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Appendix A: Proofs in Sections 2, 3 and 4

Proposition A.1. Assume that there exist 0, 6 € © such that {p1,...,u} C 0, ppy >
> g, (i} C O ul(l) > > ,u/(k), and [1] # (1). Then there does not ezist a
policy (A*, D*) such thatV 0 € ©,

Pr({D"(&") = [1]}10) > Pr({D(&7) = [1]} | 0) .

Proof. Without loss of generality, suppose there exists 0 € O, s.t. uy > p;, i@ = 2,...,k,
we can define a trivial selection policy for which Dy,.(-) = 1, which means no matter what
information is collected from simulation, design 1 is selected, and A and A" are arbitrary
allocation policies. Obviously, we have

Pr({Du(&7) = [11}] 6) = 1 > Pr({D(&F') = [11}] 6),

which means this trivial policy is the best policy when design 1 is actually the true best,
and equality holds only in the case that D(Sj“f‘/) = D;,(&4'), a.s.. Therefore, (A*, D*) cannot
dominate (A, Dy,) if D*(E4) # Dy (E4) (not almost surely equal).

From the assumption for the feasible set O, there exists another § € ©, s.t. 3 i €
{2,...,k}, u1 < p;. We have

Pr({Dy(&7) = [1]}10) = 0 < Pr({D(&f) = [1]}| 0),

which means this trivial policy is the worst policy when design 1 is not the true best. Define
A° to be the allocation policy that equally allocates T replications among k designs, or in
other words, '—%—' replications are allocated to each design, where "-'is the operator that

truncates to the nearest integer smaller than the argument. Denote Q*r%j as the '—%—'—fold

convolution of distribution ¢). Since the mean of the distribution Q*r%j is also (p1, ..., px)
and the mean is the weighted average of the random variable, it’s easy to see that
Tj T
Pr({D™(&7°) = 1} 0) = Pr(my} —myf >0, j=2,....k[0) >0,
where m} = (3", zq)/n, i = , k. Therefore, we have D* (5“4*) # Dy, () (not almost
surely equal) Combining the analyses above, we can conclude that there does not exist a
dominant policy defined above. m



Proof of Proposition 1.

Proof. By definition, we have
E[Pr(up- —p; >0, j # D*|E7)]

_ / ( /e D) = 1y P |5;:‘*(é))) P (de# (6)) P(dd)
=E [1{D"(&7") = [1]}] > E [1{D"(&7") = [1]}]

J

rTA rTH
:/ Pr(mf =ik =2, k| 6) P(d6)
[dSS)

Obviously, as T' — oo, we have
rTH rTH

Pr(my) —my

i1 >0, j=2,...,k|0) =1, a.e.,

therefore, E[1{D*(&#") = [1]}] — 1, which implies
Pr(pp- —p; >0, j #D*|EF) B 1,

where = denote convergence in probability. From (2) in the main body of the paper, we
know

Pr(p; —u; >0, j#£ilEX) B 1. b.1
efhax (s — g >0, § #14|E7) (b.1)

We denote (T)*" to specify the dependence of the number of replications allocated to
each design on the allocation policy. Then we want to prove that as T — oo, we have
(T)A" — oo, a.e., i = 1,... k. Otherwise, there exists igp € {1,2,...,k} such that for

7

B =N, Us_ {(T)A < M}, Pr(B) > 0. Thus

o Pri =y 0, 5 #164) < max (e P, > pl€ft ) max Pl > 1))
i€{1,2,...k} j#i0 i#io
(b.2)
As T — oo, since (T);" doesn’t go to infinity in B, by assumptions (ii) and (iii), we have

P(piy > 15|87 ) = /P(mo > ulE7 1) P(pslE77) < 1—¢, in B,

P(,ul > /'Lio‘g?*) = /P(:ul > ulolgjé*aunp(ﬂz‘g’ﬁ*) <1 - & in B .
Therefore, we have, as T — oo,
max P(p;, > 1;|E) <1 —¢, in B,

j#io P ‘ (b.3)
II;&XP(M > |E7 ) <1l—¢g, inB.
1#1Q

From (b.2) and (b.3), we have

ie{rfff(.,k} Pr(u —p; >0, j£ilE) <1—¢, in B,



A

which contradicts equation (b.1). Therefore, as T — oo, we have (T)#" — oo, i = 1,..., k.

