This article was downloaded by: [216.73.216.139] On: 13 July 2026, At: 22:26
Publisher: Institute for Operations Research and the Management Sciences (INFORMS)
INFORMS is located in Maryland, USA

7 N2 Transportation Science
e mmmm  TRANSPORTATION
IMEN SCIENCE Publication details, including instructions for authors and subscription information:

@ E http://pubsonline.informs.org
JE.[

Letter to the Editor—On Vertex Addends in
Minimax Location Problems

Chihchih C. Lin,

To cite this article:
Chihchih C. Lin, (1975) Letter to the Editor—On Vertex Addends in Minimax Location Problems. Transportation
Science 9(2):165-168. https://doi.org/10.1287/trsc.9.2.165

Full terms and conditions of use: https://pubsonline.informs.org/Publications/Librarians-Portal/PubsOnLine-
Terms-and-Conditions

This article may be used only for the purposes of research, teaching, and/or private study. Commercial use or
systematic downloading (by robots or other automatic processes) is prohibited without explicit Publisher approval,
unless otherwise noted. For more information, contact permissions@informs.org.

The Publisher does not warrant or guarantee the article’s accuracy, completeness, merchantability, fitness
for a particular purpose, or non-infringement. Descriptions of, or references to, products or publications, or
inclusion of an advertisement in this article, neither constitutes nor implies a guarantee, endorsement, or support
of claims made of that product, publication, or service.

© 1975 INFORMS

Please scroll down for article—it is on subsequent pages

informs.

With 12,500 members from nearly 90 countries, INFORMS is the largest international association of operations
research (O.R.) and analytics professionals and students. INFORMS provides unique networking and learning
opportunities for individual professionals, and organizations of all types and sizes, to better understand and use
O.R. and analytics tools and methods to transform strategic visions and achieve better outcomes.

For more information on INFORMS, its publications, membership, or meetings visit http://www.informs.org



http://pubsonline.informs.org
https://doi.org/10.1287/trsc.9.2.165
https://pubsonline.informs.org/Publications/Librarians-Portal/PubsOnLine-Terms-and-Conditions
https://pubsonline.informs.org/Publications/Librarians-Portal/PubsOnLine-Terms-and-Conditions
http://www.informs.org

Downloaded from informs.org by [216.73.216.139] on 13 July 2026, at 22:26 . For personal use only, all rights reserved.

Letters to the Editor

On Vertex Addends in Minimax Location
Problems

CHIHCHIH C. LIN
The Finance and Quartermaster School, Taipes, Taiwan

This letter gives a useful interpretation of verlex addends in minimaz loca-
tion problems. Also, Handler's solution method for this problem ts extended
to the case when addends are present.

Let G(V, E) be a finite undirected connected graph with vertex-set V and
edge-set E consisting of rectifiable arcs. A ‘point’ of G is either a vertex or an interior
point of an edge. Thus the (symmetric) shortest-path distance d(z, y), between
two points z and y of @, is well defined. Associated with each vertex v is a non-
negative ‘addend’ a(v). Define the (asymmetric) function d(z, v) as

d(z, v) = d(z, v) + av), 1)
and let L(z) = max{d(z, v):veV}. ®)

A vertex vy that minimizes L{z) over V is called a ‘vertex center’ (VC), and a
point z that minimizes L(z) over all points is called an ‘absolute center’ (AC). In
this note, we show how to determine a VC and AC by solving a related problem
without addends.

For finding these ‘centers,’ in the general network case, GoLoman has proposed
a graph reduction method, while HanpLER® has given a simple solution algorithm
for the case of a tree graph with all of whose vertex addends a(v) are zero. Recently,
by first finding the VC and then AC, HavrinN!¥ obtained an efficient method for
this problem. However, its explanation seems cumbersome. The development
stated in this paper, though not necessarily more efficient than Halfin’s, can give a
more straight-forward and intuitive understanding than previously available. It
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has stimulated an extension of Handler’s method to the case when (nonzero)
addends are present.

THEORETICAL ANALYSIS

Wz BEGIN BY disposing of the somewhat special case in which @ has a dominant
vertex, i.e., a vertex » such that

a() z d@, v) + a@) = d, v) ®3)

forallo’ e V, »' = v.
Itis readily seen that G can have at most one dominant vertex. Also, v 1s dominant
if and only if

L) = d{v, v) = av). (4)

LemMa. A dominant vertex is an AC, tn fact the unique AC.
Proof. For the proof, let » be a dominant vertex and let z be any point of G, then

L@) z d(x,v) = d(z,v) + o) z a@) = L), ®)

so v is an AC. Since equality holds only if d(z, v) = 0, v is the only AC.

