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Abstract. As electric vehicles become increasingly prevalent, effective planning of their
use becomes paramount. The electric vehicle routing problem, characterized by limited
driving range and the need for recharging, poses unique challenges compared with tradi-
tional vehicle routing problems. This paper proposes a branch-price-and-cut solution
method tailored for the electric vehicle routing problem with time windows, heteroge-
neous recharging technologies, and nonlinear charging functions (E-VRPTW-NL). The
methodology differs from previous methods proposed in the literature by handling non-
linear recharging functions in the pricing problem. The pricing problem is solved by a bidi-
rectional labeling algorithm that efficiently handles the complex interdependency between
time and state of charge during recharge scheduling. The proposed solution method is
tested on both benchmark instances from the literature as well as new instances. Tests
show that the solution method is competitive with well-known solution methods from the
literature on simpler variants of the problem. The computational results also indicate that
the proposed method can solve new E-VRPTW-NL instances with up to 100 customers
and 21 recharge locations within one hour. Further analysis explores how simplifying the
modeling of the recharging process affects solution feasibility and cost. The results show
that keeping the heterogeneity of the recharging functions is crucial, whereas simplifying
the shape of each recharging function has limited impact.
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1. Introduction

charging remains necessary for intercity operations

The world'’s fleet of electric vehicles is growing. Impor-
tant actors, such as the European Union, have indicated
that they will start to phase out petrol vehicles in order
to reduce greenhouse gas emissions, with several coun-
tries signing an agreement to stop sales of new emitting
cars by 2040 during the 2021 United Nations Climate
Change Conference (Carey and Steitz 2021). Today,
most electric vehicles store energy in batteries. Battery
capacity has evolved significantly in the last decade
(Mohammadi and Saif 2023), mitigating some of the
early limitations of electric vehicle range. For instance,
in daily delivery operations within metropolitan areas,
the advancement of battery technologies has reduced
the need for en route charging. However, en route

628

and in operations requiring extended or continuous
(round-the-clock) vehicle use or lightweight vehicles,
like drones (Vidal, Laporte, and Matl 2020, Su et al.
2024, Adsanver, Coban, and Balcik 2025). Therefore,
route planning that takes into account limited driving
range and the possibility of en route recharging is still
an important research topic.

Planning routes for a fleet of petrol vehicles is usually
referred to as the vehicle routing problem (VRP). Petrol
vehicles also have a limited driving range. However,
because the time needed to refuel them is negligible and
the availability of gas stations is ubiquitous, refueling
is usually excluded from route planning. The VRP is
defined as the problem of routing a fleet of homogeneous
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vehicles to visit a set of customers, where each customer
must be visited once to receive a delivery of a specified
amount of product, which is referred to as its demand.
Each vehicle starts at a central depot, visits a subset of cus-
tomers with a total demand less than the vehicle capac-
ity, and ends its route back at the depot. The objective
is to minimize the total distance traveled by the vehi-
cles. One important extension of the VRP is the vehicle
routing problem with time windows (VRPTW), where
a time interval called a time window is associated with
each customer that restricts when the customer may be
served.

The electric vehicle routing problem (E-VRP) extends
the VRP by considering electric vehicles with a limited
battery capacity, which restricts how far they can travel
before having to either recharge or end their route. The
vehicles may visit dedicated recharging stations in addi-
tion to the depot and the customer locations to recharge
their batteries. The recharging technologies available at
recharging stations are represented by recharging func-
tions, which describe the relationship between charging
time and the increase in the battery power level. This
power level is often referred to as the state of charge
(SoC). The objective of the E-VRP is usually to minimize
either the total distance traveled or the total time spent
on the routes, including travel time and recharging
time.

In the literature, recharging functions have been mod-
eled in various ways, which leads to different versions
of the E-VRP. The way that the recharging is modeled
varies in two important aspects, the first being whether
recharging stations have the same or different rechar-
ging technologies. The other is whether the recharging
functions are assumed to be linear or nonlinear. Having
both heterogeneous recharging technologies and non-
linear charging makes the problem considerably more
complex. In this paper, we develop a new algorithm,
namely a branch-price-and-cut (BP&C) algorithm, for
solving the electric vehicle routing problem with time
windows, heterogeneous recharging technologies, and
nonlinear recharging functions (E-VRPTW-NL).

1.1. Literature Review
The E-VRP has received increasing attention in the last
decade. The green vehicle routing problem, introduced
by Erdogan and Miller-Hooks (2012), was among the
first to consider dedicated recharging locations in the
VRP. In subsequent years, many extensions of the prob-
lem, with different attributes, have appeared in the
E-VRP literature. A survey by Erdeli¢ and Cari¢ (2019)
presents many of these extensions and the tailored exact
and heuristic solution methods used. Many of these var-
iations relate to the modeling of the recharging
procedure.

Early works (Erdogan and Miller-Hooks 2012, Omid-
var and Tavakkoli-Moghaddam 2012, Preis, Frank, and

Nachtigall 2014) considered a constant-time recharging
process, similar to the process of battery swapping.
Later, other recharging modeling alternatives have been
developed to better mimic the real recharging possibili-
ties. One of these possibilities is to allow for partial
recharging. The electric vehicle routing problem with
partial recharging using a linear recharging function (E-
VRP-L) and the electric vehicle routing problem with
partial recharging and time windows using a linear
recharging function (E-VRPTW-L) were introduced by
Schneider, Stenger, and Goeke (2014), who design a
heuristic for the problem. This feature adds flexibility to
the planning, and hence, it might give improved solu-
tions. Desaulniers et al. (2016) and Duman, Tas, and
Catay (2022) develop exact BP&C algorithms for the E-
VRPTW-L, allowing for multiple recharges per route
and improved versions for the special case of at most
one recharge per route. The former also presents a
BP&C method for the case when only fully recharging
the battery is allowed.

The E-VRP-L with multiple recharging technologies,
where each recharging station offers several types of
recharging technologies at varying costs, was intro-
duced by Felipe et al. (2014), who developed a heuristic
to solve the problem. Later, exact BP&C algorithms
were proposed by Ceselli et al. (2021) and Bezzi, Ceselli,
and Righini (2023). The former relies on a formulation
where the columns generated represent no charge seg-
ments. Such a segment is a partial path, where the origin
and destination are either the depot or a recharging sta-
tion, and the remaining visits on the partial path are to
customer locations. The latter generates columns repre-
senting full paths originating and ending at the depot
using a bidirectional labeling algorithm. Comparing the
results shows that using full paths leads to a stronger
formulation, with better dual bounds, and also, leads to
lower computational times.

In reality, the recharging function is a nonlinear con-
cave function with regard to time (Pelletier et al. 2017).
According to Montoya et al. (2017), the recharging func-
tion is known to be close to linear on the interval from
0% SoC to around 80%, and then, the recharging rate
decreases exponentially for the remaining 20%. They
further argue that a piecewise linear function with three
segments, as depicted in Figure 1, is a sufficiently good
approximation of the recharging function. Based on this
observation, they introduce the electric vehicle routing
problem with nonlinear charging functions (E-VRP-NL)
and heterogeneous recharging technologies. They fur-
ther present a set of benchmark instances for the prob-
lem, which they solve using both a mixed-integer linear
programming (MILP) formulation and a hybrid meta-
heuristic that combines iterated local search with heuris-
tic concentration. Two tighter MILP formulations, one
arc based and the other path based, are devised by Fro-
ger et al. (2019), whereas a three-index formulation and
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Figure 1. (Color online) The Recharging Functions Used in
the Instances of Montoya et al. (2017)

A
y
16000 -
14000 1 f,/
12000 4 /
=) ’/
£ 10000 | /
< 8000 | /
vl f
6000 s
/
/
4000 A /./ - Fast
/ —— Normal
2000 A
/ —— Slow
0 T T T T T T T —
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 200t

Time [h]

an adaptive large neighborhood search are presented in
Kancharla and Ramadurai (2020). An exact branch-and-
price (B&P) method for the single-vehicle E-VRP-NL
with strictly concave recharging functions is designed
by Lee (2021). He uses a method similar to that of Ceselli
et al. (2021) by generating no-charge segments in the
pricing problem and handling the nonlinear recharging
functions in the master problem.

Lam, Desaulniers, and Stuckey (2022) are the first to
address a variant of the E-VRPTW-NL. They do not
include heterogeneous recharging technologies; how-
ever, they do take into account a limit on the number of
vehicles that can simultaneously charge at a recharging
station. The problem is solved using a combination of
BP&C and logic-based Benders cuts. Recently and in
parallel with this work, a BP&C method for the time-
dependent E-VRPTW-NL was developed by Lera-
Romero, Miranda Bront, and Soulignac (2024). The pric-
ing problem is solved by a monodirectional labeling
algorithm, where the interdependency between time
and SoC is handled by storing a piecewise linear func-
tion in every label. They further show how the waiting
time at the charging stations and time-dependent travel
times can be stored in the same function.