By the Law of Large Numbers, we know, as T — oo, D™(EX7) — [1], a.e. From Doob’s
consistency theorem (see Van der Vaart 2000, p.149), as T — oo, we have

N A X :
(1, ) |EX () S (s i), ae., i=1,2,...k,

where % denote convergence in distribution. Combining the analysis above, we have, as
T — oo,
Pr(pupm —p; >0, j§ #D"EF) = 1, ae.,

and also notice that

k

k
D Pr(pi—p; >0, j Al = /9 . (Z {pi — pj >0, z’#j}) P (do|&")
=1 (S

=1

since for Z = {0 : pu; = p;, i # jIE}, Pr(Z) = 0, and for § € Z¢, there is one and
only design that has the largest mean, which also means Zle {pi—p; >0, i # 5} =1
Therefore, we have

Pr(pw, —p; >0, j #i|&) =0, ae, i#D™.
From these results, it is easy to see, as T — o0,

D(EF) —D™(EN) =0, ae...

Proof of Corollary 1.

Proof. To prove the corollary, we only need to check conditions (i)-(iii) hold for the normal-
Gamma model. The identifiability condition (i) is obviously satisfied by the normal distri-
bution. Condition (ii) holds because both the prior distribution of the true parameters and
sampling of the performance of designs are independent between different alternatives. Also,
we know ;|Er, 1 = 1,2,... k, follow t-distributions given by (4) in the main body of the
paper. For finite allocation replications to design ¢, by the definition of t-distribution, it’s
easy to show that V z, ¢ < Pr(w; > z|&r) <1—e. O

Denote the covariance of two r.v.’s X and Y by
cov(X,Y)=E[(X - EX)(Y - EY)].

Lemma A.1. Suppose y; ~ N(O,ajz), Jg=1...k yy and y;, j # j', are mutually inde-
pendent. Denote

ij-/ icov(yi_yjayi_yj’% ]a] = 17"'72._ 17
(4)

C],J,, icov(yi_yj-i-lvyi_yj'-kl)) j?j :iw"ak_ 1.
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and similar definition for c;i]). If o7 > a7, then

1
) l R
D, s )
J1,J J15J

2

Proof. Without loss of generality, suppose o7 > o3

2 and we only need to discuss the case

i=1and i =2. Then, we have (y; — v2, ..., 51 — yr) ~ N(0,%;) with
0% + 05 0% 0%
5, — 0%' o+ ag' gf |
0’% a% Uf + o,é
and (Y2 — Y1,¥2 — Y3, .-, y1 — Ye) ~ N (0, %) with
o3 + 0} o3 03
5, — US. o3 + 032,. o3
Ug Ug 0% + 0,2;

The conclusion can be easily obtained by the assumption of the lemma and the expression

of ¥; and X, given above.

Proposition A.2. Suppose y; ~ N(0,03), j
independent. If 0% > o3 > --- > g%, then

]

L....k, yj and yy, j # j', are mutually

Priyi—y; >0, j#1)>Pr(yo—y; >0, j#2)>--->Pr(ys —y; >0, j#Ek) .

The conclusion of the proposition is the direct consequence of Lemma A.1 and Plackett-
Slepian Comparison Lemma (see page 44 in Azais and Wschebor 2009).

Proof of Proposition 2.

Proof. For case (i), if kK = 2, we have

(T)

T
i — piz|Er ~ N (" = pf

(T)

()2 + (07 .

If uy’ > ugT), by the symmetry of the normal distribution, we have
Pr(,ul — U > 0, |5T> > PT’(,UQ — U > 0, |8T),
soVweQ,
D*(&r(w)) = arg max "
For case (ii), if w € A, we have agT) =...= a,(gT). For i =1,...,k, the covariance matrix of

vector (u; — pj);|Er can be denoted as X. Then, we have

(ki = p15) | Er ~ N(M(T)7 %),
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where p(") = (,uET) ,ugT))HéZ Pr(pup — p; > 0, j # D|&r) is an increasing function of

,u(D)—,u] , J # D; therefore, Vw € A

D*(Er(w)) = arg max p;" .

