Appendix A: Derivation of Variational Bayesian Inference

The evidence lower bound can be derived as

J(ﬁ) = 1np()(Z(l)7 v 7XZ(n)) - KL[ﬁ(Oaa r)Hp(eayr’XZ(l)a 7XZ(n))]
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0.,vr1Xz01); -, Xz(n))

=Inp(Xza1),.--, Xzm) —Ez[In
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=E;[Inp(Xza), ..., Xz(n), 04,r) —Inp(0,,1)]

=E;[>_ A Inp(Xz|0a) + Inp(6.]r) + Inp(r) — Inp(6,,1)].

t=1

The distribution of 8, is in spike-slab form. To be specific, with probability 1 —w;, r; =0, 0, ~
N(0,v57%). On the other, with probability w;, r; =1,60,; ~ N(0,0%). So derive the prior distribution

of 8, as
ka ka ka 1 2 ) 1 2 .
tnp(0.)x) =0 [ [ p(0s 1) = D Wnp(0 1) = D (5 In? = Z500r, 4 (— L In(oo) — 3 ) (1 —r,).
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and
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Inp(r) = lan(Tj) = Zlnp(rj) = er Inw; + (1 —r;)In(1 —w;).
j=1 j=1 j=1

Then write the joint density of X (,),8, and r as

Inp(Xzy, -3 Xz, 00, 1) = Z Aot Inp(Xz(4]0,) +Inp(0,|r) +Inp(r)

t=1

= Z At (Xz @ a(@())) (Ba,z(9)8a +Buz1)0:) — 1,,0(Ba, 2100 + By 210:) @ a(d 5() + 11,¢(Xz0), D2(1)))
t=1

k
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+ ;(—2 Ino? — 20’% )ri+ (—5 In(vo?) — 21};? Y1 —=7r;)+r;Inw; + (1 —7r;)In(l —w;).

To be coincident, model the posterior distribution of 8, in the spike-slab form too. With probability
1—aj, r;=0, and then 6, ; ~ N(0,vs7). With probability c;, r; =1 and then 6, ; ~ N(u;,57).

k
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and

k
- ~, 1 1 1 1
E;[Inp(0,,r)] = E (—5 Ins? — 5)0@- + (—5 In(vs?) — 5)(1 —a;)+a;na; + (1 —o;)In(1 —ay).

j=1

We finally derive that

J(B) =Es>_ AInp(Xz()|04) +Inp(6a,r) —Inp(6,,r)]

t=1
= Z Ant ((XZ(t) @ a((pz(t)))/(Ba’Z(t)V’a + Bb’Z(t)et))
t=1
ka 2 2 2
1 S5 1. s 10
+ Z (5 - T;Z + 51110—; +(lnw; —Ina; — T‘]Z)aj + (In(1 —w;) —In(1 — o)) (1 — o))
j=1 J J J

- Z At (1, E5[0(Ba 2100 + Bu,z(1)0:) @ a(@5))] + 11,¢(X 2y, b 211)))»
t=1

where p, = po a. To simplify the notations, assume d =3, | A1/, E5[(0(Ba,z(1)0a + Bo,z1)0:) @

a(Pz)))]- We can derive the derivatives of the parameters as

2I() , oy 0d
=3 (X B, ;o a,)— 2t 04
Em ; t(( Z(t) D a(¢Z(t))) ,Z(t)]ag) 0]2 Em
0J(P) 1 od
- X By yifts) +Inw; — 42 —Ina, —In(1 — w;) +In(l — a;) — ==
Doy ;)\m(( 20 @ 6(®70) Buzostis) + I, 202 Y nl —w;) il ~ay) day;’
0I(p) _ s , 1 0d
Js; o} s;  0Os;

Besides p(0,|r) and p(r), 6,, also needs to be estimated for each time point. Here we adopt the
maximum a posteriori estimation method. Since we assume in prior py(8,,) ~ N (8o, 3), we obtain
the posterior of 8, as p(0,,) o< p(Xz(m)[1M7(,))P0(0r) = P(Xz(n) |00, p,)P0(6r). Then the maximum

a posteriori estimation can be achieved via gradient ascent method as well:

91n(6,)

80 = _Eal(en - 00) + B;)Z(n) ((XZ(n) - bl(Ba,Z(n)p’a + Bb,Z(n)On)) © a’(¢Z(n))) .

Take X as Gaussian, Poisson and binomial distributions as examples and derive the specific vari-
ational inference for them.

If X follows Gaussian distribution, we formulate the generalized linear model as

=1,....m,

Xz Mz, — 3(Mzm,)? Xz, 1 :
P(Xz(n; [12(m),) = exp ( 2 : - 2;2) — g In(2mo7)), i
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nZ(n) - Ba,Z(n)aa + Bb,Z(n)On-

And derive the inference as

d= Z *mE (Bazt)0u +By 2(0:) (Ba,z(1)00 + Bi.z(1)01)]
t=1

Z Es[0.B, 26 Ba 2100 +20:Bj, 51 Ba,z(10a + ;B 7(6)By, 21 0:])
t=1

n

Z o2 ZB aZ(t )i X lu]+8 +QZZBaZ(f)] Z () kOO
t=1 e Jj=1

Jj=1 k#j

Fa
+2 Z 0B, 5yBa 211t + 0By 5y Bb 21)8:).-

j=1
Take the derivatives of J(p) with respect to p;,a;,s; and 8,, and set the partial derivatives to zero

to solve p;,;,s; and 0,,:

0d &
_Z Ba,z);8;0;,
t=1

od U W
=Y (Bl s;Bazwitio + Y Bl s, Bazsinear + 0B) 4 Ba zia;),
t=1 ¢ k#j

od = At 1
Y > (5 bz Bazwi (1] +57) + Y Bl 40 Bazowiitiecn + 0B} 5 Bazats).
J t=1

0-2
e k#j
Update the gradient of 6,
8 lnﬁ(@n) _ 1 /
T = —20 1(0n — 00) + ;Bb,Z(n) (XZ(n) - Ba,Z(n)”a - Bb,Z(n)a’n) =

~ 1 IR ! _
0, = (;BQ,Z(n)Bb,Z(n) + 230 1) (U b ,Z(n) (XZ Ba,Z(n)V’a) + 20 100)'

€

If X follows Poisson distribution, we formulate the generalized linear model as

P(Xzn)i) =exp (XZ(n)iWZ(n)i —exp(Nzm);) —InL( Xz, + 1)), i=1,...,m,

Nzwn) = Ba,Z(n)ea + Bb,Z(n)env
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where I' denotes the Gamma function. And derive the inference for it:

d= Z)\ntl eXp( a,Z(t)0a+Bb,Z(t)0t)))

1 -
~ Z )\nt ]_m exp a,Z(t) Mg + Bbyz(t)Ot) + 5 Tr (dlag(exp(Baﬁz(t)p,a + Bb,Z(t)et))Ba,Z(t)KB:LZ(t)))7

where diag(-) represents constructing a diagonal matrix with the vector in the brackets, and
K = diag(a 0 s 0o s) € R¥a**a, The approximated step is based on Taylor expansions for the
moments of functions of random variables. For example, since E[f(X)] =E[f(ux + (X — px))] =
E[f(px)+ f/(px)(X = px) + 2(X = px)"Hy (1x ) (X — px)], where Hy(-) is the Hessian matrix,
E[f(X)]~ f(px)+ 3 Tr(H;(px)Ex) on account of E[X — pyx] = 0. Take the derivatives of d:

od < 1 ,
a9, Z Ant (B:LZ(t) exp(Ba,z() Mo + By, z(n0:) o o + *B;,z(t) (dlag(Ba,Z(t)KB;,z(t)) oexp(Ba,z() o + Bo,z(1)6:))

op — 2
o a)’
1 . ,
Z Ant (B 20y €XP(Ba,z(t) g + Buz1)01) o pu + iB;,z(t)(dlag(Ba,Z(t)KBa,z(t)) oexp(Ba,z(t) 1y + Bo,z1)0t))

op+ - dlag(B wdiag(exp(Bag,z() iy + B, 210:))Ba,z) 08 08),

od

5= Z At diag(B], ; diag(exp(Ba, z(yly + Brz(1)8:))Ba,z) o v oss.
t=1

Update the gradient of 6,

Onp(6,.)

