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Appendix A: Approximation of the Mean Squared Error
Derivation of (13): In the SK predictor, we implicitly assume that 3y + 3. and 3y + f)s are invertible.

Then by applying the results given by (Henderson and Searle 1981) it is straightforward to check that
~\ -1
(Zu+2) = E+aw)”
=X ' -A LS T I-T)

which in turn yields
~ -1
(EM + 25) E - 271”5 + 271 (Amean Avar2 ) + D sz(I T)*l’é’.

Here we set T'= —A,,, X~ !. Next, it can be obtained from the expansion above that

{E [EM(XO, ) (Zu+S) E} }

= {E[Zu(x0,) = (1. — Avr T €+ TXI-T)'2)]}”

= {E[Zu(x0,) 37" (1. — A ZTE)]} + O (|Avar*E]) O (| A el [B] + 1. )

= (Su(x0,) =7 )" = 28u(x0, ) TETE [1.E BT Ava] BT Bui(x0,) + O1 (| Avar 2 E?)

+Ol (|Avar|2|g|) 01 (|Avar||gl + |Hs|) ’

and
~ -1
Var (EM(X07 )T (EM + EE) E)

B Var (EM XO’ ( mean Avarzilg‘F TZ(I — T)flﬁé))

= Var (Zu(x0,") " 27" (Amean — AvarZ'€)) 4+ O1 (|Avar*[E]) O1 (| Avar|[E])
+01 (|AV3Y| |E||Amcan|) + (91 (|Avar|3|g|2)

= EM(XO’ .)Tzilzszilz’w(xov ) - 22M(X07 ')TzilE [AmcanféTzilAvar] Eile(xm )
+01 (|Avar|2|g|2) + Ol (|AVHT|2|E|) Ol (|Avar||g|) + Ol (|Avar|2|’§||Amean|) :

Note that O;(-) stands for L' boundedness in the underlying probability space.
On the other hand, we note that

[

= E+Y ALY - (I-T) L
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Since

E=3%,-X'= (E,\jllE — I) sl=3,E.e =285,
straightforward calculations yield

TUE = ESUE4 T 'AS 'S + 2N 2 A, D!

[

+271Avar2712M271Avar271 + O (|Avar|2|zs|) + O (|Avar|3) .

Lastly, the last two terms in Equation (12) can be approximated as follows: ignoring higher-order terms,

PN ~\-1_1?
ZM(Xo, )TE |:EZM31| EM(X(), ) + E < ZM(Xo, ')T (EM +25) €:| )
~ Zu(xo,") ' [EXME] Bwm(x0, ) + 28m (X0
+E [(EM(XO,.)TzlAth/zM) ] + (Su(x0,) TS 1 p)?
+Z0 (X0, ) BTIEE T By (%0, 1) — 28m(x0,) ' ETE[EE BT Ay 27 (%0, ).

) TS E [A v E T ] B S (0, )

The desired expression is obtained by rearranging terms and by utilizing the identity
EXyE+Xln. el =g

O

Appendix B: Additional Proofs for Section 5.1

Proof of Theorem 1: By the definition of the operator ®, the jth batch LU) yields the jth quantile
estimator ® (L(j)) for j=1,2,.. . The first two statements are obvious from the definitions of p>*t<h =
ny >, @ (L)) and 95t = fIJ(L), etc.

For the last statement, recall that ¥ = n,®(L) — (n, — 1)® (i(j)), where LO) is the jth jackknifed
sample L\L), j=1,2,...,n,. Then, we have

np

E [i}\iack—b] - E [; Z\I,(j)
b

j=1

E {nbcb(L) ~(ny—1)® (IZ<1>)}

- ol 2\ 1 all—a) f(v) ,2

N "{+ (‘n<n+1> +?) f(voﬂ{ 27 2) fionyr O )}
(n—ny)a gnns 1

(e =1) {”” (‘ on)m—mt D) n—ns> Flwa)

a(l—0) [(va) .
“An—n+2) floe O )}

fafa ™ nng) "
i foy 7O ()7

Note that this asymptotic derivation is valid because n — n, tends to infinity as long as there are multiple

batches. 0O

:’UQ—'—
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Proof of Proposition 1: Let us fist consider the jackknife variance estimator and then show that anack

and 7, ., are asymptotically equivalent. By definition, 0> = ®(L) and we have

~2 Ty -1 T G)

