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Proof of Lemma 2:

Define the event
Aj(G)={r=11,...,in€Il|v;,...,v;, first form a vertex cover in G at index i;}.

From this and similarly to Definitions 2 and 3 from Section 2 we define the Construction
Spectrum
Sp=A{fo, fr,-+, [n}
where
|4:(G)]

fi =P (4i(G)) =P(r € Ai(G)) = — 4

and the Cumulative Spectrum

k
F(k)y=>_fi, k=0,...,n.
=0

respectively. We continue with
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Proof of Lemma 5:

The intuition behind this lemma is as follows. When one choose a graph uniformly at
random from G(n, %), the actual number of cliques, independent sets and vertex covers
will be very close to the average over all graphs, or, more formally, if G was chosen u.a.r.

from G(n,3), then

()

, N —00.

N =

C s - n
=1 =1~ 3 ()

=0
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Let Yidq, Y and Y be random variables representing the number of cliques, indepen-
dent sets and vertex covers of size i respectively. Rasmussen (1997) pp. 407 — 408 proves
that ,

Eq ((Yedq) )
cl 2
o ()

Combining (1) with Chebyshev’s inequality for any £ > 107® and for any constant C' one

<14 o0(1) for e ~log,(n) —log,log,(n), n— occ. (1)

can write

lim Py (n/*C7'Y " < Eq(Y,)) = 0.

n—00

Now, taking C' to be
I

In(2)’

and combining with Lemma 11 from (Rasmussen 1997) we get that

Cng

Yveclqg IXCC;lq ‘
=

lim P, (n¥*Y M < CE(Y")) =0
v P, <n§/4‘Xélq| < Zn: (n> 1(3)) o
n—00 —\1 2

Recall that in graph theory, the complement or inverse of a graph G is a graph H on the
same vertices such that two distinct vertices of H are adjacent if and only if they are not
adjacent in G. Having in mind that we are working under G(n, %) random graph model,
the generation of G and H happens with the same probability. Moreover, every clique of
size 1 in G corresponds to an independent set of size ¢ in H and as a consequence this clique
corresponds to the specific vertex cover in H. From this symmetry we can conclude that
the random variables Y;“? Y. and Y, have the same distribution under © because for

K3 n

any y € IN
Py, (Y}CZ‘D - y> =Pq (Yﬁﬂ - y> =Pq (Yn(ﬁj.) = y) .

Let us mark this equality in distribution by
Y(CZ‘J) ~ Y(IS) ~ Y(UC)

Now, (2) can be rewritten as

Y.(clq) Ny(”)
lim Po (n*/*Y,™ < CE(Y ) =0 " ="

n—o0
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=

lim Py (n/*Y,* < CEq(Y ")) =0 '

n—oo (
lim Py (n/*Y,’¢, < CEq(Y,)) =0

n—oo
lim Pg [ n/4|X, y<2 16
s Q G 2 )

completing the proof. O

e <|Xq|
=

Proof of Lemma 6:

By Markov inequality we have that

P(Z>a)< E(aZ)7 taking Z =Ep (X?) and a = n%EQ (En (X?)) =

= Po (En (X?) > niEq (Bn (X2))) <
Recall that

" /n\16)
Bn(2"X) =|Xg, | and Eo (En (2'X)) = ) (J% |

so, using the concentration result from Lemma 5 we conclude that when n — oo we also

have

n 1(3)
lim Pq (nf/4|XGQ| < Z (?) 5 ) -0 = (4)

~9n

lim Pg, (n €/4EH(2”X)<EQ (En(2"X))) =0 =

Tim Po (EH(X) Eo ( 15?/4 ) o Povere
im Py ([EH(X)] . {[]Ea(nr% ))J] ) N
Jim P ([EH(X)]Q_g . [E (Ei:fim ) o

From (3) and (4) we conclude that when n — oo, the following expressions holds:

lim Pq (En (X2) <niEq (En (X?)) =1 (5)

n—oo

lim P, <[EH(X)]25 > [EQ (]El'(lzgii))F_E) —1. (6)

n—00
n



Vaisman, Strichman, and Gertsbakh: Spectra for monotone CNF
4 Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2013-09-OA-162.R4 October 23, 2014

Combining (5) and (6) results in

lim P L?_E_ léwgngﬁlﬁlg (En (X2 3_5 .
v | B () EalEg O Eo (En (X)
n 4
thus completing the proof. O

