Appendix

In all proofs that follow, we use ¢(-) and ®(-) to denote the standard Normal probability

density function and cumulative distribution function respectively, with ®(-) =1 — ®(-).
In the second period, observing n; reviews posted by previous product adopters, cus-

tomers update their quality perceptions from prior belief ¢y, to posterior belief ¢;. §¢; is

normally distributed with a mean of ¢;. According to DeGroot (2004), we have:
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o, n10g 1 n17y
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where go = 0 is the mean of prior belief, and v = 0¢?/0,%. In the first period, ¢;, the mean
of the posterior belief is viewed as a random variable, as it depends on the unobservable
realization of product quality 4 and the noise in posted reviews. Specifically, if the product’s
quality realization is p, the sample mean of n; reviews, R, follows R~ N(u,0,?/n1) so that
@lp~ NG5, (%)2‘;’—12) Therefore, since p is an ex ante normal random variable,

p~ N(qo,00%), and we have:

Blar) = B(Blailud) = B~ =40 =0,

and

Var(q) = EVar|g|p) +Var(Elg|u)

2 2
niy o ny 0. (my+1)
=( (=t o0”) = ( )*=~

niy+1 ni niy+1 ny
_ ny7y o2
my+1 ’

Proof of Lemma 1
(i) Given any arbitrary price plan {pi,ps}, customers make purchasing decisions com-
paring the first-period profit and the second-period profit, which follows a threshold policy.

Denote 7,(p1,p2) to be the threshold value. Derived from v — p; = (v + p(1 —0) — pa), we
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have: v = ’%. We then discuss several cases: when p; < v <1, that is (1—p1)p > pa—p1

and (1 —py)d <1 —p;, we have 7, = ’%; when v < p; and v < 1, a customer with

preference higher than p; purchases the product in the first period, and the threshold 7,
is denoted by p;; when ¥ > 1, no sales occur in the first period, and the threshold value 7,

is denoted by 1. Then in summary, we have:
(

21 (1—p)p<ps—pi and (1 —p3)0 <1—p,

Top(P1,D2) = % (1—p1)p>pa—prand (1—p2)d <1—py

1 (1=p2)d>1—ps

\

(ii) Customers with preference lower than 7,(p1,p2) choose to remain in the second

period. Furthermore, customers purchase the product given nonnegative utilities, that is,

v+ p(1 = Tp(p1,p2)) — P2 > 0, thus we have ps — p(1 — 74, (p1,02)) < v < Top(P1,P2)-

Proof of Proposition 1

i) According to the expression of 7,(p1,p2) in Lemma 1 and the firm’s objective
g P J

Top(D1,02) = D11 — Top(P1,02)] T + Ap2[Tep (D1, 2) + p(1 — Top(p1,p2)) — p2] ™, we discuss the
following cases:

(1) When the threshold 7, (p1,p2) is ’%, that is, the first-period market is par-

tially covered. Moreover, the second-period market is not fully covered. Then the film’s

optimization is expressed by

max  myy(1)( )= (1_W) A (p1—5p2+5p (_p1—5p2+5p)_ )
e 161 p) 1=6(1—p)"

)
p1—0p2+4p
P1=950-0)

0< p1:5p2jr5p + p(l _ p1:5p2j5p) —py < p1:5pzjr5p
subject to 1=90=0) 1=ot=) 1=0(t=) (from Lemma 1)
p1=0pa+ép 1

1-6(1=p) —

| P15 P2 >0
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The derivations of 7y, (p1,p2) with respect to p; and p, are given by

Omp(1) _1-2p1+ (=1 +p2) + A(p2 — pp2)

8p1 1— 5(1 — p)
and
Omp1y  Op1+ A(p+p1 — pp1 — 2p2)
Op2 1-46(1—p)
o0 o, . . .
Let 20 — 0 and “2% = (0, we then get the interior solution: p! =
Op1 Op2 )
A(=2=6(—2+4p)+ p(—1+4p)) x §(8—1)+\(6—p—3p—1) and - o
82 AN 20N+ AZ—20pA—2X2p+A2p2 S T ) WY 5 WIS VAT 5 Wiy S Uy Vs bp(1)  —
A(1—5+A\p o
—52_4/\+25)\+&2_26p>\)_2/\2p+>\2p2. Then we check constraints:
1) A(=2=8(=24p)+Ap(=1+p)) p1=0pa+6p _ 6> H5(A=2Xp)+A (=24 N (=1+p)p) .
D1 = AT 2N AT 20 pA 202 ot AZp% = 15(1-p) | OZ—AAT2ONFAZ_20pA_2XZptAZp2
p1—=30p2+dp _ p1=dpetdpy _ _ d—A(1+p) p1—0p2+dp __
2) 0 < H= 5(i-p) T p(1 1—5(1—p)) D2 = ST asn iz 20pA 20210207 = 15(1-p)

52+6(A=2Xp) +A(=24+A(—=1+p)p) .
02— ANF25A+A2—25pA—2X2p+A2p2

3) pi=dpatdp _ 2HSQA2A0)AAN=24+A(—14p)p) 1.
1-8(1—p) 82— AXH200F+A2—25pA—222p+A2p2 = 3

A(=2=6(=24p)+Ap(=1+4p)) .
4) pr=5— INF2ONT A2 20pA 202 pt \Zp2 > 0;

0(0—1)+A(6—p—dp—1)
5) P2 = Frzeniar sz = 0-

Accordingly, constraints hold if and only if (i) p <146 and - S<A<ILor (il) p>1446

and ;- <A< 1—+, then we discuss the case when (i) 0 <\ < F5 or (ii) p>1446 and

i) If pi =0, let %ﬁmm) =0, then we have p; = £.

Then we check constraints:

- 5 _
1) 2= ggfgp —p = % >0=p < I%ffj)p always holds;
2) 0<B= S+ p(1— P_lliégzip)p) Py = gty S e 5 =1 or p=0

(excluded because p > 0);

—Opa+0p __ 2—26+6 Spa+6
3) 1- pffagip)p = 2,25(1,2) >0= 1%’ <1 always holds;

4)p2=§>0.
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Accordingly, pi =0 and p5 = § are valid if and only if § = 1, where 1) = %. Then if

0 # 1 we discuss boundary solutions as follows.

1) If pt = 2=0p200 o have pi = p and Top(1) = -

= 1=5(1—p)
2) If %ﬁ—p(l—%)—m:(x we can have p5 = p and Wg‘p(l)=0-%+
Apy - 0=0.
3) If %@ +p(1— %ﬁ) —py = %g, we can have p; = p and thus ﬂ-l;kp(l) =0.
4) If %ﬁ =1, we can have pj = 25! and thus (1) = % <0.

Thus in the case of pj =0, we have

N

ps=% T =4 if =1

Py =P ng(l):() if 6F1.

i) If p5 =0, let %ﬁmmz) =0, we have pj = 17_5, then we check constraints:

1) p1=9p2+3p —p = d(A+8(=1+p)+p) >0=p < W always holds;

1-6(1-p) 2—26(1-p) (1-p)
—6patd —6pa+5 14+6(—1 pats
2) 0< ’%fjp)” + p(1 — ’%fjp)p) — Py = J;_(Tf_pl;“p always holds, ’%ﬁrp)” + p(1 —

p1—6pa+dpy _ p1—6pa+dp int PL=0p2+dp _ P1=0pa+dpy\ _ p1—6p2+dp
G ) —p2 > 5t > the constraint B +p(1 T )—p2 < S,y can

not be satisfied;

Accordingly, there exists no feasible interior solution. Then we discuss boundary solu-

tions as follows.

1) If pt = %, we have p} = ﬁ and thus m; ;) = —ﬁ <0.
2) If p1—0p2+dp 1— p1—=0p2+dpy _ 0 h «__ P d th * —__»r
) BSE) +p( Sty ) —p2 =0, we can have p} >&5 and thus m oo <

3) If’%ﬁ-p(l—%)—pz = %, we can havepf =1-—¢ and thus ng@) =0.

4) If B0 — 1, we have p; =1—4 and ;) =0.