Ujack - e Z ((I) (L ! ) - (I)(L))
j=1
ny

-1 L - 2
Ny Z (@(J) — o, + RG) _ Rn)

2

2

j=1
where ¢, =n"' 3" ¢r(L;) is used for notational simplicity and @7 is similarly defined for the jth jack-
knifed sample LO) = L\L®. The term R is the corresponding remainder term in the Bahadur represen-
tation of ® (I:(j)).

Straightforward computations yield

. Mi(w_@y _all=a) Q)
U = ! f(va)?
To see this, first note that with @) =n ! > icjth baten @r (Li) we have
7._1i (j)_1i¢ (L;) =
@ ™ s %2 n — F i Spn
and thus
. 1
5@ — Z .
n="ns i¢jth batch
1 - _
_ L) —n. )
i (B )
_om o1 G
a ny — 1 v ny — 1 LA
This implies that
ny, 23
(i 2 1 N \2
(=1 2V =n) = 5> (¢ —9)
j=1 j=1

which is nothing but the sample variance of i.i.d. observations {¢)}72, and it is an unbiased estimator of
1 o

Var (¢5(L1)) = °.

N N

Var ((p(l)) =

Hence, the equality (1) is obtained.

We further note that the expression inside the expectation of the left side of (1) is equal to

1 (\/ﬁ(pn)z '

nb—l

23 23

N P 2 1 N2
nb—lZ((p(J)_spn) :nb_lz(m(p(J)) _
j=1 j=1

The second term converges to zero if n, — oo thanks to the Central Limit Theorem. For the first term, notice

that
P < >e> < E%ME [n2 ()] (2)

Since E [¢x(L;)] =0 and E [¢r(L;)*] < 0o, Lemma 2.2.2B of Serfling (1980) implies

E (Z ng(Li)) =0 (n?)=E [(gpm)‘j =0 (n7?).

23
ks Z (\/n—sgpm)? _o?

n
b i
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Therefore, the right hand side of (2) converges to zero as n;, increases.

On the other hand, Dutt (1973) proves n*/2E [R?] = O(1). Hence, we have

np

3 (Rn _R(J’))Q

j=1

Ty

= w00 (n-n) ) =0 ((/2).

s

n(n, —1) £
2

Lastly, one can easily see that the Cauchy-Schwarz inequality takes care of the cross product term. Hence,
the consistency and asymptotic unbiasedness of 73, 4 follow from the stated conditions.

. . . ~o ~o o ~o
Now we discuss the asymptotic equivalence of 07, and 073, 1,. From the definition of o7, 4 ;,, we have

1 i ) : 2
/0\2 - - \Ij(]) _@\Jack-b
jack-b nb(nb _ 1) ; ( « )
mn n 2
_m—l zb: > (iu)) b zb:q) (i(k))
LA— L

2
_ 1L n (=
= UanCk - (TLb - 1) <nb Z‘b (L(])) — @(L))
j=1
) 2
_ ~2 -1 )< RO _R
= Ujack — Tg ; — It .

Since (ZJ z;)* <ny Zj x?, we see the asymptotic equivalence in mean-square of the two estimators by noting

that N
ny — 1 ny o
E > (R(J) . Rn) <E
n? { -

=1

23

3 (gm _ Rn)Q

=1

=0 (n;”%;?’/?) .

