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A. Appendix

The appendix is organized as follows: In Appendix A.1, we justify the specific forms of
the regression models chosen to represent the CT-TH moment curves. In Appendix A.2,
we define the notation that will be used in Appendix A.3—-Appendix A.6. Appendix A.3
provides the statistical inference on the moment estimators {7, () = u(z,0,),v = 1,2,3}.
Appendix A.4 derives the normalized variances and covariances of the moment estimators
in terms of the design parameters [x,7]. The numerical evaluation of the design criterion
PM is explained in Appendix A.5, and the method for determining the number of additional

replications AN is given in Appendix A.6.

A.1. Justification for the Metamodels

This subsection is devoted to justifying the specific form of the metamodels (4) and (5)
adopted for the estimation of moment curves. Both models are motivated by some elementary
queueing models as well as heavy-traffic analysis of queueing systems.

In Section 3, moment CT-TH curves are represented by Model (4) which consists of two
parts: a polynomial function in the numerator, and (1 — x)? in the denominator. Analytical
results for some simple queueing systems have shown that the moment curves for these

systems are of the form of (4). For example, the first three moment curves of the M/M/1



queue in steady state are

E[CT(x)] = 1/(1—x)
E[CT(x)?] = 2/(1—x)?

E[CT(z)’] = 6/(1—x)®

In Whitt (1989), it has been shown that, at least as + — 1, moment curves of many queueing
systems will follow the form of (4). As explained in Yang et al. (2007), introducing parameter
p in Model (4) is necessary because it has been demonstrated that the p value for the
underlying CT-TH first-moment (mean) curves could deviate substantially from 1 for real
manufacturing systems (Johnson et al. 2004).

Before we discuss the variance model (5), we first define the asymptotic variance of the

sample mean ZhH:(f)(CTh(m))”/H(:E) as follows:
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We assume that {CTy(z),h = 1,2,3,...} is a stationary discrete-time stochastic process.
Whitt (1989) showed that for the M/M/1 queue, the asymptotic variance of zhH:(f) CTn(x)/H(x)

is given by
oD (@) = z(2+ 50 —4a?+2%) 4
A (1 —x)* (1 —x)*

(27)

as = approaches 1. Under heavy traffic, (28) is consistent with Model (5). Furthermore, it
has been shown by Whitt (2002) that the asymptotic variance of higher moments will also
have form (5) in heavy traffic:
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A.2. Notation

We define the notation that will be used for the remainder of this appendix.

n = (n(zy),n(xq),...,n(x,)) is the integer vector that represents the allocation of simula-

tion replications to the m design points.
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Z(z/) _ (Zf’/)(xl),,Zgzil)(l‘l),7Z§”)(33m>7,Z7(1’83m)

formed data vector consisting of independent observations collected at m different

() for v = 1,23, the trans-

throughput levels.

Z0(z) = (2"(x), 28 (x), ..., Z%)

(x))" is the transformed data vector consisting of i.i.d.
n(z)

observations collected at throughput z.

Cov[Z®¥) (x), ZO (x)] (k,£ = 1,2,3) is a diagonal matrix with identical diagonal elements,
O'kg(l‘) : In(z)xn(z)

Cov[Z®) Z®] (k,0 =1,2,3,k # () is a diagonal matrix given by:

Jk((xl) : In(:m)xn(a:l)
Uké(x2) : In(:}:g)xn(zg)

(29)
O-kf(xm> : In(zm)XTL($m)
N: the total number of replications.
0, = (0,1,0,,...,0,r,): the unknown parameter vector of the v** (v = 1,2, 3) transformed
moment model (7) including the coefficients (¢, ¢1, . . ., ¢;) and the exponent parameter
r. T, is the number of unknown parameters.
{p(x) = u(a:,@,,); v =1,2,3}: the estimated moment model (4).
{n(z, 51,); v =1,2,3}: the estimated transformed moment model (7).
u(z,8,), the T, x 1 derivative vector with v = 1,2, 3:
u(z, §V) = [ul(x, 51,), us(, 51,), —oour, (z, 51,)] (30)
ou(z,0,) Ou(zx,6,) ou(r,0,)]
N 00, 7 00, 7 00,1,

S)

: the N x T, derivative matrix with elements {v;;} defined as

v v a?’](ﬂfk, OV)
o) = o (wy) = =P

> k=1,2....N;7=12....T,. 1
ae,}] |0V:0V ) <y ) v J ) < ) (3)



{s%;v = 1,2,3}: the residual mean square error resulting from fitting the transformed

model (7) for the v moment.