0 = _251 (on - 00) + BZ,Z(n) (XZ(n) - eXp(Ba,Z(n)lJ'a + Bb,Z('rL) en))'

If X follows binomial distribution with known number of trials of N, we formulated the gener-

alized linear model as

p(XZ(n)i) =exp (XZ(n)inZ(n)i — Nlog(l + exp(nz(n)i)) + ( N )), 1= 1, o, Mm,

Xz(n);

T]Z(n) = Ba,Z(n)ea + Bb,Z(n)9n~

And derive the inference for it:

d= Z )\nt 1/ Nlog ( + exp(Ba,Z(t)Oa + Bbyz(t)Ot))]
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~ Y ANy, 1og (1, + exp(Ba,z(t) tt, + Bu.z(1)01))

t=1

1 -
+ 5 Tr(Ndlag(eXp(Ba,Z(t)ua + Bb,Z(t)at) © (]-m + eXP(Ba,Z(t)Na + Bb,Z(t)et))Q)Ba,Z(t)KB;,Z(t))-
Take the derivatives of d:

1, =Baziwym, + B z)0:,

od < , 1., , ,
@ = Z Ant (NBa,Z(t) (exp(n;) @ (1, +exp(n,))) o+ iNBa,Z(t) (dla‘g(thZ(t)KBa,Z(t)) oexp(n,)
t=1
@ (1, +exp(n,))?) o — NBj, 7 (diag(Ba,z(n KBy, 5()) o exp(n;)” @ (L, +exp(n,))*) o ),
od <& , 1., _ ,
e = 2 Aut (VB 5 (exp(1) @ (L + exp(my))) © ot 5 NB, ) (ding(Bo 20 KB, 1) o exp(m,)
t=1

@ (L +exp(n,))?) o pp — NB, 5 (diag(Ba z(n KBy, 5) 0 exp(n,)? @ (1, +exp(n,))®) o p

1 ) -
+ 5N diag (B, ding(exp(n,) @ (L, + exp(n,)*)Ba ) 05%),

od . , -
s = Z At (N dlag(BmZ(t)dlag(exp(nt) o1, + exp(nt))Q)Ba,Z(t)) oo s).
=1

Update the gradient of @,

dlnp(6,)

0 = —35 (0, — 60) + B}, 4y (Xz(n) — N exp(Ba, z(n) g + Bo.2(n)0n) @ (L + exp(Ba, z(n) 1,

+Bb,Z(n)0n))))‘

Appendix B: Deviation of Test Statistics

Simple Likelihood Ratio Test (SLRT)

For simple likelihood ratio test,

P(XZ(n) |H,)
P(XZ(n) |Ho)

= (Xzm) @a(dzm))) Bazm)by — 1/, (b(By,2(n)0 + Buz(n)ty) @ a(Pz(n))) + 1/, (b(By,2(m)0,) @ a(Dzn)))-

ASET (X 1y) = 21n

If X follows Gaussian distribution, it can be defined specifically as

D

", ~
an,Z(n)Bb,Z(n)en)v

DO | =

1 1 ~ -
AGH (X 7)) = 2 (XY (mBazt)a — §(Bb,Z(n)9n + B zmtt,) (Bo z(n)0n +Ba zm 1y) +

e
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=2(Xz(m) — Bb,Z(n)én)/ a,Z(n) Mg - p, B, Z(n)Ba Z(n) Mg
If X follows Poisson distribution, it can be defined specifically as
AP (X 2(m)) = Xy () Ba,zn) B + 1, €xp(By 2(0)0,) — 11, exp(By ()0 + Ba 20y 1)

If X follows binomial distribution, it can be defined specifically as

AngT(XZ(n)) = X/Z(n)Ba»Z(n)l‘l’a + N;n hl( + eXp(Bb,Z(n) 0”)) - N/m ln(lm + eXp(Bb’Z(n)é” + Ba,Z(n) "l’a))'

General Likelihood Ratio Test (GLRT)

For general likelihood ratio test,

Xz |H1)
AGLRT X N —9 )\n In (
6, (Xz(m) maxz " p(X [ Ho)

= Z At (X z) @ a(¢z(t)))/Ba,Z(t)éa — 1! (b(By,2(1)8: + Buzy0.) @ (D)) + 1/, (b(By 21)0:) @ a(dzm)))-
=1

6, maximizes the weighted log-likelihood ratio, i.e., >, Ay In p(iit;:H;; and we use Newton’s

method to compute it.

If X follows Gaussian distribution, it can be defined specifically as
Ag';LRT Xzm)) Z )\nt (Xzw) —Bozw et) a Z(t)éa - é;B;,Z(t)BmZ(t)éa)'
If X follows Poisson distribution, it can be defined specifically as
AGH (X ) Z At (X Ba,z() 0 + 1., exp(By 2(1y0,) — 1, exp(By z(1)0: + Bu 2 0)).
If X follows binomial distribution, it can be defined specifically as

AGHRT (X z) =D At (XyBazy0a + N0, In(1, + exp(By 2(1)6:)) — NJ, In(L + exp(By 2101 + Ba,z(1)04))).

t=1
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Posterior Bayes Factor (PBF)

For posterior Bayes factor, reformulate the hypothesis test as
H()I O(LZO, H1: HQNN(ur,Kr),I‘ER,

where R is set of all possible r. p, = por. K, =diag(((1—ri)v+71)s?, ..., (1 —re,)v+rs,)st,).
Compute A§PF (X ) as

L Zr ]5(1‘) ﬁ(ea’r)p(XZ n ‘én70a)d0a
AP (X ) = L1 = ZreePE)J ) |

Ly p(XZ(n) ’én)

with
Ly= p(XZ(n) |én) = €Xp ((XZ(n) @ a(¢Z(t)))/Bb,Z(n)én - 1;nb(Bb,z(n)én) © G(¢z(t)) - 1;nC(XZ(n)a ¢z(t)))~

To derive L, we need to simplify the following integral,

1
_i(ea - “‘r)lKr_l(aa - l’l’r) + l)dem

/ﬁ(eah‘)p(XZ(n)én) ea)doa = (277)_ka/2|Kr‘_1/2 /exp(
where | = (Xz(n) @ a(@ 7)) N 20y — 11 (0N 7)) @ (D 21))) + 17, Xz(n)s @ 7(1))-

To apply Laplace’s method, denote h(0,) = —1(6, — p,) K1 (0, — p,) + 1. Assume 0, is the

maximizer of h(8,). The following letters with a tilde identification are all evaluated at 6,. We find

derivatives up to the sixth order:

1) h(éa) = lN_ %(éa - Nr)/K;l(éa - “r)‘
2) hM(8,)=1M —K-1(0, — p,), where
i ol

00

= B;,z(n) (XZ(n) - ﬁZ(n)) %) a(¢z(t)) - B:;,Z(n)WZ(n)(X}(n) - ,;’Z(n))‘
al9,=0,

Here mz(n) = E[X 7)) X5y = Wg(ln) (Xz(m) =T zm) Qa(D 1)) + Nz

x : ~ ~ ~ ~ A7 7 (n)i
WZ(n) = dlag(wz(n)l,wz(n)g, ...wz(n)m), and wz(n)i = #En))z

3) h®(6,) =1® —K;' =B, ;,, WzmBazm — K.
_ - k
4) For k>3, h¥(0,) =1 =->"" w(Z’?n)_ ® B, 4(,),» Where 1I)(Zk()n)_ is the (k — 1) derivative of
dk7 frl k) 1 1
T z(n)i With respect to 7)z(,),, which is 77,67,21(")1
Z(n);



Author: Tis a Butter Place
8 Article submitted to INFORMS Journal on Data Science; manuscript no.