O
Proof of Proposition 2: The proof is quite similar to that of the previous proposition. With L) repre-
senting the jth batch and 022" as the average of ® (L())’s,

2
R 1 ng, . 1 np
G2 = D Z o (LY) — . > @ (L®)
j=1 k=1
1 b ) . —\2
- - @ _4+RY_R 7
nb(nb—l);(sp p+ )

where ¢) and RY) are the terms in the Bahadur’s representation of ® (L(j)); and @ and R denote their

averages, respectively. One can directly obtain

ny
n N \2 a(l—a)
E|l—— G) — = L —:5%
[nb(nb -1) 2 (7 =9) ] f(va)?
We can also show that the quantity inside the expectation converges to the right hand side in probability.
For this, note that
np np
n . 2 n 12
U _ 75\ = OGN 32 b
nb(nb_l);(¢ tp) no(ny — 1) {;(‘P ) bP }

The second term is asymptotically equivalent to (, /ns@)2 for which we compute

E[3] nVar () o2
P (lymmp|> )< EPT 7 () _ o
€

€2 €2
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where € > 0 is arbitrarily given. Hence, by the continuous mapping theorem, the second term converges to
zero in probability. Next, note that we can apply the same arguments as given in the proof of Proposition 1
to see that the first term converges to o2 in probability.

On the other hand, from Kiefer (1967) we get the exact order of R\). Using this result, it can be seen that

ny
"> (RY = R)" =0 (n/? (loglogn.)*?)

nb(nb — 1) s

with probability 1. Furthermore, Dutt (1973) implies that the expected value of the summation above satisfies

np

:E:: (1%(j))2 —'7lbj?2

j=1

n

ny(n, — 1)

E =n,0 (n;??) =0 (n;'?).

As shown in the proof of Proposition 1, the remaining terms can be handled by the Cauchy-Schwarz inequality.
The consistency and asymptotic unbiasedness of 62, , are derived based on the asymptotic equivalence of

two estimators. Specifically,

23

0y = nb(%—l) Z (fI) (L(j)) — (I)(L))2

nb—l nbk

2
N 1 o _
= o ¥ 3 {Z (¢ ~ @+ R — m)}

n
b =

2
~ 1 [ pG
= U‘gatch + m {Z (R(J) —Rn)}

=1

ny, 2
= Bt ( : > @ (LY) —<I>(L)>
=1

where ¢,,, R,, are the second and third terms in the Bahadur’s representation based on a sample L. Note

that from (37, x;)* <ny ), 27, we have

B ORI O IR S
nf(nb—l)E {Z(R Rn)} Snb(nb—l)o(s )

=1

Then the result for 2

sect

follows easily. [

Proof of Theorem 2: Case 1. The underlying idea is similar to that given in Theorem 1 of Shao (1989).
By Proposition 1, the squared bias term has the order o(n~2). Hence, we are only concerned with the variance
of 57, and 67, 1, Recall that

23 np

52, = nbn: 1 {Z 3D - 0,)° +3 (ﬁm _Rn)Q +2§; 39— g,,) (§<j> _ Rn) }

j=1 j=1

As shown in Proposition 1, we have

ny ny

ny —1 ) oL G) _ )2
- ;(cp #n) nb(nb_l);(w ?)" .
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From the standard result on the variance of the sample variance, we obtain
1 b 1 4
Var [ =3 (o) - —o(2)\E [ €] ]

j=1
1
‘O<@@>'

np

3 (§<j> —Rn)4

Jj=1

= 0((,1_"1)2> =o(n;?),

where Lemma 5 is applied in the equality. Lastly, the Cauchy-Schwarz inequality yields

Var (i (9 - 0,) (EO') _Rn)> <E (i (39 = 0n) (ﬁ(j) —Rn)>2

For the second term, we have

23

Var <nbn:1 Z (é(j) — Rn)2>

Jj=1

IN

nbE

j=1 j=1
ny 2
<E lz 50 _ 2 (R(J) )
j=1 Jj=1
ngy ngy . 2
< | Var <Z (3 — <pn)2> Var <Z (Rm - Rn) )
Jj=1 j=1
ny ) ny _ 2
+E Z (sg(j) _ SDn) ] E Z (R(j) _ Rn>
Jj=1 j=1

Then previous calculations lead to the conclusion that the right hand side is of order o ((nn,)™?!).

