i)

Predefined flow lines

ULFL

LLFL

Alternative flow lines in Φi

Other alternative flow lines

Let Φi be the set of these (θU
i − θL

i + 1) flow lines,
and for each li ∈ Φi let h(li) be the headroom between
i − 1 and li . Any other alternative can be replaced by
an li ∈Φi , which has the same headroom between i − 1
and i but can leavemore (or at least the same) time slots
after i, as illustrated in Figure 3 (where the two other
alternative flow lines can be replaced by the ULFL).

The set Φi has (θi − θL
i + 1) lifted flow lines and

(θU
i − θi) lowered flow lines. Note that, for the lowered

flow lines, we do not consider the minimum safety
distance between i and i + 1, because the subsequent
regular trains can also be lowered. The remaining time
period in each section j should be at least sufficient for
passing the remaining regular trains

τi , j + (m − i)t̃ ≤ Ût j −
m∑

i′�i+1
(d j/vU

i′ , j), 1 ≤ j ≤ n. (33)

Condition (33) can be enhanced by an upper bound
limit pbest, which is the number of insertions of a best
known solution: if the current partial solution has suc-
cessfully inserted pc emergency trains before i, the
number of new trains that can be further inserted after i
is at most

pr�min
1≤ j≤n

{(
Ût j−τi , j−

m∑
i′�i+1
(d j/vU

i′ , j)−(m− i)t̃
)

1
d j/vU

j + t̃

}
,

(34)
so if pc + pr ≤ pbest, the current solution does not need
to be considered further.

Let X ↑li
be the timetable produced by changing the

schedule of train i to li ∈ Φi , and Λ(X, i) be the maxi-
mum number of emergency trains that can be “quasi-
ideally” inserted after i in X, then the number can be
recursively calculated as

Λ(X, i−1)�
{

0 i > m
max
li∈Φi

{h(li)+Λ(X ↑li
, i)} 1 < i ≤ m. (35)

Such a recursive procedure can be easily transformed
to a nonrecursive one as shown in Algorithm 3, where
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Λ(Xc , ic , pc) denotes a search node with a timetable Xc
produced by inserting pc emergency trains before ic .
Algorithm 3 has a worst-case time complexity of

O(npm) and an average time complexity of the order
O(n(θU − θL + 1)m), where (θU − θL + 1) denotes the av-
erage value of (θU

i − θL
i + 1) among the regular trains.

For a compact HSR timetable, most (θU
i − θL

i + 1) val-
ues are small (and are even 1 for trains during peak
hours); this fact, in conjunction with the pruning pro-
cedure, makes the algorithm efficient in solving most
HSR emergency scheduling problem instances.

Algorithm 3 (Searching for a quasi-ideal solution without
overtaking)
Input A predefined timetable X � (I , J, S, d[n],

vU[m , n], t[m , n], t̂[m ,K], Ût[n], t̃),
the number p of the emergency trains,
and the maximum velocity vector vU[n]

Output A quasi-ideal timetable X′

1 call Algorithm 1 to get the maximum number of
nonovertaking trains of an ideal solution as pbest;

2 Initialize a stack Q with a single node Λ(X, 1, 0);
3 while Q is not empty do
4 Take the first node Λ(Xc , ic , pc) from Q;
5 Compute the setΦic

of alternative flow lines for ic
in Xc according to Equations (31) and (32);

6 for each li ∈Φic
do

7 let pn � min(p − pc , h(li));
8 Create a new timetable X′c by inserting pn

emergency trains between (ic−1) and ic in Xc ;
9 pc← pc + pn ;
10 if (pc ≥ p) then return X′c ; //scheduling succeeds
11 Compute pr according to Equation (34);
12 if (pc + pr > pbest) then
13 Add Λ(X′c , ic + 1, pc) to Q;
14 pbest←max(pbest , pc); //updating the bound
15 end if
16 end for
17 end while
18 return the timetable of the node with pbest;

//scheduling fails.