.....

If we A (a%T)(w),...,a,(gT)(w)) is a fixed value, and we can define AY = {w' €
Ac oD = a](.T)(w), j =1,...,k}. Suppose y; ~ N(0, (a](-T)(w))2), j =1,...,k, and

J
y; and y, j # 4, are mutually independent. Then we have

(4 = Y5) 21 ~ N (0, 55) .
Define P¥ = Pr(y; —y; >0, j #1i), and
1y = minarg max, P,
75 = minarg Z:rrlun P
From Proposition A.2, we know, for w € A°
P;:li > Pf, j# 5.
Foroel={w: W)= = ,u,(gT)(w/)},
Pr(m —p; >0, j£ilEr(@))=P°, i=1,... k.
For w € AT, we have

Pr(pgs — py >0, j #71Er(@)) > Pr(p — p; > 0, j #il€r(@)), i #iF

Because Pr(u; —p; > 0, j # i|€r) is a continuous function of (MET) e uéT)) and increasing
with respect to u( ) ugT), Jj # i, Vw e A there exists ¢, > 0, Vw € Ty = A T‘f, where

’

Ty ={w €A pP (W) > pld (W) > p) (W) — ey 1l (W) > 1S (W), 5 #4157},

such that

Pr(s — iy > 0, j # F1E0(@)) > Priu — iy > 0, j #Er(@)), 14 .

For w € Z; = [ ¢y, Y1, we have

DY(Er(@) =i, arg max p" =15,

and ¥ # i§; therefore,
D (Er(@)) # arg max p;" .

.....



Denote F(X) as the o-algebra generated by random variable X. We have
T T
Fol", oDy = F(D), ..., (T)),

.F(,LL&T), e ,/Ll(cT),O'gT), e ,O'IE;T)) = f(.ﬁlbe . ,QJL(T)I, e ,xk’l, e 7'Ika(T)k7 (T>1; Ce (T)k) .
Then, F(O‘%T), o ,U,ET)) C ]:(ugT), o ,M,(f),af”, o ,U,ET)), and it is easy to show, V w € A€,
— (T T
PE, . o) w) >0,

where = = Z; |J Z;. Therefore, if P(A°) > 0, we have

P(E) :/ R PEI", .. oD)P(dw) > 0 .
weEAC

Proof of Proposition 3.

Proof. Under the assumptions,

where

In addition, we can easily obtain
Pr (™ < 2l 16) =B [1{T (T~ 1) > 0} 0] < B [exp (7 (m — ")) ]
=exp (=T (i — py) + 0-1'2]') ;

and the following inequality:
2

1 _(T) _ (T o o?
= og (Pr (m™ <mi™0)) I< il + sl + - + - .

()i (s);

Therefore, we have

= g E[L{D"™(Er) £ 1} [6,6] < =3 |og Pr (m® < m{"| 6)
J#
<> (Iml sl + o+ (Z—;) -

j#i ! J

Under the condition ozl(s) >1,1=1,...,k, from the fact that y; follows t-distribution (4) and
the expectation of o7 given by (5) in the main body of the paper, we know E [|p;| | &] < oo,
and E[0?| &) < o0, i=1,...,k.

In other words, 7 | log E [1{D™(Er) # [1]}] 0,&,] | is dominated by an integrable func-
tion. Applying the Dominated Convergence Theorem, the limit and expectation can be

exchanged and the conclusion in the proposition holds. O
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Proof of Proposition 4.

Proof. By the assumption of the proposition, from Glynn and Juneja (2004), we have

(b5 — p15)° S s
Gij(wi, wy; 0) = 7 b
100 = oo+ o) 7
which is continuous with respect to p; and o2, ¢ = 1,..., k. Obviously, max(y;,y2) is a
continuous function of (y1,y2), and by induction, max(yy, ..., yx—1) is a continuous function
of (y1,...,yk—1). Therefore, min; ; G;;(w;, w;;0) is continuous with respect to u; and o?,
i =1,...,k. Denote the true value of parameter as 0 = (u1,...,u,0%,...,0:). By the

strong law of large numbers

].lm 0(8) — llm ([,L:(LS), . 7/J/](:)7 ’U%S), . ,'U](CS)) — 9’
S§—00 §—00

a.S.