. ~o ~o I
The difference between 07, and o7, 4, is given by

nbngl {nzb (E(i) _Rn)}Q.

Jj=1

Similarly as shown above, the variance of this term can be shown to be of order o(n;?). Hence, the MSE of

o~
Ojack has the same order as o Jack

Case 2. By Proposition 2, we again consider the variances of 62, and 63, only. Let us recall that

sec

. 1 2 o
O-‘tz)atch m{z(‘f’m_‘f’) +Z(R(J) +2Z () _ R(J) R)}

j=1 =1

The first term has been tackled above. For the second term, we have
Var Li(RU)—R)Q < 1
nb(nb — 1) nb(nb — 1)2

j=1
= 0 _—

2,2 ’
nyn?

where in the second equality we applied Lemma 5. The last term can be similarly handled together with the

i (RV — R)4
j=1

Cauchy-Schwarz inequality, yielding an order of o (n=2).

As for 2, notice that from the last part of the proof of Proposition 2, the difference between o7, ,, and

sect?

.
0% is given by

23

e LI

=1
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The assertion follows because

1 S ol ’ 1 S ol !
| {0} ) <€ (S )
i(R(j)_Rn)‘1

j=1

which is again obtained by applying Lemma 5. This completes the proof. [

IN

oM
~ ni(n, —1)2

Appendix C: Additional Proofs for Section 5.2
Proof of Lemma 2: We utilize the conditioning argument presented in Gribkova and Helmers (2006).
Recall that F'~'(U) with uniform distribution U on the unit interval [0,1] gives the loss distribution. Hence,

L;y can be written as Ffl(U(i)) where U,y is the ith order statistics of n i.i.d. uniform random variables.

With k = [na], observe that

k—na
= L L i)
= i—a) Ty Z @
i=k+1
and
E[ZL@ =E ZF (Uw)
i=k+1 Li=k+1
=E [ZF (Uw) U
L Li=k+1
S )
—g| " / 1(t)dt] ,
1= Uw Juy,
where we used that conditional on Uy, (U(k+1); .. U(n)) is the order statistics of uniform random variables

on (Ugy,1). If we define I(z) = (1 —x)~ f F~1(t)dt, then I(a) = ¢, and

/ _ 1 ! —1 1 -1 — Ca ~ Vo
re)= g [ 0a - o @ =
Furthermore,
" — L ' -1 _ 2F71(Oé) — 1
) = g | O T - a7

B 2 1 Coq — Vg
__1—a{2f(va)_ 1—« }

For notational simplicity, we write U,y as X,,. As a next step, consider a function

I"(a) 2
5 (x — ).

H(z) =I(z) = I(a) = I'(a)(z — a) -
It is obvious that H(«) = H'(a)) = H"”(«) =0. The following relationship also becomes useful:

I(z)—I(a) =

1_a1_x/F Dt +—— [ P
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Then, using the above equation we observe that H(X,,) can be explicitly written as

@

1 -1
HX,) = > F— 1_X H(dt+ 17— | F (t)dt

_{ﬁ/a F’l(t)dt— Fli(z)}(xn—a)

e [ Froa- 5_1(0?;1&— 31 - ;>f<va3 jox—or
_ *’i"__ao‘ {I(X,) — I(a)} + ﬁ {/X F(t)dt — 5 Fl(a)dt}

e [ - g—lgl "o —al)f(va) jox, o
. )i"__ao‘{ 1__a 1_X / dt—i—%a nF ()dt}

1

l—a/x,
. {ﬁ/ PO s~ s ) e
- (F=0) vty P { [ o - @) af

ital [ (o))

Let us denote each term by A,,, B,,, and C,, respectively. We claim that n®/2|A,,| (and similarly for the other
two) is bounded in expectation. To see this, note that F~(U) < L, F~(X,,) =7". Hence,