4.2.3. Quasi-Ideal Solutions with Overtaking. When
overtaking is allowed, expanding headroom over the
sections between two intermediate stations (rather
than over the whole line) may also contribute to the
increase in the number of emergency trains, because
an emergency train may overtake a regular train at
an intermediate station. In addition to Equations (21)
and (22), we define the following predicate to denote
whether an emergency train can overtake train i at sta-
tion s and then travel to s′:

IdealOT(i , s , s′)≡(s∈S∗i )∧((i�0)∨(Ideal(i−1, s , s′))). (36)

Let SOT
i be the set of stations that satisfies IdealOT(i , s ,

n + 1) and assume the stations are ordered by their

numbers. For each pair of adjacent stations s , s′ ∈ SOT
i ,

we compute ULFL and LLFL of i in the range of [s , s′]
(the headroom between i−1 and the two flow lines are
denoted by θL

i , s and θ
U
i , s , respectively), and then deter-

mine (θU
i , s − θL

i , s + 1) alternative subschedules using
Equations (31) and (32) (where the range of j is limited
to [s , s′]).
Between trains i − 1 and i, in addition to the (θU

i −
θL

i + 1) flow lines in Φi , we can further draw a set Ψi
of flow lines by connecting those alternative subsched-
ules. However, the connection of two adjacent sub-
schedules at station s is feasible only when the interval
between the arrival time t̂i , s of the first subschedule
and the leaving time ti , s of the second subschedule is
sufficient for an emergency train to overtake, i.e., it sat-
isfies Equation (20).

Nowwe have at most |Φi ∪Ψi | possible flow lines for
each i when overtaking is allowed (1 < i ≤ m). For each
li ∈Ψi let h′(li) be the number of emergency trains that
can be inserted between i−1 and li , then Equation (35)
becomes

Λ(X, i)�



0 i > m

max
(

max
li∈Φi

{h(li)+Λ(X ↑li
, i + 1)},

max
li∈Ψi

{h′(li)+Λ(X ↑li
, i + 1)}

)
1 ≤ i ≤ m.

(37)

Thus we get Algorithm 4, whose pruning procedure
uses the total remaining headroom in Section 1 as the
maximum possible number of emergency trains that
can be further inserted (Line 12).

Algorithm 4 (Searching for a quasi-ideal solution with
overtaking)
Input A predefined timetable X � (I , J, S, d[n],

vU[m , n], t[m , n], t̂[m ,K], Ût[n], t̃),
the number p of the emergency trains,
and the maximum velocity vector vU[n]

Output A quasi-ideal timetable X′

1 call Algorithm 2 to get the maximum number of
trains of an ideal solution as pbest;

2 Initialize a stack Q with a single node Λ(X, 1, 0);
3 while Q is not empty do
4 Take the first node Λ(Xc , ic , pc) from Q;
5 Compute the sets Φic

andΨic
of alternative

flow lines for ic in Xc ;
6 Perform Lines 6–16 of Algorithm 3;
7 for each li ∈Ψic

do
8 if li does not satisfy Equation (33)

then continue; //infeasible
9 let pn � min(p − pc , h′(li));
10 Create a new timetable X′c by inserting pn

emergency trains between (ic−1) and ic in Xc ;
11 pc← pc + pn ;
12 if (pc ≥ p) then return X′c ; //scheduling successes
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13 if (pc +
∑m

i�ic
Θ(i , 1, 2) > pbest) then

14 add Λ(X′c , ic + 1, pc) to Q;
15 pbest←max(pbest , pc); //updating the bound
16 end if
17 end for
18 end while
19 return the timetable of the node with pbest;

//scheduling fails.