Thus in the case of p; =0, we have pj =1—0 and Ty = 0-
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ii) If % =1, then we have p; — dps +0 — 1 = 0. Constructing the Lagrangian,

we have

o~ )= (1_p1—5p2+5p) (p1—5p2—|—5p (_p1—5p2+5p)_ )
bp(1)\P1,P2) =P1 1—5(1—0) 2 1—5(1—0) 1—5(1—0) 2

+a(p, — 0py +6 —1)

The derivatives of m,1) with respect to a, p; and p; are given by

0
7pr(1) =D1 —(5p2+5— 1=0
Oa
Omyp) _ 1+a+ad(=1+p) = 2p1 +0(=1+ps) + Ap2—pp2) _
Ip 1—06(1—-p)
Ompp(y _ —ab6(1+0(=1+p))+0p1 +Ap+p1—pp1—2p2) _ 0
Ip2 1-6(1-p)
Thus we have pj =1 — g, Py = % and mp, ) = %. Then we check constraints:

Dp=1- % < ’% =1 and thus the constraint p; < ’% always holds;

2) 0< ’%%—p(l — ’%) — Py = % < % =1 and thus the constraint 0 <

p1—0p2+46p + p(l . p1—5p2+5g) —py < p1—0p2+46p always hOldS;

1-6(1—p) 1-6(1—p) 1-6(1—p)
3) pr=1— g Z 07
4) P2 = % >0

Accordingly, the above solution is valid satisfying all constraints. So pj =1 — g, Py = %

and then ng(l) = %

iv) If %ﬂ = pi,we can obtain (1 — p)p; — po + p = 0. Constructing the

Lagrangian, we have

_— )= (1_p1—5p2+5p) (p1—5p2+5p (_p1—5p2+5p)_ )
bp(1)(P1,P2) =P1 T—6(1—p) 21 5(1—p) 1—6(1—p) 2

+0((1 = p)p1 —p2+p)
The derivatives of m,1) with respect to b, p; and p, are given by

Op(1)

b = —p)p1—p2+p=0
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Omipy _ 1 —=b(L+6(=1+p))(=1+p) = 2p1 +0(=1 +p2) + A(p2 — pp2)
ap1 1-0(1—p)

=0

Omp(1y  0p1+b(=14+6—0p) + A(p+pi(1—p) —2ps)

= =0
Op2 1-6(1-p)

Thus we have pj = % Py = #, and mp, ;) = ;11. Then we check constraints:

1) 0= p1=0p2+dp p(l — mﬁ) — py < B2t — 1 ang thus the constraint 0 <

1=3(1—p) 1-5(1—p) 1=5(1-p) 2
1% +p(1— %) po < ’% always holds;
2) ’% 5 <1 and thus the constraint ’% <1 always holds;
3) pr=73>0;
4) p2 = % >0

v) If BgRe 4 p(1 — Bgrte) — py = 0, we have (1 —p)p1 —ps +p =0, and we

can obtain p, = (1 — p)p1 + p. Thus the profit of the firm is expressed by my,a)(p1,p2) =

p1(1— M) Substituting p, = (1 —p)p1 + p into w1y (P1, P2), we have w1y =p1(1—p1)

1=5(1—p)
and we can get the solution: p] = % Py = %, and 7y (1) = . Then we check constraints:
1) p= % 1 and thus the constraint p; < W always holds;
2) B - p(1 — BgRie) — py < Bgpie = 5
3) %ﬁ 5 <1 and thus the constraint %ﬁ‘? <1 always holds;
4) pr=73>0;

_ 1+
5) P2 = Tp > 0.
Accordingly, the above solution is valid satisfying all constraints. Thus p} = 3, p; = =57,
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vi) If B—gketop gﬁﬁf)” +p(1— p—f:ggfgp) —po = p—ll:gg?fgp, we can obtain —p(—1+06+py) +

(=14 9)pe = 0. Constructing the Lagrangian, we have

—0pa+dp —0pa +0p p1—0p2+dp
—p(1-2—=2T" S - ) -

+e(=p(=1+5+p1)+(—1+0)p2)

The derivatives of m,1) with respect to ¢, p; and p, are given by

% =—p(=1+6+pi1)+(=1+)p2=0
OTyp(1) _l—cep—2pi+ A(p2 — pp2) + (=1 +cp(1 — p) + ps) —0
op: 1-5(1—p)
Ompy _ (=14 0)(A+6(=1+p)) +p1 + A(p+ (1= p)p1 = 2ps) _
Opo 1-4(1—p)
Thus we have p] = 12;5, p; =%, and W;‘p(l) = #. Then we check constraints:
1) p= 17_5 < % = % and thus the constraint p; < % always holds;
2) 0 < Boprtle 4 p(1 — Btpetio) —p) — 1
3) pr= 17_5 > 0;
4) pp=15>0.
Accordingly, the above solution is valid satisfying all constraints. So p = 152, p3 = £,
and i) = 15230
When p>1+6 and —<)\<1 we have 1= 5+’\” > 1 and == 5+’\” > ’\p . When )‘<F’
we have § > #ﬁ and 1 > 543. Then in summary, in the case (1) we have
f
PI = 5= 4()\+225i(+/\22+p2)(;;))\\p(2)\12+pi)/)\2 7 P2 = = 4)\1(36)\2;)\ (5262/\ 6gx21;+,\2 2
Tp(1) = _52—4A+25Ai&12_—62§2§)—2A2p+A2p2’ if (i) p<1+dand 7 <A<T;
9 or (it)p>1+0 and 15 <A< 1+p
pi=12 ps=2, w;‘p(l)_m, if p>1+6 and —<)\<1
pT:%7 p;‘:?, sz(l):%; if 0SA<if, T+p°
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(2) When the threshold 7, (p1,p2) is ’%, that is, the first-period market is par-

tially covered. Moreover, the second-period market is fully covered. Then the film’s opti-

mization is expressed by

pipe  POMLE RS TS0 ) 1=5(1—p)
(
P < p—fjgﬁfjf
p1=0pa+dp p1=0p2+6p p1=dp2+dp
B +p(1—B=tE) —pp > B8
subject to 1=0(1=) 1=0(=e) 1=4(1=) (from Lemma 1)

p1—0p2+dp
151 p) =L

| P15 P2 >0

The derivations of 7y, (p1,p2) With respect to p; and p, are given by

OThp(2) _ 1—2p1 +6(—14p2)+ Ap2

Op 14+6(—=1+p)
Omp(2) _ Ap1+06(p1+ Alp — 2p2))
Op2 1+6(=1+p)
Let 67;’—;1(2) =0 and 67:;—;;2) =0, we then get the interior solution: pj = —%,
ph= 52—>\+<(5/(\—_;L2>\—2/\ﬂ)‘ But p; = _% < 0 contradicts with the constraint p; > 0.

Thus there exists no feasible interior solution. Then we consider boundary solutions:

i) If p; =0, let w =0, we have p; = § and 7}, = %' Then we check
constraints:
1)p=0< Pf:(?ﬁ?jj)ﬂ = 2_258_0) and thus the constraint p; < ’% holds;
2) Bt (=SSP — P = iy 2 S = it
3) S =t <

4) P2 = g > 0.
Accordingly, the above solution is valid satisfying all constraints. So p} =0, p; =4 and

T _ \op?
bp(2) T 4+46(—1+p) "
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. * on D 5 . *x _ 1— * _ - —20
i) If p5 =0, let % =0, we have p} = 1-2 and Top(2) = %. Then we

check constraints:

e opatdp _ Lip(—1425).
1) pr==~< pf_a(’f_p)p = 2—025(1—;;) 5

—pa+d —pa+9 1402 —8pa+p _ 1+p(—1+25) .
2) Bty TP = B5E0) — P2 = aostig) 2 s,y = 2oy o P2 201

1 bpatip _ 1+p(—1+20) ‘
3) SF <ASGS, = 2tway) Sl p=20-1;

4)p1:%20whenp§1.

Accordingly, p; = % and p; = 0 are valid if and only if 26 — 1 < p <1 where Top(2) =

%. Ifp>1o0r0<p<2i—1, we discuss boundary solutions as follows.

5 k) * * L
2) If py = pll_Tpfjp)ea we have pj = ;iLl and Top(2) = 7 (p-1) <0.

_ -5 k) —0 1) * *
3) If%%—p(l—%)—pg:%, we have pf =1—§ and Top(2) = 0-

Csmisn . —dpa+dp _
4) Ifﬁ%fjp)ﬂ_l,wehavewbp(Q)—pl*O‘Fo*%_o'

Thus in the case of p; =0, we have

pi=0o0r1-0, m,5 =0 if p>1lor 0<p<26—1

x _ 1— * o A2 X
PT= 3" Moo = mascasy W 20-1<p<1

ii) If % = p1, then we obtain (1 — p)p1 — p2 + p = 0. Constructing the

Lagrangian, we have

p1—5p2+<5p) p1— O0p2+0p

7pr(2)(p1yp2):p1(1—m p2m+a((1—mpl—?2+ﬂ)

The derivatives of my,2)(p1,p2) with respect to a, p; and p, are given by

OTyp(2)
—_— ]_— —_ —
9a (1—=p)p1—p2+p=0
Omype) _1—a(l+0(=1+p))(=14p) =2p1+5(-1+p2) +Ap2 _
op 1—-6(1—p)

Omp2) _ a(—=143—3p) + Ap1 +5(Ap+p1 — 2Ap2)

=0
Op2 1—06(1—p)
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Thus we have p; = 17”;3 and ph = 1—;&, and then my o = (1+p)<‘14+p§+P“p2). Then we check

constraints:

_ 14p _ p1—8p2+dp __ 1+4p .
1) p = 22 =85t =5, always holds;

2) p—ll__gg?jj)p + p(1 — p—f_‘;ﬁi%” ) —p2=0< %’) = p—f:;ﬁjp‘%” , and thus the constraint

p1—0pa+9 —0pa+d —5pa+d ;
pffaffjp)p +p(1— I%fjp)p) —p2 > % doesn’t hold;

Accordingly, the above solution can not satisfy all constraints and thus there exists no
feasible interior solution. Then we discuss boundary solutions as follows.
1) If p} =0, we have p; = p and 7,5y =0- (1 —0) +p2-0=0.