X, —a\’ 1
A, = n F~Yt)dt + —— F~Y(t)dt
4] (1—a> 1—a 1- X / R X, ®)

< Xo—al E[IL] LK af’
1-a)P 1-X,  (1-a)p

(F~'(t)— F H(a)) dt

(lval + [021)-

For all suitably large n, we have E [(n3/2|Xn —a|3)2] <00, E[(1—-X,) ?] <00, and the finite variance of
the quantile estimator. Subsequently, E [n3/ 2|A7LH = O(1) follows from the Cauchy-Schwarz inequality. All
the relevant results on sample quantiles can be found in David and Nagaraja (2003) and Serfling (1980).

Regarding n3/2B,,, we see that
(Xn B a)2

T

since F'~! is non-decreasing. The fact that E [n/2|B,|] = O(1) also easily follows using similar arguments as

|Bn| <

|Ua _@\Z|=

given above. In particular, we used the asymptotic normality of the quantile estimator.
For the last term C,,, take a small € > 0 such that the density f is positive and differentiable on the region
(FY(a—e), F Y (a+e¢)). On {|X, —a| <€}, C, can be expressed as

1 Y 1 1
o= 10a o [ e~ e oot
1 @ 1 1
= o A Ty e o
By the mean value theorem,

L ‘_‘f’(Fl(Z*))
o)~ FF(2) (

Ol
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for some z* € (a —€,a+¢€) and C. is some constant that depends on e. Consequently, on {|X,, — a| < e},
C
C,|l < ——
Gl = 2(1—a)
On the other hand, when | X, —a| > €, we get
X, —al
f(va)

(X, — O‘)Q [Ue — va| =: C’r(zl)'

|cn|§{lag_va|+ }|Xn—a|§|52—va|+ =:CP.

1
f(va)

Therefore,

IN

E [n3/2|0n|] E [HS/QO,Sl)l\Xn*aKJ +E [n3/207(12)]_‘xn7a\2e]

E[n*2C0] +{E[(C®)*] n*P (X, — ol = 6)}1/2

A

The finiteness of the first term on the right-hand side follows from the Cauchy-Schwarz inequality as used

2
2n8¢ for some

for proving results on A, and B,. For the second term, we note that P (| X, —a|>¢) < 2e”
constant d.. See Theorem 2.3.2 in Serfling (1980). This makes the second term finite as n increases. These
two observations ensure E [n%2|C,|] = O(1).
The previous result implies that we can write
1 - ’ I"(a) 2 —3/2
oo iE [ > L@] = I(0) + I'(@)E[Uny —a] + =V E [(Uy =)’ + O (™).

i=k+1
The standard results given by David and Nagaraja (2003) read E[U)] = k/(n+1) =: oy, and Var(U,)) =
ap(l—ay)/(n+2). With e=a—k/(n+ 1) =0O(n'), straightforward calculations yield
1 - I"a) fapr(l—ax) o s
E Ly =1(a)-TI /2
— [‘Z (1)] () = I'(a)e +—, ( iy T )ToE™)
i—ht1
a(l—a)
2n

- k Co — Vo « 1 Ca — Vq —3/2
_ca+(n+1 04) 1-a n(Zf(va) 1—a)+0(n )

@ k a\ Cq—0
= Cqo — — _ @ @ O —3/2 .
¢ 2nf(va)+(n+1 a+n> 11—« +0 (")
Let us denote the last expression by Y for notational simplicity.

Recall the following result for the quantiles (David and Nagaraja 2003, Ressler and Lewis 1990): With
a,=k/(n+1),

=I(a)—I'(a)e+ 1" () +0 (n™??)

L maa(lea) ) |,
B0 = vt F00 " 3mr2) e OO

Consequently, we have

2] = g EE i_z:;f(i)
_ n"él__”z) Vo + nZ:Z)T +0 (n7%?)
=T+ TZ?:S) (=va +1)+0 (n"*?)
(o B 5oy
_ a—ﬁmeO("M)
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Proof of Theorem 3: The first two statements follow easily by observing that ¢b2*! is the average of i.i.d.
estimates of c,, each of which is calculated based on a sample of size n,; while the other three estimators in
the second statement are obtained from a sample of size n.