4.3. Feasible Solutions
In comparison with a quasi-ideal solution, a feasible
solution allows each regular train i to be delayed at
any station, as long as it does not decrease any planned
dwell time and can arrive at the last station before
the deadline Üti . When searching for a feasible solu-
tion, ULFL(i) is also calculated by Equations (27) and
(28), but LLFL(i) is calculated as follows, which may be
more relaxed than Equations (29) and (30):

t̂Li , n+1 � Üti , (38)

tLi , j �

{
t̂Li , j+1 − d j/vU

i , j ( j + 1) ∈ Si

tLi , j+1 − d j/vU
i , j ( j + 1) < Si ,

(39)

t̂Li , j � tLi , j −∆ti , j j ∈ Si . (40)

By replacing Equations (29) and (30) with Equa-
tions (38)–(40) for calculating LLFLs, Algorithms 3
and 4 can also be applied to find feasible solutions
without and with overtaking, respectively.

Remark 5. As the objective of our problem is defined
as to minimize the total arrival time of the emergency
trains, the rescheduling space of regular trains might
be large, thus there might be many optimal solutions,
but among them the solution produced by our method
has the minimum total delay of regular trains, because
it always uses exact, nonredundant headroom to insert
emergency trains by Equations (31) and (32).

4.4. Removing the Two Temporary Assumptions
When the two temporary assumptions at the end of
Section 3.1 do not hold, we perform preprocessing to
convert the original regular timetable to a “virtual”
timetable satisfying the assumptions.

Å1. There is no overtaking among the regular trains
in the original timetable.

When overtaking occurs among the regular trains in
the original timetable, for all parts of the flow lines be-
tween each pair of adjacent stations s and s + 1, we
always assign the uppermost one to regular train 1,
assign the second uppermost one to train 2, . . . , and
finally assign the lowermost one to the last train m.
However, lifting and lowering of flow lines must be
done before renumbering, to avoid miscalculation of
headroom between alternative flow lines because of
the change of predefined dwell time.

Å2. All regular trains travel from the first station to
the last station.

If a train i starts from the first station but terminates
at an intermediate station s, when calculating the head-
room between i − 1 and i, we assume that i virtually
shares the part of flow line of i + 1 after s (but the
safety constraint between i and i+1 after s is neglected;
if i is the last train, its flow line connects the latest
time points Ût j after s); when calculating the headroom
between i and i + 1, we assume that i virtually shares
the part of flow line of i − 1 after s (but the safety con-
straint between i − 1 and i after s is neglected; if i is
the first train, its flow line overlaps the horizontal axis
after s).

Similarly, if a train i starts from an intermediate sta-
tion s and then travels to the last station, when calculat-
ing the headroom between i−1 and i, we assume that i
virtually shares the part of flow line of i + 1 before s;
when calculating the headroom between i and i+1, we
assume that i virtually shares the part of flow line of
i − 1 before s.
If a train i starts from an intermediate station s and

terminates at another intermediate station s′, we vir-
tually extend its flow line to the whole HSR line by
combining the above two methods.

5. Numerical Experiments
The proposed solution method has been applied to
evaluate the capacity of emergency train scheduling on
23 HSR lines, which cover almost all HSR lines that
were operational by the end of 2014 in China. In this
section we present numerical results on eight typical
lines, including four bullet-train special lines and four
lines carrying both bullet and traditional trains. Table 1
summarizes the main features of the eight lines. The
experimental environment is a computer with an Intel
i7-4500 CPU, 8 GB DDR3 memory, and a Windows 7
system. The algorithms are implemented by Visual C#
2012. The experiments are divided into two groups.

Table 1. The Summary of the Eight HSR Timetables Used in
the Experiments

Line Length VD K n m mO VU
R VL

R Hybrid

Chang–Jiu 135 250 6 27 35 12 223 139 Y
Jing–Jin 165 350 7 32 88 0 306 267 N
Ning–Hang 249 350 11 42 51 0 303 192 N
Donghuan 308 200 14 63 28 2 176 136 Y
He–Wu 359 250 14 78 53 6 225 137 Y
Hu–Chang 1,062 350 29 172 49 0 298 206 N
Hang–Shen 1,495 250 65 299 58 8 221 156 Y
Jing-Guang 2,298 350 36 391 75 0 302 197 N

Notes. VD , The line’s design speed (km/hr); K, number of stations;
n, number of sections; m, number of regular trains; mO, number of
traditional trains in the timetable; VU

