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1. Theorem Proofs

This Online Supplement gives proofs for all theorems in Shortle et al. (2005).

Proof of Theorem 1. Step 1. We show there exists a unique solution to (3) (see Shortle

et al. 2005). Multiply (3) by e=* and rearrange terms to get:

N
(e MWy(t)) = =Ae ™MD Wyt —a)pi,  t# ;.
=1

We assume throughout this proof that the index 7 € 1,---, N. This implies

t N
W, (t) = e (Wq(O) - / Ae™ M Z Wy (u — z;)p; du) , t>0.
0 i=1

Since W, (t) is continuous on ¢t > 0 (Shortle et al. 2005, sec. 2), the integrand is piecewise
continuous. The definite integral of a piecewise continuous function is unique, so W, (t) is
unique. The solution W,(¢) is not affected by the fact that w,(¢), and hence (3), is not

defined at t = xg, 21, -, TN.

Step 2. We show that Euler’s method for numerically solving a differential equation applied

to (3) converges to W,(t). First, rewrite (3) as
W) = \W,(t) — Q) t 1, (16)
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N
where = Z (t —z;)p
=1

Euler’s method with a constant step-size h apphed to (16) gives:
Fo=F,_ +h ()\Fn_l —Q(h(n— 1))) . (17)

For a differential equation in the form of (16), Euler’'s method converges uniformly on any
finite interval [a,b] provided Q(t) is continuous on that interval (e.g., Hairer et al. 1991,
theorem 7.3). Here, Q(t) is only piecewise continuous, with discontinuities at each z;. Start-
ing with the interval [0, 2], choose Q(x1) so that Q(t) is continuous on [0,x1]. Q(t) is
right-continuous, so we do not need to worry about continuity at 0. From Step 1 of this
proof, we can define Q(z;) to be any value without changing the solution for W, (t). Let
Fi(t) be the Euler polygon connecting the discrete points from (17) with straight lines.
Since @Q(t) is continuous on [0, z;], theorem 7.3 from Hairer et al. (1991) shows that Euler’s
method converges uniformly on [0, x;1]. That is, for any € > 0, there exists h* such that
h < h* = |Fy(t) — W,(t)] < € on [0,21], and in particular, |F,(z;) — Wy(x1)| < e. We use
this as the starting point for the next interval.

On the second interval [y, 2], let F,(t) be the Euler polygon with step-size h and initial
condition Fj,(z1) = W,(z1). As before, choose Q () so that Q(t) is continuous on [x1, z2).
For small enough h, |Fj(t) — W,(t)| < € on [x1,x,]. Also, by Hairer et al. (1991), Lemma
7.2, |Fu(t) — Ey(t)| < € on [x1, 5], for small enough h. Thus, |F,(t) — W,(t)| < € on [z, 22).
Continuing in the same manner, we can get uniform convergence up to any finite point 7
since there are a finite number of z;’s. Also, we trivially get uniform convergence on (—oo, T'|

by defining F,(t) = 0 for t < 0.

Step 3. In this step, we show that |F,, — W,(nh)| — 0 as h — 0, nh — t.

We prove the following induction step: If F' — W, uniformly on (—oo,t], then F' — W,
uniformly on (—oo,t + x1]. More specifically, we define uniform convergence on (—oo, ]
as follows: given any € > 0 and any sequence hy,ny (hy > 0, ng an integer) such that
hy — 0, nghy, — t, then there exists a k* such that k > k* = |F,, — W (nh)| < ¢,Vn =
—00, -+ ,ng — 1,ng. First, the induction hypothesis is trivially satisfied for any ¢ < 0 since
F, =0 and W,(nh) =0 when n < 0.

Assuming the induction hypothesis, we show the same holds true on (—oo,t + x;]. Con-

sider a sequence hy, ng, with hy, — 0, nyhp — t+ x;. To simplify notation, we now drop the
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subscript k£ on h,n. Subtracting (17) from (5) in Shortle et al. (2005) gives:

(Fuet = ALY piFnom,) — (L+ AR)EFyy + hQ(h(n — 1))

i=1

. 1
Fp— By = ——
1— \h

= (1 + M) (Fyey — Fuy) + Avg_yj, + o(R?),
N
where v,y = Zpi (Wylnh —h —x;) — Foe,) -

i=1

= |F, — F,| < (14 M) |Fp_y — Ey_q| + Mva_1s + D(AR)?,

for some constant D and small enough h (say h < h}).
= |F, — E,] < e (\Fn,1 — Fy |+ Moo + D()\h)2> .
Similarly, |F, — F},|

< M (M (Fus = Fual + Ahv, o+ D)) + Miv, s+ DOV)?)