2) If p; =0, we have pj = -5 and m; ) = —ﬁ <0.

3) If % +p(1 — ’%) —py = %, we can have: p} =0, p; = p. Thus

71—;17(2) - 0 .

4) If ’% =1, according to 7%4—/)(1—%) —p2 > %, we get p5 =0,

and thus pj =1 where 7, o =p;-(1—-1)+0=0.

Thus in the case of %ﬁ =p1, we have a) p; =1 and p5 =0, or b) p; =0 and p} = p,

where ﬂgp(z) =0.

iv) If % =1, then we can obtain p; — dps + § — 1 = 0. Constructing the

Lagrangian, we have

PL=0Pa 0Py ) DL 0D 0P

1=o(i=p) ) TP 5(1=p) TP OO )

Wbp(Q)(Plapz) =pi(1—

The derivatives of my,2) with respect to b, p; and p; are given by

OTip(2)

%% =p1—0p2+0—-1=0

Omp2)  —14+b+b5(=14p)+Ap2
apl 1—5(1—p>
OTbp2) _ 6%(b—bp) 4+ Ap1 + (1 — b+ Ap—2Apy)

= :0
Op2 1—06(1—p)

0
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According to the above group of equation, we have pj =1, p5 =1 only when A =0. We
check the constraints:

1) py =1 = 2202220 4lways holds;

1-6(1-p)
—3pa+9 —3pa+9 : —8pa+d
2) 1011_Tplz_—|—p)g +p(1 — ’?_Tf"fjp)ﬁ) —pe = —1 < 0 and thus the constraint ’?_TZ?_J;)B +p(1 —

%) — py > 0 does not hold.

Accordingly, the above solution can not satisfy all constraints and thus there exists no

feasible interior solution. Then we consider about boundary cases.

—1+4

. —A+)Ad <0.

)

1) If pt =0, we have pj = and thus 7, ) =

2) If p5 =0, we have p; =1—4, and thus 7, =p1(1 —1)+0=0.

3) If%e—l—p(l—%g)—pg:’%g, we have pj =1— 6, p; =0 and thus

—6pa+5 : —6pa+6 —Opato —6pa+d
4) If pll_Tpf_’;)B = p1, according to ’?_Tpfjp)e +p(1 — Z%ffp)”) — Py > ’?_Tpffp)e, we have

p; =1, p5 =0, and thus Tp(2) 1S 1O more than 0.

Thus in the case of % =1, we have p;=1—-0 and p; =0, Typ(2) = 0-

v) If ’%g +p(1— ’%ﬁ) —po = %, then we can obtain —p(—1+4d +

p1) + (=14 0)py = 0. Constructing the Lagrangian, we have

p1—0p2 +0p
1-6(1-p)

p1—0p2 +0p

)+ AP 510 +e(=p(=1+06+p1) +(=1+0)p2)

Thp(2) (pl;]?z) :pl(l -

The derivatives of myp9) (p1,p2) With respect to ¢, p; and p, are given by

0
%Z—p(—1+5+2p1)+(—1+5)p2=0
Ompe) _1—cp—2pi+ Apa +0(=1—c(-1+p)ptp) _,
om 1—06(1-p)
OTip(2) _ c(=14+0)(1+6(=1+p)) + Ap1 +6(Ap+p1 — 2)py) _0
Ops 1-6(1—-p)

Thus we have p] = 12;5, ps =5 and ) = #. Then we check constraints:
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p=2<i= % and thus the constraint p; < W holds;

2) pL=0p2t0p 4 p(l— pL=0p2+3p Y—py=1= 21029 a1 thus the constraint Z=2r2to 4

1—6(1—p) 1-5(1—p) 2 = 1=5(1-p) 1—6(1—p)

p(1 — Bghton) — p, > B=gbetil holds;

3) 1P S BEEE = 5 <1

4) pr=52>0;

5) pp=5>0

Accordingly, the above solution is valid satisfying all constraints. So pj = 1%5, ps =% and
7Tbp( 2) — == 54+ =

In addition, we can have 1= ‘ZM” > 45’\?” Ty and = 54+ AL > (14 J:Zé(l 25+)p Thus in the case
(2), we obtain the solution: pj =152, p3 =2 and Top(2) = %

(3) When the threshold 7,(p1,p2) is 1, no sales occur in the first period, the film’s

optimization is expressed by

max 7pr(3)(p17p2) :)‘p2(1 _p2)

P1,p2
—8patd
NEE ==
subject to (from Lemma 1)
P1,p220

According to the expression 7,3y = pa(1 —p2), the firm can achieve its optimal profit at

Py = % and then the profit is jz\. Thus in the case (3), we obtain that the optimal profit is

sz(g)
(4) When the threshold 7,,(p1,p2) is p1, that is, customers purchase in the first period
given non-negative utility. Moreover, the the second-period market is not fully covered.

Then the film’s optimization is expressed by

max Top(4) (P15 P2) = P1(1 — p1) + Ap2(p1 + p(1 — p1) — p2)

p1,p
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subject to (from Lemma 1)

p1,p2 >0

From the derivations of myp4)(p1,p2) with respect to p; and p,, the solution can not
satisfy all the above constraints and thus there exists no feasible interior solution. Then
we consider boundary solutions as follows:

i) If pt =0, then all customers purchase in the first period and thus the optimal
profit is W;‘p(4) =0.

ii) If p5 =0, then the firm’s profit is expressed by p;(1 —p;), we can get p; = % and

p1—0pa2+dp _ _ 6(1+p)
1-6(1—p) ~—  2—26(1—p

w;‘p(4) = All, and p; — ) > 0= 0 =0, so this solution is valid only when

0 =0. Then we consider about boundary solutions if § # 0.

1) If p; =0, we have Ty = 0;

2) If Piopatoe —

S, = D1, we have p} = ﬁ and thus 7, = —ﬁ <0.

3) I py=1, mpy =0.

Thus in the case of p; =0, we have

pi=0or1, m,, =0 if 0£0

PI=13% Ty =1 1f =0

1

iii) If p; =1, the firm’s profit is expressed by Apy(1 —p2), then we can get p; = 3

A and p1—8patdp _ 2—54+28p

and Wg‘p(4) =17 =5(i=p) — 2-25426p < p; only when § =0, so this solution is valid only

when 0 =0. Then we consider about boundary solutions if § # 0.

1) If & —0pa+dp

5t =P1, we have p; =1 and thus m; ) =0.

2) If p5 =0, we have m ) =0.
Thus in the case of pj =1, we have
p3=0o0r1, m, ;=0 if 6#0

Py =13, W?:p(4):% if 6=0
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iv) If B=EE = §{f*jf = p1, we can obtain (1 — p)p1 — ps + p = 0. Constructing the

Lagrangian, we have

—0pa+dp

p1—Op2+dp
1—s(1—p) )+ Ap2

T=o0(1=p) +a((1—p)p1 —p2+p)

Top(a) = P1(1 —

The derivatives of m,4) with respect to a, p; and p, are given by

OThp(a
5,2( ) = (1=p)pr—p2+p=0

o,

$:1+a—ap—2p1+)\p2(l—p)zo

87pr(4) _ )\ /\ _

“opy —a+Ap(1—p1) +p1) —2Aps =
According to the above expressions, we have pj = % Py = 1—;3 and thus 7 p(d) = . Then

we check constraints:

1) ’% = s =p; < 1, thus the constraint ’% < p; <1 holds;
2) p1=3>0;
3) pp="1>0

Accordingly, the solution is valid satisfying all constraints. So pj = % Py = 1—?, and thus

1

*
Top(4) = -

Thus in the case (4), we obtain p; =1, p5 =122 and Top(a) = :.

(5) When the threshold 7,,(p1,p2) is p1, and the the second-period market is fully

covered, the film’s optimization is expressed by

Max  Tpp(s) (P1,p2) =p1(1—p1) + Apaps

p1,p:
(

P1— 5p2+5p
o) =P1s

subject t0 ¢ p, + p(1 —p;) — pp > p; (from Lemma 1)

| P1:P2 >0
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From the derivations of ) (p1,p2) with respect to p; and p,, the solution can not
satisfy all above constraints and thus there exists no feasible interior solution. Then we
consider boundary solutions:

i) If pt =0, the firm’s profit can be expressed by T = 0-

ii) If p5 =0, then the firm’s profit is expressed by p;(1 —p;), we can get p; = % and

1
1

thus Thn(5) =
Then we check constraints:
1) B=gpt < py = 6=0;
2) pr+p(1—p1) —p2 > p1 holds;
3) pr=3>0;
Accordingly, the solution pj = % and 7o) = }L is valid only if § =0 (excluded). Then we

consider about boundary solutions if § # 0.

1) If p} =0, we have 7, 5 =0.

—dpatdp * = by =
2) If Pll_TPf_p)B = p1, we have p} = ;& and Top(5) = —_L(p_l)z <0.