R , maximum average velocity
of regular trains (km/hr); VL

R , minimum average velocity of regular
trains (km/hr); Hybrid, carrying both bullet and traditional trains.
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5.1. Algorithm Performance on Given Sets of
Emergency Trains

In the first group, on each of the eight HSR lines, we
construct 19 problem instances, which consider insert-
ing 10, 15, 20, . . . , 100 emergency trains into the regular
HSR timetable, respectively. The maximum allowable
velocity vU

j of the emergency trains is always set to
0.95VD (VD is the design speed of the HSR line), and
the buffer time t̃ is set to 60 seconds when VD ≤ 300
and 90 seconds when VD > 300. For Q3, the deadline Üti
is always set to ti , n+1 + 0.1(ti , n+1 − ti , 1), i.e., the max-
imum delay is one-tenth the train’s total travel time.
We, respectively, run Algorithm 2, Algorithm 4, and
its variant to search the ideal, quasi-ideal, and feasible
solutions of each problem instance, where overtak-
ing is always allowed. For comparison, we also run
CPLEX 12.6 to solve the problems as integer programs
(with the automatic cut generator switched on and
priority given to the variables related to emergency
trains). The experimental results show that on each
instance, our approach and CPLEX always obtain the
same objective value, which demonstrates that our ap-
proach guarantees the optimal solution as the basic
integer programming algorithm.
Figure 4(a)–4(h) compares the CPU time of the algo-

rithms for solving the instances. Using our method,
most of the instances are solved within one second,
except that finding feasible solutions on the last two
lines needs less than 10 and 20 seconds, respectively.
However, CPLEX consumes much more time, which is
about 6∼60 on small instances (typically with p ≤ 60)
and exceeds one hour on large instances (when p ≥ 80
on the last three lines). Thus our method is more suit-
able than the CPLEX solver for train scheduling in
emergency situations.
For our method, the increase of time with the num-

ber p of emergency trains is slow for finding ideal solu-
tions, but relatively fast for quasi-ideal solutions, and
very fast for feasible solutions (the tails of some curves
become flat because p exceeds the maximum allow-
able number of emergency trains). This is because the
time complexity of Algorithm 2 is polynomial but that
of Algorithm 4 is exponential. Nevertheless, the in-
crease of CPU time in Algorithm 4 with instance size is
not significant, mainly because of its effective pruning
procedure.
Moreover, the CPU time of our method for ideal

solutions is not affectedmuch by the velocity of regular
trains. Yet the lower the velocity of the regular trains,
the larger the (average) headroom between them, and
the more time required for finding feasible solutions
when p is not small, e.g., the instance sizes on the
Ning–Hang line (with high regular velocity) and the
Donghuan line (with low regular velocity) are simi-
lar, but T f on the latter is much larger than that on
the former.

We also observe that the CPU time for quasi-ideal
and feasible solutions on a hybrid line is usually more
than that on a special line. To further validate this
point, we temporarily replace about half of the tradi-
tional trains with high-speed trains in the Chang–Jiu
and Donghuan timetables and then retest the solution
time. The results show that the time decreases around
8%∼30% on the new timetables. This is because a
hybrid timetable with more lower-speed trains often
involves more overtakings, and thus Algorithm 4 has
to check a larger number of alternative flow lines.

The CPU time consumed on an instance represents
the difficulty of solving the instance. Thus the exper-
iments reveal that, besides the instance size, the low
velocity of regular trains and the hybridization of bul-
let and traditional trains also increase the difficulty of
an instance.

5.2. Maximum Number of Emergency Trains
In the second group, on each of the eight HSR lines, we
construct 11× 13 � 143 problem instances, which con-
sider determining themaximumnumber of emergency
trains that can be inserted into the regular HSR table
when vU

j is set to VD , 0.99VD , . . . , 0.9VD and t̃ is set to
t̃0 , t̃0 + 5, . . . , t̃0 + 60, respectively, where t̃0 (in seconds)
is determined as follows:

t̃0 �


45 vU

j ≤ 200
60 200 < vU

j ≤ 300
90 vU

j > 300.
(41)

Remark 6. Generally, t̃ should be set proportional to
the maximum allowable velocity. Equation (41) is em-
pirical, and we suggest that t̃ should not be less than t̃0
for keeping the schedules dependable and robust.
A deep analysis on the sensitivity to the buffer time is
part of our future work.

