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Appendix

This appendix contains illustrations of the data structure and procedures that can be

applied to bivariate distributions: MarginalPDF, VerifyJointPDF, BiExpectedValue,

Covariance, and Correlation.

A. Data Structure Illustrations

The list-of-sublists data structure creates one major implementation issue for the trans-

formation procedure. BiTransform stores the constraints in two arrays, one containing

the intersection points between adjacent constraints and the other containing correspond-

ing constraints that form the intersections. The algorithm will return an error if adjacent

constraints intersect at more than one point in a particular partition. In some cases,

the user can avoid this problem by manually partitioning the region so that adjacent

constraints only intersect once. This is shown in Example 4 below.

Examples:

1. Consider the joint PDF of two independent U(0, 1) random variables

fX,Y (x, y) = 1 0 < x < 1, 0 < y < 1.
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The following Maple statement creates a list-of-sublists that represents the PDF of

X and Y .

> XY := [[(x, y) -> 1], [[x > 0, y > 0, x < 1, y < 1]],

["Continuous", "PDF"]];

2. Consider the joint PDF of a bivariate normal distribution

fX,Y (x, y) =
1

2πσXσY

√

(1 − ρ2)
exp

(

− 1

2(1 − ρ2)

(

(x − µX)
2

σ2

X

+
(y − µY )2

σ2

Y

− 2ρ(x − µX)(y − µY )

σXσY

))

with support −∞ < x < ∞,−∞ < y < ∞ and real parameters µX , µY , σX >

0, σY > 0,−1 < ρ < 1. The following statements define the bivariate normal

distribution as a list-of-sublists. Unspecified parameters are entered symbolically.

> assume(sx > 0);

> assume(sx > 0);

> assume(cor > -1, cor < 1);

> XY := [[(x, y) -> exp(-((x - mx) ^ 2 / sx ^ 2 + (y - my) ^ 2 /

sy ^ 2 - 2 * cor * (x - mx) * (y - my) / (sx * sy)) /

(2 * (1 - cor ^ 2))) / (2 * Pi * sx * sy *

sqrt(1 - cor ^ 2))],

[[x > -infinity, y > -infinity, x < infinity,

y < infinity]], ["Continuous", "PDF"]];

3. The joint PDF defined piecewise

fX,Y (x, y) =











1
4

0 < x < 1
2
, 0 < y < 1

7
4

1
2

< x < 1, 0 < y < 1

can be represented as a list-of-sublists with the Maple statement

> XY := [[(x, y) -> 1 / 4, (x, y) -> 7 / 4],

[[x > 0, y > 0, x < 1 / 2, y < 1],

[x > 1 / 2, y > 0, x < 1, y < 1]],

["Continuous", "PDF"]];

4. Consider the random variables X and Y with joint PDF

fX,Y (x, y) = 3/4 y > 0, y < 1 − x2.
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Defining the data structure as

> XY := [[(x, y) -> 3 / 4], [[y > 0, y < 1 - x ^ 2]],

["Continuous", "PDF"]];

will create problems because the two constraints intersect at (−1, 0) and (1, 0). If we

partition the region along the line x = 0, we can then represent the data structure

in a form that is compatible with BiTransform. The partitioned data structure is

correctly input by the statement

> XY := [[(x, y) -> 3 / 4, (x, y) -> 3 / 4], [[y > 0, x < 0,

-x < sqrt(1 - y)], [y > 0, x > 0, x > sqrt(1 - y)]],

["Continuous", "PDF"]];

B. JointPDF

Syntax: The statement

JointPDF(X, Y, xp, yp);

returns the joint PDF of independent continuous univariate random variables X and Y

in the list-of-sublists format. The third and fourth parameters, xp and yp, are optional

arguments for the Maple variable names for X and Y in the joint PDF of X and Y . The

default variables are “x” and “y.”

Purpose: JointPDF finds the continuous joint PDF of two independent continuous uni-

variate random variables, X and Y , so that bivariate procedures can be applied to the

joint PDF.

Algorithm: The univariate random variables, X and Y , are given in the standard APPL

list-of-sublists format. Let X and Y have distributions that are defined piecewise with m

and n pieces respectively. The PDF of X, fi(x), over (xi, xi+1) for all i = 1, 2, . . . ,m and

the PDF of Y , fj(y), over (yj, yj+1) for all j = 1, 2, . . . , n are combined and appended

to two arrays, PDF and supp. The joint PDF fi(x)fj(y) is appended to PDF and the

rectangular constraints xi < x < xi+1 and yj < y < yj+1 are appended to supp. A

list-of-sublists is returned to represent the joint PDF of X and Y .
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Examples:

1. The joint PDF of two independent U(0, 1) random variables is found by the Maple
statements

> X := [[x -> 1], [0, 1], ["Continuous", "PDF"]];

> Y := [[y -> 1], [0, 1], ["Continuous", "PDF"]];

> XY := JointPDF(X, Y);

which correctly return

[[(x, y) → 1], [[x > 0, y > 0, x < 1, y < 1]], [′′Continuous ′′, ′′PDF ′′]]

as the joint PDF of X and Y .