For the remainder of the analysis, it is convenient to enlarge the graph G =
(V, E) to a graph G* = (V*, E*) defined as follows. Let V = {vy, - - -, v} ; then we
introduce a set V' = {v1/, - - -, v’} of new vertices and set V* = ¥V U V’. We also
introduce a set B’ = {e1/, -+, en’'} of new edges ¢.’ = (v,, v.") with respective
lengths a(v:), and put E* = E U E’. The shortest-path distance d(z, y) on G is
readily and uniquely extended to a corresponding function on G*, and so for = ¢ G*
we may in analogy with reference (1) define

g'(x) = max{d(z, v):v € V¥}. (6)

A point z* ¢ G* which minimizes ¢’(z) will be called an AC of G*. Determining an
AC of G* is an ‘addend-free’ minimax location problem; it will be shown below to
be equivalent to the problem (with addends) of determining an AC of G.

TuroreM. Let 7* be an AC of G*. If * € G, then 2* ts an AC of G and L(z*) = ¢’ (z*).
If z* € G* — @, specifically if * e e;’ — @, then v, is a dominant vertex of G and hence
the unique AC of G.

Proof. For the first part of the proof, consider any = e G. Since each a(v,) = 0,
we have

¢'(x) = max{max, d(z, »,), max; d(z, v.")}
max{max, d(z, v.), max; ld(z, v.) + a@.)l} M
max; [d(z, v;) + a(@,)] = L(@).

I

In particular, if 2* € G then for any x ¢ G
L(z) = g(@) z ¢g@@¥) = L"), @®
which shows that 2* is an AC of G.
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For the second part of the proof, assume =* e e,’ — G. If @ consists of a single

vertex, the theorem is certainly true; hence assume G has at least two vertices,
and let

€. = Max,x.{d(v, v;) + a@,)}. 9
For any z € e/, with d(v)’, ) = s where 0 = s < a(v,), we have
g'(x) = max{s, a(v,) — s + ¢,}, (10)
and thus
g'(x*) = min{max [s, a(®:) — s + ¢,]:0 < s < a@,)}. 11

If ¢, > a(vq), the minimum oceurs uniquely for s = a(p;), corresponding to z* = v,
and contradicting the assumption z* € ¢,” — @. Hence a(vi) Z ¢y, implying that v,
is a dominant vertex of G and completing the proof.

INTERPRETATION

The theorem actually states that, from the point of view of finding the AC,
though G* (addend-free) is a graph larger than G (with addends), they have the
same topological structure. Thus, the addend a(v) associated with vertex v is
equivalent to a new edge extending from » to a new vertex »” with edge length
d(v, v") = a(v). In particular, if G is acyclic (.e., a tree), then the same is true for
G*, so that Handler’s method®? is available.

Indeed, in order to find the AC of @ by this method, we don’t need formally to
construct the graph G*. We may first check the maximal vertex addend a(v’) to
see whether v’ is a dominant vertex. If it is, stop; ¢’ is the AC. Otherwise, we choose
any point z ¢ G (choosing a vertex is advised) and find a vertex »; € V such that
d(z, v1) = L(z), then find a vertex v, e V such that

H(vy, v2) = avy) + dvy, v9) + a(vy)
= a(@1) + d@y, v2) = a(vy) + L{vy). (12)

Then the AC1is on the path from v; to v, at the distance of [a(vs) — a(v)+d (v1,02)]/2
from ¢1. Note that this quantity is very similar in form to the d* defined in reference
3, and essentially is obtained by subtracting a(v1) from H (v1, v2)/2, i.e., from
dwy’, v2")/2.

Both Goldman™ and Halfin’s® method reduce the graph by converting edges
into vertices with addends, while, in order to employ Handler’s method,?l we
enlarge the graph by converting vertices with addends into new edges. Thus, a
comparison of their efficiency becomes desirable. The core problem of Handler’s
algorithm (and hence ours) is to find the longest distance L(z) from a point z on
the tree. To do this, we need to find the path length d(z, ») from z to any vertex v,
and hence the path length d(v’, v), where v’ is any of the two nodes of the edge
containing z. Given the connection matrix and the length of each edge, though the
existing algorithm—e.g., DiyksTRA’S procedurc!-—can be suitably simplified for
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the tree case, the operations included are not too simple compared with Halfin’s.
So that, despite the present development’s ease of understanding, it is not necessarily
more efficient than the graph-reduction approach.
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