According to Taylor series, h(6,) can be expanded as
- - - 01 k= - -
h(6a) =h(6a) + 7" (0.)(8.—0.)+ > = ® (6a—0,)'h™*(6,)(6, —6.).
Then we can express the following integral as

/ﬁ(0a|r)p(XZ(n) ’ény ea)dea
—(2m) # K| [ exp(- 56— VKO~ 1) + )6,
—(2m)# K| Fexpll = 5 B~ 1)K, B 1) [ expl(—5 (6, — 0, H(6,)(6. ~ 6.) exp(R)a6,

=K1 (@) exp(i — 3 (B — 11,) K (B — 1) Elexp(R)],

k— - _ ~

where R = ",T, and Tj = ,(®1(0a - 6,)h¥(0,)(0, — 6,)). This follows the Laplace

approximation in Raudenbush et al. (2000). Since exp(R) =1+ R+ $R* + --- + SR + -+,

using the same approximation as Raudenbush et al. (2000), Elexp(R)] = 1 + E[T4] + E[Ts] +
k

LE[TZ]. E[T}] = 0, for odd k,k >3 and E[T,] = D03 000G~ p2)(8,)) " )vec(h™(8,))

for even k,k > 3. Also E[T,T,] = 0, for odd (k + ),k > 3,1 > 3 and E[T,T})] =

k+1

erc’(g(—h@)(éa)) Hvec(h®) (b) @ h® (b)) for even (k+1),k > 3,1> 3. Such that we

k!

can derive the approximation form of L,

reR

. 1 ~ o1 ~ 1~ 1.7
~ > B) (IKe |2 (B, 0y Wz Buyzoy + K| expll = 50— 1) K (B0 — 1)}

recR

1 2 - UL 4
X (1+ gvec (B(B) 20y W Ba 2 + K ) Tvee(= D0 (€B 2,))

i=1
1 3 - L N 6
+ 150 (BBl 7 Wzt Bu sy + K1) 7 vee(= Y gy, (9B 7,))
i=1
15 3 T X —1\-1 - ~(3) ~(3)
7*2‘7@(3 (®(Ba,Z(n)WZ(7l)Ba7Z(”)+Kr ) )Vec(( wZ(n)i( aZ(n Z aZ(n)i))))'

Here 8, can be obtained using gradient ascent method. Having got L, we can compute PBF. That
is the whole procedure suitable for general distributions in exponential family.
However, for Gaussian distribution, we can derive a close-form éa, so there exists a simpler

form for PBF. a(¢;) = Var(X;|0,,0,) =02,i=1,...,p, Wzm), =1 and w =0, for k> 3. Let
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hM(6,) =0, we can obtain that

1 ~ ~ ~
0_7 a, Z(n (XZ(n - Ba,Z(n)Oa - Bb,Z(n)en) - K;l(ea - y’r) =0.
Undo éa as
= BigwBaze 1 ; -
aa = ( , (0)_2 + Kr 1) 1(?B;,Z(n) (XZ(N) - Bb,Z(n)en) + Kr 1’“"’1‘)

€

K B, 2 (Xz(n) = Bo.z(n)0n) + 1. (The terms in K, are always quite small).

So the item in integral L, can be derived as

- -1 -
MO =1~ 5B K, (B, — 1)
1 ~ ~ ~ - 1 - o
= — ;(Xz(n) - Ba,Z(n)Oa - Bb,Z(n)On)/(XZ(n) — Ba’Z(n)Oa — Bb,Z(n)an) — §(ea _ I’l’r)/Kr 1(0a _ Hr)
1 I 0\ 0 0
=— ;(sz) — B2 0n) (Xzm) — Bo.z(n)0n) + = (XZ(n) — By 2(10,)'Ba,z(n)00 — 9 vz Ba.zn)0a
1o 15 rpe—1p L ——
_§0aKr 00« + /‘l’rKr 011 - 5/’1’1'Kr Ky

~ ~ 1
~— 7(Xz(n) - Bb,Z(n)e ) (XZ(n) — By zn 9 n) + o2 (Xz(n) - Bb,Z(n)en)/Ba,Z(n)Mr - ;H:B;Z(n)Ba,Z(t)u’r

0-6 €

1, ~ 1 ~ _
_7lJ’rKr 1/"’1' o2 (XZ(n) - Bb Z(n 0 ) Ba,Z(n)lJ‘r + o2 lJ’rBa ,Z(n) (XZ(TL) - Bb Z(n 0 ) + l‘l’;‘Kr ll‘l’r

1
- fu;K;lur(Delete the terms containing two or higher orders of K,)

1 ~ 2 ~ 1
;(XZ (n) — Bb Z(n)e ) (XZ(n) - Bb Z(n 0 ) ;(XZ(n) - Bb,Z(n)en),Ba,Z(n)y’r - ;u;B;Z(n)Ba,Z(n)Nr-

€

PBF
A,

Further simplify as

Er |[Kel B, 40y W Bazon + K |3 expll = 100 — 1)K (80— 11}
exp(_%(XZ(n) - Bb,Z (n) én)/(XZ(n) - Bb,Z(n)én))

_1 ~ 1 -
=E[|K:|"2|B), 2y Wz Ba,ze) + Ko |~ 26XP(7( (Xzm) = Bo,z(n)0n) Ba.zmy e — 1:B, 70y Ba.z(n) 14))]

APBF

X

~E, {2(Xz(n) - Bbyz(n)én)’ a7 (n) My — Uy B, 2y Ba.z(n)Hy } (Since the terms in exp(-) close to 0,
we use the first order expansion of Taylor series as an approximation)

- 2<XZ(n) - Bb,Z(n)én)/Ba,Z(n) M, — MI(B;7Z(n)Ba,Z(n) o A)H’

Here A has diagonal items A;; =, i=1,...,k,, and other items f_lij =o;a;, Vi, j=1,... k., 1 #J.
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Appendix C: Proof of Theorem 1 and Theorem 2

As suggested by Algorithm 2, Thompson sampling procedure based on SLRT is to sample Z by
ranking ASLET = a((lm_) (X!Ba.ipt,—b(By .00+ B, i.pp,) +b(By:.00)), fori=1,...,p, from the largest
to the smallest and select the top m ones.

To guarantee the algorithm can detect the anomaly efficiently and select the most anomalous
variables, we need 6, is accurately estimated. However, the estimation of 8, and 6, are coupled,
such that 6,, should also be estimated accurately. This is guaranteed by Bayesian theory(Gelman
et al. 2013). That is, when p — oo, m — oo, and 0 < m/p < 1, according to Bayesian theory,
the maximum a posteriori estimation 0, will converge to its true value, i.e., 8,,. To guarantee
0, is estimated accurately, according to Theorem 5 of Wang and Blei (2019), the variational
Bayesian posterior converges to the point mass of the true parameter value in distribution. Note
that the posterior in Equation (7) is not exactly the true posterior, but the exponentially weighted
posterior, which may render Theorem 5 of Wang and Blei (2019) not valid. Thus we need A\ — 0,
i.e., representing that all samples receive almost equivalent weights, to guarantee as n — oo, all
the samples could be used equivalently for estimating 6,. This assumption of A — 0 is common
in theoretical analysis of other online process monitoring schemes with exponential weights (Zhou
et al. 2012; Zou et al. 2012).

In our case, under normal condition, the true value of 0, ; equals 0, Vj =1,...,k,. The posterior
distribution that we obtain through variational Bayesian method is of spike-slab form. For exam-
ple, ¢(a;) ~ N(p;,s7) with probability oy and q(6,,;) ~ N(0,vs3) with probability 1 — «;. Then

suggested by Theorem 5 of Wang and Blei (2019), as n — oo,
Q(ea,j) i> 507Vj7 (1)

where §y is a point mass at 0. That suggests p; — 0 and s? —0,Vj=1,...,k,. So in normal
condition, AFERT = @(X{Ba’i:ua —b(By,i.00 + B ) +b(By;.00)) — 0 in the same rate of /n-
convergence (Wang and Blei 2019), i.e., |A7*T — 0| =O(1/4/n), for i=1,...,p, so we can not say
any APEET is larger than others, which means under the limit conditions, we sample the variables
Z(n+1) randomly.