Baum et al. (2019, 2020) present works on problems
closely related to the one appearing as the pricing prob-
lem when solving the E-VRPTW-NL by B&P. Baum et al.
(2019) solve a shortest-path problem, where the network
contains recharging nodes with heterogeneous rechar-
ging technologies and where the recharging functions
are modeled by piecewise linear functions. To solve this
problem, they devise a labeling algorithm, where labels
are of constant size. The downside of their approach is
that a single extension of a label might cause multiple
new labels rather than one. Baum et al. (2020) present a
similar shortest-path problem with battery limitations,
where the trade-off between time and energy stems
from the modeling of energy consumption as a function

of speed rather than nonlinear charging functions. The
problem is solved by a tailored labeling algorithm. Cas-
sia et al. (2022) extend the work of Baum et al. (2019) by
including prize collection at recharging stations. They
model the problem as an MILP and propose an A*
search heuristic to solve it.

1.2. Contributions

The main contribution of this paper is the development
of an exact BP&C method to solve the E-VRPTW-NL,
where the novelty lies in the bidirectional labeling algo-
rithm used to solve the pricing problem. In existing bidi-
rectional algorithms for the E-VRPTW-L, such as that
proposed by Desaulniers et al. (2016), the recharging
function is linear, and the labeling algorithm, therefore,
only needs to keep track of, and update, the minimal
and maximal SoC along a partial path to represent the
entire SoC function. For the E-VRPTW-NL, the pricing
problem is significantly more challenging to solve
because we need to explicitly calculate and store the
entire SoC function whenever a label is extended. To
accomplish this, we model the trade-off between time
and SoC as a recursive function and propose an algo-
rithm for computing the complete charging function
when extending a partial path in each of the forward
and backward directions. The time complexity of the
algorithm is contingent upon the recharging functions
considered. Additionally, we propose a linear time algo-
rithm for the special case of piecewise linear recharging
functions. The method proposed for managing the non-
linear trade-off between time and SoC can also be used
for assessing cost and route feasibility for a fixed route,
something that is often a crucial part of many heuristics
for E-VRPs (Froger et al. 2019).

To test the proposed algorithm, we introduce a new
set of benchmark instances obtained by extending
existing instances with linear recharging functions. In
addition, we test our BP&C algorithm on existing E-
VRPTW-L and E-VRP-NL benchmark instances. The
results show that our method is competitive with
tailored solution methods for the E-VRPTW-L and out-
performs existing methods for the E-VRP-NL. Further-
more, we show that using bidirectional labeling for
solving the pricing problem exactly is significantly fas-
ter than using a monodirectional labeling algorithm for
the E-VRPTW-NL.

Finally, we use the instances generated to analyze the
effect of various simplifications of the recharging func-
tions. This analysis gives insight into which simplifica-
tions are preferable in different problem settings. The
key takeaways are that using different recharging func-
tions is more important than how each recharging func-
tion is modeled and that modeling the recharging
functions correctly is less important when the customers
have relatively wide time windows.
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The remainder of the paper is organized as follows. A
formal problem description and notation are provided
in Section 2. Sections 3 and 4 describe the proposed
BP&C algorithm, where Section 3 focuses on a fixed
path and Section 4 focuses on the complete algorithm.
Numerical results are reported in Section 5 before pro-
viding concluding remarks in Section 6.

2. Problem Statement and Mathematical
Formulation

The E-VRPTW-NL can be defined on a directed graph
G =(N,A), where N is the set of nodes and A C {(i, ) |
i,jeN,i#j)} is the set of arcs. Set N consists of the
mutually exclusive sets C, S and {d(s), d(e)}. Set C is the
set of customer nodes, S is the set of recharging nodes,
and d(s) and d(e) are the source and sink nodes of the
graph, both representing the depot. For eachnodei € N,
let g; denote its demand and [T, T;] denote its time win-
dow within which the service must start. Note that g, =
0 foralli e N\ C. Furthermore, let t; ;, ¢; ;, and c; ; repre-
sent the travel time, energy consumption, and distance
associated with arc (7,/) € A. For ease of notation, any
service time atnodei € Cisincluded in t; ;.

Each recharging node is associated with a concave
and continuous recharging function /;(t) (not necessar-
ily differentiable), giving the SoC reached after having
recharged an initially depleted battery for ¢ time units.
Examples of h;(t) functions are given in Figure 1. Let
Qi(y1,y2) denote the amount of time needed to recharge
from an SoC of y; to an SoC of v, at node i. If i is a rechar-
ging node, it can be expressed as gi(y1,v2) = hi 1(y2)
—h7Y(y1). If i is a customer node, then this function is
given by

0 ify; =
gi(yl,yz)={ n=n (1)

oo otherwise.

We consider an unlimited fleet of homogeneous vehi-
cles, where each vehicle has a battery capacity B and a
load capacity Q. A route can be modeled as a path
through G complying with the following route restric-
tions. (1) The path must start and end at the depot, (2)
the total demand of all visited customers must not
exceed Q, (3) there must exist a feasible schedule for the
path where the service at each visited customer node
starts within its time window, and (4) the battery SoC
stays in the interval [0,B] throughout the path. The
objective is to find a set of feasible routes such that every
customer is serviced once and the total cost of these
routes is minimized.

Let Q, indexed by p, be the set of all feasible routes.
Let (io, . . ., 1) be a sequence of nodes representing such
a feasible route, where iy and i, represent the depot and
the intermediate nodes are customer or recharging
nodes. The cost ¢, of route p is computed as ¢, =

o Cii,, and might represent, for instance, the

distance traveled along the route. The number of times
that customer node i is visited on path p is denoted a;,.
Let A, represent a binary variable stating whether path p
is part of the solution or not.

With this notation, the E-VRPTW-NL can be modeled
as follows:

min Zcp/\p, )
peQ)

st. Y aph, =1, VieC, €))
peQ)

Ay €1{0,1}, VpeQ. 4)

The total route cost is minimized in the objective func-
tion (2). A single visit to every customer is ensured with
Constraints (3), whereas Constraints (4) enforce binary
values on the route variables. Note that the parameters
a;, are typically binary, but they can take a value larger
than one when considering the ng-path relaxation dis-
cussed in Section 4.1.4.

3. Optimal Charging Schedule for a Given
Partial Path

For a given partial path, there are, in general, infinitely
many feasible values of SoC at any node along the path
because the SoC is a function of the time spent charging,
which is a continuous variable. Hence, the connection
between the SoC and the required time leads to a trade-
off between the two. In the following sections, this
trade-off is described through forward and backward
recursions, which are required in the solution method
presented in Section 4.

3.1. Forward Recursion

Let (ig, i1, .. .,i,) be a partial path beginning at iy = d(s).
For each node i, k=0,...,n, let fi(y) be a function pro-
viding the minimum departure time from i if the vehi-
cle leaves with an SoC y € [0, B]. This function is defined
by the following forward recursion:

foy) =0, Vyel0,B], ®)

fily) = y(g}(i)?y]{TWi(fk—l(yO +ei i) T i) +8i (o, y)},
Yyel[0,B], Vke{l,...,n}.

(6)

In (6), yo represents the SoC when arriving at node i,
and the function TWE(¢) for i = i, encodes the adjust-
ments needed to meet the time window at node i as fol-
lows:

Ii ift < Ii/
TWH(t) =<t ifte[T,T], @)
oo, ift>T;.

Finally, we assume that f;_1(yy) = co whenever y > B.
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For a given partial path, the domain of f,(y), denoted
domain(fy), is given by {y € [0, B] | f¢(y) # oo} and repre-
sents all feasible SoC values when departing node i.. An
example of fi(y) is illustrated in Figure 2. One key obser-
vation from Figure 2 is that f(y) may be constant for
low values of y (i.e., different SoC values yield the same
earliest departure time). This occurs when the SoC can
be increased along the route without incurring a delay
when departing from 4. This might be possible in two
situations. (i) The total energy consumed along the route
does not exceed B, and thus, the initial SoC can be
increased. (ii) After visiting a recharging node, the vehi-
cle needs to wait at a customer node before the opening
of its time window, giving the opportunity to charge
more at the previous recharging event. Another key
observation from Figure 2 is that even though all inverse
recharging functions h;!(y) are convex, the resulting
function f (i) is not necessarily convex. Because domain(f;)
is a continuous interval, it is not viable to directly calcu-
late (6) for all feasible values of y in order to complete
one step of the recursion. The following paragraphs
describe how to calculate f(y) for any feasible SoC
valuey.

For ease of exposition, we introduce the function
TW(y) = TW] (f1(y +ei,,5) + t,_,,5,) describing the min-
imum time at which charging at node i can start given
that the vehicle arrives with an SoC of y. This function
can be seen as shifting f,_1(y) as time increases and
available energy decreases when traveling from i;_; to i
(see Figure 3). Function £, (y) adjusts the shifted func-
tion to stay within the time window of node i (see
Figure 4). Introducing f™(y) enables the following
rewriting of the recursion (6), which we henceforth use
to explain the algorithm for calculating fi(y):

few) = min {{ (o) + g, (o, 1)},
y0€l0,y]

Vyel0,B], Vke{l,...,n} 8)

Figure 2. (Color online) Example of a Function fi(v)

A
L | v

Time
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SoC

Figure 3. (Color online) lllustration of the Shifting Procedure
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Vyel0,B], Vke{l,... n}
€

Finding fi(y) for customer nodes is trivial, but for
recharging nodes, it is more complicated. From (9), we
identify two possible strategies for departing node ix € S
as early as possible with an SoC y. Either the vehicle
arrives with an SoC yg < y and charges the battery from
an SoC o to y, making fi(y) = £, (vo) + ki (v) — k. (vo),
or it arrives with o = y, making fi(y) = £V (y). We refer
to these policies as Charge and No charge, respectively. In
the following, we present Theorem 1, which given an
SoC v, determines the optimal policy at 1, and the max-
imal interval [yo,y1] in which this policy does not

change. In this theorem, we denote by % the right-hand
derivative of a function f. For ease of exposition, let

TW(y) = oo and dszfy) = oo if y & domain(f,™"V).