We, respectively, run Algorithm 4 and its variant to
search the quasi-ideal and feasible solutions of each
problem instance, where overtaking is always allowed.
For feasible solutions, themaximumdelay of each train
is one-tenth the train’s total travel time.

Figure 5 presents the maximum number pbest of
emergency trains of the quasi-ideal and feasible solu-
tions on the eight HSR lines. The Chang–Jiu line has
the maximum capacity for inserting emergency trains
because its number of regular trains is the smallest
among the eight lines. The He–Wu line has the mini-
mum capacity. Note that the number of regular trains
on the He–Wu line is smaller than the Hang–Shen and
Jing–Guang lines, but the latter two lines are longer
and have more trains that start from and/or terminate
at intermediate stations.

We are more interested in how pbest changes with
the train velocity and the buffer time. Obviously, pbest
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Figure 4. (Color online) The CPU Time Consumed for Finding Three Kinds of Solutions on the Eight HSR Lines

Notes. The horizontal axis denotes the number p of emergency trains, and the vertical axis denotes the CPU time (in seconds). Ti, Tq, and Tf
denote the time of the proposed algorithms for finding ideal, quasi-ideal, and feasible solutions, respectively; CTi, CTq, and CTf denote the
corresponding solution time of CPLEX. In each subfigure, the upper-right view presents the complete curves of the CPLEX solver (whose time
scale will make the curves of our method illegible).

decreases with the decrease of vU
j or with the increase

of t̃. It can be observed from Figure 5:
• On each of the 3D surfaces, the curves on the

front side are steeper than the curves on the back side.
This indicates that the decline of pbest over t̃ when the

velocity vU
j is fixed to a higher value is faster than that

when vU
j is fixed to a lower value.

• On each of the 3D surfaces, the curves on the left
side are steeper than the curves on the right side. This
indicates that the decline of pbest over vU

j when t̃ is fixed
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Figure 5. (Color online) The Maximum Number of Emergency Trains of Quasi-Ideal and Feasible Solutions on the Eight HSR
Lines
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Note. The x-axis denotes the buffer time, the y-axis denotes the rate of vU
j to VD , and the z-axis denotes the pbest value.

to a smaller value is faster than that when vU
j is fixed to

a larger value.
That is, the higher the velocity vU

j (or the smaller the
buffer time t̃), the higher the sensitivity of pbest to t̃
(or vU

j ). Moreover, on each HSR line, the curves of the
feasible solutions are steeper than their counterparts of
the quasi-ideal solutions, which indicates that pbest is

more sensitive to vU
j or t̃ when the constraints are more

severe.

6. A Real-World Application
On August 12, 2015, a chemical explosion occurred at
a container storage station at the Port of Tianjin, North
China. Fires caused by the initial explosions continued
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to burn uncontrolled throughout the night, repeatedly
causing secondary explosions. As of September 12,
2015, the official casualty report was 173 deaths, 8miss-
ing, and 797 nonfatal injuries (Tianjin Daily 2015).
The rescue headquarters planned 36 emergency

trains to deliver relief personnel, equipment, and sup-
plies to the affected area through the Jing–Jin HSR
line, the regular timetable of which was summarized
in the third row of Table 1—the line is not long, but
the train speed and frequency are high. Among the
36 emergency trains, 10 were to be dispatched on the
afternoon of August 13 and 26 were to be dispatched
on August 14. The headquarters also observed a sig-
nificant increase in passenger volume (the number of
tickets booked) in the two days after the disaster. So it
was expected to produce quasi-ideal solutions, which
would not delay the regular passengers, to not increase
public dissatisfaction.

