Online Supplement for “Optimal Budget Allocation across Search

Advertising Markets”

Yanwu Yang!, Daniel Zeng®* Yinghui Yang?, Jie Zhang
School of Management, Huazhong University of Science and Technology, Wuhan 430074, China
2Department of Management Information Systems, University of Arizona, USA
3Graduate School of Management, University of California, Davis, USA
“Institute of Automation, Chinese Academy of Sciences, Beijing 100190, China

yangyanwu.isec @ gmail.com

Appendix A: Proof of Theorem 1 and Theorem 2

Proof. In order to solve the constrained optimization problem with constraint ) _, fOT e "t (t)dt < B, we
introduce a Lagrange multiplier A > 0. Suppose C;(t), ¢;(t) and «;(t) are all continuous differentiable
functions. Starting with a pair of initial market shares with random values (y1,y2) € [0, 1] x [0, 1] at time

t, we define the value function V) (¢, y1,y2) to be the maximal payoff we can obtain during time interval

[t, T]. That is,

V)\(t> Y1, y2) s
sup ST e {C1(5)01(5) + Ca(s)02(s)
b1()>0,b2(-)>0
—b1(s) = ba(s) — A(b1(s) + ba(s))}ds,
where we set C;(t) = v;(t)m;(t)c;(t) for simplicity.

Notice that for any pair of (y1,y2) € [0,1] x [0,1], VA(T,y1,y2) = 0. Following the principle of



dynamic programming, we have the Hamilton-Jacobi-Bellman equation:

0=V b)) /1= 0y - V;
it {bg&%{zo}{mm( 1) 1-Vao

+p2q2(b2)*?\/1 — 02 - Vi g,

+e "H(C101 + Caf — (1 4+ ) (b1 + b))}

Differentiating (1), we obtain the optimal feedback advertising decision:

_ (1+N)e " 1/(a1-1)
by = (P1II10¢1\/1—91VA,91) T

by = ( (1+A)e 1/(az—1)
p2q202V1=02V o,

Substituting (2) into (1), we obtain the Hamilton-Jacobi equation:
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Solve (3) with the terminal value condition V) (7', 01, 602) = 0, we get V)\(¢, 01, 62). Put it into (2), then

we can obtain the optimal budget allocation strategy: b3 (¢, 61,62), b}*\’z(t, 01,62).

Now let us determine the constant \. Because

T
A(B= [ 0000 + 85,0000 ) =0
0
If

T
/ e " (b1 (L, 01,02) + b o(t, 01, 62))dt < B,
0

“

where we set A = (. Note that this is the case when the advertising budget is sufficient or unlimited. Then

let us consider the case with the limited budget. That is,



T
/ eirt(bg,l(tv 017 02) + bEk],Q (t7 917 62))dt > B,
0

We set the minimal A\ > 0, then

T
/ e 3a(t,01,02) + b3 o(t,01,02))dt = B. 5)
0

The choice of the control variables b; and bo depends on the value of A. Given a fixed A\ we denote the
optimal control solution with b3 ; and b} ,. Therefore, the choice of A together with correspondent optimal

budget allocation strategy (b3 ; (¢, 01, 02), b} 5(t, 01, 02)) provides a theoretical solution for model (3). [

Appendix B: Proof of Corollary 1

Proof. From (2), we always have the following equality:

prgrea (b7)* /T =07 Vp:
= paqaaa(b3)*> /1 — 03Vy;

e (1 + N).

Rewrite the above equality as:

d@i‘ Oq(t) Vi d@; a9 (t)

] = Vpr —2 =e "1+ N).
s B @ ¢ A

Appendix C: Proof of Theorem 3
Proof. Let (b3(t), b5(t)) be the optimal budget allocation strategy for model (5). Thus,

/ " ey (1) + B(0)dt = R*(0) — R°(T) < B,
0



a63 /dt = pras (b)) \/ T— 67,

d03/dt = paga(b5)2®) /T =65,
and b} (t) > 0.

Let (by(t), b2(t)) be the optimal budget allocation strategy for model (3), and X be the corresponding

Lagrange multiplier. By the definition of “optimum”, we get

T ~ ~
/0 e (1L (t) — Bi (1)

T
> /0 O (D) — b (1)

+C2(t)05(t) — b3(t) — A(b1(t) + ba(t)) }d, (6)
and

T
/0 e THCH(1)01(8) — B (8) + Co(t)fa(t) — b(t) )t

< /0 ' e "H{CL()01 () — bI(t) + C2()03(t) — b3(t)}dt.
)
(i) On the one hand, comparing (6) with (7), we have
T
XA e by () + bo(t))}dt
< A /0 Te‘”(b“{(t) + b3(t))}dt < AB. (8)

If A\ = 0, then

ST e O ()81 (t) — bi(t) + Ca(t)fa(t) — ba(t) }dt

= [ e O8O (t) — i (t) + Ca(t)03(1) — b3 (L) }dt.

This proves that (b7 (%), b5(¢)) is also the optimal budget allocation strategy for model (3).



If X # 0, from (8), we get fOT e~ (by () + bo(t)) }dt < B. Following the method for determining \ in
(5), A = 0, which contradicts A # (. Therefore, the optimal budget allocation strategy of model (5) is also
the optimal budget allocation strategy of model (3).

(i) On the other hand, we can show that (b (t), bo(t)) is also the optimal budget allocation strategy for
model (5) as well.

If A = 0, then
ST e {CL(£)81(t) — bi(t) + Ca(t)fa(t) — ba(t) }dt

ST O ()07 (1) — b3(1) + Calt)03 (1) — b3(1)}d.

Thus, (b1 (t), bo(t)) is also the optimal budget allocation strategy for model (5).

If A > 0, then [ e " (bi(t) + ba(t))}dt =

XSl em T (bu () + ba(t))}dt

< ST + b3()
Using (6), we get

S e {C1(£)81(t) — bi(t) + Ca(t)fa(t) — ba(t) }dt

> [T e OO (t) — bi(t) + Ca(t)05(t) — bi(t) hdt,

which implies that (by (t), bo(t)) is also the optimal budget allocation strategy for model (5).

Therefore, the optimization problem (3) is equivalent to the optimization problem (5). O