Figure 4. (Color online) Adjusting to the Time Window
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Theorem 1. Let i € S be a recharging node and y, € [0, B)

dn!
be an SoC value. If fi(yo) = 1" (yo) and % < %,

then fiy) =fI"() for all yelyo,yi], where yy =min
{Bint{y 1y > 0, 5> “OY ) Otherise, fily) =
Felyo) + B () =By (yo) for all y € [yo, y1], where y; = min
{B,min{y' Yy >vo,fr(yo) + hil(]/) - hill(yO) :fkTW(y/)’
() - dh,.’kl(y’) }}

dyt =yt

A proof of Theorem 1 is given in Online Appendix A.
Note that this proof does not rely on the concavity of the
function h;(t). Therefore, Theorem 1 may be applicable to
more general charging functions. Figure 5 shows exam-
ples of f™(y), h; ! and the resulting fi(y), where the func-
tions are piecewise linear for illustrative purposes. Note
that 11, ! has been positioned to coincide with £ aty = 0.

Based on Theorem 1, Algorithm 1 gradually finds all
of the function pieces that constitute f; by identifying a
sequence of alternating SoC intervals where it is optimal
to charge (Charge) and not to charge (No charge), respec-
tively. The time complexity of Algorithm 1 is contingent
upon the recharging functions considered and aligns
with that of the algorithm employed to solve the mini-
mization problems on lines 10 and 14 in Algorithm 1.
Note that it is possible to simplify the calculation of
y1 on line 14 in Algorithm 1 to be y; = min{B, min{y’ |
Y > Yo fo) + 1) — 1 (o) = £ (y/)}} because this
expression is a relaxation of the one above and therefore,
always gives a smaller or equal interval [yo,y1]. How-
ever, this simplification may lead to additional iterations
in the while loop because the next iteration may give

W (o) _ Ay (o)
a7 i thus

only changing the policy back to Charge. Whether this
change in the algorithm is computationally beneficial
depends on the shape of the functions involved. Online
Appendix B provides a lower-level pseudocode for the
special case with piecewise linear h; functions. In this
case, the time complexity is linear with respect to the
number of line segments in /1;, and £V

Yo = 1 on line 10 in Algorithm 1 if

633
Algorithm 1 (Compute f;)
1: function cuarce(f", h;,)
2: Yo = 0
3:  State < No charge
4 fillyo) = (o)
dh: Yy
5. if dﬁ‘z}:&y 0 Zyﬂy ) then
6: State «— Charge
7:  endif
8:  whileyy < Bdo
9 if State = No charge then
™y i)
10: = min{B,inf{y’ |y > yo, dﬁdy?’ !> ;wy }}
11: vy € [yo, 1] fuly) = ()
12: State < Charge
13: else
14: = min{B,min{y' 1y > vo.fi(yo) + ' (v')
_ N Ay Ay
i ) =), B < S
15: vy € [yo, 1] : i) = fiyo) + . () — B M (o)
16: State < No charge
17: end if
18: Yo < 11

19: end while
20: end function

3.2. Backward Recursion

Before presenting the details of the backward recursive
function wy(y), we highlight a key difference to the for-
ward recursive function. Because it is used in a labeling
algorithm in Section 4, we define wy(y) to be the latest
departure time from node i to fit with f(y), which is
defined as the earliest departure time from node i for
an SoC of y. Function f(y) involves three steps: travel,
time window adjustment, and charging. The backward
recursion used to obtain wy(y) needs to perform the
same three steps but in the opposite sequence. This is
illustrated in Figure 6, which shows that when calculat-
ing wy(y), we must first recharge at node i, and then
adjust for the time window before finally accounting for
the travel between nodes i, and i;,;. With this in mind,

Figure 5. (Color online) An Example of " (y), i; ! and the Resulting fi ()
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— fily) /

Earliest departure from node iy.

SoC
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we present how to calculate the backward recursive
function wy(y).

Let (io, 71, .. .,14) be a partial path ending at 7, = d(e).
For each node i, k=0,...,n, let w(y) be a function
returning the latest departure time from i if the vehicle
leaves with an SoC y€[0,B] (assuming a maximal
arrival time at node i, of T,,). This function is defined by
the following backward recursion:

wn(}/) = Ti,,/ V]/ € [0/ B]/ (10)

wi(y) =TW} <y o max B]{wk+1(y1) 8ik+1(y€ik,iw}/1)}>

Y=Cigsigyq7
— tikrikﬂ’ V]/E [O,B], Vke {0, LN — 1}
(11)

In (11), y, represents the SoC at the departure from
node i, 1, and the function TWIB (t) for i = ix,q encodes
the adjustments needed to meet the time window at
node i as follows:

—0o9, ift < Iir
TWi( =4t  ifte[T,T,] (12)
Ti , if t > T,‘.
Finally, we assume that wy,(yy) = —co whenever y < 0.

The remainder of this subsection describes how to cal-

culate wy(y) for any feasible SoC y. Let wfharge(y) be

defined as the latest time at which charging can start
from an SoC y at node i:

o (y) = max () gy},

Vyel0,B], Vke{l,...,n} (13)
or equivalently,
wfharge(y)
max {wi(y) — b Yy1) + 1, ()}, ific €S,
= { nely, Bl
wi(y), otherwise,
Vyel0,B], Vke{l,...,n}
14)
Note that by substituting wCharge into (11), the optimi-

zation problem of deciding the optimal 14 for a given y

is removed as shown in (15):

wk(y) Twlk+1 (wg—llarge (y — Cig i )> —tig s
Vye[0,B], Vke{0,...,n—1}.  (15)

.¢ . Charge . . . -
Hence, if w;,;"®° is known, calculating wy(y) is trivial.

Further, if i is a customer node, calculating wy(y) is also
trivial. We, therefore, focus on how to calculate w, harge
for iy € S in Theorem 2. Similar to the forward case, we
identify two possible strategies for determining the lat-
est time at which recharging can start at node i with an
SoC y. Either the vehicle charges the battery from an
SoC y to y, making wy ¥ (y) = we(y1) — b, (1) + 1, (1),
or it does not charge, making w. " (y) = wi(y). We
again refer to these two policies as Charge and No charge,
respectively.

In this theorem, we denote by dy, the left-hand-side
derivative of a function f and for ease of exposition, let

wi(y) = —coand Zf(,y) —o0 if y ¢ domain(wy).

Theorem 2. Let i € S be a recharging node and y; € (0, B]

gt ¢ 00

be an SoC value. If wk < —d

(y1) wi(y1) an

then w"""(y) = wi(y) for all values y e [yo,yl], where
Yo —max{O sup{y ly <, du;ky(f) nyy)}}. Otherwise,
w ) = w ) g ) + g ) for all y € [yo, ),

where Y :max{O,max{y |y <y1, w(y) = wy; arge(yl)
0y d (')
M)+ ), 4 < B

The proof of Theorem 2 is provided in Online Appen-
dix C. Note that that this proof does not rely on the con-
cavity of function #;(f). Therefore, Theorem 2 may be
applicable to more general charging functions.

Theorem 2 is used to compute wy in Algorithm 2. The
time complexity of Algorithm 2 is the same as that of
Algorithm 1. Note that similar to Algorithm 1, we may
simplify the calculation of i1y on line 14 in Algorithm 2 to

be yo=max{0,max{y’ |y <y, w(y) = wCharge(yl) -
B '(y1) +h; '(y')}} because it is a relaxation of the

expression in Theorem 2. However, this relaxation may

Figure 6. (Color online) Illustration of a Sequence of Actions Taken Within and Between Nodes Along a Path
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are also included to show where they are calculated.
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cause Yo = 1 on line 10 in Algorithm 2 in the next itera-
tion, leading to additional iterations in the while loop. In
Online Appendix D, we provide an algorithm with lin-
ear time complexity tailored for the specific variant
where all ;; functions are piecewise linear.