Although we had worked out a set of emergency
schedules on the line in advance (see Figure 5(c)
and 5(d)), the schedules were in terms of whole days.
Therefore, for the first set of 10 emergency trains that
were to be scheduled after 12:00, we constructed a new
problem instancewhere vU

j �320km/hrand t̃ �105 sec-
onds, and usedAlgorithm 4 to produce a solution sum-
marized in columns (2)–(5) of the second rowof Table 2.
The algorithm running time was less than one second,
and the time interval from the receipt of the require-
ment to the submission of the solution was less than
twominutes. The implementation result of the solution
was summarized in columns (2)–(5) of the third row of
Table 2. The average real travel time (35.27 minutes) of
the emergency trains was a little (2.92 minutes) more
than that in the schedule; the schedulewas aquasi-ideal
solution, but its real implementation was somewhat
deviated and caused eight regular trains arriving later
in some planned stops (6minutes on average).
After analyzing the implementation of the first solu-

tion, the headquarters concluded that it was of high
quality, but the railway department asked whether the
delay of the regular trains could be further suppressed.
Therefore, for the second set of 26 trains, we selected
the quasi-ideal solution of the instance where vU

j is still

Table 2. The Summary of the Two Solutions and Their
Implementations for Emergency Train Scheduling in Rescue
Operations for the 2015 Tianjin Chemical Explosion

August 13 August 14

t̄ NOT ND tD t̄ NOT ND tD

Solution 32.35 6.70 0 0 34.80 3.31 0 0
Implementation 35.27 6.50 8 6.33 36.75 3.12 9 3.87

Notes. t̄, The average travel time (inminutes) of the emergency trains;
NOT, the average number of regular trains overtaken by the emer-
gency trains; ND, the number of delayed regular trains; tD, the aver-
age delay time (in minutes) of the delayed regular trains.

320 km/hr but t̃ is 120 seconds from the set of precal-
culated solutions on this HSR line. The solution and its
real implementation were, respectively, summarized in
columns (6)–(9) of the second and third rows of Table 2.
The average scheduled travel time of this set was about
2.5 minutes more than that of the first set, not only be-
cause the buffer time was increased but also because in
the first set the emergency trains departing in the after-
noon had more chances to overtake regular trains. In
comparison, in the second set, the average increment
of the real travel time over the scheduled time was only
1.95 minutes, which was much less than the first set;
the 10 emergency trains in the first set caused a delay
of eight regular trains, while the 26 emergency trains
in the second set only caused a delay of nine regular
trains, whose average delay time was only 3.87 min-
utes. This showed that our adjustment of t̃ decreased
the sensitivity and increased the effectiveness of the
emergency schedules.

In summary, our solution method was successfully
applied to the real-world emergency operation: the
solution time was very short, and the produced solu-
tions were relatively accurate and reliable.

7. Conclusion
We consider a problem of scheduling emergency trains
within a predefined HSR timetable, and classify solu-
tions to the problem into ideal, quasi-ideal, and fea-
sible solutions. An ideal solution is easy to produce
using our definition of the headroom function, and it
lays the foundation for finding quasi-ideal and feasible
solutions. Numerical experiments and the application
to the 2015 Tianjin chemical explosion demonstrate the
effectiveness and efficiency of our solution method.

Besides directly producing emergency schedules,
our method also enables the evaluation of the emer-
gency capacity of HSR lines, which is important in the
decision of newHSR line construction and timetabling.
China plans to extend the length of its HSR network to
more than 40,000 km by 2025 (NDRC 2016); moreover
it takes HSR as a key part of the “One Belt and One
Road” strategy, and has established HSR cooperation
with over 50 countries and regions in the world. Thus
our method is expected to be used in a much wider
context in the future.

The current problem concerns the emergency trains
traveling through a single line. We are currently ex-
tending it to more complex HSR networks and using
hierarchical optimization and metaheuristics (Zheng
2015, Zheng, Chen, and Ling 2015a) to solve the ex-
tended problems.
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