Then from Continuous Mapping Theorem, we have

lim ULDR (W,0")) = ULDR(W,0), a.s.,

S§—00

() = Z H 1{p; > p;} (T?Q?Gz‘j(wuwj;@)) ;
and we have
E|EV(0)]|E] < E[E[[Y(0)]|E]] = E[[¥(0)]]
1

22
(]

;0

where C' is a positive constant. The first inequality is obtained by Jansen’s inequality, the
equality uses iterated conditional expectation, the second one applies Cauchy inequality,
and the third inequality holds because of the assumption of the Normal-Gamma prior. By
Doob’s Martingale Convergence Theorem (Doob, 1953), we have

lim ULDR (W, &) = lim E[V(0)|&] = E[V(0)|Ex] = ULDR (W,0), a.s,

§—00 §—00

where £, is the minimal o-algebra generated by {&;}.cz+. It leads to the conclusion of the
theorem. ]

Proposition A.3. For a fited W = (wy,...,w;) € S, with the “most starving” sequential
rule defined in Section 4.2. of the main body of the paper, we have

lim @.")
S$—00

— Wy,

where 12)1(8) =(8)i/s,i=1,2,... k.



Proof. Suppose N' C {1,2,...,k} is the set of indices of designs that stop receiving allocation

of replications at some point. Obviously, for j € N, we have lim,_, ﬁ)j(-s) = 0. We also know

there exist i € {1,2,...,k} such that

1 (s—1)

DY -~ (1 Cw; — 10
( +s—1) w; — W

7

> 0. (b.21)

7

Otherwise, we would have

1=

.
Il =
—

(S cw; — (s —1)- QI)gSil)) <0,

which is a contradiction. Therefore, in the sth step, it is only possible to allocate a replication
to the design 7 such that D! > 0.

Fori e N¢={1,2,..., k}\N, define TZ-(S) =max{t € {1,2,...,s}: (t+1)~w~t+1)—t-ﬁ)§t) =
1}. By the definition of V¢, we have 7" — 0o (s — o0). For s € {t € Z* : t- @\ — (t —
1) - ~(t—1)

w, =0}, we have

1 .
o =27 gl < gy (b.22)

Forsef{tez*: t-o —(t—1) 0" =1}, we have

(s) s—1

i =

W W = (b.23)

S S

Then, from (b.21), (b.22) and (b.23), we have

. (s)

741 T; L ()
e S wiz S L 5 g 4+ —
Ti(s) +1 41

7

S
IA
SIN
0
IA

T, +1

For j e N, 35 >0, for s > S, we have ID](-S) < w;. Then, Vi € {1,2,...,k}, from (b.21)
and (b.22), we have

~(s ~ (s ~ S 1
w =y Y (@) —wy) <@+ Y () 4 q
i jeNe Ty T

Combining the two inequalities above, we have

1 - (s)
w; — < w; < w; + s :
jeZNc T;S) +1 TZ-( ) +1

Therefore, we know N = (), and
(s)

lim w;,” = w;, 1=1,2,... k.

§—00



Proposition A.4. For a fited W = (wyq,...,wy) € S, under the sequential rule defined in
Section 4.2. of the main body of the paper, we have

(1) limg_, o 'JJES) —w;, a.e., i=1,...k;
(i) B[ =w;, i=1,... k:
(iii) ¥ € > 0, we have

1 -
lim —log Pr(||W® —W|| >¢) =~ inf h(W),

s—00 S WeO.

where h(W) = Y8 b log(w;/w;) and O, = {W € §: ||W — W]|| > ¢}.