Algorithm 2 (Compute wCharge)

1: function CHARGE(wy, h;,)

2: = B

3:  State < No charge

4 Charge (y ) Zé)k gyl)
dwy(y1) Ul

5 if # —— then

6: State « Charge

7:  endif

8 while y; > 0do

9 if State = No charge then

10: Yo= max{O, sup{y' ly <y, w‘#’) S dhg;fy’)}}

11: vy € [yo,y1] " () = wily)
12: State « Charge
13: else
14: Yo = max{O max{y ly <y, w(y’) = wcmrge
Wy dh ( ")
0= 1 )+ 1), S < )
15: V]/ c [yO/yl] Charge(y) Charge(y )
— I (1) + 1 (y)
16: State «— No charge
17: end if
18: Vi< Yo

19: end while
20: end function

4. BP&C for E-VRPs with Heterogeneous
Technologies and Nonlinear Rechar-
ging Functions

BP&C is arguably the most efficient method for solving

many extensions of the VRP. BP&C combines branch

and bound, column generation, and cutting planes in
order to solve large-scale combinatorial optimization
problems. In each node of the branch-and-bound tree,
the linear relaxation, referred to as the master problem,
is solved by column generation. This iterative method
can solve linear programs containing a very large num-
ber of variables. At each iteration, it starts by solving a
restricted master problem (RMP), where only a subset
of the variables is included. Solving the RMP gives opti-
mal dual-variable values that are used in a pricing prob-
lem, which is solved next. The pricing problem aims at
finding columns (variables) that might improve the cur-
rent RMP solution (i.e., columns with a negative
reduced cost). If such columns are found, they are
added to the RMP before starting a new iteration. Other-
wise, the column generation algorithm stops as the cur-
rent RMP solution is also optimal for the master

problem. For recent advances in BP&C for VRPs, see
Costa, Contardo, and Desaulniers (2019).

In our case, the RMP is the linear relaxation of (2)—(4),
where only a subset of the feasible paths in (2 is present.
The pricing problem is an elementary shortest-path
problem with resource constraints (ESPPRC), where ele-
mentarity is imposed on the customer nodes only. Its
objective is to find a feasible path p € () that minimizes
the reduced costc, = ¢, — > ;. caipai, where a; is the opti-
mal dual value of Constraints (3) for customer i € C. For
ease of notation, let; =0, Vie N\C.

The ESPPRC is solved by dynamic programming
with a labeling algorithm. A labeling algorithm explores
the graph G, searching for a least-cost path from the
source node to the sink node. It does so by starting with
a partial path only containing the source node and then
gradually extending partial paths along all arcs. Each
partial path is represented by a label. A label is a tuple
containing essentially three elements: the index of the
last node on the path, a pointer to the previous label,
and a resource vector. The first two elements are only
used to reconstruct the full path and are omitted from
the following description, which focuses on the resource
vector.

When a path is extended by appending an arc, the
resource vector is updated according to resource exten-
sion functions. It is used for checking feasibility, keeping
track of the cost of the partial path, and identifying dom-
inance between labels. Dominance ensures that subopti-
mal partial paths are pruned from the search, avoiding
enumeration of all feasible paths. If every feasible exten-
sion going from the current node of a label to the sink
node is also feasible for another label and the extended
path obtained from the former label is not cheaper than
that yielded by the latter label, the former is dominated
and may be pruned from the search. The reader is
referred to Desrochers and Soumis (1988) and Irnich
and Desaulniers (2005) for more in-depth information
about labeling algorithms.

The remainder of this section is organized as follows.
Section 4.1 presents the algorithm employed to tackle
the pricing problem. Then, Sections 4.2 and 4.3 provide
an overview of the cutting planes applied and the
branching procedure used, respectively. Finally, Section
4.4 details the necessary adjustments to the solution
method when aiming to minimize the total travel and
charging time as in the E-VRP-NL of Montoya et al.
(2017).

4.1. Solving the Pricing Problem

In this subsection, we present a bidirectional labeling
algorithm (Righini and Salani 2006) for solving the pric-
ing problem. Such an algorithm uses two monodirec-
tional labeling algorithms going in opposite directions.
The forward labeling algorithm is initiated at the source
node, and the backward labeling algorithm is initiated
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at the sink node. One of the resources (time in our imple-
mentation) is used to define a midway point (M in
our case), at which the monodirectional algorithms are
stopped. Forward and backward labels are then merged
into complete routes that are checked with regard to fea-
sibility and reduced cost, and they are potentially added
to the RMP. This method mitigates the effect of the
exponential growth in the number of labels observed in
complete monodirectional labeling algorithms.

The forward and backward labeling algorithms are
presented in Sections 4.1.1 and 4.1.2, respectively,
whereas the merging of partial paths is explained in Sec-
tion 4.1.3. Acceleration techniques for the pricing prob-
lem are described in Section 4.1.4.

4.1.1. Forward Labeling. In the forward labeling algo-
rithm, a label representing a path from d(s) to a node i is
a tuple Lr = (i,d,c,f, ). In this tuple, i denotes the last
node of the path, and d denotes the vehicle load at this
node. Its resource window is [0, Q]. The accumulated
(reduced) cost is given by ¢ and is unlimited. The
resource f is special as it is a piecewise function encapsu-
lating the interdependency between departure time
from the current node and the SoC at departure. The for-
mer has a resource window [T, T;], and the latter has a
resource window [0, B]. As such, f = fi(y) for the fixed
path implied by the label (see Section 3). The last
resource U is the set of customer nodes that are no lon-
ger reachable by a feasible extension of the partial path.
Note that all resources need to be within their respective
resource window at any point on the path for it to be fea-
sible. Labels deemed infeasible are discarded without
being extended. Hereafter, we denote by r; the resource
rofalabel L.

The resource extension functions used to extend a
label Lr along an arc (i, j) to yield a new label L} are as
follows:

deF = dLF +4, (16)

EL,F = ELF + Cij —qj, (17)
fuy) = y:&iofly]{TWf(fLF (Yo +ei,)) +1i,) + (Yo, y)},

vy €[0,B], (18)

_ {Z/{Lp U LIF(L;) U {]}, ifje C,

L= U, U Up(L}), otherwise. (19)

F
Extension functions (16) and (17) correspond to
adjusting the vehicle load and the accumulated reduced
cost, respectively. The extension function (18) is calcu-
lated as described in Section 3.1. Extension function (19)
updates the set of unreachable customers, where Ur(L})
gives the set of customers who are unreachable because
of the other resources of L;. It is defined as Ur(Ly) =
{jl eC | dL,F +q; > Q VfL'F(O) + i’,',]'/ > Tjr}, where i= iLfF.
Note that fL/F(ei,]v) +1; is not necessarily a valid lower

bound on the arrival time at node j* because there might
exist a subpath between nodes i and j* with an earlier
arrival time (e.g., leaving node i earlier than fi/ (e; )
with an SoC less than ¢; ;, visiting a fast charger, before
continuing to node j'). Therefore, we instead use fi, (0) +
t; j asitis a guaranteed lower bound on the arrival time
at node j* given that the triangle inequality holds with
respect to time.

Extending label Lr along arc (i, j) gives a feasible label
if criteria (20) and (21) hold:

jelUr,, (20)
fLF(ej,]') + f,'/]' < T] (21)

In Condition (21), it is valid to use f1,(e; ;) because this
condition assesses the feasibility of a direct extension to
nodej.

Let L and L¥ denote two labels representing paths
ending at a node i. Then, label Lr dominates label L if

dy, < diy, (22)
L, < Ty, (23)
U, S UL, (24)
fu W) < fiy(y), Yy € domain(fyy). (25)

Conditions (22) and (23) check that the accumulated
demand and reduced cost of Lr are less than or equal to
those of L¥, whereas Condition (24) ensures that all
nodes reachable by L¥ are also reachable by Ly The
resource extension functions for d, ¢, and U/ are nonde-
creasing functions; hence, pair-wise comparisons of the
labels are sufficient to check dominance with regard to
these resources (Desaulniers et al. 1998). Given that the
resource extension functions for resource f are not non-
decreasing, a more elaborate check is needed. The
Pareto frontiers representing the recharging potential
for the labels are compared in Condition (25). In the spe-
cial case of piecewise linear recharging functions, both
fi, and fi are piecewise linear functions with a limited
domain as well. Hence, it is sufficient to check condition
fr.(y) < fiy(y) for all values y € domain(fi, ), where either
function has a break or end point in order to check Con-
dition (25).

4.1.2. Backward Labeling. The resources for the back-
ward labeling are similar to the ones for the forward
labeling. A label residing at node i writes as Lg = (i,d,
¢, w,U). The load on the partial path from node i to d(e),
excluding the demand from node i, is stored in d and
has a resource window [0,Q — g;]. Likewise, the path
reduced cost is denoted by ¢. Analogous to f in the for-
ward labeling algorithm, w is a piecewise function that
stores the interdependency between the latest feasible
departure time from the current node and the SoC at
departure. The former has a time window [T;,T:], and
the latter has a resource window [0, B]. The dependency
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function is equal to wy(y), described in Section 3.2, for
the fixed partial path starting at node i and ending
at node d(e). Resource U stores the set of backward
unreachable customers.

When extending a label Lg backward along an arc
(4, j) to yield a new label L at node i, the following
resource extension functions are applied:

dy =di, +4qj, (26)

EL% = ELB + Ci,j — &, (27)

wry, =TW]B( max BJ{wLB(yl) _g]'(]/_ez‘,j;yl)}) —tij,

€ly—ei,,
vy €[0,B],
(28)
U, UUR(LE) U {j}, ifjeC,
ULE; = (29)
U, U Ug(Ly), otherwise.