Following a similar way, under abnormal condition, assume the anomaly relates to a certain basis
set AC{1,...,p}. For [ € A, assume the anomaly relates to the [!" base has change magnitude &.
Then suggested by Theorem 5 of Wang and Blei (2019), as n — oo,

01(021) S 8¢, VI € A, (2)

G (0a;) % 00,5 € {1,...,p} — A, (3)
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where d¢, is a point mass at &. That suggests 1y — &, oy — 1 and s7 — 0,V € A. The same as
normal condition, y; —0 and s7 — 0, Vj ¢ A.

So in abnormal condition, E[AFEET] — @(b’(Bamé + B.i.00)B...& — b(B,.& + By..00) +

b(By,:.0,)), where € = (0,...,&,...,0), Vi=1,...,p. Compute the derivative with respect to B, ;.&

OE[AFLET] : 1 _
i a(¢i)b//(B“*i:£ +B,:.00)B,.£ At the san;eL;;me, Wb/I(Ba,z‘:f +B,.0,) =
OE[AS

WVar(Xi) > 0. That means that if B, ;& > 0, lim, ﬁ > 0. On the other hand, if

. OR[ATLRT
Ba,i:£ < O’ hm"_”)o 8([#15)]

as lim,,_,

< 0. In other words, in limiting condition, E[A7XFT]

monotonically
increases with |B,;.£|. In a word, under abnormal condition, whichever the change direction, we
prefer to choose those variables with large absolute true changed value |§| and large relation to

the I'" base(i.e., B, ), for VI € A.

Appendix D: Results for Numerical Studies

Choice of Parameters of EF-BSSCD

Choice of bases: For B, there are two methods. First, set it from notable complete basis space,
such as B-spline basis, Fourier basis, kernel functions, wavelet basis, etc., which are often used in
high-dimensional profile data modeling(Chang and Yadama 2010; Paynabar and Jin 2011). Second,
learn it from historical reference data by feature extraction methods, such as PCA for exponential
family (Collins et al. 2001). As for the number of bases, ks, it should be set large enough to capture
various features of the background. For example, using PCA, the number of bases would better
be large enough to guarantee the explainable variance of data exceeds a threshold, say 95%. For
B, it can be designed according to our prior interested abnormal patterns (Yan et al. 2017). Or it
can also be estimated from historical abnormal data through PCA methods. B, =1 can also be a
choice when there is no correlation between the changed variables. As for k,, it can be set similarly
as ky.

Choice of w,;, 0; and v: For w;, a prior such as a degenerate point value set according to
the chance of change on every basis or a Beta(a,b) distribution (Rockova and George 2014) are
both compatible (Ishwaran et al. 2005). For sparse change, we recommend small a and large b. For
o;, a prior such as Cauchy distribution, or double exponential distribution (Rockova and George
2014) or a fixed value are both suitable (George and McCulloch 1997). In the numerical studies,
assume we know the maximum change magnitude, i.e., £, in advance, we can set o; > [¢] (i.e., { is
in the 1-level sigma of N(0,0;)) to guarantee that there is a high probability to accommodate all
plausible 0, ; # 0 in the slab distribution. However, too large o; is not recommended, since it may
induce unreasonably large 6, ;. Thus a suitably large o; is enough. Generally, v is recommended

to be a suitably small value (George and McCulloch 1993). In particular, it depends on how small
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the exclusion threshold of unimportant nonzero values is. For example, in our case, we assume the
noise is in the scale of 1073, and 6, ; smaller than this scale can be regarded as zero. So we set
v=(10"%)2=10"°.

Choice of \: According to Montgomery (2007), A is set as a small value in [0.05,0.25]. The
smaller A is, the better detection for small changes is.

Choice of m: If there is a change in the system, the larger m is, the smaller the ADD will be.
Consequently, in our case, we can set m as the maximum number of sensors that can be allocated
at each time point.

Choice of h: The detection threshold & is determined by controlling a pre-specific false alarm
rate, or equivalently setting the in-control ARL to a specific large number, e.g., ARL = 200.
An empirical method can be used to find the threshold based on the empirical distribution of
Ao, (Xz(1)). The most commonly used method is based on Monte Carlo simulation, and the detailed

algorithm can be referred to Zhang et al. (2020).

Parameter Settings

In simulations, for Gaussian, for TRAS, we set its parameters r = 3, fyin = 0.5 and A = 1073,
For SASAM, we set 6; =0.1, 8, = 0.7, pin = 0.5, h=1. As to CMAB(s), we set A = 0.1 for
exponentially weighted posterior. For NAS, we set g,+1 =0.1, A =0.1, k =0.5. For R-SADA, we
set fimin = 0.5, k=0.5. For TSSRP, we set =2, 11 4rue = 0.5.

For Poisson, for TRAS, we set its parameters r = 3, fii, = 0.5 and A =1073. For SASAM, we
set 0, =0.1, 03 =0.7, fiymin = 0.5, h=1. As to CMAB(s), we set A =0.1 for exponentially weighted
posterior. For NAS, we set g,11 =0.1, A =0.1, £ =0.5. For R-SADA, we set fi;, = 0.5, £ =0.5.
For TSSRP, we set =2, 1 e = 0.5.

For binomial, for TRAS, we set its parameters r = 3, i, = 0.5 and A =1073. For SASAM, we
set 0, =0.1, 0, =0.7, fipmin = 0.5, h=1. As to CMAB(s), we set A =0.1 for exponentially weighted
posterior. For NAS, we set g,.1 =0.1, A=0.1, k =0.5. For R-SADA, we set ft,,;, = 0.5, k=0.5.
For TSSRP, we set r =2, p; true = 10.

For solar flare detection in the three case studies, the parameters of TRAS are selected to be
r =40, fmin = 2.1 and A =5 %1075 The parameters of SASAM are set to be 6; = 0.1, 0, = 0.4,
h =5 and fi;, = 2. The parameters of NAS are selected as g,.; =107%, A=1.47%107°, k=0.1,
A1 =1.6%1073 and Ay = 0.0103. The parameters of R-SADA are set as k =2.5%10% and ft,i, = 1.
The parameters of TSSRP are set r =40, and 4 44 = 0.1.

For COVID-19 infectious rate change detection, for TRAS, we set its parameters r =1, fyin = 2
and A =102 For SASAM, we set 6, =0.3, 6 =0.4, pinin =1, h=1. For CMAB(s), we set A=0.1
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for exponentially weighted posterior. For NAS, we set g,; =0.01, A=10"", £ =0.2. For R-SADA,
we set iy, =1, kK =1.5. For TSSRP, we set » =1, 1 tpye = 0.5.

For manufacturing defect change detection, for TRAS, we set its parameters r =1, fi,,:, = 1 and
A =1073. For SASAM, we set 0; =0.1, 0, =0.7, fnin =1, h=1. As to CMAB(s), we set a=0.1
for exponentially weighted posterior. For NAS, we set ¢,,1 =0.1, A=5%10"2, k="7. For R-SADA,
we set flmin =2, k=1. For TSSRP, we set r =1, f1 tyye = 0.3.

Simulation Results

First, we show the specific Average Detection Delays(ADDs) and the corresponding Standard
Deviation of Detection Delays(STDs) in Table 1, Table 2 and Table 3 for the experiments in Section
5.1, 5.2 and 5.3 respectively.

