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1. Proof of Approach A

Without loss of generality we assume that there are k solutions evaluated by the proposed procedure.

That is, X[k] is the best solution among the union of solution sets
R−1⋃
r=0

Ĩ(r). Let us consider the case

when X[k] is generated from the 0-th iteration (i.e., one of the initial solutions), that is, [k] ∈ I(0).

In this case, we should obtain the smallest PCS because X[k] has to survive all R screening iterations

to be selected at the end of the procedure. We want to show that our procedure can satisfy the

PCS requirement even under the most difficult scenario. Therefore,

PCS

[
R−1⋃

r=0

Ĩ(r)

]
≥ Pr{select X[k]|[k] ∈ I(0)}

= 1− Pr{[k] 6∈ I ′(R)|[k] ∈ I(0)} − Pr{select Xi, i 6= [k]|[k] ∈ I ′(R)}.

The above equality follows because there are only two cases when X[k] will not be chosen at the

end: (i) X[k] does not survive through R iterations, and (ii) X[k] is contained in I ′(R) but is not

selected in the selection iteration. Note that cases (i) and (ii) are mutually exclusive events.

Let PICS(r) denote the probability of the event that X[k] is eliminated at iteration r (i.e., an

incorrect selection is made). The Bonferroni inequality (e.g., Chapter 7 of Tong (1980)) is then

applied to yield

Pr
{
[k] 6∈ I ′(R)|[k] ∈ I(0)

} ≤
R−1∑

r=0

PICS(r), (1)
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where

PICS(r) = Pr
{∃` ∈ I(r), Ȳ[k](r)− Ȳ`(r) ≤ −W[k]`(r), ` 6= [k]

}

= 1− Pr
{
Ȳ[k](r)− Ȳ`(r) ≥ −W[k]`(r), ∀` ∈ I(r), ` 6= [k]

}

≤ 1− Pr
{
Ȳ[k](r)− Ȳ`(r) ≥ −W[k]`(r), ∀` ∈ {1, 2, . . . , B(r)}, ` 6= [k]

}
(2)

≤ 1−
B(r)∏
`=1
6̀=[k]

Pr
{
Ȳ[k](r)− Ȳ`(r) ≥ −W[k]`(r)

}
(3)

≤ α1

R
. (4)

Inequality (2) follows because {∀` ∈ {1, 2, . . . , B(r)}} is a bigger set than {∀` ∈ I(r)}, which makes

the condition more restrictive. Inequality (3) holds by application of Slepian’s inequality (e.g.,

Tong, 1980) since Cov[Ȳ[k](r)− Ȳ`(r), Ȳ[k](r)− Ȳm(r)] = Var[Ȳ[k](r)], which is nonnegative for any

system ` 6= m (note that CRN is not used). Following similar developments in Appendix 7.1 of

Boesel et al. (2003) we can show that

Pr
{
Ȳ[k](r)− Ȳ`(r) ≥ −W[k]`(r)

} ≥ (
1− α′

)1/(B(r)−1)
,

regardless of the configuration of the true means. Then we obtain Inequality (4) from the way α′ is

chosen. Combining Inequality (1) and Inequality (4) we can conclude that Pr {[k] 6∈ I ′(R)|[k] ∈ I(0)} ≤
α1. This also implies that Pr {[k] ∈ I ′(R)} ≥ 1− α1 for all configurations of the true means. Fur-

thermore, we know Pr{select Xi, i 6= [k]|[k] ∈ I ′(R)} ≤ α2 whenever µ[k]−µ[k−1] ≥ δ, by the similar

derivation of the Extended Rinott’s Procedure from Boesel et al. (2003). Even if µ[k] − µ[k−1] < δ

we can guarantee that the solution we select is within δ of the truly best solution in I ′(R) with

probability ≥ 1−α2 (see Theorem 1 of Nelson and Matejcik (1995)). Notice that the Rinott’s con-

stant h used to determine Ni depends on the total number of solutions sampled in the procedure

(i.e., B(R − 1)), rather than just those solutions remaining in the subset I ′(R). This is because

the conditional probability of selecting the best solution, given it survives through the R screening

iterations, depends on whether or not the previous samples are maintained. Finally, assuming

µ[k] − µ[k−1] ≥ δ and combining the above results yield PCS
[

R−1⋃
r=0

Ĩ(r)
]
≥ 1− α.
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2. Proof of Approach B

Similar to the derivation of the validity of approach A, we assume [k] ∈ I(0) to argue that PCS

can hold even in the worst case. First, we want to show that Pr{[k] ∈ I ′(R)|[k] ∈ I(0)} ≥ 1 − α1

for all configurations of the true means. We consider

Pr
{
[k] 6∈ I ′(r + 1)|[k] ∈ I ′(r)

}
= Pr





⋃
`∈I(r)
6̀=[k]

{
Ȳ[k](r)− Ȳ`(r) ≤ −W[k]`(r)

}




≤
∑

`∈I(r)
6̀=[k]

Pr
{
Ȳ[k](r)− Ȳ`(r) ≤ −W[k]`(r)

}

≤
∑

`∈I(r)
6̀=[k]

α′

|I(r)| − 1
(5)

= 1− (1− α1)1/R

where Inequality (5) follows because the Bonferroni inequality is applied to yield

Pr
{
Ȳ[k](r)− Ȳ`(r) ≤ −W[k]`(r)

} ≤ α′

|I(r)| − 1

which is analogous to the case employing CRN in Nelson et al. (2001). Therefore, we can conclude

Pr {[k] ∈ I ′(r + 1)|[k] ∈ I ′(r)} ≥ (1 − α1)1/R for all configurations of the true means. Because

the screening statistic we use in each iteration is based on only new samples, these R screening

iterations can be deemed independent of each other. Therefore, under any configuration of the true

means we can obtain

Pr{[k] ∈ I ′(R)|[k] ∈ I(0)} = Pr{[k] ∈ I ′(1)|[k] ∈ I(0)} ×
R−1∏

r=1

Pr
{
[k] ∈ I ′(r + 1)|[k] ∈ I ′(r)

}

≥ 1− α1.

The proof is thus attained.
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