Extension functions (26) and (27) adjust the vehicle
load and the accumulated reduced cost. The extension
function (28) is calculated as described in Section 3.2.
Extension function (29) updates the set of unreachable
customer nodes. Specifically, the set of customers who
cannot be reached because of the resource values of
label Ly is given as Ug(Ly)={j'€Cldy +q; +q;
>Qv wL;s(B) —ty; < Ty}, where i= i . For an exten-
sion of label Lg along arc (i, j) to be feasible, Conditions
(30) and (31) must hold:

ieUr,, (30)
wr,(B—e;j)—t;j>T;. (31)

Let Ly and Ly denote two labels representing paths
ending at anode i. Then, label L dominates label L} if

dp, < dpy, (32)
cy < ey, (33)
Uy, SUyy, (34)
wr (y) 2 wiy(y), Yy € domain(wyy). (35)

As in the forward labeling algorithm, Conditions
(32)—(34) are pair-wise comparisons of the resources as
the corresponding resources and their resource extension
functions are, or can be transformed into, nondecreasing
functions. Condition (35) is the parallel to Condition (25)
applied in the forward labeling algorithm.

4.1.3. Merging Partial Paths. The requirements for
merging of a forward label, Lg, and a backward label,
Lp, both ending at a node i to be feasible are given
by conditions d;, >dp, < Q, &, N&r, C{i}, and Ty e
domain(fy,) N domain(wy,) such that (1, (y) < wr,(y)). The
first condition checks vehicle capacity feasibility. Cus-
tomer elementarity is checked by the second condition,
where £ denotes the set of customer nodes visited by

the path represented by a label L. These sets are com-
puted for every partial path found by the forward or
backward labeling algorithms prior to merging partial
paths. The existence of a feasible schedule in terms of
time windows and battery energy is enforced by the
third condition. The check is illustrated in Figure 7,
where the condition states that the area marked as the
feasible interval must be nonempty. The reduced cost is
checkedbycy, +¢, < 0.

4.1.4. Acceleration Techniques for the Pricing Prob-
lem. In addition to using bidirectional labeling, several
well-known techniques are used to improve the overall
efficiency of the solution method. For more details on
these techniques, see the survey by Costa, Contardo,
and Desaulniers (2019).

A combination of ng-path relaxation (Baldacci, Min-
gozzi, and Roberti 2011) and decremental state-space
relaxation (Righini and Salani 2008) is used in order to
improve the efficiency of the labeling algorithm. In the
ng-path relaxation, a predefined neighborhood N; is
associated with each node i. Then, a cycle (i, ..., ikim),
with i, = iy, € C, is allowed if there exists at least one
node i, j€{1,...,m —1}, for which i ¢ Ny,;. Decre-
mental state-space relaxation can be seen as lazy con-
straints. Nonelementary paths are initially allowed, but
if a path that is nonelementary with respect to node i is
optimal, adjustments to the labeling algorithm are made
such that all paths visit node i at most once in later runs
of the labeling algorithm. In the labeling algorithm
employed in this work, we initially include the
max{8,[0.2 | N ||}-nearest customer nodes to node i into
set N;. In every iteration of the column generation

Figure 7. (Color online) Example of a Combination of f; and
wy,, Functions

A
t

Time

— f(Lr)(y)
— w(Lp)(y)
—— Route duration

Feasible interval

SoC M
Notes. When minimizing the total travel and charging time for the E-
VRP-NL, the SoC value within the feasible interval that minimizes
the route duration must be calculated as described in optimization
Problem (42). Route duration is found by calculating the objective
function given in (42) for all feasible y values, where f; or w;, has a
break or end point. The optimal solution and objective value are
both indicated by a dot.
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algorithm, we check if the linear relaxation solution con-
tains a variable A, with a positive value such that the
associated path p visits a customer node i more than
once. Any such node found is then appended to the
neighborhood, \Vj, of every other node j € N. This oper-
ation is performed a maximum of 10 times. Any subse-
quent elementarity violation is handled through the
branching process.

The pricing problem is usually solved heuristically and
only solved exactly if the heuristics do not find any nega-
tive reduced cost columns. The heuristics implemented
solve the pricing problem on a reduced network, where
only some arcs are kept. We have adopted the method
used for choosing which arcs to keep from Desaulniers,
Lessard, and Hadjar (2008). Outgoing arcs from node i are
sorted according to their reduced cost, ¢;; — @, and given a
rank. This is done equivalently for incoming arcs to node i,
and hence, each arc (i, /) is associated with two ranks: one
where it is considered outgoing from node i and one
where it is considered incoming to node j. Only arcs where
either rank is less than some predefined limit are kept in
the network. Two such heuristics are used: one where the
limit is three and one where the limit is six. The heuristic
with a limit of three always employs a monodirectional
labeling algorithm, whereas the heuristic with a limit of six
utilizes the bidirectional labeling algorithm.

4.2. Cutting Planes
Subset row cuts (Jepsen et al. 2008) with subsets YW c C
of size 3 are used to strengthen the dual bound. They

can be stated as .. L@J Ap <1 and are sepa-
rated by complete enumeration. In order to mitigate the
negative effect in the pricing problem when using sub-
set row cuts, limited memory subset row cuts are used
(Pecin et al. 2017). In the pricing problem, the cuts are
handled by introducing a binary resource for each cut,
which affects the labeling extension, dominance check-
ing, and label merging.

4.3. Branching

The branching strategy comprises three levels. The entity
with the highest priority is chosen among the entities
with a fractional value. Foremost is the consideration of
the number of routes utilized (i.e., >_,cAp). Following
this, the secondary priority involves the count of rechar-
ging operations for each recharging node expressed as
>_peaflip/p for recharging node i. Lastly, branching is per-
formed on the edge in G with the most fractional flow.
Branching is enforced by adding constraints to the RMP.
These additional constraints introduce dual variables that
are considered in the pricing problem. The exploration of
the branch-and-bound tree follows a best-first approach.

4.4. Minimizing Total Time
The E-VRP-NL, as described by Montoya et al. (2017), is
similar to the E-VRPTW-NL. The main difference is that

the E-VRP-NL objective is minimizing the total time
spent by all vehicles rather than minimizing the total
traveling cost. Additionally, the E-VRP-NL considers
uncapacitated vehicles and a maximum route duration
instead of customer time windows. The proposed
BP&C algorithm is able to cope with both features by
setting the values for the vehicle capacity and the time
windows sufficiently low /high.

The change in objective may seem rather minor. How-
ever, it affects the labeling algorithm because the reduced
cost is now indirectly affected by the SoC. Hence, besides
having a Pareto front describing the relationship between
SoC and time, each label also represents a Pareto front
describing the relationship between SoC and reduced
cost. However, the SoC/reduced cost Pareto front does
not need to be stored explicitly. The negatives of the accu-
mulated dual values are stored in the resources ¢;r and
crp in forward and backward labeling, respectively. Then,
the Pareto front describing the relationship between the
SoC and the reduced cost can be obtained by ¢, (y) =
fre(y) +cr, and €1, (y) = Tae) — wr,(y) +cr, for forward
and backward labels, respectively. Hence, the difference
in the two Pareto fronts given by each label is a constant.

The resource extension functions for c; and ¢, for
forward and backward labeling when extending along
arc (i, j) are given by (36) and (37), respectively:

CL/F =CLr — aj, (36)
CLE% =CLy — 4. (37)

The changes in the dominance criteria are as follows.

Requirements (23) and (33) are replaced by (38) and (39):
cr, (y) < cry W), Yy € dOTHlliTl(fLIF'), (38)
c, ) < Ly ), Yy e domain(ng). (39)

However, one can exploit the fact that the difference
between the two Pareto fronts given by a label is a con-
stant and check dominance with regard to the two

resources simultaneously. The combined dominance
checks are given in requirements (40) and (41):

fi, ) = frp(y) < min{0, ey — ey},
Vy € domain(fy), (40)
w (y) — wiy(y) = max{0, cr; —crr},
Vy € domain(wyy ). 41)
Finding the minimum route duration and hence, the

costis not as trivial. It is given by the minimization prob-
lem:

¢ =min Ty + /i, (y) — wi, (v),
s.t. y € domain(f,) N domain(wr,), (42)
fLF(y) < wLB(y)'

Let the node at which the partial paths are merged
be denoted i. The variable y represents the SoC at
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departure from node i. Thus, the objective is to mini-
mize the time that it takes for the forward partial path to
depart from node i with an SoC y plus the time it takes
for the backward partial path to end at node d(e) if
departing node i with an SoCy.

Additionally, for calculating the route reduced cost,
one needs to account for the accumulated dual values:
c* +cr, +cr,. An example of the minimum route dura-
tion as a function of the SoC at departure from node i is
shown in Figure 7, which shows the entire solution
space and corresponding objective values of the minimi-
zation Problem (42).