For the last statement, recall the definition of pseudovalues and that of jackknife bias-corrected estimator

given in Equation (2), it follows that
ny
—(n, — Lo
lnb 3 {nbfb(L) (ny — 1)@ (L )}]

E /c\jack—b _ \IJ(j)
[ ’ } lnb Z j=1

= E I:nbca — (nb — 1)6517% 1)’”5}

—(ny — Co — @ Ny —1)-3/2p-3/2
=) (= gy O (=07

=c,+0 (n;spn;lp) )

Here W) is the jth pseudovalue, n, ®(L) — (n, —1)® (i(j)) ; ® represents the operator that estimates ¢, based
on a given sample, here either on the entire sample L or the jth jackknifed sample L&) for j =1,2,...,n,.
O

LEMMA 3. Suppose that Assumption 1 holds. For a given € >0 and almost all i.i.d. sequences w={L,;}5°,,

there exists an integer n.(w) such that if n,m >n.(w), then

- [ Gr@)E, - F)@)| <ellF - Fal.,

where ¢p(z) = — [{1{ysey — F(y)} J(F(y))dy, F, and F,, depend on any (overlapping) subsets of w, and

| - |oo @s the usual supremum norm.

Proof: Step 1. Let us temporarily call fol F~=(t)J(t)dt by T(F). We introduce a functional T,(-) and a

function t,(+) for a fixed real value a > v,:

o B A R N (TR ) i

where GG denotes an arbitrary distribution. Let us fix two arbitrary distributions G, H with finite means.
Note first that [ |1, (z)|d(G + H)(z) < 0o because

/Wa )Id(G + H)( // 2J(F(y))dyd(G + H)(x )§M<OO,

11—«

Hence, by Fubini’s theorem, we obtain
7.(H) - 1.(6) - [ ()il - G)(o)

L) - 1.6+ | (H[J(F( ) (Liyzxy = F))] = ES [T(F()) (Liyx) = F()] ) dy

Il
——
8 IS]

——
N
Q
&
<
£

oW

N

|
O\o

T
&
=

N

|

—
Q
&

|

=
&
~
=~
=
2
——
IS
S
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where E¥ and E¢ denote taking expectations when X follows distribution H and G, respectively.

Next, we set Tq p(z) 1= fG(x) (J(u) - J(F(:v)))du If G(z) > F(z), then

F(2)

G(z) G(x)
(1-a)Yg r(r) = / (1{u>a} - 1{F<x>>a})du :/ Lir(@)<acuydu

F(z) F(x)
G(x)
= 1{F<z>§a}/ lwsaydu=1{r@)<ar X La@)>a} (G(z) — ).

Similarly if G(z) < F(x), then we get

F(x) F(x)
(1-a)Yg r(x) = / (l{F(z)>a} - 1{u>a})du :/ 1ir@)>azuydu
G(z) G(x)

= L{r@)>a) /G( : Lugapdte = 1(r@)>ay X Lia@)<ay (@ — G(2)).
These two cases can be rewritten succinctly as follows:

(1= a)Ye,r(7) = Lir@)<a (G(@) = )T + Lip@)say(a— G(z) "
Utilizing this equality, we compute

(1—04)/:;

[ [tirtren (G0 =) = (H@) ) + Lo (0= Gla))* — (0~ H@)*) |dz

< ||G—H||oo/ (I{F(I)SQSG(I)}+l{F(z)SQSH(I)}+l{F(z)SQSG(z)}l{F(z)SQSH(I)}

Yor(z)— ’I'H,F(:v)‘d:v

+1lic@)<a<r(2)) + L{H(@2)<a<r ()} + 1{G(z)<a<F(z)}1{H(z)<a<F(z)}) dr.
For the preceding inequality, we used the following simple inequalities:
[(z—a)" —(y—a)| < |z —yl (1{x<a5y} +1iycasa) + 1{x2a}1{y2a})a
[(a—2)" —(a—y)"| < |z —y| (1{x<a5y} +1iycasa) + 1{x<a}1{y<a})~

