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In this online supplement, we provide the proofs for the theorems of Section 3.

We define the following vectors. For an edge e € E, let x. be a vector of size |E| where
the entry corresponding to edge e is equal to 1 and the remaining entries are 0. Similarly, for
i € V'\ {0} and distinct nodes j,k € V' \ {i}, we define 7,1, to be a vector of size |A| where the

entries corresponding to arcs (7, j) and (7, k) are equal to 1 and the other entries are equal to 0.)

Proof of Theorem 5 Suppose that all solutions (z,y) € P satisfy ax + by = 5. Let ¢/ € E and
consider the solutions (> . g Xe,0) and (ZeeE\{E/} Xe,0). Both solutions are in P. So we have
a, = 0.

Let (i,j) € A with j # 0. Consider the solutions (3_.cp Xe,0) and (3 ¢\ s(i) Xes Vijo)- As
both solutions are in P and a = 0, we have b;; + b;o = 0.

Let i € V\{0} and j, k € V\{4, 0} be distinct nodes, and consider solutions (3_ ¢ g 5(;) Xe, Viko)
and () ¢ E\O (i) Xe,Vikj)- These solutions are in P implying that b;; = b. As we also have
bi; + bjo = 0, we can conclude that b;; = bjp = 0.

Now as both a and b are zero, 3 is also zero. Hence no inequality is satisfied at equality by

all points of P. [



Proof of Theorem 6

i.

ii.

iii.

Let e € E and F = {(x,y) € P : z. = 0}. Suppose that all solutions (z,y) € F
satisfy az + by = 3. Let ¢ € E\ {e} and consider the solutions (Zeepey Xe: 0) and
(ZéeE\{e ¢} Xés 0). Both solutions are in F, so a_ = 0.

Leti € V\{0} and j, k,1 € V\{i} be distinct nodes. As the solutions (3_cc g\ (5()uge}) Xes Vijk)
and (ZéeE\(é(i)U{e}) Xé,Vij1) are both in F, we have b;, = by. Hence b;; = 0; for some 0; €
R for all (i, j) € A. Now consider the solutions (3_sc g (¢} Xe» 0) and (Xoze g (s(s)ugey) Xé» Vigk)-
These solutions are both in F and a; = 0 for all é € E\ {e}. Hence, b;; + b;, = 0, and
thus 26; = 0 implying 6; = 0. Finally, since the solution (0,0) is in F, 5 = 0.

Since all the coefficients except a. are zero, ax + by = [ is a multiple of . = 0. Hence

T, > 0 defines a facet of P.

Let (i,5) € Aand F = {(z,y) € P : y;; = 0}. Suppose that all solutions (x,y) € F satisfy
ax + by = B. Let ¢ € E and consider the solutions (> ecE Xe»0) and (ZeeE\{e’} Xe, 0).

Since both solutions are in F, we have a = 0.

Let u € V \ {0}. If w # 4, then let v,k,l € V \ {u} be distinct nodes. If u = 1,
then let v,k,l € V' \ {i,j} be distinct nodes. The solutions (3_.cp\s(u) Xe> Yuok) and

(ZeeE\5(u) Xes Yuvl) are in F. So we can conclude that by, = 6, for some 6, € R for all

(u,v) € A\ {(i,5)}. Considering the solutions (3 .cp Xe,0) and (3. g su) Xe» Vuvk), it
can be seen that 26, = 0. Moreover, § = 0 since (0,0) is in F.

Since all the coefficients except b;; are zero, ax +by =  is a multiple of y;; = 0 and y;; > 0

is facet defining for P.

Let (i,7) € Asuch that j #0,e = {i,j}, and F = {(z,y) € P: 2me+23/ij+2kev\{j} Yjk =
2}. Suppose that every solution (x,y) in F also satisfies az + by = 3.

Let € € E\ {e}. As (>¢er Xé,0) and the solution (ZéeE\{e/} Xeé,0) are both in F, we

have a_ = 0.

Let k € V\{0,4,j} and u,v,w € V\{k} be distinct nodes. The solutions (3¢ g\ s() Xeés Veuv)
and (ZéeE\g(k) Xé; Vkuw) are in F. This implies that by = 6y for some 0, € R for all

L€ V\{k}. As both (3 scpsry Xe> Vouw) and (3 ozcp Xe,0) are in F and a; = 0 for



all é € E\ {e}, we have 20, = 0. Therefore by; = 0 for every (k,l) € A such that
FeV\{0,i,]}.