3) If p; =1, we have m ;) =0.
4) If p1 + p(1 —p1) — p2 > p1, we have pj =1 and then Thp(s) = 0-
Thus in the case of p; =0, we have pj =0 or L7y =0
iii) If pj =1, then the firm’s profit is expressed by 7,5y = Ap2. According to the
constraint p; + p(1 — p1) — p2 > p1, we can get that p5 must be 0, and thus WZP(E)) =0.
iv) If % = p1, we can obtain (1 — p)p; — ps + p = 0. Constructing the

Lagrangian, we have

p1—5p2—|—(5p)
1—06(1-p)

p1— O0p2 +0p

+ Ap2 1=6(1=p)

Top(5) (P1,P2) = p1(1 — +a((1—p)p1 —p2+p)

The derivatives of m,5) with respect to a, p; and p; are given by

OTep(s)

—(1— — =0
Do (1—p)p1 —p2+p
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87'(' b
P(5)
——=14+a—ap—2p;1+Ap2=0
o1
87rb 5
—p( ) :—a+)\p1 =0
Op2
According to the above expressions, we have pt = =112y — LEp=Apt0®  Then we
’ 1 2(1=X+Ap)’ £2 2(1-X+Xp) °

check constraints:

1)%:p1:%§1¢p21;0r0<p<1and0<)\<ﬁ;

2) p1+p(1 —p1) —p2 =0 < py, so the constraint p; + p(1 — p;) — p2 > p1 doesn’t hold;

Accordingly, there exists no feasible solution meeting all constraints, then we discuss

boundary solutions as follows.

1) If pt =1, according to the constraint p; + p(1 — p1) — pa > p1, we have p5 =0, and thus

2) If py + p(1 — p1) — p2 = p1, we have the solution: a) p; =1 and p =0 when § =1, or

b) p1 =0 and py = p. For solution a) p; =1 and p, =0 and solution b) p; =0 and p, = p,

we have W;p(S) =0.

Thus in the case (5), the firm’s optimal profit is 0..

Discussing the above five cases, we have the following expression:

(1)

A1—8+Xp)

or (ii)p>1+46 andﬁg)\g g

%, z’fp>1+5and%+p<)\§1

if 0<A< 3.

1
\4,

. . 6 .
— e mo s W (1) p<1+0 and 15 <A<,
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(5) Tp(a) = 05

Then we compare the profits in above five cases, where

When (i) p<146 and ;5 <A<1 or (i) p>1+40 and 5 <A< 1+,Wehave:
A(1—54+Xp) 1—6+Xp A(1—35+Xp)
Ry wE T swn iy s ey ey vy R U always holds and T ST AN 20N I N2 _26pA—2NZp I AZp2

}l > 0 always holds.

<A<, % > }l always holds.

When 0 < A < F’ 1> = ‘H’\p always holds.

In summary, we have

e

‘ A(=2=0(=2+p)+Ap(~1+p)) 3(6=1)+A(d—p—3p—1)
el Ry WE 75 W Uy s Wty Uw BB Ul SRy w1 Wi Gl T Py s Cp R Bl
Ty = — 5274)\+25)\i()\12152§2§)72/\2p+)\2p2’ if (i) p<1+06and 1 < AT
or (ii)p>1+46 and - SSAS 1+p
p*{le_‘s, py=15, m,= 1= ‘H’\p, if p>1+0 and —</\<1
pi=1%, Py="E m, =1 if 0SA<

(ii) For the above optimal price plan, we have that:

(1) In the interval p <1+ § and 1j <A<1l;or p>1+44 and %S/\S we have:

—1+p’
when 0 < p<1—4 and 1%0<)\§1,p*{>p§;
(2) In the interval p>1+¢§ and—— 5 < A <1, pi is always lower than p3;
(3) In the interval 0 < A < %p, pj is always lower than p3;
In summary, we have: pf > p3 if and only if: 0 < p<1—¢ and 1%,) <A< 1.
Proof of Lemma 2
(i) Given any arbitrary price plan {p;,p2}, for a customer with preference v, we define

a function A(v;&) = uy(v) — ug(v; &), where 1 — £ customers choose to make purchasing

decisions in the first period, u; is a customer’s expected utility if purchasing in the first
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period and wus is a customer’s expected utility if purchasing in the second period. Then

this customer makes purchasing decisions in the first period if A(v;&) > 0. Specifically,
ui(v) =v—pi,

+o00
ws(036) = § / (0 + p(1—€) — po) f(gu:€)das.

2—v—p(1-§)

Suppose A is constant. Then we have

+00
A(;§)=v—p1—4¢ e (v+q+p(1 =) —p2) f(q1;€)da
pz;‘v p
Zv—p1—5/ (v+aq+p(1=E&) —p2) fq;€)da
p2—v—p(1-§)

+oo
s / (0t p(1— &) — p) f(au;€)day
A

And we have:

d 4 A
dv 11— - -E)dg = -8\d
Bl e =8 =) i Oda / st
A
+(w+A+p(1-¢) —pz)fi—v
d(py —v — _
—(wH+pr—v—p(1 =& +p(1—=¢&)—ps) (2 Udvp(l €
A
:/ flar;§)dar,
p2—v—p(1-§)
and
d e +00
g | Wwtate =8 —p)fla;)da = fl@;€)dar.
A A
Thus

dAli) ) 5 / Flanda+ | fla:€)dg)

dv 2—v—p(1—€) A

+oo
=1—5/ flq:§)dg1 >1—6>0.
p

2—v—p(1-E)

Since the above monotonicity holds for any arbitrary £ customers, any pure-strategy equi-
librium must admit a first-period threshold structure. We call this threshold 7,(pl,p2); the

customer purchases if v > 7,(p1,p2), 7,(pl,p2) =60 €[0,1).



Author: Article Short Title
Article submitted to Decision Analysis; manuscript no. (Please, provide the manuscript number!) 19

The indifference equation is:

“+oo
9—191:5/ (0+q+p(1—0)—p2)flq;0)dq. (1)
p2—0—p(1-0)

Next we will show that the above indifference equation has exactly only one solution
0 e [pl, 1]

Since ¢; is normally distributed with zero mean and standard deviation oy(6), and

a

fq;0) = me_m, we have:

0+p(1—0)—p2

+oo
/ f(q;0)dg, = f(q1;0)dg
p:

2—0—p(1-0) o
2

0+p(1—6)—p2 1 4
= - e 20102
/_oo V2moy(0) n

0+p(1—6)—po
o1(0) 1 _ﬁd
= [ 2
o0 Vo Y

0'1<6>

i

),

and
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/ I oo 1 d
Q1f(Q1;9)dQ1=/ ql—e 2“1(9)2dq1
p2—0—p(1-0) pa—6— p1 —9) \/27r01( )

=0 e
1 p2—0—p(1—0) )\/27T 01(9)
/2 0—p(1— 0) ei?dy
o(0)
2 2
_ ¥
_Ul(g)ﬁz 0— p(l 0) /2 d2
e 2d
/P2 - P(l 9y 2\/27'(' ‘
1 Z
(P2=0=p(1-0) 60— ﬂ(l 9) 27T
(p2 Gd(ggl 6))2
= 0
01( )\/ﬁ
0+p(1—0)—p,
= 0 .
01( )QS( 0_(9) )
Since
400
7 0+ g1+ p(1— 0) — o) f(130)day
p2—0—p(1-0)
400 400
i [ (6-+ p(1~0) ~ p) f(as:0)das + 6 | 01/ (@:0)da,
p2—0—p(1-0) p2—0—p(1-0)

0+ p(l—6)—

0+p(1-0) —pz)
0'1(9)

D2
)+ 00—

= 6(0+ pl(1—0) — pa)(

taking the derivative of the right-hand side of the indifference equation with respect to

0, we have:
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dRHS _5(6+ (1 _9) . )¢(9+p(1 B 9) _p2)8(%) +5(1 B )@(9—'_10(1 _9) — P2
aVTr b2 71(0) a0 P @ )
, 0+p(1—6)—p
+50’1(0)¢( (0_1(9)) 2)
O+p(1-0)—p2
0+p(L—6)—ps B+p(1—0) —py O 5 ) do(X) _
do1(0) o1 [0) o( 1 [0) ) 50 (because X = Xo(X))
0+p(1—-0)—ps , 0+p(1—0)—p:
=0(1—p)®

1 (because o1(0) = 0og+/(1—60)y and o1(6) < 0)

Taking the derivative of the left-hand side of the indifference equation, %(9 —p) =1

Then we have de’;I S dRH 2> 0.

We now characterize the condition under which no sale occurs in the first period (i.e.,
T,(p1,p2) =1). To do so, we consider a customer with the highest expected first-period
utility, that is 1 — p;. If she delays, no customer purchases in the first period, no reviews
are posted, no externality effects are generated, and the customers’ expected utility in the
second period is 0(1 — pg). Thus, there are no first-period sales iff 1 — p;—4d(1 — py) <0,
equivalently, LHS(0) — RHS(f) <0 when 0 =1.

When 6 = bp, LHS®) = 6 — p =0 and RHS(6) =
5f2 0 p(1-0) (0+q1+p(1—0)—p2)f(q1;0)dgs >0 because when ¢ >ps — 0 — p(1 — 0),
0+aq+p(1—0)—p2>0.