5. Computational Study

In this section, we report various numerical results
obtained with the BP&C solution method. First, we pre-
sent in Section 5.1 the new benchmark instances of the
E-VRPTW-NL with heterogeneous technologies. Then,
the effectiveness of the BP&C algorithm is investigated
in Section 5.2 by comparing the results obtained on the
E-VRPTW-L and the E-VRP-NL with results from the
literature and measuring its performance on the new
instances proposed for the E-VRPTW-NL with hetero-
geneous recharging technologies. Furthermore, the per-
formance difference between using a bidirectional labeling
algorithm and a monodirectional labeling algorithm for
solving the pricing problem is investigated. Finally, the
applicability of different simplifications to the recharging
functions is discussed in Section 5.3, with the aim of pro-
viding insight into which simplifications are viable for dif-
ferent problem characteristics.

The BP&C algorithm, including the branch-and-
bound tree search and the labeling algorithms, was
implemented from scratch in C++ and compiled with
GNU GCC 10.3.0. The RMP is solved using Gurobi 9.1.
All computational tests were run on a Lenovo ThinkSys-
tem SD530 running CentOS 7.9.2009 with a 3.5-GHz
Intel Xeon Gold 6144 CPU and 384 GB of RAM.

5.1. New E-VRPTW-NL Benchmark Instances

The E-VRPTW-NL instances generated and used for
our tests are based on the instances of Desaulniers et al.
(2016) and Montoya et al. (2017). The instances of
Desaulniers et al. (2016) are a slight modification of the
instances proposed by Schneider, Stenger, and Goeke
(2014), which in turn, are based on the well-known
Solomon (1987) instances. The locations of the depot,
customers, and recharging stations are taken from
Desaulniers et al. (2016), whereas customer demands
and service times retain their original values from Solo-
mon (1987). The time windows are adopted from
Schneider, Stenger, and Goeke (2014). These instances
are classified by the number of customers (25, 50, or
100); the width of the time windows, which are either
narrow (type 1) or wide (type 2); and the customer

location distribution, which may be random, clustered,
or a combination of both. The instances include 21
recharging stations, a number derived from Schneider,
Stenger, and Goeke (2014), ensuring consistency with
earlier works. Although an unlimited number of vehi-
cles is assumed in the instances, the proposed algorithm
can easily accommodate a limitation on the number of
vehicles.

The recharging functions are adapted versions of
those used in the instances of Montoya et al. (2017), who
propose three nonlinear recharging functions: fast, nor-
mal, and slow. These functions are designed to emulate
chargers with capacities of 44, 22, and 11 kW, respec-
tively. For each recharging node in the data set, the
recharging technology is set to be fast, normal, or slow
with equal probability. The functions are scaled in the
battery dimension to match the battery capacity of the
vehicles, which is given by the battery capacity from the
instances of Desaulniers et al. (2016). The normal rechar-
ging function is scaled along the time axis so that fully
charging an empty battery takes the same time as in the
original instances proposed by Desaulniers et al. (2016).
The fast and slow recharging functions are then scaled
along the time axis so that the time ratios between the
chargers are the same as in Montoya et al. (2017). The
average number of recharging operations per route is
approximately 1.10 in the results reported by Desaul-
niers et al. (2016) and 1.02 in the results reported by
Montoya et al. (2017). Given the similarity in instance
characteristics, we expect comparable values for the
average number of recharging operations in our experi-
ments. The relationship between the charging function
from Desaulniers et al. (2016) and the resulting rechar-
ging functions is illustrated in Figure 8. We follow the
convention from earlier works on E-VRPTWs that for-
bids traveling directly between two recharging nodes.
However, it is not a requirement of our solution
method.

Figure 8. (Color online) Illustration of the Original Charging
Function from Desaulniers et al. (2016) and the Adapted Non-
linear Recharging Functions
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5.2. Algorithmic Performance

This section presents the numerical results obtained by
testing the presented BP&C method. First, we compare
the performance of this method against existing solution
methods for the E-VRPTW-L and the E-VRP-NL in Sec-
tions 5.2.1 and 5.2.2, respectively. The goal of the com-
parison is to investigate how the proposed method
performs, relative to known methods, on less complex
variants of the problem. Then, we report in Section 5.2.3
numerical results obtained by the proposed method on
the new E-VRPTW-NL instances. In this section, aver-
age results are reported. Detailed results can be found in
Online Appendix F.

5.2.1. Comparison with Desaulniers et al. (2016) for
the E-VRPTW-L. The E-VRPTW-NL with heteroge-
neous recharging technologies is a more general version
of the E-VRPTW-L with a single recharging technology,
and hence, the presented solution method is also appli-
cable for this problem. Here, we compare the perfor-
mance of our solution method with the BP&C method
developed by Desaulniers et al. (2016) for the variant
denoted EVRPTW-MP in their paper. Note that the
algorithm of Desaulniers et al. (2016) was later
improved by adding variable fixing (Desaulniers,
Gschwind, and Irnich 2020), a methodology that could
also be added to our algorithm. Results for this problem
are also presented by Lera-Romero, Miranda Bront, and
Soulignac (2024). However, their results are obtained on
a network with preprocessed time windows for the
VRPTW, which are not valid for the E-VRPTW. Indeed,
their time window reduction does not consider the
eventual need to charge along an arc, possibly excluding
feasible paths. A detailed explanation, including an
example, is provided in Online Appendix E.

Table 1 presents aggregated numerical results for
both our solution method and that of Desaulniers et al.
(2016) for the E-VRPTW-L, with a maximum computing
time of one hour (3,600 seconds). Columns #Cust., Type,

Table 1. Results on the E-VRPTW-L Instances

Desaulniers et al. (2016) Our method

Time Time

#Cust. Type #Inst. #Solved (seconds)  #Solved (seconds)

25 1 29 29 7.1 29 7.6
25 2 27 26 179.6 27 20.9
50 1 29 26 713.6 26 524.1
50 2 27 19 1,524.9 23 1,048.9
100 1 29 10 2,503.3 11 2,496.7
100 2 27 8 2,782.2 4 3,204.7

Notes. Columns #Cust., Type, and #Inst. indicate the number of
customers, the instance type, and the number of instances,
respectively, for a given aggregation of instances. The number of
instances solved to optimality by each method is shown in the
columns labeled #Solved, whereas the average computing time (in
seconds) is given in the columns labeled Time.

and #Inst. indicate the number of customers, the
instance type, and the number of instances, respectively,
for a given aggregation of instances. The numbers of
instances solved to optimality by each method are
shown in the columns labeled #Solved, whereas the
average computing times (in seconds) are given in the
columns labeled Time. For instances not solved to opti-
mality, the maximum time is used in the calculation.

The results show that our BP&C algorithm solves one
more of the 25-customer instances and four more of the
50-customer instances than the algorithm of Desaulniers
et al. (2016) does, but the latter solves three more of the
100-customer instances within one hour. Notice that the
CPU utilized by Desaulniers et al. (2016) has a lower
single-thread rating (https://www.cpubenchmark.net)
than the one used in this paper (2,173 versus 2,509). We
conclude that despite the fact that our method is
designed to solve a more general problem, our results
are competitive with those of Desaulniers et al. (2016)
for the E-VRPTW-L.

5.2.2. Comparison with Froger et al. (2019) and Kan-
charla and Ramadurai (2020) for the E-VRP-NL. The
proposed method, with the adjustments described in Sec-
tion 4.4, has been tested on the instances from Montoya
et al. (2017) and compared with the current state-of-the-
art solution methods devised by Froger et al. (2019) and
Kancharla and Ramadurai (2020). In these instances, trav-
eling between two recharging nodes is allowed. Like in
Montoya et al. (2017), Froger et al. (2019), and Kancharla
and Ramadurai (2020) for the exact algorithms, the maxi-
mum computing time was set to three hours.

The numerical results are presented in Table 2, where
the column headings all have the same interpretation
as described above. These results clearly indicate that
our BP&C method significantly improves upon the
current state-of-the-art methods as all but one of the
20-customer instances are solved to optimality, whereas
the methods by Froger et al. (2019) and Kancharla and
Ramadurai (2020) solve only five of them. The presented
method is also able to solve 10 of the 40-customer
instances, leading to a total of 24 new benchmark
instances solved to optimality. The computing times are
also significantly lower, reducing the computing times
by factors of 44 and 6 for the 10- and 20-customer
instances, respectively. It should be noted that the
single-threaded CPU ratings of the CPUs used by Fro-
ger et al. (2019) and Kancharla and Ramadurai (2020)
are 1,493 and 1,183, respectively, compared with 2,509
in our case. However, this can only explain a small part
of the performance gap displayed by the results.