Let u,v,w € V' \ {i,7} be distinct nodes. We define = = ZéeE\(é(i)Ué(j)) xe. Consider the
solutions (Z, Yiuv + Yjuw) and (Z,Yiuw + Vjuv). As these solutions are in F, we conclude
that b; = 6; for some 0; € R for every | € V '\ {¢,j}. In addition, (T, Yiuv + Yjuw) and
(ZéeE\é(j) Xé, Vjuw) are in F. As a; = 0 for all é € E'\ {e}, we have b;, + b, = 20; = 0.
Therefore b; = 0 for every (i,1) € Aforalll € V' \ {i,j}.

Next consider the solutions (3_ccp\5(7) Xé» Viuw) and (Xozep\5(j) Xé» Vjuw) Where u,v,w €
V\ {j} are distinct nodes. Both solutions are in F implying that b;; = o for some o € R
for every I € V'\ {j}. Note that (3 ;cp\s(;) Xe:Vijo) is also in F. So we can say that
bij = 20 since ag = 0 for all é € E \ {e}, and by = 0. Finally, consider the solution
(>ecr Xxe,0) € F. As as =0 for all é € E'\ {e} and byp = 0, it follows that a, = 20. Also
8 = 20.

Hence ax +by = 3 is a o multiple of 2z + 2y;; + ZkzeV\{j} yj = 2 and F is a facet of P.

iv. Similar to the proof of part iii. [J

Proof of Theorem 7 Let S C V \ {0} such that S # 0, i € S, and F = {(z,y) € P :
x(0(9)) + E]EV\S yi; = 2}. Suppose that every solution (z,y) in F also satisfies ax + by = .

Suppose that |V'\ S| < 2. Since a terminal node is assigned to two hubs, the graph does not
contain multiple edges, and the backbone network is to be 2-edge connected, there must be at
least three hubs on the backbone network. So there is at least one hub in set .S. Then inequality
(36) is dominated by the valid inequality z(4(5)) > 2.

If |S| = 2, then inequality (36) is 2(5(S)) > 2t; + y;; with the ¢; variable and is dominated
by the in-cut inequality (20).

Finally, suppose that [S| = 3 and S = {i, k,}. Let (z,y) € X with z(6(5))+> ;e\ s ¥ij = 2.
If 4 is a hub node, then y;r = y;; = 0. Now suppose that node i is not a hub, and note that either
z(6(5)) =2 0r z(6(5)) = 0. If 2(6(S)) = 2, then 3.y g ¥i; = 0 and i must be assigned to nodes
k and l. So yi, = yu = 1. Finally, if 2(6(5)) =0, then } ;. g ¥ij = 2, and hence ;g yi; =0
implying yi = yix = 0. Hence all solutions (z,y) € X with 2(6(5)) +>_ ey s ¥ij = 2 also satisfy

Yi = ¥y and therefore the cut inequality is not facet defining.



Now suppose that |S| > 4 and |V'\ S| > 3. Notice that as G is complete, G(S) and G(V '\ 5)
are both 2-edge connected.

Let e1, ez be any two edges in 6(5) and z = 3 c ps)up\s) Xe- Then (z+ Xe, + Xe,,0) is a
solution in F. Let €' € §(S) \ {e1,e2}. As the solutions (x + xe, + Xe, 0) and (z + Xe, + Xe/, 0)
are also in F, we have a., = @e, = ar. Therefore a. = o for all e € §(5) for some o € R.

Let ¢ € F(S) and e; and ey be two edges in 6(5) incident to the two endpoints of €, i.e.,
e1 NeaNe =0. Consider the solutions (z + Xe; + Xes, 0) and (z + Xe; + Xea — Xer, 0). As they
are both in F, we have aos = 0. We can show similarly that a. = 0 for all ¢/ € E(V'\ S).