In Proposition A.4, conclusion (i) states that the randomized sequential rule is eligible,
which can be proved by the law of large numbers. Conclusion (ii) states that, following the
randomized sequential rule, QIJZ(S) is an unbiased estimator of w;, and conclusion (iii) is the
large deviations rate for the multinomial distribution, which provides the convergence rate
of lim,_, wl@ = w; in probability. h(W) is called the rate function, and it is the Kullback-
Leibler information number for the multinomial distribution. The proof for conclusion (iii)

can found in Varadhan (2008).

Appendix B: More Numerical Experiments

Example B.1.

This example is similar to the Example 2 in the main body of the paper but has more
competing designs (100 designs). The prior distribution is the Normal-Gamma conjugate
prior with parameters given as: ,ugo) = 0.1 x 1, /12(0) = 103, 0450) = 3, and ﬂi(o) = 103 x 4,
i=1,2,...,100. From (4) and (5) in the main body of the paper, we know the expectations
of the true means E[u;] = 0.1 x 4, the variances of the true mean Var(u;) = i/2, and the
expectation of true variance E[o?] =500 x 7,7 = 1,2,...,100.

From Table 1 and Figure 1, we can see all the allocation policies with APPROX selection
policy outperform those with the MEAN selection policy. Moreover, GBBA and KG which
include prior information in the allocation procedure are superior to the rest and EA has the
worst performance over all the selection policies; KG is better than GBBA at the beginning
and is surpassed by the latter when simulation budget exceeds 300.

Example B.2.

The difference between this example and Example 2 in the main body of the paper is that
for the latter the design with the largest prior mean has the largest prior variance while the
design with the smallest prior mean has the largest prior variance in this example. The prior
distribution is the normal-Gamma conjugate prior with parameters given as: ugo) = —0.3 x1,
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Figure 1: The prior distribution is the normal-Gamma conjugate prior, with parameters
n” =01 xi, &2 =10 ol =3, and B” = 10® x i, i = 1,2,...,100. The IPCSs are
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estimated by 10° independent macro replications (precision + 0.001 or better).
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T =100 GBBA OCBA KG EVI EA
APPROX 0.071 0.060 0.077 0.060 0.060
MEAN 0.070 0.056 0.076 0.056 0.056
T = 300 GBBA OCBA KG EVI EA
APPROX 0.093 0.072 0.092 0.072 0.071
MEAN 0.092 0.064 0.092 0.065 0.064
T =500 GBBA OCBA KG EVI EA
APPROX 0.109 0.087 0.102 0.085 0.077
MEAN 0.108 0.082 0.102 0.080 0.069

Table 1: The prior distribution is the normal-Gamma conjugate prior, with parameters
1 =01 xi, &2 =10 ol =3, and B = 10® x i, i = 1,2,...,100. The IPCSs are
estimated by 10° independent macro replications (precision + 0.001 or better).

HEO) =103, 0450) =3, and 51»(0) =103 x4,i=1,2,...,10. From (4) and (5) in the main body

of the paper, we know the expectations of the true means E|[u;] = —0.3 X ¢, the variances
of the true mean Var(w;) = i/2, and the expectation of true variance E[o?] = 500 x 1,
i=1,2,...,10.

T =50 GBBA OCBA KG EVI EA

APPROX 0.213 0.207 0.201 0.206 0.207

MEAN 0.205 0.201 0.201 0.200 0.201

T = 250 GBBA OCBA KG EVI EA

APPROX 0.241 0.232 0.218 0.227 0.221

MEAN 0.232 0.220 0.213 0.212 0.207

T =450 GBBA OCBA KG EVI EA

APPROX 0.262 0.253 0.234 0.244 0.233

MEAN 0.254 0.240 0.227 0.227 0.216

Table 2: The prior distribution is the normal-Gamma conjugate prior, with parameters
1 = —03xi, £V =10%, o!” =3, and B = 103 x 4, i = 1,2,...,10. The IPCSs are

estimated by 10° independent macro replications (precision + 0.001 or better).
From Table 2 and Figure 2, we can see all the allocation policies with APPROX selection
policy outperform those with the MEAN selection policy, GBBA has the best performances,

and EA has the worst among five allocation policies.

Example B.3.