2. The joint PDF of the independent random variables X ∼ exponential(a) and Y ∼
exponential(b) is found by the Maple statements

> X := [[x -> a * e ^ (- a * x)], [0, infinity], ["Continuous", "PDF"]];

> Y := [[y -> b * e ^ (- b * x)], [0, infinity], ["Continuous", "PDF"]];

> JointPDF(X, Y);

which correctly return

[[(x, y) → abe−ax−bx], [[x > 0, y > 0, x < ∞, y < ∞]], [′′Continuous ′′, ′′PDF ′′]]

as the joint PDF of X and Y .

C. MarginalPDF

Although the bivariate transformation technique calculates the marginal PDF of U from

the joint distribution of U and V , there are times when one wishes to find the marginal

PDF of a distribution without using the transformation technique. For this reason,

MarginalPDF was created as a stand-alone procedure.

To systematically integrate over the support of X and Y , the support of X and Y

is partitioned into suitable components. Then the contribution of each component to
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the PDF is computed. Each component is partitioned with respect to x every time the

constraints defining the component intersect. For a particular component, let n be the

number of such intersections and x1, x2, . . . , xn be the x-values of those intersections,

where x1 ≤ x2 ≤ · · · ≤ xn. As before, in order to automate this computation, we must

assume that each vertical line segment spanning the component is entirely contained

therein, and that the endpoints of each such line segment are determined by two different

constraints. Because of this assumption, x1 and xn are the infimum and supremum,

respectively, of the x-values that can occur over the component. For each x between xi

and xi+1, denote the supremum and infimum of the y-values on the vertical line segment

spanning the component by yi(x) and y
i
(x) respectively. Then, denoting the joint PDF

between xi and xi+1 by fi(x, y), the contribution of this particular component to the

marginal PDF of X from xi to xi+1 is given by

fi(x) =

∫ yi(x)

y
i
(x)

fi(x, y) dy for i = 1, 2, . . . , n − 1 and xi 6= xi+1.

The algorithm begins at the minimum x-value, x1, and calculates f1(x) using the inte-

gral above. The expressions f1(x), x1, and x2 are then stored in three arrays. Next,

MarginalPDF finds f2(x) and appends the arrays with f2(x), x2, and x3. This process

continues until i = n − 1. After the contribution of each component to the PDF has

been calculated, the algorithm loops through the values in supp, the sorted array of all

xi’s for all of the components. If the lower and upper x values of a particular interval

from supp[i] to supp[i + 1] fall within some interval from xj to xj+1 associated with

one of the components, then the contribution to the PDF of that component is added

to the PDF associated with the marginal distribution between supp[i] and supp[i +

1]. After this is done, ["Continuous", "PDF"] is appended to the returned value and

a univariate distribution in the standard APPL list-of-three-sublists format is returned.

The first three examples illustrate MarginalPDF in the context of bivariate transfor-

mations.
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Examples:

1. Independent X and Y

Let X ∼ U(0, 1) and Y ∼ U(0, 1) be independent random variables. Consider the

joint distribution of U = X + Y and V = X − Y . The PDF of U and V is

fU,V (u, v) =
1

2
|u − 1| + |v| < 1.

The marginal distribution of U is

fU(u) =



















∫ u

−u

1

2
dv = u 0 < u < 1

∫ 2−u

u−2

1

2
dv = 2 − u 1 < u < 2.

The Maple commands

> UV := [[(u, v) -> 1 / 2],[[v > -u, v < u, v < 2 - u, v > u - 2]],

["Continuous", "PDF"]];

> MarginalPDF(UV, u);

correctly return

[[u → u, u → 2 − u], [0, 1, 2], [′′Continuous ′′, ′′PDF ′′]]

as the marginal PDF of U .

2. Dependent X and Y

Let X and Y have joint PDF

f(x, y) = 2 x > 0, y > 0, x + y < 1.
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Consider the joint distribution of U = X + Y and V = X − Y . The PDF of U and

V is

f(u, v) = 1 0 < u < 1,−u < v < u.

The marginal distribution of U is

fU(u) =

∫ u

−u

1 dv = 2u 0 < u < 1.

The Maple commands

> UV := [[(u, v) -> 1], [[v < u, u < 1, -u < v]], ["Continuous", "PDF"]];

> MarginalPDF(UV, u);

correctly return

[[u → 2 u], [0, 1], [′′Continuous ′′, ′′PDF ′′]]

as the marginal PDF of U .