Let j € V' \ {4,0} and ej, ez be two edges in 6(S) \ 0(j) with different endpoints in S if
j € S and with different endpoints in V'\ S'if j € V'\ S. We define T = 2 — 3 5y TeXe. Let
u,v,w € V\ {j}. Both solutions (T + xe, + Xeqs Vjuv) and (T + Xe; + Xegs Vjuw) are in F. So we
have bj, = 0; for some 6; € R for every k € V' \ {j}. Moreover, (x + Xe, + Xe,,0) is also in F.
As a, =0 for all e € E(S)U E(V '\ S), we have 20; = 0. Therefore bj, = 0 for every (j, k) € A
such that j # 4.

Let e1, ez be two edges in §(5) \ 6(¢) with different endpoints in S. Let & =z = c5;) TeXe-
Let u,v,w € S\ {i}. Consider the solution (& 4+ xe; + Xeg, Viuv), Which is in F. Observe that,
(T + Xey + Xegs Viuw) 1s also in F. So we have by, = 0 for some 6 € R for every k € S\ {i}.
Besides, we have (z + Xe, + Xes,0) in F. As a. =0 for all e € E(S)U E(V '\ S), we have 20 = 0.
So we can conclude that b, = 0 for all k € S\ {i}.

Let e1,e9 € 0(S) and w,v,w € V \ S. We define 2’ = EeeE(V\S) YXe and 1y = Zjes'yjuv'
Now we can see that the solutions (z/,4) and (2/, 4" — Viuw + Viuw) are both in F. So we have
bir = & for some £ € R for all kK € V'\ S. Moreover, (z + Xe, + Xe,,0) is also in F. As a, = 0 for
all e € E(S), bj, =0 for all (j,k) € A with j # ¢, and a. = o for all e € 6(5) we have 2§ = 20.
Therefore by, = o for all k € V'\ S.

Finally, as the solution (z + Xe¢; + Xey,0) is in F, = 20. Hence ax + by = (5 is a ¢ multiple
of 2(6(5)) + Xojev\s ¥ij = 2 and F is a facet of P.

The proof for the case with |S| =1 can be done in a similar way. O

Proof of Theorem 8

i. Let S C V \ {0} such that S # 0,7 € S, j € S\ {i}, and F = {(z,y) € P : x(6(5)) +
>_kev\{i,j} Yik — Yij = 2}. Suppose that |S| > 3, [V'\ S| > 3, and every solution (z,y) in
F also satisfies ax + by = 5.



We can show that a, = o for some o € R for every e € §(5), a. = 0 for every e € E'\ §(5),
buy = 0 for every (u,v) € A such that u # i, and b, = o for every (i,k) € A such that
k € V'\ S using the arguments of the proof of Theorem 7.

Letu € V\S, k € S\{i,j}, and e1, ez € 6(5)\0(¢). We define 2’ = " ¢ piv\ s)up(sy\s() Xet
Xer + Xeo- Then (2,7;5,) and (2/,7;;,) are both solutions in F, showing that b;, = o for
all ke V\ {i,j}.

Let k € S\ {i,7} and u and v be distinct nodes in V'\ S. Consider the solutions (z’,yi;x)
and (3_ce p1\5) Xes 2_jes Viuw)- Clearly both solutions are in F. Since a. = o for e € §(5),

bijr, = o for k € V'\ {7,7} and the other coefficients are all zero, we have b;; = —o.

Hence ax + by = 8 is a multiple of 2(6(5)) + > _pev fij} Yik — ¥ij = 2 and F is a facet of
P.

ii. Let S C V' \ {0} such that S #0,i € S, and j € V' \ S with |S| > 4 and |V \ S| > 3 and
F={(z,y) € P:a(6(5)) + 23 e\ (sugyy ¥ir = 2}. Suppose that every solution (z,y) in
F also satisfies ax + by = 5.

As in the proof of Theorem 7, we can show that a. = o for some o € R for all e € §(95),
ae =0 for all e € E\ §(5), byy = 0 for all (u,v) € A such that u # i, and b;; = 0 for all
le S\ {i}.

Let e, e2 be two edges in §(S) \ d(¢) and ki, k2 € S\ {i}. Consider the solution (z, Yk, k,)

where @ =} c ps)uB\s)\6(:) Xe T Xer + Xeo- This solution and (@, ik, ) are both in F.

So we have b;; = b, = 0.