Table 1  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Gaussian data

with p=10, m=3
€ NAS ROSADA TRAS CMAB(s) SASAM TSSRP EF-BSSCD(S) EF-BSSCD(G) EF-BSSCD(P) ORACLE
0.0 200(201) 200(197) 200(180) 200(170) 200(141) 200(127)  200(244) 200(243) 200(235)  200(235)

0.2 127(131) 95.5(100) 89.0(71.3) 19.1(11.6) 111(78.7) 44.2(11.5)  7.30(8.29) 8.97(8.80) 8.40(9.78)  1.01(0.10)
0.4 55.0(66.0) 34.9(36.0) 53.8(50.2) 7.88(4.97) 55.8(43.2) 29.5(8.86)  3.16(2.85) 4.91(5.57) 3.41(2.98)  1.00(0.00)
0.6 29.5(30.4) 16.2(15.7) 41.0(42.9) 4.60(3.20) 35.3(26.8) 20.7(5.93)  2.49(2.02) 3.97(4.41) 2.67(2.26)  1.00(0.00)
0.8 18.6(16.3) 10.4(10.7) 35.9(41.8) 3.21(2.53) 24.0(20.1) 15.2(3.83)  2.23(1.75) 3.52(3.48) 2.31(1.71)  1.00(0.00)
1.0 14.7(12.2) 7.87(8.43) 30.1(37.8) 2.98(2.69) 18.8(16.9) 12.5(3.03)  2.03(1.61) 3.41(3.14) 2.11(1.71)  1.00(0.00)
1.2 11.7(7.71) 7.39(8.59) 28.2(35.7) 2.67(2.45) 14.9(7.31) 10.7(2.40)  1.85(1.40) 3.17(4.29) 1.94(1.53)  1.00(0.00)
1.4 10.7(7.23) 6.84(7.57) 24.9(33.0) 2.35(2.05) 12.8(8.99) 9.60(2.21)  1.74(1.19) 2.93(2.86) 1.89(1.40)  1.00(0.00)
1.6 9.62(5.57) 6.40(8.00) 22.7(33.2) 2.35(2.24) 10.7(4.90) 8.71(2.11) 1.76(1.31) 2.89(2.58) 1.84(1.39)  1.00(0.00)
1.8 9.05(4.81) 5.93(7.78) 21.9(32.5) 2.10(1.86) 9.42(4.51) 8.06(1.98)  1.70(1.23) 2.80(3.57) 1.83(1.38)  1.00(0.00)
2.0 8.78(4.64) 6.24(7.44) 21.9(34.3) 2.10(1.94) 8.45(4.11) 7.37(1.97) 1.66(1.17) 2.78(2.80) 1.66(1.13)  1.00(0.00)

Table 2 Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Poisson data

with p=10, m=3
&€ NAS RSADA TRAS CMAB(s) SASAM TSSRP EF-BSSCD(S) EF-BSSCD(G) EF-BSSCD(P) ORACLE

0 200(239) 200(205) 200(202) 200(189) 200(161) 200(169)  200(247) 200(261) 200(199)  200(162)
0.2 188(204) 168(168) 155(135) 162(145) 144(126) 206(169)  151(180) 125(160) 143(127)  2.23(1.56)
0.4 150(170) 121(129) 103(92.8) 109(96.5) 100(78.1) 204(166)  80.9(104) 122(164) 136(133)  2.49(1.98)
0.6 120(140) 75.9(86.0) 81.9(77.7) 64.8(61.1) 66.5(47.3) 199(170)  61.9(88.7) 66.3(95.7) 106(112)  2.07(1.28)
0.8 81.8(94.7) 46.5(48.4) 61.9(61.2) 39.4(38.7) 46.1(32.6) 203(163)  33.5(45.6) 50.0(71.7) 87.7(99.5)  1.86(1.12)
1.0 65.3(87.1) 32.2(33.6) 55.5(58.8) 24.5(24.8) 35.5(24.3) 217(176)  22.0(34.8) 25.3(31.8) 58.6(54.6)  1.63(0.81)
1.2 42.2(50.2) 23.2(22.7) 42.8(48.8) 13.4(13.2) 26.0(17.6) 209(174)  12.3(16.1) 20.2(26.7) 48.7(66.3)  1.81(0.92)
1.4 32.6(35.8) 18.5(17.6) 38.7(45.3) 11.5(12.7) 21.0(13.5) 206(179) 11.6(14.3) 12.2(14.5) 34.0(42.5)  1.75(0.86)
1.6 22.8(24.2) 15.2(14.5) 36.4(50.4) 7.03(7.20) 17.1(11.3) 212(169)  7.09(8.74) 11.2(13.3) 24.0(35.6)  1.69(0.81)
1.8 19.1(18.5) 12.8(12.2) 30.7(43.3) 5.26(4.41) 13.8(8.79) 203(158)  6.67(9.29) 8.99(10.4) 17.0(20.8)  1.50(0.61)
2.0 14.8(12.9) 10.4(8.70) 28.7(42.4) 4.21(4.07) 11.4(7.69) 213(169)  3.87(4.22) 7.71(8.44) 12.4(16.4)  1.49(0.59)

Second, we also run experiments of p =100 with m = 30. We set B, € R'9°%3 are three lowest
frequency Fourier bases and B, € R'%%2¢ are 26 three-order B-spline bases with 29 equally spaced
knots.

For Gaussian data, for EF-BSSCD methods, we set A = 0.1, w; = 0.1, 0; =2, v =107°%. As

to other baseline methods, we set all the parameters according to the recommendations in their
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Table 3  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for binomial data

with p=10, m=3, N=10
10} NAS R-SADA TRAS CMAB(s) SASAM TSSRP EF-BSSCD(S) EF-BSSCD(G) EF-BSSCD(P) ORACLE

0.0 200(200) 200(201) 200(180) 200(180) 200(157) 200(207)  200(223) 200(193) 200(200)  200(206)
0.2 191(186) 173(171) 148(128) 200(203) 170(132) 212(209)  111(160) 134(149) 148(161)  2.02(1.17)
0.4 160(163) 129(128) 91.4(75.5) 117(117) 122(97.9) 214(209)  65.7(97.6) 91.9(91.6) 140(165)  1.85(1.10)
0.6 125(138) 84.7(92.0) 71.0(60.8) 67.0(66.5) 89.5(80.1) 207(208)  47.0(69.8) 61.2(71.3) 91.5(114)  1.74(1.04)
0.8 94.5(108) 53.8(58.1) 57.5(54.8) 39.8(37.9) 65.7(57.9) 223(221)  30.6(50.0) 32.2(34.2) 69.7(84.3)  1.65(0.84)
1.0 69.2(75.2) 34.3(34.5) 53.3(55.3) 26.1(22.7) 49.5(41.7) 211(215) 19.7(3L.6) 26.0(27.6) 58.4(70.2)  1.65(0.75)
1.2 53.9(60.0) 25.8(25.0) 45.0(50.6) 17.9(14.7) 38.5(30.9) 221(215) 11.2(17.4) 19.0(20.6) 47.5(73.4)  1.70(0.84)
1.4 42.4(50.7) 19.1(18.8) 41.5(46.3) 12.4(8.50) 34.2(30.6) 204(194)  6.86(9.63) 16.1(15.9) 23.9(29.7)  1.55(0.72)
1.6 36.6(40.0) 15.0(13.2) 36.6(43.8) 10.5(6.52) 28.8(19.4) 208(209)  5.57(7.37) 10.2(11.0) 21.6(24.8)  1.52(0.59)
1.8 27.3(20.9) 12.2(10.0) 39.3(47.4) 8.77(5.08) 24.1(12.5) 208(197)  4.88(5.90) 9.47(8.39) 12.7(16.5)  1.46(0.57)
2.0 22.7(22.2) 10.4(9.30) 32.4(40.6) 7.61(3.99) 23.3(15.2) 213(203)  4.30(4.93) 8.40(7.58) 9.55(12.5)  1.47(0.74)

papers. For TRAS, we set its parameters r = 7, fiymin = 0.5 and A = 107%. For SASAM, we set
0,=0.1, 0, =0.7, tmin =0.5, h=4. As to CMAB(s), we set A =0.1 for exponentially weighted
posterior. For NAS, we set ¢g,4+1 =0.1, A=10"%, k =1. For R-SADA, we set fi;;, = 0.5, k =1. For
TSSRP, we set 7 =7, 11 true = 1.