Therefore, there exists a unique solution 0 € [py, 1] satisfying LHS(0) — RHS(0) =

If 1 —p; >6(1 — ps), then we have 7,(pl,p2) =60 € [p1,1]. Rewriting the indifference
equation as:

Using the Implicit Functions Theorem, from
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do (8RHS(9) N dRHS(0) df -
do D) e ds’

we have
40 aRgés*(e)
ds 1 _ dRHS@E)
a0
Since
ORHS(0) 0+ p(1—0)—nps 0+ p(1—0)—np,
kil L2, 1—6) —py)®
Sy = 01— )~ pa) e P 4 0P 0
dRHS(6)

and from the previous proof we obtain <1, we have % > (0. Similarly, from

do

d6 _ ORHS(6) , dRHS()df

"o w i) "
we have
d0_ 8RI;;9(9)
dp ~ 1 s
Since
RIS g1 - oy LD 91— 0) - oy LD Py )
0+ p(1—0)—p, 0+p(1—0)—ps
_601( 0_1(9) )(9)¢( 0_1(9) )(1_9)
—5(1 —9)<1>(9+p(;z9§> —2) >0,

we have j—z > 0. From

do (8RHS(9) | dRHS(6) df
80'0 df dO'o

=0
doe )=0,

we have



Author: Article Short Title

Article submitted to Decision Analysis; manuscript no. (Please, provide the manuscript number!) 23
ORHS(0
do S0
dUO _ 1— dRI_de(g) '
Since
ORHSO) 5o, 1 gy pyo P00 =0 —p2 OCECTH) | 001(6) , 04+p(1—6) ~ps,
80’0 - P b2 0'1((9) 80'0 80’0 0'1(9)
- (9)¢(9+p(1 — 6) _pQ)(0+p(1 _9) _pQ)a(%)
' 1(0) 1(0) oy
9o ()

9+P(1_9)_p2)

=0 80’0 ( 0'1(9)

>0

Therefore, % > (0, which means that the first-period sales is decreasing in oq. In a similar

manner, it can also be proved that ‘99

~ <0, and since v = 00%/0,?, the two latter results
imply that g—z > 0.

(ii) In the second period, the remaining customers satisfy v < 7,(pl, p2) and make pur-
chasing decision only if v —ps + ¢1 + p(1 — 7,(p1, p2)) > 0.
Proof of Proposition 2
(i) We first prove that it can never be optimal when no sale occurs in the first period. Note
that among all price plans when no first-period sale occurs, the firm’s profit function is
expressed by Apa(1 —py). The firm achieves the highest profit % at py = % We next prove
this policy is dominated by the pricing policy of {2, 2} Given the price plan {2, 2} the
first-period profit is 71 = 3(1—6), where 6 is the threshold value and 6 € [%, 1]. Denoting the

expected second-period profit for the firm by o, we will show that 7w +my > %. Equivalently,

1), where s, denotes sales that occur in the

we will show m = 3E(sy) >4 —m =3(0— 1

second period. Then it is equivalent to prove that F(ss) >0 — %, where

;

0 @ <3—0—p(1-0)
250 0+q+p(l1-0)—5 5-0-p(1-0)<q<;-p(1-0)

0 C]1>——P(1—9)

\
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If pe(0,3], since 6 € [5,1] and 20 —1 >0, we have £ —0 —p(1—0) <O+ p(1—0) — 3.

Thus we draw the following expression.

3-p(1-0) 1 00
Bl = [ (it p1-0) = ) f(as)dat [ 0fai0)da
10—p(1-0) 5—p(1-0)
1_p(1-6) 1 $—p(1-6) o0
=[St [ -0 f (st 0 F(q1:6)da
1-0-p(1-0) 1-0-p(1-0) 1-p(1-0)
1_p(1-6) 1 $—p(1-6) 0
> [T e pfatdat [ o= 0)fa)dat [ 0fai0)da
5—0—p(1-0) 0+p(1-0)—5 5—p(1-0)
Define
1—p(1-6) 1 5—p(1-0) oo
E(sm) =/ (O +a—3)f(a; G)dq1+/ p(1=0)f(q; Q)dqﬁ/ 0f(q1;0)dg
5—0—p(1-0) 0+p(1-0)—3 5—p(1-0)

0+p(1-6)—3 1 $—p(1-6) 1
- (6-+01 - 5)(a:0)dar + [ (26104 a3 +p(1-6)) F(ar:0)day
1_9—p(1-0) 2 0-+p(1-0)—1L 2
+ [ (@014 (04 D) Sl O)da
5—p(1-0)
9+p(179)7% 1 0o
-/ O+a-fa0da+ [ 0-1)fa0)dal
1-6-p(1-0) 0+p(1—0)—%
5—p(1-0) 1 00
+[/ (—9+q1+§+p(1—9)>f(ql;9)dq1+/ (=0+1)f(q1;0)da]
0+p(1-0)—3 5—p(1-0)
=FE(sq) + E(sp),
where
(
0 %S%—Q—P(l_e)
Sa(q1) = 1 0+q—3 3—0-p(1-0)<q<0+p(1—-0)—3
\29—1 q>0+p(1—0)—3
and
)
0 G <0+p(1—-6)—3
s6(1) = —0+q+3i+p(1-60) 0+p1-0)—Lt<q<i—p1-0)
\—9-1—1 @ >5—p(1-0)
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We have:
+o0 %—p(l—@) 1 “+oo
[ stas@oda= [ 0= Di@ioda+ [ (04 Dfai0)da
) 9+p(179)7% %7;)(179)
1
—0—=
2

Moreover, according to the expression of s,(q;), we have that in the interval of ¢; € (6 +
p(1—0)—3,2 —p(1—0)], =0+q,+5+p(1—0) > 2p(1—0) > 0. Thus s,(qy) is a nonnegative
function of ¢; (and positive for some values of ¢;), it follows that fj;o sp(q1) f(qq;0)dg; > 0.

Therefore, we have E(s,,) > 6 — 3 and then E(s;) > 6 — 1 when p € [0, 3]. Since

5—p(1-0) 1 00
E(82)=/ (9+q1+p(1—9)—§)f(ql;9)dq1+/ 0f(q1;0)dag:
10-p(1-0) 5—p(1-0)

1, 5= p(1—0) 53— 0—p(1-0) p(1—0)—3
=(0+p(1-0) = 5)[2( (0 ) — (0) )HH(D(W)
e e R

we take the derivative of E(sy) with respect to p, where
OFE(s2) T —p(1-90) 1—0—p(1-0) 1-0 p(1-0)—1
99 = (1-0)[( () ) — @( (0) )]+90(9) 9( ) )
1-4 o Lo 5—p(1-0) 19— p(1—0)
=) (0 +p(L—0) = 5)le( o) ) — &( () )]
1-61 1—p(1-0). 1-6,1 L—0—p(1-0)
- mg —p(1=0))o( 0 )+ ) (5=0-p(1-0))d( (0) )
~ - oe Lt e

From the above equation, it follows that F/(ss) is a monotonic increasing function of p.

Therefore, in the interval p € (3,+00), E(s,) is strictly higher than 6 — 1. So it is always

optimal for the firm to have sales in both periods.

(ii) Based on the above result, we restrict our attention to policies {p;,p2} resulting in

Tp(p17p2) =0¢c[p,1).
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Denoting the second-period expected utility by ws(v,0), we have

wa(v,0) = / N (0441 + p(1—8) — pa) F(ar: 6)day

2—v—p(1-0)

= /joow(%)f(que)d%

o0

where w(q) is expressed by

0 @ <ps—v—p(l1-0)
w(q1) =
vtq+p(1—=0)—py @ >ps—v—p(l-0)

Since w(q;) is nonnegative (and positive for some values of ¢;), convex, and increas-
ing in ¢;, the integral f_t;o w(q1)f(q1;0)dq; is strictly increasing in the preposterior vari-
ance (see Papanastasiou and Savva, 2017, p. 935). Referring to the expression of ¢; (¢ ~
N(0,n1v02/(n1y+1))), the variance of ¢ is strictly increasing in the first-period sale. So

the customer’s second-period expected utility is strictly increasing in the first-period sales.

Since a positive number of customers purchase in the first period, for any v > 0 we have

6/00 (v+qi+p(1—0) —p2) f(q;0)dgy > d(v — p2)

2—v—p(1-0)

that is, customer’s second-period expected utility in the presence of social learning (y > 0)
is higher than that in the case of no social learning (7 — 0). Correspondingly, we obtain

that:

9—191:5/00 (v+q+p(1—0)—p2)f(q;0)dg > 6(0 — pa2)

2—v—p(1-0)

At the extreme case of § =1 and p = 0, substituting § =1 and p =0 into the above

inequality shows, we have:

Thus we have: 8 — p] > 0 — p3, that is, p] < p;. Since the price plan is upper-semicontinuous
in 0 € [0,1] and p € [0,+00) (Papanastasiou and Savva, 2017). This implies the existence

of the threshold A;(v,p, ) € [0,1] such that p} < p} for § > Ay (7, p, N).
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Proof of Proposition 3
Customers’ purchasing decisions follow a threshold policy; the customer with a prefer-
ence higher than v will buy in the first period. Then the firm’s second-period profit is
Apomin (0,0 + p(1 — ) — po] 7. We discuss the following cases:
(1) If po > p(1—17), the second-period market is not fully covered and the firm’s second-
vtp(1-0)
2

period profit is ps(0+ p(1 — 0) — ps), then we have: p}(v) = , with the optimal value

M. Plugging p3(v) into py > p(1 — v), we have £~ < v <1.
(2) If po < p(1 —v), the second-period market is fully covered and the firm’s profit is
P20, then we have: p3(v) = p(1 — 0), with the optimal value pv(1 — ).