A.3. Variance-Covariance Matrix of Moment Estimators

As can be seen from Section 5.2 of the paper, the variance of the percentile estimator CAa(as) is
a function of the variances and covariances of the moment estimators {7, (z) = p(z,8,), v =

1,2,3}.
-~ -~ /

Consider the random vector of moment estimators p(xz) = (u1(x), i2(z), fis(z)) as a

whole, and its variance-covariance matrix is:

Var[fi (z)] Covlui(2), i2(x)]  Covli(z), 1is(x)]
Var[p(z)] = [ Cov|mi(z), i2(x)]  Var[z(z)] Cov|tia(2), His ()] (32)
Covlpir(z), fiz(z)]  Covliia(z), fi3(x)] Var(is(z)]

We provide an estimator for each element in the matrix.
A.3.1. Estimation of the Variances

As illustrated in Section 3 of the paper, the moment estimators {,u(:v,b\y), v =1,23} are

obtained indirectly from the estimated transformed model n(z, 8,):

x 0 — 77<55>5v)
8 = M0

The fitting of 7](90,51,) is based on the transformed data set {Z") v = 1,2,3}. From

nonlinear regression analysis (Bates and Watts 1988), Var[@,,] is estimated as

—_

Var[6,] = Var |(VIV,)'V'Z,

= 2(V.V,) L (33)

For reasons explained in Yang et al. (2007), we assume that ¢, = @, is known when making
statistical inference on pu(z, §V) Since p(z,0,) is nonlinear in the parameters 8, the first-

order approximation by the delta method (Lehmann 1999) is used in the estimation of



Var|u(z,6,)):

~ ~

Var[u(z,0,)] = Var[u(z,0,)+u'(z,0,)(0, —0,)]

/]
= u/(z,0,)Var[,]u(z,6,). (34)

)

= Var[u'(z,0,)

Plugging (33) into (34) and replacing 8, by 0, , we have:

~ ~ A~

Var[u(z,0,)] = s2u/(z,0,)(V,V,) "u(z,,). (35)
A.3.2. Estimation of the Covariances

A similar development applies to estimating {Cov[u(:v,ak),u(x,ag)]; kot =1,2,3k # (}.

By the first-order approximation of the delta method,

~

Cov[fi(z, 0;), fi(z,0,)] = Covlu(z,8;) + ' (z,0:) (0 — 64), 1(x, 0,) + ' (x,0,)(6, — 6,)]
= Cov[u'(z,0,)0,, ' (z,0,)0]

= u/(z,0;,)Cov[By, O,]u(z, 6,). (36)
And from nonlinear regression analysis of 7(x, 51,), we have

Cov [ék@] = Cov[(Vi V) 'VLZ® (VIV,)"1V,ZO)]

— (Vi Vi) 'V, Cov[Z®, ZOY(VV,) IV (37)

Combining (36) and (37), and substituting the parameter estimates {8,,v = 1,2, 3}, we

have:

o~ ~ ~

Covip(z, 8y), 1(x,8,)] = u'(x,0,)(ViVy) 'ViCov[Z® ZOUV,(V)V) Hu(, 6,)

k0=1,2,3 k#L. (38)

The only part left unsolved in (38) is the estimation of Cov[Z®), Z(¥)], which is a diagonal

matrix given by (29). The natural estimator of oy (), the k¢ element of the covariance matrix



Cov[Z®), Z®)], is the sample covariance estimated at x:

F(r) = ﬁ > (2] () = 20 @) (@) = 29 (x)) (39)

1

k0=1,2,3 k+#¢

<

where ZW)(z) = n(z)™! 2?81) ZJ(-V) (x) is the sample mean.

However, using the sample covariance (39) to estimate Cov|u(z, 8x), u(x,ag)] may lead
to a covariance matrix that is not positive semi-definite, which is a fundamental requirement
on the variance-covariance matrix of any random vector. Therefore, we propose estimating
ore(x) in the following way, which provides some consistency in how we estimate the vari-
ances and covariances, and preserves the positive semi-definite property of the estimated

matrix (32). We estimate the sample correlation

Ore() = % (40)

where () is the sample covariance (39), and 2(x) = (n(z)—1)"! Z?g)(Z;V)(x)—Z(”) (z))?

is the sample variance. Then an estimate of 0;;(x) can be obtained utilizing the residual

error s which is also used in (33) for estimating Var|u(x, EV)]:
&\U(SC) = Z)b(I) X 8iS5;. (41)

Notice that the estimation discussed in this subsection is used either for making statistical
inference on the percentile estimator or numerically evaluating the design criterion in search
of the optimal design. The case worthy of mention is when the current design is to be
expanded by including more design points. At those additional points, no simulation data
have yet been collected, and we cannot directly obtain the corresponding covariance estimates
0:;(z) for the new design points. A simple approximation has been adopted in our procedure:

we assign 0;;(z) = (0;j(xr) + 0;j(xy)/2 for those new design points to be included.