3. Infinite Support

Let X ∼ exponential(a) and Y ∼ exponential(b) be independent random variables.

Consider the transformation U = X/Y and V = Y . The joint PDF of U and V is

fU,V (u, v) = abe−auv−bv · |v| u > 0, v > 0.

The marginal distribution of U is

fU(u) =

∫ ∞

0

abve−auv−bvdv =
ab

(au + b)2
u > 0.

The Maple commands

> UV := [[(u, v) -> a * b * v * exp(-a * u * v - b * v)],

[[u > 0,v > 0, u < infinity, v < infinity]], ["Continuous", "PDF"]];

> MarginalPDF(UV, u);
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return

[[u → lim
v→∞

−ab
(

e−auv−bvvau + e−auv−bv − 1 + e−auv−bvbv
)

(au + b)2 ], [0,∞], [′′Continuous ′′, ′′PDF ′′]]

as the marginal PDF of U . This limit evaluates to the desired PDF fU(u) given

above.

4. Piecewise definition of f(x, y)

Consider the joint distribution of X and Y with PDF

fX,Y (x, y) =



































4/13 0 < x < 1, 0 < y < 1

5/13 1/2 < x < 3/2, 1 < y < 2

3/13 1 < x < 2, 0 < y < 1

4/13 x > 3/2, y > 1, y < −2x + 5.

Figure 6 shows the the support of X and Y .
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Figure 6: Support of X and Y

The Maple commands

> XY := [[(x, y) -> 4 / 13, (x, y) -> 5 / 13,

(x, y) -> 3 / 13, (x, y) -> 4 / 13],
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[[y < 1, x > 0, y > 0, x < 1],

[y > 1, x > 1 / 2, y < 2, x < 3 / 2],

[x > 1, y > 0, x < 2, y < 1],

[y > 1, x > 3 / 2, y < -2 * x + 5]],

["Continuous", "PDF"]];

> MarginalPDF(XY, x);

> MarginalPDF(XY, y);

return

[[x → 4

13
, x → 9

13
, x → 8

13
, x → 19

13
− 8

13
x], [0, 1/2, 1, 3/2, 2], [′′Continuous ′′, “PDF ′′]]

as the marginal PDF of X and

[[y → 7

13
, y → 9

13
− 2

13
y], [0, 1, 2], [′′Continuous ′′, “PDF ′′]]

as the marginal PDF of Y .

5. Constraints with Multiple Intersections

Let X and Y be uniformly distributed on the set defined by constraints x >
√

1 + y2, x + y < 2, x − y < 2. The marginal density of X is

fX(x) =











2
√

x2−1
3/2−sinh−1(3/4)

1 ≤ x < 5/4

4−2x
3/2−sinh−1(3/4)

5/4 ≤ x < 2.

The marginal PDF is calculated by dividing the support of (X,Y ) into two regions

using
√

y = x−1. The constraint equality x =
√

1 + y2 intersects both x+y = 2 and

x− y = 2 twice. When there is more than one intersection for adjacent constraints,

MarginalPDF identifies the correct intersection by testing which intersection satisfies

all other constraints for a particular partition. If only one such intersection exists,

then that intersection is used; if more than one such intersection exists, an error

message is returned. The Maple commands
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> XY := [[(x, y) -> 1 / (3 / 2 - arcsinh(3 / 4)),

(x, y) -> 1 / (3 / 2 - arcsinh(3 / 4))],

[[y > sqrt(x ^ 2 - 1), x + y < 2, sqrt(y) > x - 1],

[y > -sqrt(x ^ 2 - 1), sqrt(y) < x - 1, x + y < 2, x - y < 2]],

["Continuous", "PDF"]];

> MarginalPDF(XY,x);

correctly return

[[x 7→ −4

√
x2 − 1

2 arcsinh (3/4) − 3
, x 7→

4 x − 8

2 arcsinh (3/4) − 3
], [1.0, 1.250000000, 2.0], [“Continuous

′′, “PDF
′′]]

as the marginal PDF of X.

D. VerifyJointPDF

Syntax: The statement

VerifyJointPDF(XY);

displays whether the joint PDF of X and Y is a valid PDF.

Purpose: VerifyJointPDF ensures that fX,Y (x, y) is a valid PDF by checking that

∫ ∞

−∞

∫ ∞

−∞
fX,Y (x, y) dy dx = 1

and fX,Y (x, y) ≥ 0 for all x, y in the support of X and Y .

Algorithm: VerifyJointPDF calculates

∫ ∞

−∞

∫ ∞

−∞
fX,Y (x, y) dy dx and

∫ ∞

−∞

∫ ∞

−∞
|fX,Y (x, y)| dy dx.