Since M > pv(1 — ), we obtain the optimal second-period price as follows:

Accordingly, when the second-period market is not fully covered < v <1, the optimal

71+

second-period price is w. Deriving from v —p; = (v + p(1 —v) — W), we have
U= 23’;1&2) If p; < 2p1(+5p) <l<e (p—1)p<pandp < —‘5, we obtain 7, = ;ﬁ—ﬁ%; if
f_%}ﬁ% <p1 <1< (p—1)p; > p, we obtain 1y = py; if 22’;1?’;) >1 ¢ p; > 252, no sales

occur in the first period, and thus 7,4 = 1.

When the second-period market is fully covered, 0 <v < % the optimal second-period
price is p(1 — ). Deriving from v — p; = 6(1 + p(1 —0) — p(1 — v)), we have v = 5. Note
that 5 is larger than p;. If 5 <1 < p; <1-6, ng = 5. Else, if p; > 14, we obtain
Tya = 1, which means no sales occur in the first period.

(i) Next based on the above analysis, we first derive the optimal price plan and optimal

profit of the firm.
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(1) For a partial-covered second-period market, a fraction of remaining customers
make purchasing decisions in the second period.

When 1,y = %, the firm’s optimization problem is:

2p1+8 2p1+9 2
R RN € i Rl =1
2—6(1—p) 4

(

max mea(p1) =p1(1
1

p1 < GBS <1 (from pr < 9<1

. p+p1—pp 2p1+p £ v
subject to < (< 2_51(1_,))1 < 2_51(1_/)) (fromrp <)

k]0120

Rewriting the above expression, we can obtain

(A—4+426—2Xp—26p+ A\p)p? + (4+26(=2+ p) + 62(1 — p) — 2Ap(—1 + p))p1 + p>
(240(—1+p))?

max mpy(p1) =
p1

(

2p1+6p
h S 2,51(1710) S 1

subject to p+p1—pp1 2p1+3p
) 0= 55500 < 7e00)

p1 >0

\

Now we check the non-negativity of the coefficient of p; and we obtain as follows:

(a) When p>2++/5 and 41:225[;2;; <A<Lior3<p<2++v5and 0<§< —73:21’0;;[)2

and ‘413226;2523 <A<, we have A —4+26 —2Xp —20p + Ap* > 0.

For A — 4+ 25 —2\p — 20p + Ap? > 0, the optimal p} is at the endpoints. From p; <

_ A=25+5%(1—p)

2pt_ <1 we obtain that pi is no more than 1. Given p; =1, we have 7}, = Ts( 1t

2—6(1—p)

_ p=dp
1+p?

ptpi—pp1 2p1+dp : K p=dp : *
Furthermore, from 0 < 55 () < e g) We obtain pj is at least e Given pj

we have 7}, = W. Accordingly, in the case when —3+2§—2p—25p+p*> >0, 7}, <

A—25462(1—p) p(1—6+)\p)}
2+5(=14p)* 7 (1+p)* 1°

max{

(b) Else, when 0 < p<3; or 3<p<2++5 and 0<6 < =222 and 0< A <

_ _3— 2 _
—41_22‘5;2;5;0r3<p<2+\/5and%";ﬂp<5§1and%§)\§1; or p>2++/5 and

0 <A< 522, we have A — 4+ 20 —22p —26p+ Ap? < 0.
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For A —4 42§ —2X\p — 26p + A\p? < 0, we first calculate the derivative of my(p;) with

respect to p;, which is given by

dma(p1) _ 4+ 0*(1—p) +2M(=1+p)(p(L —p1) —p1) — 8p1 + (=4 +2p+4p) — dpp1)

dp: (2—6(1—p))°
. d 4425(—2+4p)—62(=1+p)+2Xp(1—
Setting %ﬁpl) =0, we get p; = §+45(’i)1+p§72/\(pf)1+p§’2( 2 Then we have
2p1+dp 2p1+dp
W1tdp 2+ Ap—Ap2—6(1—2p) _ ssaptPl-s55a-0 5(=14p)+2(14p) _
os(lop) = 3-38(—p)rop—p? > P2 = s = B oz And T =

4—45+6+4)\p
16+85(—1+p)—4A(—1+p)2 "
(

44285(—2+p)—6%(—1+p)+2Xp(1—p) < 2+ Ap—Ap?—5(1-2p) 1
6+48(—1+p)+4p—2p2 — 3-28(1—-p)+2p—p% —

Checking the constraints, we have:

0< I(=1+p)+2(1+p) 2+Ap—Ap?—6(1—2p)
— 84+45(—1+p)+4p—2A(—1+p)2 — 3-25(1—p)+2p—p?

4425(=24p) =0 (—L4p)+2M(1-p) ,
6-+48(—1+p)+4p—2p2 =

d(=14+p)+2(14p) >0
\ 8+40(—14p)+4p—2A(—1+p)% —

Thus we can obtain: only when 1) p<1;0r2) 1<p< 3+21/ﬁ and __21123’3; <§<1;o0r 3)

3+V/17 —2+42p —242p2 2—-§—2p+36p. 3+/17 —242p
1<p<Tandm<5<mand0§)\§w,or4)pz 1 and_1+3p<

0<land 0< )\ < % can the solution be valid satisfying all constraints. Next we

consider boundary solutions when 1) 1 < p < 3++ﬁ and 0 <0 < :21:2;;; or2)l<p< %ﬁ

—242 —2+42p2 2—35—2p+38 . 3+/17 —242
and =38 <6 < =77 and = <A< 15 or 3) p> == and 752 <6 <1 and

2—6—2p+36p e e 3+V17 —2+42p 2—6—2p+38p
W<)\§1, or; 4) pZT and 0 < § < 13, andOS)\g—_2p+2p2 .

i) If pi =0, mpg = % and pj = m. Thus 7}, = Ap® ik Then we check

(2=6(1-p)

constraints:

1)p120§#<1;

(1-p)
2) prpi—pp1 __ P < dp =§=1:
2-6(1=p) = 2-6(1—p) — 2-6(1-p) ’

3) P2 = —2—58—0) > 0.

There exists the interior solution only when § =1, and we have p} =0, p} = ﬁ, Thy =

ﬁ. Then we further discuss boundary solutions when § < 1.
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1) If % =0, then no customer purchases in the second period and thus the firm’s

profit is p1 (1 — 7pa(p1)) = 0.

2) If ‘;:121(1_ fz)l = Qz_%l(ﬁ’; 7 the solution pj =0 only holds if p =0 or 6 =1, which is not

within the feasible region. Thus we consider about the boundary solution.

a) If pi = 23%1&“?; L then all customers purchase in the first period and the profit is 0.

b) If ’;t?(% =0, no customer purchases in the second period and thus the firm’s profit
p)

is p1(1 = 7a(p1)) = 0.

Thus in the case of pj =0, the firm’s optimal profit is 7}, =0 when 6 < 1; or pj = £~

1+p?
* \p?
Wbd:(l—Jr;)L)Q when 6 = 1.
i) Tf py = 2242 we obtain p; = 25, Then & = 2217 — £and p, = 0, with
ii) P1= 5550, We obtain py = 5. en v = 35—y = ;5and py =0, wi
the profit —ﬁ < 0, which will be surely dominated.

iii) If 23%1&2) =1, we can have p; =1 — %. Then we can obtain p, = % with the

profit %. Then we check constraints:

2p1+dp 1.
1) pl S 2—%1(1—P) - 17

+p1— _ 1 2p1+dp 1.
2)0< g—?(kpi)l =3< 2—1351(1—p) =1

3) pi=1-2>0;
4) pp=13>0.
Accordingly, the above solution is valid satisfying all constraints. Thus pj =1— %> Ps=3

* A
and thus 7, = 7.

iv) If gt’;l(l__pi)l = 22}251&2)’ we can obtain p; + p(—1+ 0 4 p;) =0. Then we have

o—dp . P s p(1+Ap—9)
£=L and obtain py = p_HWlth the profit 1)

p1 = . Then we check constraints:

_ p—dp 2p1+dp __ _p .
1) b1 = T+p S 2-5(1—p) 1 S 17

ptp1—pp1 __ p—dp.
2) 0< 2-5(1—p) _ 1+p’

-9
3) pr="472>0;
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——
4) P2 = S| >0
. . . . P . «__ p=6p % __ p
Accordingly, the above solution is valid satisfying all constraints. So pj = T P2 =
1+Xp—6)
and thus 7}, = 20209
bd = o)

p(LHAp=0) ~ _Ap? > and p+Ap—08) A
T

Comparing i), ii), iii) and iv), we have i’ 2 to) 1)

In summary, when 1) p<1l;0r2) 1<p< 3+l/ﬁ and __21*;2;; <§<lior3)1<p< 3+Z/ﬁ

—2+42p —2+42p2 2—6—2p+30p. 3+/17 —242p
and m<5<m and OS)\Sw, or 4) pzT and m<5§1 and

0 <A< EE2430 (we denote it by condition 1), pt = 4+26(_2+p)_62(_1+p)+2)‘p(1_p), D

*
—2p+2p? 8+48(—1+p)—2A(—1+p)? 2

d(=14+p)+2(14p)
8-+40(—1+p)+4p—2X(—1+4p

i else (we denote it condition 2), pf =0, p; = ﬁ when 0 =1, or
g = 0 when 6 < 1.