A.4. Normalized Variance and Covariance Derivation for Moment
Estimators

In this section, we derive the normalized variances (N Var|-]) and covariances (NCov|-]) of the

moment estimators at a particular throughput rate « € [z, zy] in terms of x and 7. This

provides the basis for evaluating the normalized variances of percentile estimators, which is

critical to the design of simulation experiments as shown later in Appendices A.5 and A.6.

The estimation is based on N replications allocated to m design points x = (1, xa, ..., Zy)
according to the loadings 7 = (7, T2, ..., Ty ). In the following derivations, we assume that
the allocation of replications n; = Nm; (i = 1,2,...,m) is an integer.

The estimated variance of i, (x) is given by (35) as

Var[fi, ()] = s20'(z,0,)(V,V,)"u(z,8,). (42)

Let the matrix A®) = V!V, with element a'/ = 37 nal” (z;)0!") (x;). We can write the
determinant of A®) as

Ei@:) E;@c) §§<x>

Y . y = ” e Y vy (i) vy (@) e vy (Tig)

AV = S 00 (@) Y nipes (@)Y nipol) (@) ' : v
i1=1 io=1 ip=1 : . . :

(@) o (@) o o (@)

Then |A®)|, the determinant of A®), and |A§Itj)|, the cofactor of A™) can be written as
follows:

AW = > iy i (i, )03 (23,) - 0 (2iy,)
is 7é it
1 < 11, ,iT < m
U§V) (xll) Ugy)(xzz) ’Ugy) (xlT)
MR SRR vy (@ir)
v (2i,) v (i) v (i)
= NP (x,7) (43)



|A(V)| = Z Mgy = Mgy Mgy - n'lT,Ug )(xll) UE )1(1.% 1)'Ut(+)1(x1f+1) vg’y)(xiT)
iq 7& ip
Qg # iy
1<, ir<m

Dwy) - @) o (@in) o o (@)

vy (wi,_,) vy (wi_,) v ml) o ()

x| ol (@) o @i ) (i) o o (@)

,U;V) (xll) e U;V) (xit—1> Ué“y) (‘rit«{»l) e Ugi/) (xZT)

NT-1%) (x, ) (44)

Equations (43) and (44) follow because n; = Nm;. The functions b™)(x, 7r) and ) (x, )

can be evaluated given x and 7. Then the inverse of A(t can be obtained as

AL b )

AT, = :
AT e =R =N e

(45)

Thus, (AM)~! = N-IB®(x, 7r) where the (s, t) element of B®)(x, ) is given by B! =
b (x,m)/b")(x, 7). The normalized variance of the v moment estimator fi,(zy) can be

expressed as:
N x Var[fi,(z0)] = s2u/(z, 0,)B¥ (x, w)u(z, 6,). (46)

The covariances of the moment estimators are given in (38) as

Covlfin(w), fie(x)]
= W(z,0,)(VyV) 'V,Cov[Z®, ZOUV(VIV) Y u(z, ;) (47)
ko0=1,23 k.

The covariance matrix Cov[Z®*) Z®)] is given by (29), the elements of which o (2) (v =
T1,T9,...,Ty) can be estimated by (41) as explained in Appendix A.3.

Using (45), we can easily derive
NCovlfig(x), o))

(Z ) (Z B0 ) (zuh d;;;>) (1)
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where
Tl/ b(V)

=2 ot ) o x (@) (49)

and u;(z, /0\@) is defined in (30).

A.5. Numerical Evaluation of the Design Criterion

For convenience, we restate the design criterion in (22)

PM =Ny Var[C,, (x)]. (50)
REQ,

In this section, we evaluate the design criterion numerically for given design [x, 7] in an
effort to search for the optimal solution of (23). Recall that this evaluation is performed in
the context where some simulation experiments have already been carried out. The key is
to obtain the variances and covariances of the moment estimators {i,(x),v = 1,2,3} for
k € Q,, from which Var[CAaU(/i)] can be approximately computed.

As we did in Yang et al. (2007), linear assumptions about the regression models for mo-
ment curves are made at the stage of designing experiments. More specifically, the unknown
parameters, p, in the moment model (4) and ¢, in the variance model (5), are both assumed
to be known and given as their best estimates obtained so far, p,, and ¢,. This assumption
reduces the transformed model (7) to a linear model with the exponent r, being a known
parameter given by ¢, — p,. In addition, we suppose that the expanded experiments with m
design points are designed to estimate moment models (4) whose polynomial order is equal
tom — 1.