5.2.3. Numerical Results for the New E-VRPTW-NL
Instances. The algorithmic performance is studied fur-
ther by solving the E-VRPTW-NL instances described in
Section 5.1. The maximum computing time was set to
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Table 2. Results on the E-VRP-NL Instances of Montoya et al. (2017)

Froger et al. (2019) Kancharla and Ramadurai (2020) Our method
#Cust. #Inst. #Solved Time (seconds) #Solved Time (seconds) #Solved Time (seconds)
10 20 20 229.5 20 80.1 20 1.8
20 20 5 8,222.2 5 8,893.0 19 1,211.1
40 20 0 10,800.0 0 10,800.0 10 5,888.6

Notes. Columns #Cust., and #Inst. indicate the number of customers and the number of instances, respectively, for a given aggregation of
instances. The number of instances solved to optimality by each method is shown in the columns labeled #Solved, whereas the average
computing time (in seconds) is given in the columns labeled Time.

one hour. The aggregated computational results when  not have to abort the charging to reach a customer
using a bidirectional labeling algorithm for solving the =~ before the end of its time window. For the instances
pricing problem are presented in Table 3, where the col- ~ with narrow time windows, we see that it is optimal to
umns #Cust., Type, #Inst., #Solved, and Time have the =~ do many short partial recharging operations as opposed
same interpretation as above. Columns #Nodes and #SR  to fewer long ones.
cuts indicate the number of branch-and-bound nodes Table 4 reports the computational results when the
explored and the number of subset row cuts applied,  pricing problem is solved by a monodirectional forward
respectively. The columns under #Routes with x  labeling algorithm. The columns are the same as in
recharge oper. show the average numbers of routes in ~ Table 3. Comparing the results with those presented in
the optimal solution with x recharging operations,  Table 3, we see that using a bidirectional labeling
where x is indicated by the number below. Only  algorithm for solving the pricing problem exactly out-
instances solved to optimality are included in this  performs using a monodirectional labeling algorithm.
calculation. Twelve instances are only solved to optimality when
The numerical results show that the algorithm is  using bidirectional labeling, whereas no instance is only
able to solve instances with up to 100 customers. As  solved when using monodirectional labeling. Further,
expected, the results for instances with narrow time  the computing times are, on average, significantly
windows (type 1) are better than those for the instances lower.
with wide time windows (type 2). Furthermore, a com-
parison with Table 1 indicates that the computing time
used by the proposed method only increases slightly ~ 5.3. Recharging Function Simplifications
when the instances contain heterogeneous nonlinear Montoya et al. (2017) showed that modeling the rechar-
recharging functions compared with a single linear  ging process with a piecewise linear function gives an
recharging function. accurate estimate of the time that it takes to recharge. As
Further analysis of the solutions shows that even  reviewed in Section 1.1, there exist several effective
though the average route length increases for the  solution methods that assume either homogeneous or
instances with wide time windows, the average number ~ heterogeneous linear charging functions or a single non-
of recharging operations per route actually decreases.  linear charging function. It is thus interesting to analyze
This is likely because the vehicle is able to recharge  how different simplifications of the recharging func-
more at each visit to a recharging station because it does ~ tions affect the feasibility and the cost of the vehicle

Table 3. Results on the E-VRPTW-NL Instances When Using Bidirectional Labeling

#Routes with x recharge oper.

#Cust. Type #Inst. #Solved Time (seconds) #Nodes #SR cuts 0 1 2 >3
25 1 29 29 9.8 14 7.9 0.76 2.48 1.48 0.21
25 2 27 27 40.0 1.0 34 1.81 0.81 0.30 0.00
50 1 29 27 499.0 22.9 24.6 1.22 3.74 2.48 0.22
50 2 27 22 1,152.6 1.3 8.4 2.36 1.68 0.27 0.05
100 1 29 8 2,800.9 66.8 71.1 3.88 538 3.75 0.88
100 2 27 4 3,205.2 2.6 9.2 3.50 225 0.50 0.00

Notes. Columns #Cust., Type, and #Inst. indicate the number of customers, the instance type, and the number of instances, respectively, for a
given aggregation of instances. The number of instances solved to optimality by each method is shown in the column labeled #Solved, whereas
the average computing time (in seconds) is given in the column labeled Time. Columns #Nodes and #SR cuts indicate the number of branch-
and-bound nodes explored and the number of subset row cuts applied, respectively. The columns under #Routes with x recharge oper. show the
average number of routes in the optimal solution with x recharging operations, where x is indicated by the number below.
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Table 4. Results on the E-VRPTW-NL Instances When
Using Monodirectional Labeling

#Cust. Type #Inst. #Solved Time (seconds) #Nodes #SR cuts

25 1 29 29 37.0 1.6 8.4
25 2 27 27 66.3 1.0 24
50 1 29 23 1,152.1 17.2 23.3
50 2 27 18 1,728.3 0.9 6.6
100 1 29 6 2,981.0 4.6 37.3
100 2 27 2 3,489.9 1.3 2.4

Notes. Columns #Cust., Type, and #Inst. indicate the number of
customers, the instance type, and the number of instances,
respectively, for a given aggregation of instances. The number of
instances solved to optimality by each method is shown in the
column labeled #Solved, whereas the average computing time (in
seconds) is given in the column labeled Time. Columns #Nodes and
#SR cuts indicate the number of branch-and-bound nodes explored
and the number of subset row cuts applied, respectively.

routes for the E-VRPTW-NL with heterogeneous non-
linear recharging functions.

Five simplifications of the recharging process have
been tested and analyzed. The simplifications are
denoted NL1, L1 secant, L3 secant, L1 extrapolation,
and L3 extrapolation, where L denotes that the rechar-
ging functions are linear, whereas NL indicates that
they are nonlinear (piecewise linear). The number repre-
sents the number of recharging technologies. If there is
only one, then it is based on the normal-type recharging
function. In the cases where the recharging functions
are purely linear, they are found by taking the secant or
the fastest line segment from the corresponding non-
linear function used and extrapolated up to the maxi-
mum battery capacity. Hence, the L1 secant produces
the instances of Desaulniers et al. (2016), and L3 extrapo-
lation is the only one yielding a relaxation of the original
problem. The different recharging function versions are
illustrated in Figure 9.

For each simplification, we have run our algorithm
on all of the test instances presented in Section 5.1. Each

Figure 9. (Color online) Different Recharging Functions
Used During Testing
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vehicle route in each optimal solution has then been
re-evaluated by fixing the node sequence of the route
and checking if a feasible charging schedule exists with
respect to the charging technologies of each node in the
original instance. An example of such a re-evaluation is
shown in Figure 10, where the development of the vehi-
cle’s SoC over time for an optimal route for the simplifi-
cation L3 extrapolation is compared with the charging
schedule obtained by using the original charging func-
tions. In Figure 10, we see that the simplification overes-
timates how much the vehicle charges at the first
charging station before having to leave to reach the next
customer within its time window. This leads to the vehi-
cle battery becoming empty before reaching the second
charging node, leading to an infeasible solution.

Table 5 shows the number of routes (#Routes) and
solutions (#Solutions) found when aggregating the
results based on the number of customers, the type of
time windows, and the simplification of the recharging
functions. Only instances solved to optimality are
included. The rows denoted %Routes feas. and %Sol.
feas. provide the percentages of the routes and solutions
that are feasible when evaluated with the original
recharging functions, respectively. In Table 6, columns
Avg. and Max. denote the average and maximum objec-
tive value increases in percentages, respectively, when
comparing the optimal objective value of the simplified
problem and the original problem. Similarly, the col-
umns denoted Opt. indicate the number of times that
the optimal solution to the given simplification is feasi-
ble and has the same objective value as the original
instance. Only those instances where both the simplified
problem and the original problem are solved to optimal-
ity and the simplified solution is feasible when evalu-
ated with the original recharging functions are
included. The number of such instances is shown in the
#Inst. columns.

A few insights can be seen from Tables 5 and 6. First,
one can see that all simplifications usually yield feasible

Figure 10. (Color online) The Development of the SoC over
Time for a Route Given That Recharging Is Modeled Using
the L3 Extrapolation and NL3 Approaches
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Table 5. Results for the Different Simplifications with Regard to Feasibility

25 Customers 50 Customers 100 Customers

Simplification Type 1 Type 2 Type 1 Type 2 Type 1 Type 2
L1 secant
#Routes 148 79 208 100 153 25
%Routes feas. 96.6 100.0 90.9 100.0 91.5 100.0
#Solutions 29 27 26 23 11 4
%Sol. feas. 82.8 100.0 50.0 100.0 18.2 100.0
L3 secant
#Routes 147 79 197 92 139 31
%Routes feas. 99.3 100.0 99.0 100.0 98.6 100.0
#Solutions 29 27 25 21 10 5
%Sol. feas. 96.6 100.0 92.0 100.0 80.0 100.0
L1 extrapolation
#Routes 145 79 203 96 152 35
%Routes feas. 93.1 98.7 86.2 100.0 88.8 94.3
#Solutions 29 27 26 22 11 6
%Sol. feas. 69.0 96.3 38.5 100.0 18.2 66.7
L3 extrapolation
#Routes 142 79 208 96 111 31
%Routes feas. 97.2 98.7 96.6 100.0 100.0 100.0
#Solutions 29 27 27 22 8 5
%Sol. feas. 89.7 96.3 74.1 100.0 100.0 100.0
NL1
#Routes 145 79 195 97 166 35
%Routes feas. 93.1 100.0 87.2 100.0 89.2 97.1
#Solutions 29 27 25 22 12 6
%Sol. feas. 69.0 100.0 40.0 100.0 16.7 83.3
NL3
#Routes 143 79 207 96 111 25
%Routes feas. 100.0 100.0 100.0 100.0 100.0 100.0
#Solutions 29 27 27 22 8 4
%Sol. feas. 100.0 100.0 100.0 100.0 100.0 100.0

Notes. This table shows the number of routes (#Routes) and solutions (#Solutions) found when aggregating the results based on the number of
customers, type of time windows, and the simplification of the recharging functions. Only instances solved to optimality are included. The rows
denoted %Routes feas. and %Sol. feas. provide the percentages of the routes and solutions, resepectively, that are feasible when evaluated with
the original recharging functions.

solutions when the time windows are wide. Addition-  nonlinear recharging functions as a simplification might

ally, Table 6 shows that the objective values for the type
2 instances only increase for the L1 secant and L3 secant
simplifications, where the maximum increases are
0.02% and 1.42%, respectively. Hence, if the instances
that one faces have wide time windows, there is little
benefit of solving the problem with heterogeneous

give an equally good outcome at a lower computational
cost and less implementation effort.