The optimal profit is expressed as follows:

4—45+6%+4Xp
16+85(—1+p)—4X(—1+

PEE condition 1

Tpg = (1’}:’;2 condition 2 and § =1

| 0 condition 2 and § < 1

(2) For the full second-period market, all remaining customers make purchasing deci-

sions in the second period and the demand is 7,4(p1). Recalling the previous analysis, if

5 <1, 1yq = {5 and the optimal second-period price is p(1 — #5). Else, if %5 > 1, we

obtain 7,3 = 1, which means no sales occur in the first period, the second-period price is

zero and the profit is zero, which is dominated.

Given 7y4(p1) = {5, the optimization is expressed by

max mpe(p1) =p1(1 — i) + Ap(1—
p1 1-6

S

1

0< &

1]
IA
—_

subject to
p1,p2 20
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Rewriting the above expression, we can obtain

pi(=1+6—=Ap)(=14+5+p1)

max Tpe(p1) =
p1

(1—o)
pr<1-9¢

subject to
p1,p2 >0

The deviative of my(p1) with respect to p; is given by

dmya(p1) _ (=140 —Ap)(=1+5+2p))
dp (1—16)°

Let dﬁ’;ldTpl =0, we get p; = 25. Then p, = p(1 — #5) = & and the profit is%ﬂ. Then

we check constraints:
1) p1 <1 -4 always holds;
2) p1 >0;

3) pa > 0.

1-6

The above solution is valid satisfying all constraints. So In this case, we have: py = =5,

A—26+62(1—p) p(1— 5+/\p)}
(2+6(— 1+p))2’ (1+p)

when p > 2+ /5 and 412251252’)<)\<1 or3<p<2+\/gand0<5<—’i’22+’)2;p and

Comparing the cases in (1)(a) and (2), we have # > max{

4—20426p
1-2p+p?

(1)(b) and (2).

<A <1, we have A — 4+ 2§ — 2\p — 26p + Ap? > 0. So we only need to compare

Then we obtain: when 0 < p < p; or p < p < =22 and 0 <\ < Loptdp

2426 2p(—1+p)
1 [ =1426—624p+25p+02p s _ 4+26(—24p)—0%(—14p)+2Ap(1—p) * __ d(=14+p)+2(1+p) other-
2 (—1+p)p2 v P1= 6+40(—1+p)+4p—20° v P2 = S (i) tap—2a(—14p)2
: — —246 1=06—p+36p 1 [—=1425—82+p+25p+52p . =244
wise when p < p < =755 and S Tip) 2 ESEwy <A<Ijor p> s, pi=

120 ps = £. Note that p is the second root of 146 — 82+ (—1+25+26%)p+(—1—308)p* 4+ p* =

0 and numerically 1 < p < %
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(ii) We then compare pj and pj.

(1) In the interval of 0 < p < p; or p < p < :22:255 and 0 < A\ < % —

1 [ =1420—82+4p+25p+5%p , « _ s, 2-36+62. 236442 §—62
2\/ itp)? , Py >ps if and only if: 0 < p < S50 or S5 < p < S+

— 2_983.1 54 90— 2_9 _ 52
V16 246+Z§ 205+67 o0d 36+52 p+§p 5%p <A<1.
—2p+2p

(2) In the interval of p < p < _’22:2‘55 and 1;/)‘11:?3” - %\/ _H%(__aiiz ;;pr 0%\ < 1; or

p> _’221256, p; =152 is always lower than p} = £.
Proof of Lemma 3

(i) In the second period, the firm faces customers with valuations uniformly distributed
in [0,74). If ¢1 < —74— p(1 —7,), then no sales occur in the second period at any possible
price p; > 0. Without loss of generality, we assume in this case p; = 0 with zero profit.

Then we analyze the case when ¢; > —74 — p(1 — 7). In this case the firm’s expected

second-period profit function is

To(p2) = pamin [74 4 q1 + p(1 — 74) — 2, 7]

When py < q1 + p(1 — 7a), m2(p2) = p27a < [q1 + p(1 — 74)]7a-

When py > g1 + p(1 — 74), T2(p2) = pa[ra+ @1 + p(1 — 74) — po]. If HOFLUTA) > g, 4 (1 —
Tq) > —74 (equivalently, —75— p(1—74) < ¢1 < 74— p(1—74)), its interior solution is optimal;
py = 1T with the objective value (Tr0tPU=maly2 qf Tatatloma) gy p(1 — 7y)
(equivalently, ¢; > 75— p(1 —74)), its boundary solution is optimal; p5 = ¢ + p(1 — 74) with
the objective value (¢; + p(1 — 74))74. Summarizing the above cases, we can obtain the
results in the lemma.

(ii) Customers in the second period purchase products only when their utilities are

nonnegative, that is, p5(74,q1) —q1 — p(1 — 14) < v <74.
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Proof of Lemma 4

First we show that any pure-strategy purchasing equilibrium must follow a first-period
threshold policy by contradiction. Given p;, a fraction of 1 — x customers purchase in
the first period, and the firm’s optimal second-period price is p3(x,q). If the purchasing
equilibrium is not of a threshold type, i.e. there exists some customer with v; who purchases

in the first period, whereas another customer with v, (> v;) does not. Defining

Ai(x)=vi—p1 —0E[v;+ i +p(1—x) —p3(x, 1), i =h,1,

we have A;(x) >0, An(x) <0 so that Ay (x) — A;(x) < 0. Define the sets Q' = {q1 : v;+¢q1 +
p(1=x) =p5(x, 1) > 0} and Q" = {qy : vs+q1 +p(1—x) —p3(x, @1) > 0}. We have Q' C Q".
Define Q° = {q: 1 € Q",q1 ¢ Q'} and note that at any ¢ € Q°, vi+q+p(1—x) —p5(x, 1) <

0= q1+p(1—x)—p5(x,q1) < —wvi, and thus we get

v+ qu+p(1—x) =306 @) <vn—p.

In addition, we can obtain that:

/ (vh+q1+p(1—x)—p’z‘(x,ql))F(ql;x)=/ (on + a1+ p(1 —x) = P50, @1)) F'(q1; %)
q1EQM q1eQ!

4 / (on + 41+ p(1—x) — 2300 01)) F @ )
q1E€Q°

We have
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Ap(x) —Ai(x) =vh—p1—6 (on +q1+p(1 = x) = P50, @1)) F'(q1; x)

gL EQRN

(- / (ot a1+ p(1— ) — P30 @) Flar: X))
(11€Ql

Z(Uh—vz)—5/ (vh + a1 +p(1—x) —05(x-q1)) F (15 x)
@1 Q!

—4 (on + @1+ p(1 = x) = P50, 1)) F'(q1; x)

1 €Q°

w0 [ ket ol =) - pE s o
Qe

= (vp — ) — 5/ o (vh —v))F(q1;x) — 5/ (on + a1+ p(1—x) = p3(x; @) F(q15x)

Q1€Q°

> (v, —v) =9 (vp =) Fqu;x) =6 (vn —u)F(q1;x)

1 eQ! q1EQ°

(because for ¢1 € Q°, va+q1 +p(1 —x) —P5(X, @1) < v —vr)
= (vh—vz)—é/ (o — ) F(qu; x)

qeQn
> 0.

This leads to a contradiction to the assumption. Therefore, the purchasing equilibrium
is characterized by a threshold policy.

Next we establish the condition under which no sales occur in the first period. No sales
occur in the first period if the customer with the highest valuation, 1, prefers to delay. That
is, 1 —p; < (1 —py). When all customers choose to wait until the second period, 74(p;) = 1.
Thus there exists no social learning or externality and then the profit is po(1 —py). We can
get that py = % Subsituting p, = %into 1 —p; <6(1—ps), we obtain that p; > 1 — g.

When there exist first-period sales, the threshold value w satisfies the following equations:

+oo
w—p =5 / (wt i+ p(1 — w) — (g1, ) f (15 0) gy

—w—p(l-w)
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Proof of Proposition 4

(i) When no sales occur in the first period, ¢ =0 and 94 = 1. According to Lemma 3,

Py = % Then the expected second-period utility is §(1 — p}) = g, which is greater than

the highest utility in the first period, 1 — p}, to guarantee no sales in the first period.