Under these assumptions, the moment models and transformed moment models are (with

superscript v dropped for simplicity):

" _ Zz o cex’
pi(, 0) - 2) (51)
n(z,0) = <Z @xﬁ) (1—2z)" (52)
=0

where both p and r are assumed to be known, and the unknown linear parameters are
0 = (co,c1y- -y Cm1).

As already noted, the design criterion (50) is a normalized variance measure, which
depends on the design [x,7]. To search for the optimal [x, 7|, we need to be able to evalu-

ate (50) numerically for given [x,w]. With p(z, @) and n(z, 8) defined as the linear models



given by (51) and (52), we can numerically evaluate the normalized variances and covariances

of the moment estimators for given [x, 7|

NVar[u(k,0,)] v=1,2,3 (53)
and NCov|u(k,0;), u(k,0,)] Kk 0=1,2,3k +#¢, (54)

by following the derivation in Appendix A.4.
In addition, based on the data set already collected, {u(li,al,);li € Qv = 1,23},
the distribution parameters of Gn(t;a(li),/l;(li)jf\Oﬂ) can be estimated. Applying the delta

method as illustrated in Section 5.2, we can approximately calculate NVar|C,,, (x)], which is

a component of the sum formulation (50).

A.6. Incrementing the Number of Runs

As mentioned in Section 6.1.2, we need to determine AN, the number of replications to
be added to the current design before solving the optimization problem (23) to obtain the
optimal design for further simulation experiments. As explained in Yang et al. (2007), adding
AN replications should help drive the precision level of the chosen estimators, in this case
@U (zy) and Cq, (x1), down to the target 1007% (the definition of 1007% is given in Section
6.2). Conditional on the size of the current estimated relative error 1007,, which indicates
how precise the current estimate is, we set an intermediate target, say 1007 % (v < 11 < 7e),
for the expanded data set to achieve. Details regarding the choice of 100+, % are discussed
in Yang et al. (2007, Appendix 3).

Regarding the determination of AN, we follow the same logic as in Appendix 3 of Yang
et al. (2007). In the remainder of this section, we illustrate how a rough estimate of AN is

computed for achieving the desired precision level 100v;% under the following assumptions:

(i) To obtain a rough estimate of AN needed for the follow-up design given the current
data, the design points x to be included in the follow-up design have to be known.
As noted in Section 6.2, there are two types of design augmentation involved in our
procedure: adding more replications to the current design points; and expanding the
current design by adding new design points to the initial design composed of the two
points x;, and xy. In the first case, the locations of the design points are known. In
the second case, we simply assume that the design points in the augmented design will

be evenly spaced throughout the throughput range.

(ii) The number of unknown parameters included in the estimated moment models {fi, (x), v

1,2, 3} remains the same after the design augmentation.
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(iii) The allocation of the total N = N, + AN replications is not constrained by the fact

that the N, replications already performed cannot be reassigned.
The process for obtaining an estimate of NV consists of two steps.

1. With x being given in Assumption (i), solve the following optimization problem for
the optimal solution 7r*:

min PM = N Y Var[Ca, ()] (55)

I{EQI

The objective PM is a function of 7 (independent of N) given the location of the
design points x. Under the assumptions above, the performance measure PM can be
evaluated for given 7 as illustrated in Appendix A.5. Thus a numerical search will

lead to the optimal solution 7r*.

2. Assuming the follow-up design is [x, 7w*], find the number of replications N that satisfy

2 x SE[C., (z0)]

< 100v,%. 56
CaU(xU > Y170 ( )

Based on the current data set, an estimate of C,,, (xy) is obviously available. Given

~

design [x, 7*], the normalized variance N Var|C,,, (/)] can also be estimated: first, we
estimate { N'Var[u,(zy)],v = 1,2,3} and {NCov[u(zv), fie(zv)], k, € = 1,2,3;k # £}

-~

by following the derivation in Appendix A.4; then we estimate N Var|C,,, (z1/)] by resort-

~

ing to the delta method. The standard error is SE = \/N—l X (NVar[Cy,, (zy)]) with N
being the unknown variable to be determined (the normalized variance N Var[é\aU (xv)]
is independent of N). Therefore, by solving the inequality (56), we obtain V,,,, the

smallest number of replications required to satisfy (56). Then AN = N,,;, — N..

Once the desired relative precision has been achieved on CAQU(mU), we switch to use the
precision of CAQU(xL) to drive the procedure until (/,’\aU(xL) also achieves the prespecified
precision level. The derivation for determining AN presented above can be applied directly
to CAaU ().
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