< M <|Fn_2 — Fy| + At + AU + 2D(/\h)2>

< M <|Fn_m — Bl + AR vnin + mD()\h)2> .

=1
where m is the integer chosen so that (n — m)h = t; specifically, let t > (n — m)h >t — h.

So, mh < nh—t+h < x4+ 1, for small enough h, since nh — t+ x;. So, the above equation

< e+ <|an — Bo| + AR (Z Vn—in + D(x1 + 1))\>> ~ (18)

=1
Now, |F,_p — Fn_m\ can be made less than an arbitrary € > 0, for small enough h since
| P — Fren| < | Fpemn — Wo((n — m)h)| + |[W,((n — m)h) — F_|, and the first term can
be made arbitrarily small by the induction hypothesis (since (n —m)h — t), and the second
term can be made arbitrarily small by Step 2. Therefore, to show that (18) can be made
less than an arbitrary € > 0 for small enough h, it remains to show that Ah Z;il Up—1.h — 0.
Now,

m N m
S nain =Y _pi Y (Wylln—=Dh = ;) = Facip1om,)
=1 =1 1

=
and

(Wo((n = Dh — i) = Focigiom,| <

[Wy(n = Dh = 2) = Wy((n— 1+ 1= m)h)] + [Wy((n = 1+ 1 = m)h) = Foorp |




By the induction hypothesis, the last term can be made less than an arbitrary € > 0 for h <
some hj, for all [ (since (n — 1+ 1—m;)h < (n+1—m;)h — t, since nh — t + x; and
m;h — ;).

For the first term, the definition of m; = [x;/h] implies x;/h < m; < z;/h + 1 which

implies h — x; > h — hm; > —x; which implies
h>n—1+1—-—mj)h—((n—1)h—u1;) >0,

so there is at most one [ where (n — [+ 1 —m;)h > 0, and (n — [)h — z; < 0. Since W, is
continuous everywhere except at 0, W, < A everywhere except at a finite number of points,
and |[(n — 14+ 1—m; —1)h — ((n — [)h — x;)| — 0, the second term can be made less than

any € uniformly for all [ = 1,--- ,m except for at most one [ in this set. So,
S W= Dh = 2;) = Fopim,| < (m — 1)e+ 1+ me.
=1

So,

hAD vnin < BA(2me + 1)
=1

which can be made arbitrarily small since mh — x; and € can be selected arbitrarily. Thus,
|F,— ﬁn\ can be made arbitrarily small. Also, for n’ < n, the equivalent bound for |F,, — Fn/\
in (18) is less than or equal to the bound for |F, — F),| in (18). Thus, |F, — F,| converges
uniformly to 0 for all n < n. By step 2 in this proof, |F, — W,(nh)| converges uniformly to
0. Thus, |F,, — W,(nh)| converges uniformly to 0. O

Proof of Theorem 2. The Laplace transform of Dy in the form of (19) (see Lemma 1) is:
N N
g (—iu) = (sz cos(uxi)> +1 <sz sin(ux,)) :
i=1 i=1
Using (20) from Lemma 1 and letting u be large gives the result. O

Proof of Theorem 3. The Laplace transform of Uy in the form of (19) (see Lemma 1) is:
1 Di 1 & Di
i) = [ =5 Zgin(ur, (2N P ).
g (—iu) (u ;:1 -, sin(uz )) +1 (u ;:1 wz( cos(ux )))

Using (20) from Lemma 1 and letting u be large gives the result. O



Lemma 1. Suppose the service distribution for an M/G/1 queue has Laplace transform
g*(s) and that
g (—iu) = a(u) + ib(u). (19)

Let ¢(u) (see (14), Shortle et al. 2005) be the transform of W,(t) = P(W, < t|W, > 0).
Then,

1—p [(—(Aa(u) = N)? 4+ Xb(u)(Ab(u) — u)
= . 2
Retoto) = 1 (S ) o 2
Proof. Plugging (19) into (14) gives:
1—0p —iu
= —1].
olu) =— <)\a(u) X+ (Mb(w) —w)i >
Putting over a common denominator and taking the real part gives the result. U
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