For Poisson data, for EF-BSSCD(S) and EF-BSSCD(G), we set A=0.1, w; =0.5, 0, =2, v =
107%. EF-BSSCD(P) is not included due to its high computational complexity. As to other baseline
methods, we set their parameters according to the recommendations in their papers. For TRAS,
we set its parameters r = 10, i, = 0.5 and A = 1073, For SASAM, we set 6, = 0.1, 8, = 0.7,
tmin = 0.5, h=3. As to CMAB(s), we set A =0.1 for exponentially weighted posterior. For NAS,
we set g,11 =0.1, A=10"2, k=1. For R-SADA, we set fi,;, = 0.5, k = 2. For TSSRP, we set r =7,
1 true = 0.5.

For binomial data, for EF-BSSCD(S) and EF-BSSCD(G), we set A = 0.1, w; = 0.3, 0; = 2,
v =10"°% EF-BSSCD(P) is not included due to its high computational complexity. As to other
baseline methods, we set their parameters according to the recommendations in their papers. For
TRAS, we set its parameters r = 10, fmin = 0.5 and A = 1072, For SASAM, we set 8, = 0.1,
0> =0.7, tmin =0.5, h=3. As to CMAB(s), we set A =0.1 for exponentially weighted posterior.
For NAS, we set g,.1 =0.1, A=10"2, k=1. For R-SADA, we set fi,,;, = 0.5, k=1. For TSSRP,
we set 7 =7, p1 true = 10.

We set the change magnitude £ =0.5,0.8,1.0,1.5,2.0. The results are shown in Table 4, 5 and
6. For Gaussian data, EF-BSSCD(S) has the smallest ADD generally, followed by EF-BSSCD(P),
since they both use the spike-slab estimation of 6, in their test statistics, which contains sparse
change information. EF-BSSCD(G) performs a little inferior to them, since it uses the maximum
likelihood estimation (MLE) of 6, instead, and consequently cannot track the sparse change very
accurately. CMAB(s) achieves good performance over the whole range of change magnitudes, but
a little inferior to EF-BSSCD methods. SASAM and TSSRP perform better than TRAS since
SASAM considers the spatial correlation information between variables and TSSRP balances explo-

ration and exploitation through Thompson sampling. But R-SADA does not perform as well as
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NAS under the high-dimensional cases, although it augments the correlation information between
variables. In general, EF-BSSCD-based methods have much superior performance than other base-
lines.

For Poisson data, EF-BSSCD(S) performs best, except at one small change magnitude, £ = 0.5,
inferior to SASAM. EF-BSSCD(G) is a little inferior to EF-BSSCD(S) since EF-BSSCD(G) only
uses the MLE of 6,, which can not estimate the parameter accurately especially when it is a
sparse vector. CMAB(s), R-SADA and SASAM perform closely, better than TRAS and NAS at
most change magnitudes, since they both use the correlation information between variables. As
to TSSRP, it does not detect the change due to the form of Shiryaev—Roberts—Pollak statistic is
sensitive to data distributions.

For binomial data, EF-BSSCD(S) performs best, except at one small change magnitude, £ = 0.5,
inferior to SASAM. EF-BSSCD(G) are a little inferior to EF-BSSCD(S), due to the same reason
as Poisson data. CMAB(s) and SASAM perform better than TRAS since they both considers
the correlation information between variables. But R-SADA does not detect the change when
the change magnitude is smaller than 1 under high-dimensional cases, such that it can not beat
NAS although with the correlation information between variables. TSSRP also does not detect the

change due to the form of Shiryaev—Roberts—Pollak statistic is sensitive to data distributions.

Table 4  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Gaussian data
with p =100, m =30

€ NAS RSADA TRAS CMAB(s) SASAM TSSRP EF-BSSCD(S) EF-BSSCD(G) EF-BSSCD(P)

0.0 200(363) 200(200) 200(186) 200(184) 200(194) 200(185)  200(283) 200(296) 200(277)
0.5 9.61(10.7) 146(158) 48.5(40.4) 8.88(6.22) 47.2(43.1) 59.1(47.3)  1.25(0.61) 1.28(5.19) 1.26(0.60)
0.8 6.19(4.88) 33.4(39.4) 30.3(31.8) 7.23(6.22) 16.1(12.4) 17.1(8.14)  1.16(0.46) 1.22(3.17) 1.15(0.40)
1.0 5.23(3.37) 17.5(16.0) 24.6(25.8) 6.42(5.86) 10.3(6.56) 10.7(4.05)  1.10(0.34) 1.06(0.73) 1.12(0.41)
1.5 4.22(2.28) 9.88(11.6) 17.1(21.3) 5.55(5.51) 5.63(2.84) 5.86(1.45)  1.08(0.31) 1.09(1.22) 1.09(0.33)
2.0 3.95(1.90) 9.29(11.6) 13.1(15.8) 5.59(5.65) 4.02(1.70) 4.10(1.04)  1.07(0.32) 1.13(2.20) 1.08(0.35)

Table 5  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Poisson data

with p =100, m =30
13 NAS R-SADA TRAS CMAB(s) SASAM TSSRP EF-BSSCD(S) EF-BSSCD(G)

0.0 200(244) 200(282) 200(155) 200(250) 200(187) 200(140)  200(216) 200(213)
0.5 109(158) 75.3(122) 76.1(46.8) 77.5(91.7) 58.9(47.4) 186(135)  67.3(94.5) 92.4(112)
0.8 36.8(52.5) 25.7(35.7) 35.1(33.2) 46.2(58.7) 25.6(18.3) 185(136) 15.5(22.3) 32.7(34.5)
1.0 23.0(28.0) 15.6(20.6) 35.3(27.0) 18.8(13.5) 17.5(10.6) 188(137)  8.89(13.9) 21.2(26.9)
1.5 9.31(9.69) 6.44(7.14) 20.4(16.8) 8.36(5.39) 9.10(4.77) 180(131)  4.27(5.29) 7.66(6.57)
2.0 4.99(3.27) 3.79(3.66) 14.5(13.3) 5.03(3.31) 5.87(2.43) 184(135)  2.81(1.98) 4.13(3.23)




Author: Tis a Butter Place
16 Article submitted to INFORMS Journal on Data Science; manuscript no.

Table 6  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for binomial data

with p =100, m =30, N =10
¢ NAS RSADA TRAS CMAB(s) SASAM TSSRP EF-BSSCD(S) EF-BSSCD(G)

0.0 200(282) 200(228) 200(175) 200(222) 200(180) 200(199)  200(215) 200(262)
0.5 109(158) 224(248) 69.9(43.7) 86.3(102) 52.0(39.1) 188(199)  57.7(69.1) 68.8(61.7)
0.8 36.8(52.5) 310(312) 44.9(30.6) 33.3(27.8) 25.4(14.0) 182(195) 15.7(16.8) 21.2(19.7)
1.0 23.0(28.0) 267(304) 36.0(24.7) 19.4(13.5) 19.1(10.5) 169(176) 13.7(12.6) 13.9(9.23)
1.5 9.31(9.69) 54.5(92.1) 25.7(19.0) 9.67(4.83) 11.7(5.28) 170(174)  5.76(4.09) 7.98(5.02)
2.0 4.99(3.27) 16.1(19.1) 20.8(16.0) 6.63(3.39) 8.55(3.11) 183(189)  3.24(2.44) 5.73(2.68)

Appendix E: Estimation of 6, and 3, from Historical Before-Change
Data

In practice, we can estimate 6, and X, from historical reference samples in Phase I. Assume we
have N, offline in-control samples, X;, t=1,..., No.

For Gaussian distribution, the fitted coefficients can be estimated using MLE, i.e., 0, =
(B,B,)'B,X, and the fitted residuals are E, = (I— B,(B}B,)'B})X,, t =1,..., N,. Therefore,
0, = N%)Zi\fl 0, and =, = Cov(él,...,éNO). If 3, is assumed as diagonal matrix,i.e., 3y = 021,
we estimate oy as g = w/k—ll)Zfb: 1flojj. Another parameter special to Gaussian distribution is
3. =01 It is estimated as 6, = \/ﬁ S ||E, — E||2, where E is the mean of E,.