This example has the same setting as Example 2 in the main body of the paper. We
compare the approximate optimal selection policy choosing from the top-three designs with
that considering all £ designs as the candidates to be selected, and the most-starving rule

11



Example B.2
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Figure 2: The prior distribution is the normal-Gamma conjugate prior, with parameters
w” = -03xi k” =103 o!” =3, and 8% = 10% x i, i = 1,2,...,10. The IPCSs are
estimated by 10° independent macro replications (precision + 0.001 or better).
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with the randomized rule, introduced in Section 3.3 and Section 4.2, respectively in the main
body of the paper.

T =50 GBBA OCBA KG EVI EA
APPROX-2 | 0.238 0.231 0.237 0.231 0.231
APPROX-1 | 0.233 0.226 0.233 0.226 0.227
MEAN 0.221 0.213 0.226 0.213 0.212
T =250 GBBA OCBA KG EVI EA
APPROX-2 | 0.275 0.260 0.269 0.261 0.254
APPROX-1 | 0.270 0.252 0.268 0.253 0.250
MEAN 0.262 0.240 0.264 0.240 0.234
T =450 GBBA OCBA KG EVI EA
APPROX-2 | 0.300 0.279 0.291 0.279 0.267
APPROX-1 | 0.296 0.273 0.290 0.272 0.264
MEAN 0.290 0.262 0.288 0.260 0.249

Table 3: The prior distribution is the normal-Gamma conjugate prior, with parameters
1 =01xi, &2 =10 ol =3, and B” = 10° x i, i = 1,2,...,10. The IPCSs are

A 7

estimated by 10° independent macro replications (precision 4 0.001 or better).

T =50 R-GBBA | S-GBBA | R-OCBA | S-OCBA
APPROX 0.233 0.233 0.227 0.226
MEAN 0.221 0.222 0.212 0.213
T = 250 R-GBBA | S-GBBA | R-OCBA | S-OCBA
APPROX 0.270 0.268 0.255 0.252
MEAN 0.263 0.261 0.242 0.240
T =450 R-GBBA | S-GBBA | R-OCBA | S-OCBA
APPROX 0.296 0.293 0.276 0.273
MEAN 0.290 0.288 0.266 0.262

Table 4: The prior distribution is the normal-Gamma conjugate prior, with parameters
1 =01 x4, 62 =103 o!” =3, and 8% = 103 x i, i = 1,2,...,10. The IPCSs are
estimated by 10° independent macro replications (precision + 0.001 or better).

In Figure 3, APPROX-1 stands for the approximate selection policy which chooses the
top-three designs with largest posterior mean and is introduced in the second paragraph
of Section 3.3 (at the bottom of page 13) in the main body of the paper, and APPROX-2
denotes the scheme which considers all k£ designs as the candidates to be selected and is
introduced in Section 3.3 (at the top of page 14). From Table 3 and Figure 2, we can see
APPROX-2 is better than APPROX-1 and both of the approximate selection policies are
better than MEAN which chooses the design with the largest posterior mean.
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Example B.3-1
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Fi%ure 3: The prior distribution is the normal-Gamma conjugate prior, with parameters
1 =01 x4, 69 =103 o!” =3, and 8% = 103 x i, i = 1,2,...,10. The IPCSs are

estimated by 10° independent macro replications (precision + 0.001 or better).
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Example B.3-2
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Figure 4: The prior distribution is the normal-Gamma conjugate prior, with parameters
1 =01 x4, &2 =103 a” =3, and 8% = 103 x i, i = 1,2,...,10. The IPCSs are
estimated by 10° independent macro replications (precision + 0.001 or better).
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In Figure 4, R-GBBA and R-OCBA stand for allocation policies which use randomized
sequential rule combined with the asymptotic sampling statistic introduced in equation (13)
of the main body of the paper and the OCBA formula, respectively; S-GBBA and S-OCBA
stand for allocation policies which use the “most starving” rule combined with the asymptotic
sampling statistic and OCBA formula, respectively. From Table 4 and Figure 4, R-GBBA
and R-OCBA are slightly better than S-GBBA and S-OCBA, respectively, over all selection
policies.
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