Finally, let k € V\(SU{j}) and &" € S\{i}. The solutions (z,vijx) and (3 .cp(v\5) Xes 2ies Nijk)
are in F. As a. =0 for e € E(S5), a. = o for e € §(S), by, = 0 for (u,v) € A with u # i
and by = 0, we can see that b, = 20 for every k € V' \ (SU{j}).

Therefore az + by = 8 is a multiple of 2(6(S)) + 23 111 (sugyy) Yt = 2 and F is a facet of
P. O

Proof of Theorem 9 Let (i,j) € A and F = {(z,y) € P : yij — ZkeV\{z‘,j} yir = 0}. Suppose
that every solution (z,y) in F also satisfies azx + by = .
Let e € E. Consider the solutions (3_.cp Xe,0) and (3_scpy ey Xe; 0). As they are both in

F, we have a, = 0.



Let £ € V \ {0,i} and u,v,w € V \ {k} be distinct nodes. Considering the solutions
(ZGGE\(S(k) Xes Vkuv) and (ZeeE\d(k) Xes Vkuw), Which are both in F, we obtain by, = 6y for some
Or € R for every (k,l) € A. In addition, (3 .cp\s(k) Xe> Vhuv) and (3 cp Xe, 0) are both in F.
Since a. = 0 for all e € E, we have 20, = 0. Hence by, = 0 for every (k,l) € A such that
ke V\{0,i}.

Let u,v € V\{¢, j} be distinct nodes. The solutions (}_.c g\ 5(i) Xe, Viju) and (3o ce p\5(i) Xe» Vigo)
are both in F. This shows that b; = o for some o € R for every [ € V' \ {i,j}. Finally, we
consider the solutions (3_.c g\ s(;) Xes Viju) and (3o.cp Xe;0). Both solutions are in F and note
that we know a. = 0 for all e € F and b;,, = 0. Together these imply that b;; = —o. It is easy
to see that g = 0.

Now we can conclude that ax + by = 3 is a multiple of y;; — ZkeV\{z‘,j} yir =0 and Fis a
facet of P. U

Proof of Theorem 10 Let F = {(z,y) € P : z(6(Vo,...,Vp) \ F) + iz ngv\‘/l My k}.

Assume that every solution (z,y) € F also satisfies ax + by = 5. Without loss of generality,
assume that [FFN§(i;)| =1forl=1,...,2k+ 1. Clearly, p > 2k + 1.

Let By = U)_(E(Vi) U{i1,i2} U {i, iog+2} Uf’;glkH {i, i1} U {ip, i3} Uf_y {ia, ir41} U F and
T =) .cp Xe- The edges of the set Fj \ Ul_oE(V;) are given in Figure 1. Here, the empty
circles represent the sets of the partition, the big black circles represent the fixed nodes, and the
small black circles represent the remaining nodes. The edges incident to Vj are all in F'. Now,
it is easy to verify that the solution (z,0) is in F. The solution (x — xe,0) is also in F for every
eec E(V)) for 1 =0,...,p since G(V}) is 3-edge connected. Therefore a, = 0 for all e € E(V])
for I =0,...,p. Similarly, (x — x,0) is in F for e € §(iz) N F. By symmetry, we can show that
a. = 0 for every edge e € F.

Let I € {1,...,p}, j € VI\ {i1}, and u,v,w € V' \ {j} be distinct nodes. Since the solutions
(x — Zeeé(j) TeXes Vjuw) and (z — Eeeg(j) TeXes Vjuw) are both in F we have bj, = §; for some
§ € Rfor j € Vi\{i} and u € V'\ {j}. Comparing the solution (z — >_ c(j) TeXes Vjuv) With
(x,0) yields £ = 0 for j € V;\ {i;} as a. = 0 for all e € E(V}). Hence, b;,, = 0 for all j € V;\ {4;},
ue V\{j},and l € {1,...,p}. Now, let j € V5 \ {0}. If FNé(j) = 0, then we can use the same
argument to prove that bj, = 0 for all w € V' \ {j}. Otherwise, let {j, s} be the edge in F'Nd(j).
We let node s play the role of node 72 and use the same solutions and the fact that a, = for all

e € F' to show that bj, =0 for all u € V'\ {j}.