For Poisson distribution and binomial distributions, to obtain MLE for 8,, t=1,..., Ny, we can
derive the first derivative and the second derivative and use Newton’s method to obtain the MLEs
iteratively(Hardin et al. 2012). The log-likelihood is £(X,) = (X, @ a(¢,)) B0, — 1. (b(B,6,) @
a(¢,)). Specifically, the derivatives of 6, are

ggﬁ = B(X, @ a(e,)) — By(H(ByB,) 0 algh,)). (4)
Zé — B} ('(B.6,) ©.a($,))Bu. (5)

Then update 6, according to Newton’s method until convergence:

0L, oL

After we get the MLE ét, t=1,...,Ny, 6y and X are estimated the same as Gaussian distribution.

Appendix F: Computational Complexity of EF-BSSCD
Here, we analyze the computational complexity of our proposed method. For the computational
complexity of Algorithm 1, since the gradients are of different forms for different distributions,

it is case by case, e.g., O((mk.ky, + mk2 + ki + mky)niier2) under Gaussian, O(((mki +m2k, +
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mky)Niter1 + k‘f + mkb)niteﬂ) under Poisson and binomial, where n;;.,1 is the number of iterations
to guarantee convergence for p, o, s using gradient ascent method to maximize the evidence lower
bound, and 14, is the number of iterations to guarantee convergence between 6,, and 8,.

For Thompson sampling procedure, it is O(pk, + pk, +pInp) based on SLRT and GLRT. Based
on PBF, it is O(pk? + pk; + plog p) for Gaussian, O(p™ (mkS +mky)nser3) for Poisson and binomial,
where 1.3 is the number of iterations to compute éa, which is explained in Appendix B.

For computing the three test statistics, the complexity of SLRT is O(mk, + mk;), and GLRT
is O((mk? + mky + k3)Niters), where njers is the number of iterations to compute éa and PBF is
O(mk? +mk,) for Gaussian, O (2% (mk® 4+ mky)n;se,s3) for Poisson and binomial.

Take a specific case for example. For a process with p = 100, k, = 26, k, = 3, for an experi-
ment setting with 101 = 1000, Njter0 = 30, Nyters = 40, Nyers = 40 and m = 30 using our computer
with Intel(R) Core(TM) i9-9900KF CPU @ 3.60GHz, we summarize the processing time for one

time point observation in Table 7. To show how the computation complexity changes with the

Table 7 Processing time
SLRT GLRT PBF
Gaussian 0.001694s 0.001814s 0.001806s
Poisson 4.564s 4.7568 None
binomial 11.41s 12.99s None

dimension of variables, we take EF-BSSCD(S) as an example. We set six levels for p, i.e., p=
10, 50,100, 200,500, m = 0.1p, k, = 2,2,3,4,5, k, = 6,11,14,21,26 respectively and compute the
average processing time for EF-BSSCD(S) for one time point using 100 observations under Gaus-
sian, Poisson and binomial distributions, and plot them in Figure 1. As we can see, the processing

time changes almost linearly with p, which is acceptable for practical use.

2 %10 8 14
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z'° 2 z
= [0
g E* £ ®
= [ [=
2
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Figure 1 Processing time varies with p under different distributions
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Appendix G: Sensitivity Analysis

We conduct sensitivity analysis to see the performance of our method under different numbers
of bases, types of bases, prior parameters, mis-specified distribution or mis-specified bases and
different extents of colinearity in bases. We only apply EF-BSSCD(S) for change detection, and
the regular patterns are almost the same for EF-BSSCD(G) and EF-BSSCD(P).

For different numbers of bases, we consider the following three cases: generating Poisson data by
setting 1) B, € R'%%7 as 7 four-order B-spline bases with 11 equally spaced knots, 2) B, € R'**® as
5 four-order B-spline bases with 9 equally spaced knots and 3) B, € R'**? as 3 four-order B-spline
bases with 7 equally spaced knots. The detection results are shown in Table 8. Generally, we see
that for the same type of bases, the detection delay is increasing with the number of bases. The
more bases we have, the more parameters we need to estimate and the larger set of observations we
need to obtain. So under the same size of observation set, i.e., m = 3, we can get a better estimation
for 0, with k, =3 than k, =5 and k, =7, especially when the change magnitude is small so that
the change is difficult to detect.

For different types of B,, we consider the following three cases: generating binomial data by
setting 1) B, € R3**!? as 12 three-order B-spline bases with 15 equally spaced knots, 2) B, € R32*12
as 12 lowest frequency Fourier bases and 3) B, € R3**!? as the first 12 Vaidyanathan wavelet
bases with a grid of 32 equally spaced sensing points in (0,1). Also, to guarantee their detection
performance can be compared fairly, we also normalize these bases to make their Euclidean norm
equal to 1. The detection results are shown in Table 9. We can see that the ADDs for B-spline
bases are less than those for Fourier bases and Wavelet bases. It is because Fourier bases and
Wavelet bases are both orthogonal bases, but B-spline bases have colinearities between bases. When
colinearities exist, the elements of 8, will be correlated as well. Then when a change happens on
one of these colinear bases, their coefficients would be nonzero values at the same time, which
can be used jointly to detect the change. So the test statistics will be larger and trigger alarm
more quickly. However, too strong colinearity should be avoided when we design B, or B, since
the coefficients of those strongly correlated bases will be strongly correlated as well, which will
degrade the diagnosis of the change, i.e., determining which variables are anomalous according to
the estimated values on the bases.

For different settings of prior parameters, we set w = 0.01,0.1,0.9 for Gaussian data and set
p=100, m =5, with B, € R'%°%3 are three lowest frequency Fourier bases and B, € R'90*52 are 52
four-order B-spline bases with 56 equally spaced knots. The detection results are shown in Table
10. As we can see, our results are not much influenced by w. But if we set it as an unrealistic
value, such as 0.9, meaning there is a very large probability to change for every basis, the detection

results will degenerate a little. Therefore, we’d better set w as the chance of change for every
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basis according to our prior knowledge and recommend w < 0.5. Then we also set o; =0.1,3,10
for Gaussian data with the same setting as sensitivity analysis for w and the detection results are
in Table 11. We find the results are not much influenced by o; when it is in a realistic range.
But too small o; may weaken the detection of large magnitude shift since it prefers to generate
small , although it benefits the detection of small magnitude shift. As it is suggested in Appendix
D, with prior information about the maximum change magnitude, we would better set o; > |¢]
(within 1-sigma of N(0,0;)) to guarantee that there is a high probability to accommodate all
plausible 6,; # 0 in the slab distribution. In a word, our results are not much influenced by the
setting of w and o; in spike-slab prior, since the impact of the prior is diluted in the weighted
posterior p (Ha, r| Xz, Xz(n)) o po(0a,r) [, p(X 21|04, 1)t by a large number of sequential

observations from t =1 to t =n.