Proof of Lemma 7: Consider the continues counterpart of b(n, k). Denote the latter by
b'(n,z), where x € {y € R|0 <y <n}. Let z* € R be the value such that In ( b (n, x*)) is
maximal. Note that since both square root and natural logarithm are monotonic, x* brings
b'(n,x*) to its maximum. Lemma 1 yields the concavity of In < b (n, x*)), that is, x* is the
function’s global maximum (note that z* is not necessary unique). We will prove that all
optimal points are located in the [2(log,(n) —log,log,(n)) — 13, 2(log,(n) —log, logy(n)) + 1]
neighbourhood. Hence, the natural number k* that brings b(n,k) to its greatest value
satisfies:

{2(log2(n) ~log, log,(n)) — 1%J <k < [2(10g2(n) ~ log, log,(n)) + ﬂ |

We are interested in asymptotic behavior, that is, our analysis is for n — oo, x ~
2(logy(n) — logylogy(n)) — 0o and n — z ~n — 2(log,(n) — log, log,y(n)) — oco. From the

Stirling’s asymptotic formula lim, ., 2!/v/27z (z/e)” =1, we arrive at

In(z!) ~ zln(z) — 2+ %ln(z) + %IH(ZT('), Z — 00. (7)

Applying (7) on ln( b(n,m)) results in

n\ 13(3) n! 3(3)
ln< b(n,:z:)) = ln<(x>% >:1n<x!(n—ix)!% ):

2(3)
= In(n!) — (n(z") +1n ((n—2)) +1n (% >N

\N’_/nln(n) —n—(zln(z)—xz+(n—2a)ln(n—z)— (n—2x)) +
(M

1 1(x 1
+ E(ln(n) —In(z) —In(n —z) —In(27)) + 3 (2) In (5) —
= nln(n) —zln(x) — (n—x)In(n —x) + % (In(n) —In(z) — In(n — z)—

—1 1
— 1n(2ﬂ))+%ln(§), n — 00, T — 00, N — T — 00.
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We continue with the derivative for n — oo, © — oo, n —x — oco:

8ln< b’(n,a:))

o ~—(n(z)+1)—(-In(n—z)-)+i:E -+ (3) (¢-1) (®8)
= a3 - D () (5-1).

By letting the derivative from (8) to be equal to zero we immediately derive

ot ( al:(”’“’)> _ Oéln(n—x)—ln(aj):_ln(%) (g_i) _%(nifﬂ_é) N

= In(n—2) — In(z) = In G) (g _ i) _

1n(1)<zl+%(nlzi)>
= eln(n—z)—ln(;t) —e 2\ ¢ In %) -

N (n—x> _ o5 tmm (-l o

xT

Note that when n — oo and = — 2 (log,(n) — log, log,(n)), ﬁm)(n_iz —1) =0, s0

n—g (2 ime () 1) - (25141

Consider now the continuous function g(n,z) =n —x (2%_% + 1). We will show that for
z =2 (logy(n) —log,logy(n)) — 13 and z = 2(logy(n) — log, log,(n)) + 3, limy, o g(n,z) is
oo and —oo respectively.

e For the case of z =2 (log,(n) —log,log,(n)) — 13:

n—oo
1 (loga(n) —logg logg (n))—13%
=N — (2(10g2(n)—10g210g2(n>)_15) (221 2 1 221 2 12_411_{_1) _
1 n
nlog, log,(n) in 1
- —2log,(n) +2log,log,(n) +1- =
log,(n) logy(n) 2(1) 2 logy(n) 5
nlog, log,(n) 1 %n
= ———F—""—+2logylog,(n)+ 1= —2log,(n) =
log,(n) > 1ogy(n) 2 log,(n) (1)
oo
nlog,logy(n) 1 3 n 9
= ————=+2log,l 12421 _n 2L
logy(m) 2B R gt 3

-~

— 00
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nlog,log,(n) 1 3 Vn 8\ nooo
:—+210 10 +1 +-— 10 n - = = o
oo

The last equality result from

lim _vn =00
nwoo \logy(n) )

e For the case x = 2(log,(n) — log, log,(n)) + 3:
lim g(n, (10)
n—o0
1 (logg(n)—logg loga (M) +35 1
< (logy(n —10g210g2(n))+§> (22 2 - 4+1> =
1 n
—n— (2 (log,(n) — log,1 - 1) =
< ng 08, Og?(n)) + 2) (logz(n) + )
2nlogylogy(n)  n 1
=n—2n+ —2logy(n) 4+ 2log, logy(n) — = =
oga(n)  2logy(n) 2 0kl H2logsloga(n) — 5
nli-24 2log, logy(n) 1 _ 2logy(n) N 2logylogy(n) 1 oo
log,(n) 2log,(n) n n 2n

From (9), (10) and the fact that due to concavity the first derivative should be non increas-

ing, we conclude that z* (for which g(n,z*) = 0) satisfies

1 . 1
2(logy (n) — log, logy(n)) — 15 < 2™ < 2(log,(n) —log, log, (1)) + 3,
thus completing the proof. |

Proof of Lemma 8:

For (12) we have that:

Eq (En (X?)) =Eq Zn: 1 (Tni(?))