J
2

So we obtain pj > 1 — 5 and the firm’s expected profit is m = %. We will show that there
exists an alternative pricing plan, which does not induce adoption inertia and performs
better. Suppose the firm announces a first-period price p; = % Since ’5\ <1- g for any
d € [0, 1], there exist sales in the first period. Accordingly, the threshold is some 74 € [p1, 1].
Suppose that the firm maintains py = % We next show that this policy performs better

than adoption inertia. When no sales occur in the first period and p, = %, the second-period

sale is s,, = % We denote the total sales when sales occur in the first period as s, where

(

1—7y ¢ < =714 p(1—7a) +3

= statpl—1a) —Ta—p(l—Ti)+3<q<—p(l—m)+3

1 Q1>—P(1—Td)+%

\

The expected sales are given by

—Ta—p(1=74)+3 —p(l-ta)+3 1
M@z/ (Lﬂwﬂ%mﬂm+/ Gt ol =) fasra)dan

00 —Ta—p(1=Ta)+3 2

+0o0
+/_ flqi;7a)dg

p(1=74)+%

—Ta—p(1=74)+3 ratp(l-7a)=3 1
> | (=) favimadda + | (3 + @) (@ ma)da

o0 —Ta—p(1=Ta)+3 2
—p(l-ta)+3 1 +o0
+/ (5+Q1+P(1_Td))f(Q1§Td>dQ1+/ fla;1a)dagy
Ta+p(1—74)—3 —p(1=7a)+%

For p € (0,3], since 74 € [3,1], we have 74+ p(1 —73) —3 >0 and 74+ p(1 —7y) — 3 <

—p(1—74) + 2. Thus we draw the following expression. We define

—Ta—p(1=74)+3 Ta+p(1-74)— % 1
E(Sn):/ (1—7'd)f((11;7'd)dQ1+/ (5 +a)f(q;ma)dg

oo —Ta—p(1=7a)+3 2
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37
p(1—74) % +o0
+

Ta+p(1—74)—

_1
2
</Td+/)1 Td) %

Td pl Td)+2

(24 g+ p(1 = 70) f(qr; 70 den + /

—p(1-74)+3

f((h;Td)d(h)

flqi;1a)dg

+oo

|)_| [\Dl)—‘

5+ q1) f(qu;7a)dg +/

—Ta—p(1=7q

Tatp(1-1a)—3 —p(l=ma)+3 1
([ (1= m) flasada + [ (G+a+p(—7) = Df(@ima)da )
Ta+p(1—74)—3

-
+
= N[

2

=FE(s.)+ E(sq),

where we define

;

0 @ <—1g—p(1—7a)+ 5

Se=43+a —Ti—p(l-m)+3<q<ta+p(l—7s)—3

\1 q1>Td+p(1—Td)—%

and
)
1=y @ < —7a—p(1—7a) +3
Sa= Y a+p(l—1) =5 Tatp(l—7)—3<aq<—p(l-74)+3
| 0 @ >—p(l—1)+1
We have:

/ cf q1;7d d91

Tatp(1—74)— 2% 1 +oo
/ 2f(Q1a7'd)dQ1‘|‘/ f(qu;7a)dgy
—1q—p(1—74)

+3 Ta+p(1—=7a)— 5

N | —
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In addition, when ¢; = 75+ p(1—7,4) — %, we have ¢ +p(1—74) — % =14+2p(1—74)—1<0.

Then we obtain:

—p(1-7a)+3

(Ch +p(1—714) — l)f(ql; 74)dq

Ta+p(1-74)— 3
E(sq) = / (1= 7) f(qus 7a)das + / 2

—o0 Ta+p(1-7a)—%

Tatp(l=7a)—3 oo
-/ (1= ) flava)dan + [ (-t 2000 =7 1) sy

- Tatp(1—74)—3

>/0 (1—Td)f(Q1;Td)dQ1+/O+OO <Td+2p(1—Td)—1>f(Q1;Td)dQ1

—00

1
>§(1_Td+7—d+2,0(1_7_d)_1)

>0

Therefore, E(s) > E(s.) + E(sq) > 1. The profit when p; = p, = 3 is greater than 3. So

it is not optimal for the firm to induce the situation when no sales occur in the first period
when p € (0, 1]. Rewriting F(s,), we have

—p(1-7a)+3

(1 +q1 4+ p(1 —7a) f(qr;72)dgs

—Ta—p(1-74)+73
B(s) = / (1 =72 F(qr; 7a)day + / 2

o0 —7a—p(1-74)+3

+o0
+ /_ f(q;7a)day

s—Ta—p(l—7a) 1 Ta+p(1—14) — 5 p(l—14) — 3
:(1_7—01)(1)( Ul(Td) )+<§+p(1 d))[q)( Ul(Td) )_(I)( Ul(Td) )]
p(1—7a) =3 e Tatp(l—7a) =5,  p(l—1a)—3
+ @ Ul(Td) )+ 1( d)[¢( Ul(Td) ) ¢< Ul(Td) ]

Next, we take the derivative of E(sy) with respect to p, where

OE(s2) _ ;. yTa—1 35— Ta—p(1—Ta) . Tatp(l-—m) =5  _ p(l—7s)—3
P % L St on S A Sl =y ow e A Sy o
1 BN ks atp(l-m)—5. p—m) =35, 1-m4 p(l—7s)—3
+(2+,0(1 d))al(Td)M)( o1(74) ) =& o1(74) +01(Td) o1(74)
1—74 ma+p(l—7a) =5, Ta+p(l—7a) 3
— 01(74) o1 (7) o1 (70) )o( o1 () )
l—7q ,p(l=13) =5, p(l—7a) —3
+01(Td)01(7d) o1(74) 1 o1(74) 1
S 1 Yol A YA ) k-3 P
o1(7q) o1(14)
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From the above equation, it follows that F(s) is a monotonic increasing function about
p. Therefore, in the interval p € (3,400), E(s) is strictly higher than %. Then it is always
optimal for the firm to have sales in both periods.

(ii) Substituting p; and 74(p;) into the result of Lemma 3, we obtain:

.

0 q1 < —7a(p7) — p(1 — 7a(p}))

py= | MO —r(p]) = p(1 = 7alp])) < a1 < 7alpf) = (1= 7a(})

|+ p(L=7a(p1)) @ > 7a(pi) — p(1 —7a(p}))
Proof of Proposition 5
Using the optimal profit proved in Proposition 1 and Proposition 3, there are several cases:

(1) When the optimal profit under preannounced pricing is Ty =

B A(1=5+)p)
52— AN 20N+ N2—20pA—2X2pF A2 p2

and the optimal profit under dynamic pricing is m;,; =

4—45+6+4)\p
16+85(—1+p)—4A(—1+

PER in the intersection of this optimal strategy, we have m; > ;3

(2) When the optimal profit wunder preannounced pricing is w, =

A(1—6+Ap)

. _ 1-6+Xp
32 ANT 20N T AZ_20pA 202t AZp

> and the optimal profit under dynamic pricing is m;; = —=F,

in the intersection of this optimal strategy, we have m;, > 7} ;

(2) When the optimal profit under preannounced pricing is Ty = #ﬁ and the optimal

1-6+Xp

<", in the intersection of this optimal strategy,

. e

profit under dynamic pricing is m;, =
* * .

we have m; =3

(3) When the optimal profit under preannounced pricing is Thy = }l and the optimal profit

175: 22 in the intersection of this optimal strategy, we have

under dynamic pricing is m;; =
7T;:p > T
(4) When the optimal profit under preannounced pricing is Ty = }l and the optimal profit

4—454+52+4) p
16+85(—1+p)—4A(—

under dynamic pricing is 7}, = el in the intersection of this optimal

* *
strategy, we have m; > ;.



Author: Article Short Title
40 Article submitted to Decision Analysis; manuscript no. (Please, provide the manuscript number!)

)
—1+p

Therefore, we have that when p > 1446 and < A <1, the firm’s optimal profit under
preannounced pricing equals to that under dynamic pricing; else, the firm’s optimal profit

under preannounced pricing is higher than that under dynamic pricing.

Proof of Proposition 6

Let v be an arbitrary value k£ > 0 and consider the extreme case § = 0. Let {p},p3} be the
optimal preannounced price plan. Consider a dynamic price plan {py,p2}, where p; = pj,
p2=p5 if ¢ > p;5 —pi — p(1 —p;) and p; =p5 — € if g1 < p5 —pj — p(1 — p7). € is small
and positive. Since d = 0, under both price plans, customers with valutions v > pj will
purchase in the first period and remaining customers in the second period with valuations
uniformly distributed in [0, p}] make purchasing decisions if v 4+ ¢; + p(1 — p}) — p2 > 0.
Then the second-period sale is min[p; — ps + p(1 — p}) + q1,pi]". At any realization of
¢ > ps —pi — p(1 — p}), the two price plans achieve identical first-period profits, identi-
cal reviews, and identical second-period profits. However, the firm can achieve a higher
expected profit under dynamic pricing at least some realizations of ¢; < p3 — pi — p(1 — p})
because there exists no second-period sales under preannounced pricing strategy while the
firm can achieve a positive second-period sale when setting ps = p; — € under dynamic
pricing strategy. Then this dynamic price plan {p;,p>} performs better than the optimal
preannounced pricing policy. Therefore, we obtain 7|, —x s—o — 7r;|7:k,5:0 > 0. Note that 7
and 7 is both continuous for any § € [0,1] and p € [0, +0c0), then refer to the maximum
theorem (see Sundaram 1996, Theorem 9.14), we get the existence of the threshold stated

in the proposition.