Table 8  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Poisson data

with p =10, m = 3 for sensitivity analysis for number of bases

& 7 four-order B-spline B, 5 four-order B-spline B, 3 four-order B-spline B,

0.0 200(212) 200(265) 200(291)
0.2 151(180) 131(199) 103(147)
0.4 80.9(104) 81.8(118) 45.9(72.3)
0.6 61.9(88.7) 33.8(56.0) 26.4(47.3)
0.8 33.5(45.6) 17.4(24.2) 13.9(19.1)
1.0 22.0(34.8) 9.85(15.6) 10.1(15.5)
1.2 12.3(16.1) 6.47(10.5) 6.65(10.3)
1.4 11.0(14.3) 5.26(6.04) 3.26(4.25)
1.6 7.09(8.74) 3.59(4.25) 3.34(5.04)
1.8 6.67(9.29) 2.92(3.35) 2.32(2.48)
2.0 3.87(4.22) 2.59(2.70) 2.40(3.04)

Table 9  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for binomial data

with p =32, m =8 for sensitivity analysis for type of B,
¢  B-spline B, Fourier B, Wavelet B,
0.0 200(297) 200(303) 200(306)
100(192) 128(247)

0.2 31.9(60.0)

04 16.4(36.3) 75.1(162  98.3(150)
0.6 9.38(22.1) 30.8(85.6) 25.2(51.4)
0.8 7.00(14.2) 31.0(105) 18.9(33.7)
1.0 3.64(6.33) 15.0(32.1) 10.5(17.9)
1.2 2.36(2.56) 9.59(24.3) 5.39(7.48)
1.4 2.22(2.29) 5.33(15.4) 2.80(3.30)
1.6 1.91(2.00) 3.55(7.73) 2.71(2.59)
1.8 1.76(1.33) 3.34(9.54) 2.41(2.91)
2.0 1.71(1.59) 2.29(4.12) 1.94(1.40)
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Table 10  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Gaussian data

with p =100, m =5 for sensitivity analysis for w
& w=0.01 w=0.1 w=0.9

0.0 200(183) 200(200) 200(219)
0.1 136(123) 142(130) 160(174)
0.2 43.1(31.8) 48.0(39.3) 50.6(49.3)
0.3 22.5(15.8) 23.0(14.5) 25.6(21.1)
04 17.5(11.1) 17.3(11.5) 19. 6(15 5)
0.5 12.5(8.44) 14.2(9.78) 16.0(12.7)
0.6 12.9(8.85) 12.3(9.05) 14. 6(12 1)
(7.32) (8.24) (11.0)

(7.82) (7.73) (10.5)

(7.40) (7.49) (10.0)

(6.89) (7.21) (9.66)

0.7 11.2(7.32) 11.3(8.24) 13.5(11.0
0.8 10.7(7.82) 10.4(7.73) 12.2(10.5
0.9 10.1(7.40) 10.0(7.49) 12.1(10.0
1.0 9.76(6.89) 9.93(7.21) 11.4(9.66

Table 11  Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Gaussian data

with p =100, m =5 for sensitivity analysis for o;

f O'j:01 O'j:?) O'leo

0.0 200(232) 200(200) 200(194)
0.1 117(137) 142(130) 146(138)
0.2 36.6(43.1) 48.0(39.3) 46.9(39.9)
0.3 24.0(34.0) 23.0(14.5) 22.9(15.2)
0.4 19.6(26.5) 17.3(11.5) 17.2(11.4)
0.5 17.7(28.0) 14.2(9.78) 14.0(9.54)
0.6 15.9(33.1) 12.3(9.05) 12.4(8.70)
0.7 16.3(34.5) 11.3(8.24) 11.7(8.27)
0.8 13.7(23.4) 10.4(7.73) 11.0(7.99)
0.9 12.7(21.6) 10.0(7.49) 10.4(7.59)
1.0 11.2(17.0) 9.93(7.21) 9.86(7.51)

For mis-specification of type of distributions, actually, the forms of the variational Bayesian
estimation and the test statistics are both derived based on the specific forms of distributions in
the exponential family. So in practical use, we’d better assume the distribution type is known in
advance and use the specific forms for the distribution. We can imagine that if the distribution is
mis-specified, the detection results would degenerate. This is a well-known limitation for parametric
statistical monitoring methods. Only nonparametric methods can solve this problem and achieve
distribution-free performance(Hérdle 1990). However, this would be a totally different story and
we would like to put it as future work. For reviewer’s information, we conduct such experiments
that the distribution type is mis-specified. In particular, for sensitivity analysis, we only apply
EF-BSSCD(S) for change detection, the regular patterns are the same for EF-BSSCD(G) and
EF-BSSCD(P). We generate Poisson data according to Section 5.2 in our paper, and apply EF-
BSSCD(S) derived from Gaussian distribution for change detection. The detection results are

given as in Table 12. The detection results are shown in the column named “Poisson data using
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Gaussian”. As we can see, the ADDs are not as small as “Poisson data using Poisson” (the method
specific for Poisson distribution), since the derivations for Gaussian are quite different from those

for Poisson.

Table 12 Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Poisson data

with p =10, m = 3 for mis-specified distribution

¢ Poisson data using Poisson Poisson data using Gaussian

0.0 200(212) 200(204)
0.2 151(180) 134(148)
0.4 80.9(104) 129(119)
0.6 61.9(88.7) 116(116)
0.8 33.5(45.6) 103(106)
1.0 22.0(34.8) 58.3(62.5)
1.2 12.3(16.1) 51.6(61.4)
1.4 11.0(14.3) 51.1(56.1)
1.6 7.09(8.74) 34.1(44.8)
1.8 6.67(9.29) 31.8(39.7)
2.0 3.87(4.22) 16.2(17.7)

For the mis-specification of type or number of bases, in contrast, our method has robust per-
formance to cases if the anomaly dictionary is mis-specified, which means we can not utilize the
correlation information between variables correctly. To illustrate that, we conduct one experiment.
We generate Poisson data as Section 5.2., where B, € R'°*7 are 7 four-order B-spline bases with 11
equally spaced knots. But we use B, € R'°%? are 3 three-order B-spline bases with 6 equally spaced
knots to detect the change, and the detection results are shown in the column named “Three-order
B-spline B,” in Table 13. The other column is from the manuscript with the correctly specified
anomaly bases. As we can see, since the correlation we utilize is not correct, the detection is a little
slower than using correctly specified B,. But it is not influenced too much. So we can conclude
that the mis-specification of basis function will not influence the efficiency of our proposed method
too much.

As for the influence of colinearity in B,, when different bases in B, have strong colinearity, the
elements of 8, will be strongly correlated. Then when a change happens on one of these colinear
bases, their coefficients would be nonzero values at the same time, which can be used jointly to
detect the change. So the change detection in this circumstance will not be delayed, but the later
diagnosis of the change would be not accurate, i.e., determining which variables are anomalous
according to the estimated values on the bases. Here we use one experiment to show that. We
consider two cases, 1) generating Poisson data by setting B, € R'*** as 4 four-order B-spline bases
with 8 knots. These four bases have strong colinearity; 2) generating Poisson data by selecting

B, € R0 as 15,374 10", 12" bases from 12 four-order B-spline bases with 16 knots. These four
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Table 13 Average Detection Delays/ADDs(Standard Deviation of Detection Delays/STDs) for Poisson data
with p =10, m = 3 for mis-specified anomaly dictionary

¢ Three-order B-spline B, Four-order B-spline B,

0.0 200(241) 200(212)
0.2 150(180) 151(180)
0.4 117(145) 80.9(104)
0.6 76.7(98.3) 61.9(88.7)
0.8 45.3(71.0) 33.5(45.6)
1.0 30.2(42.8) 22.0(34.8)
1.2 19.1(27.9) 12.3(16.1)
1.4 13.7(24.1) 11.0(14.3)
1.6 11.4(17.6) 7.09(8.74)
1.8 6.84(10.5) 6.67(9.29)
2.0 5.91(8.55) 3.87(4.22)

bases are almost orthogonal. The detection results are shown in Table 14. As we can see, the
colinearity in B, does not influence the ADDs, but achieves even smaller ADDs. However, in
practice, for efficiently diagnosing the change in the downstream task, it is still better to remove

the colinearity and try to construct almost orthogonal B, to capture different change features.

Table 14  Average Detection Delays/ADDs (Standard Deviation of Detection Delays/STDs) for Poisson data
with p =10, m = 3 for the colinearity of B,
¢ Highly colinear B, Almost orthogonal B,

0.0 200(246) 200(232)
0.2 119(184) 149(184)
0.4 45.4(80.3) 58.2(86.7)
0.6 23.3(37.5) 54.2(77.1)
0.8 12.2(22.5) 15.0(21.6)
1.0 8.46(14.6) 12.3(20.3)
1.2 5.33(9.40) 7.43(10.6)
1.4 3.67(4.81) 4.20(5.43)
1.6 2.40(3.15) 5.19(6.36)
1.8 2.53(3.11) 3.53(3.66)
2.0 2.09(2.64) 3.14(3.95)
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