Figure 1: Backbone edges of the solution (z,0) other than those in UJ_E(V})

Let e € 6(V1) \ (F U{{i1,i2}}). Observe that the solution (z — Xi,i, + Xe,0) is in F. So
ae. = aq for all e € (V1) \ (FU{{i1,42}}) and for some a; € R. By symmetry, we can show that
iy ipy = @1 and that a, = oy fore € 6(V)) \ F for [ =1,...,2k + 1.

Now as (6(V;) \ F) N (6(V;) \ F) # 0 for any j and [ such that 1 < j <1 < 2k + 1, we have
a; = oy. Hence we can conclude that a. = a for some o € R for e € 6(Vj, ..., Vapy1) \ F.

Let [ € {0,...,2k+1}\ {3} and e € (6(Var42) \ £1) N6(V;). The solution (= — Xiyisy. o+ Xes 0)
is in F. Hence a. = . Now by changing the roles of V3 and Vi, we can also show that a. = «
for all e € [Varyo,V3]. By symmetry, we can conclude that a. = «a for all e € [V}, V] for
1=0,....2k+1and j =2k+2,...,p.

If [V5]| > 2, then since G(V4) is 3-edge connected and G has no multiple edges, |V2| > 4. Let u
and v be distinct nodes in V5 \ {i2}. Let e; be the edge between nodes i1 and u and ey be the edge
between nodes v and i9j1 2. Consider the solutions (z,0) and (x—zea;(iz) TeXe+t Xer + Xegs Viguv)-
These solutions are in F. Now as a. = 0 for e € E(V2) U F and a. = « for all e € [V, V5]
and e € [Vo,Vok + 2], we have b,y + by = 0. Let w € Vo \ {iz,u,v}. As both solutions
(x — Zeeé(m ZTeXe + Xey + Xegs Viguw) and (z — 2665(i2) ZTeXe + Xey T Xeas Vigvw) are also in F,
we have that bj,, = bi,, = 0. By symmetry, we can show that b;,,, = 0 for all u € V;\ {4;} and



le{l,...,p}

Let u,v,w € V '\ V] be distinct nodes and define T = = — 2665(%) TeXe — ZeGE(Vl) Xe and
7= ZkeVl\{il} Yiuwp- Clearly, (Z, 5+ Yiyuv) and (T, ¥ + Yiyuw) are both solutions in F. Therefore,
we have b;,, = 601 for u € V\ V. Now let ¢’ € FNJ(i1) and note that (T + xiyi, + Xer, Y) 18 also
in F. As ay =0, a;,5, = «, and b;,,, = bj;, = 01 we obtain 6; = /2. By symmetry, we can
extend this results to by, = /2 forl=1,...,2k+1anduecV\V,.

Let u, v, w € V'\ Vo be distinct nodes. Let 2’ = x> c gy, . ,) Xe = Xisiog sz — Xigpszizers T
Xiioys and y' = Zkeng+2\{i2k+2} Ykuv- It can be seen that the solutions (2,4 + iy, yuv) and
(@', 9" + Yigy,puw) are both in F. This implies that bs,, ., = 0242 for some Oz 4o € R for all
u € V' \ {igk4o} and by symmetry, we can conclude that b;,, = 0; for all | =2k +2,...,p and
u€eV\V. Let By = (UIQEOHE(VZ)) U {1, 2} U (UF_ {ia, i2141}) UF and u,v € Vy. We can define
2" =3 ep, Xe and Y = 370 o1 1o iy, Yjuw- Observe that (2”,y”) is a solution in F. We can

!

also construct a solution in F as (2" — Xiyis + Xe; + Xes + D e E(Varsa) Xes y' - D jeVagss Yiuw)s
where e; € [Va, Voryo] and ex € [Va, Vopyo]. Since ajyi; = Ge; = Ge, = «, we can see that
Ook+2 = /2. By symmetry, we have 6, = «/2 for | = 2k + 2,...,p. Hence b;,, = «/2 for
Il=1,...,pandu e V\V.

Now considering (x,0) and (', 3y’ + Yo+ 2uv) together and using symmetry, we obtain a, = «

for e € [V;,V}] with j and { in {2k +2,...,p}. Thus, a. =« for all e € 6(Vp,..., V) \ F.

It is easy to see that § = a(p— k) and az + by = (3 is an a multiple of z(6(Vp,...,V,) \ F') +

>l Ejzevwl Yas _ p—k. O