§22"nEQ( (H )2)>:22nnE n 0 J) n y
(B (S0 (0

For (13) we have that:

) (X @) <n(S0, 22) (Chandler 1987)
n

e}

B= [2 (log, (n) —log,log, (n)) + %-‘ <
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1
< | 20108, ~ tog, oz - 15+ 2] <

1
< {2(log2(n) —log, log,(n)) — 1§J +3=B+3.
For (14) we have that:

1
lim B= lim {2 (log, (n) —log, log, (1)) — I—J <

< |2logy(n)| < lim 2logy(n) .
n—oo

For (15) we have that:

6262 2 6) G =G

] < <|z <n -

B B+3 B B B

The second inequality () follows from the fact that
(14)

lim B < lim 2log,(n) < lim n
n—oo 2

n—oo n—00

and that for any 0 <c <7 —3

n! nl(n—c)(n—c—1)(n—c—2)

(cj—d) _ e)in=cd)l _ et (cr2)(e3)(n—0)! _ (n—c)(n—c—1)(n—c—2) dm-on
@) T T (c+D(c+2)(c+3) oty
_ n—c)in—c—1)(n—c—2) < (ﬁ)?’ .

(c+D(c+2)(c+3)  ~\e

For (16) we have that:

2": (r;) 2%(5) Lomga T (Z) 2%(]53’) 19 o (Z) 2%(5’) <t (7;) 2%(5’) |

=0

For (17) we have that:

i n 1@_ n\ 1) n n 1(12)+ n n 1(75)> n 1(?)
2\i)2 “\o)2 T \s)2 n)2 =\s)2 -
To see why (18) holds, note that
log,(c*) =k and log <nlogf<n)> =———log.(n) =k so
‘ ‘ log(n)

k
Ck = nlogc(n) |
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Proof of Lemma 9:

(X?)) (12<,11) JREEEE g£< e (D) %()) (1627)
R O ST ) B

B
1(3) B Con () 20— (B
2 ) b:11234 ¢, 22 (B) 9—(3)

B

€ n) < (en)F Be
< nb (n> 2(%)(1—6)—6” (k)_ék ) nb (E) 2(%)(1—6)—6% (2)

8
< nbe€2 logQ(n)n€2 10g2(n)2(10g22(n))(1 g)—en (<)

log%(n))(175)75n (log%(n))SIOg%(n)

2e logg (n)
2 e2logz (n)n logg (n)

S nbn In(n) n

(A=e)log3(n)—en N O

1 n
b+ 2e logg ( >+2510g2(n)+ Togtm) _ s

In(n)

_ +(1+¢) 1052(")_10;2% =

3—¢ ) 1 2
. (114335 ¢) togy (n) log2 (n) log3 (n)
loga (n) < n +26< nlf‘(n) (1+ ) 2 ¢ n—0o0
=N -

—ENn
"I peratmy (),

|

LEMMA 1 (Concave function). For a real numbersn and x such that n >0 is constant

and 0 <z <n, the following function is concave:

=n((3),

Proof. Adopting the gamma function we arrive at:

f(z) =In(n!) — (In(z!) +In((n —z)!)) + m(UQw

= (D0 1))+ D))+ (I = 1))+ /2 2

-~ ~~ ~~ ~ /

(a) (b) (c) )

Having in mind that

d? z(x—1)  d* In(1/2)

2 )= =

(:102—33):%2<0,

and that In(I'(n + 1)) is constant, we conclude that (a) and (d) are concave. From Bohr-

Mollerup Theorem (Krantz 1999), In(I'(2)), z € (0,00) is convex so [—In(I'(z))] is concave.
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Combining this with the fact that £ +1 and n — z 4+ 1 are both affine, we conclude that
(b) and (c) are concave since the composition of concave with affine function is concave.
The theorem follows by combining the concavity of (a),(b),(c) and (d) with the fact that

the sum of concave functions is also concave. O
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