Equality of these integrals ensures that fX,Y (x, y) is positive for all values in the support

of X and Y . If both integrals also evaluate to one, then the two conditions for a valid PDF

are met, and fX,Y (x, y) is a valid PDF. If the integrals cannot be evaluated symbolically,

VerifyJointPDF invokes Maple numerical procedures to approximate the values of the

integrals.
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Examples:

1. The joint PDF of two independent U(0, 1) random variables represented by

> XY := [[(x, y) -> 1], [[y > 0, x > 0, y < 1, x < 1]], ["Continuous", "PDF"]];

is verified as a valid PDF via VerifyJointPDF(XY);.

2. The PDF of the dependent random variables X and Y represented by

> XY := [[(x, y) -> x / y ^ 2 + 1],[[y > x, x > 0, y < 1]],

["Continuous", "PDF"]];

is verified as a valid PDF via VerifyJointPDF(XY);.

E. BiExpectedValue

Syntax: The Maple statement

BiExpectedValue(XY, g(x, y));

returns E[g(X,Y )], the expected value of g(X,Y ).

Purpose: BiExpectedValue computes the expected value of g(X,Y ), where the joint

PDF of X and Y is in the list-of-lists format and g(X,Y ) is a function of X and Y .

Algorithm: BiExpectedValue calculates

∫ ∞

−∞

∫ ∞

−∞
g(x, y)fX,Y (x, y) dy dx.

Example:

1. The joint PDF of two independent U(0, 1) random variables is represented by

XY := [[(x, y) -> 1], [[y > 0, x > 0, y < 1, x < 1]], ["Continuous", "PDF"]];

The Maple statement
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> BiExpectedValue(XY, x + y);

returns E[g(X,Y )] = E[X + Y ] = 1.

F. Covariance and Correlation

Syntax: The procedure Covariance(XY) returns the covariance of X and Y . The pro-

cedure Correlation(XY) returns the correlation of X and Y .

Purpose: Covariance and Correlation compute the covariance and correlation of X

and Y , given that the joint distribution of X and Y is entered in the list-of-lists format.

Algorithm: The covariance of X and Y is given by the formula Cov(X,Y ) = E[XY ]−

E[X]E[Y ]. The procedure Covariance(XY) finds the means of the marginal distributions

X and Y and subtracts their product from E[XY ]. Covariance uses the procedures

BiExpectedValue and MarginalPDF. The correlation of X and Y is equal to Cov(X,Y )
σXσY

.

Correlation uses the APPL procedure Variance to calculate σX and σY .

Examples:

1. The joint PDF fX,Y (x, y) of two independent U(0, 1) random variables is represented

by

> XY := [[(x, y) -> 1], [[y > 0, x > 0, y < 1, x < 1]], ["Continuous", "PDF"]];

The Maple statements

> Covariance(XY);

> Correlation(XY);

both return 0.

2. The joint PDF fX,Y (x, y) of dependent random variables X and Y is represented by

> XY := [[(x, y) -> 2], [[x > 0, y > 0, x + y < 1]], ["Continuous", "PDF"]];

The Maple statements

> Covariance(XY);

> Correlation(XY);
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return −1/36 and −1/2 respectively.

3. We apply the bivariate transformation technique to a simple example from queueing

theory. Consider an M/M/1 queue that consists of a single server, exponential

interarrival times with rate λ, and exponential service times with rate µ. Let T1

and T2 denote the sojourn times (times in the system) of the first two customers

arriving to an empty system. Kaczynski et al. (2010) give the joint PDF of T1

and T2 as

fT1,T2
(t1, t2) =



















µ2
(

λe−µt2 + µe−λt1−µt1−µt2
)

λ + µ
0 < t1 ≤ t2

µ2
(

λe−λt1−µt1+λt2 + µe−λt1−µt1−µt2
)

λ + µ
0 < t2 < t1.

Our goal is to calculate the covariance between T1 and T2. The statements to

establish the joint PDF of T1 and T2 and calculate their covariance are

> assume(lambda > 0);

> assume(mu > 0);

> top := mu ^ 2 * (lambda * exp(-mu * t2) + mu *

exp(-lambda * t1 - mu * t1 - mu * t2)) / (lambda + mu);

> bot := mu ^ 2 * (lambda * exp(-lambda * t1 - mu * t1 + lambda * t2) + mu *

exp(-lambda * t1 - mu * t1 - mu * t2)) / (lambda + mu);

> TT := [[(t1, t2) -> top, (t1, t2) -> bot],

[[t1 > 0, t1 < t2, t2 < infinity], [t1 > t2, t1 < infinity, t2 > 0]],

["Continuous", "PDF"]];

> Covariance(TT);

which return

Cov(T1, T2) =
λ(λ + 2µ)

(λ + µ)2µ2
.
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