Second, with regard to feasibility, it seems that keep-
ing the recharging technologies heterogeneous is more
important than how each of them is represented, and
the secant simplifications give, in general, a feasible

Table 6. Increase in Objective Value for the Different Simplifications

Type 1 Type 2
Simplification Avg. (%) Max. (%) Opt. (%) #Inst. Avg. (%) Max. (%) Opt. (%) #Inst.
L1 secant 0.67 3.39 26.32 38 0.00 0.02 98.11 53
L3 secant 0.52 3.13 32.73 55 0.03 1.42 92.31 52
L1 extrapolation 0.14 1.27 65.63 32 0.00 0.00 100.00 52
L3 extrapolation 0.00 0.00 100.00 53 0.00 0.00 100.00 52
NL1 0.18 1.27 62.50 32 0.00 0.00 100.00 52

Notes. Columns Avg. and Max. denote the average and maximum objective value increases in percentage, respectively, when comparing the
optimal objective value of the simplified problem and the original problem. Similarly, the columns denoted Opt. indicate the number of times
that the optimal solution to the given simplification is feasible and has the same objective value as the original instance. Only those instances
where both the simplified problem and the original problem are solved to optimality and the simplified solution is feasible when evaluated with
the original recharging functions are included. The number of such instances is shown in the #Inst. columns.
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solution more often than the simplifications using
extrapolation from the fastest slope. This might be
because of the robustness that some of the simplifica-
tions offer with regard to the original recharging func-
tions. Charging on intervals where the original
recharging function has a higher recharging rate than
the simplification introduces robustness through slack
in the scheduling. The simplification overestimates the
charging time, and the excess time might be spent later
on the path whenever the simplification underestimates
the recharging time. However, the excess time might
also be lost because of having to wait for time windows
to open.

It is well known that introducing robustness in solu-
tions often come at the expense of a worse objective
value. Table 6 supports this statement as the secant sim-
plifications give more expensive solutions than the sim-
plifications using extrapolation from the fastest slope.
Notably, L3 extrapolation is a relaxation of the original
problem, so whenever it is solved to optimality and
finds a feasible solution to the original problem, the
solution is going to be optimal for the original problem
too. That simplification is also the only one that under
no circumstances accumulates excess time and hence,
robustness because of the recharging modeling.

To further investigate how the infeasible solutions
from each simplification differ from the solutions pro-
duced with NL3, we present a more detailed compari-
son in Table 7. A VRP solution can be thought of as two
simultaneous decisions: (1) how to partition the set of
customers into subsets that are served on the same vehi-
cle route and (2) in what sequence the customers on
each route are visited. In this analysis, we consider only
instances where both algorithms with the simplification
and with NL3 have solved the instance to optimality
and the solution found with the simplification is infeasi-
ble when evaluated with the real recharging functions.
For each simplification, Table 7 gives the number of
instances where both the simplification and the original
problem are solved to optimality (#Inst.), the number of

those instances where the algorithm with the simplifica-
tion provides an infeasible solution to the original prob-
lem (#Infeasible solutions), and the percentage of these
where the customer partition in the optimal solution
obtained with the simplification is the same as in the
NL3 optimal solution (Same customer partition (%)).
Further, for those instances where the partition differs,
we calculate the percentage of customers who must be
moved to recreate the partition given by the optimal
solution to NL3 (Min customer moves (%) in Table 7).
This is done by solving a matching problem. Finally, the
percentage of the instances where all of the customer
sequences are the same as in the NL3 solution is given
(Same customer sequences (%) in Table 7).

Table 7 shows that in almost 80% of the instances
where the simplifications give infeasible solutions,
(some of) the routes serve different customers. Even for
L3 extrapolation, which is a relaxation of NL3, the custo-
mers are partitioned differently in almost half of the
instances with an infeasible solution. Further, we see
that, on average, more than 10% of the customers have
moved to a different route, which means that for an
instance with 100 customers, more than 10 customers
are served by a different route. This clearly indicates
that the structure of the solutions can change signifi-
cantly when the recharging model is simplified. An
additional 7.8% (=23.1 — 15.3%) of the instances have
routes with the same customers, but for at least one
route, the customer sequence is different. For the
remaining 15.3% of the instances, both the partitioning
and the customer sequences are the same. For these
instances, the positioning of the recharging stations, the
selection of charging stations, or both differ.

To summarize, the numbers in Tables 5 and 6 indicate
that the modeling of the recharging process is less
important when the time windows are wide; hence,
using a single linear recharging function might give the
best results. When the time windows are narrow, one
can use the L3 secant simplification if finding a good fea-
sible solution is acceptable. If an optimal solution is

Table 7. Statistics on Infeasible Solutions from the Simplifications

#Infeasible Same customer Min customer Same customer
Simplification #Inst. solutions partition (%) moves (%) sequences (%)
L1 secant 114 23 43 16.2 0.0
L3 secant 112 5 20.0 55 20.0
L1 extrapolation 115 31 19.4 13.2 9.7
L3 extrapolation 116 11 54.5 16.0 36.4
NL1 113 29 17.2 13.2 10.3
Average 23.1 12.8 15.3

Notes. For each simplification, this table gives the number of instances where both the simplification and the original problem are solved to
optimality (#Inst.), the number of those instances where the algorithm with the simplification provides an infeasible solution to the original
problem (#Infeasible solutions), and the percentage of these where the customer partition in the optimal solution obtained with the
simplification is the same as in the NL3 optimal solution (Same customer partition (%)). Further, for those instances where the partition differs,
we calculate the percentage of customers who must be moved to recreate the partition given by the optimal solution to NL3 (Min customer
moves (%)). This is done by solving a matching problem. Finally, the percentage of the instances where all of the customer sequences are the
same as in the NL3 solution is given (Same customer sequences (%)).
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sought, L3 extrapolation might be the best option. Fur-
ther, the results from Table 7 show that solving the
instances with simplified recharging functions often
leads to different partitions and/or sequences of custo-
mers, indicating that solving a simplification of the E-
VRPTW-NL in combination with an exact algorithm for
scheduling the recharging is not a viable strategy to
solve the full problem.

6. Concluding Remarks

In this paper, we present an exact solution method for
the E-VRPTW-NL with heterogeneous recharging tech-
nologies and nonlinear recharging functions. It is a
BP&C algorithm, relying on a tailored bidirectional
labeling algorithm to solve the pricing problem. The
labeling algorithm is capable of handling the interde-
pendency between time and state of charge arising
because of scheduling of recharge operations. The algo-
rithmic performance is tested on a new set of benchmark
instances as well as compared with well-known exact
solution methods for both the E-VRPTW-L and the E-
VRP-NL. Our algorithm is capable of solving instances
with three different recharging technologies repre-
sented with piecewise linear functions consisting of
three segments and where there are 100 customers and
21 recharging stations. The performance of the pro-
posed method is competitive with a well-known exact
solution method for the E-VRPTW-L, and a slightly
modified version solves more instances than the state-
of-the-art exact solution methods for the E-VRP-NL. For
solving the pricing problem, a bidirectional labeling
algorithm is shown to clearly outperform a monodirec-
tional one.

Moreover, we have studied various ways of simpli-
fying the recharging functions to see how it affects the
solution quality. We have tested both linearizing the
recharging functions and having homogeneous rather
than heterogeneous functions. The results indicate
that simplifying the recharging functions has little
impact on the objective value, with all simplifications
ending up within 1% of the optimal solution on aver-
age. However, the feasibility of the solutions produced
by the simplified recharging functions, when evalu-
ated on the original nonlinear functions, varies. For
instances with wide time windows, the representation
of the recharging functions seems to be less important,
and using homogeneous linear recharging functions is
sufficient. However, the results indicate that when the
time windows are narrow, it is important to represent
the heterogeneity of the recharging functions in the
problem. Keeping the nonlinearity of the recharging
functions seems to be less important as linear rechar-
ging functions obtained by taking the secant of each of
the original nonlinear functions leads to feasible routes
in 99% of the cases.

Interesting topics for future research might be to extend
the solution method to encapsulate more realistic model-
ing of the energy consumption. That might involve, for
example, load-dependent or uncertain energy consump-
tion. Speed optimization might also be an interesting
direction as the energy consumption is a nonlinear func-
tion of the vehicle speed.
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