Since G(z) > a and G(z) < o imply G~ (a) <z and = < G~ !(«), respectively, we see that together with

Assumption 1

1r@)<a<c@)} + Hc@)<a<r(@)} < 1ig-1(a)<o<r-1(a)} + L{F-1(a)<a<c-1(a)}-

A similar inequality for H holds as well. Consequently, we have (1—a) [*_ [T r(z) — Tg r(2)|dz bounded
above by

Uy = 3||G—H||oo( G (@) = FY(a)| + |[H () = F ()| )

In terms of T, and 1,, this result says

EW%JHQ—/%wMH—®u>

Step 2. Next, let us fix two distribution functions G, H with finite means and take a to be large enough to

ensure ¢ > max{G '(«), H '(«)} in addition to a > v,. We start by computing (1 — «)T(G) (similarly for
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T(H) as well). When U is a uniform random variable on (0,1) and X = G~(U), it is well known that X is
distributed as G. Suppose that G(t—) < a < G(t) for some ¢. Then,

(1- / G M u)du=E [GH(U)1{rsay]
“HU) (1{a<u<c<t>} +lwsay))
= t(G(t) — CY) + E [Xl{X>t}]

= t(G(t)—a)+/y1{y>t}dG(y)-

The third equality follows because, for given ¢, {ulu > G(¢t)} C {u|G~*(u) >t} C {ulu > G(t)} and P(U >
G(1) = P(U = G(1)).
On the other hand, as for T,(G), we have

a G(x) a rG(z)
(1-a)T,(G) = —/ / 1iusaydude = —/ / 1> adude
= / G(z)dx + ala—1t) // 1< dzdG(y) + ala—1t)
—— [ @-na6t)- [ (@-ydGw)+ala-1)
{y<t} {t<y<a}
=tG(t) —aG(a)+ala—1t)+ /yl{tqga}dG(y).

Combining the two observations, we get

7(6)-T,(6) = LU0 [ R i),

This equality does not change when G(t—) =« = G(t). Since a similar result holds for H, consequently we

arrive at
T(H)-T(G) - / or()d(H — G)(x)
= T.(H) - T.(G) - /wa(x)d(H — Q) (2)+ %—f(“))

[ s = PO Il G

+ [ui=tam - o))

With respect to the last term, we see it is bounded above by

// —Liy<a}| J(F(y))dyd(H + G)(z) < 2E[IL] +/(I_a)+d(H+G)(:v)<oo.

11—« 11—«

Hence, Fubini’s theorem implies that the term can be written as

/ / (Liyoey — F(y)} d(H — G)(x)J(F(y))dy = /w(H(y)_G(y))J(F(Wy,

Finally, combining the inequality above and the result of Step 1 leads to the following inequality:

) = 7(6) - [ sl - G)(o)
_ffu“'Hl_ (“>'+\ [ a-c)|+| [ ) - 6 3.
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Note that the inequality above holds as long as G and H have finite means and for any value a greater than

max{v,, G~ (a), H ()}

Step 3. Suppose that we are given a positive real number € and i.i.d. realizations w := {L;}32,. We can
think of w as an element in Q. Then, Theorem 2.3.1 in Serfling (1980) says lim,, F;!(a) = v, for almost
all realizations w. In other words, for such an w we can find an integer n.(w) such that n > n.(w) implies
|F- o) — F~ 1 ()| <e(1—a)/6.

Now let us take G and H as any two empirical distribution functions that depend on such w, say F}, and
F,, with n,m > n.(w). Since the last inequality of Step 2 holds for any sufficiently large a as long as G and
H are fixed, we can take a greater than the largest value among the samples that underlie F,, and F,,. This

simplifies the inequality so that we obtain
\I]FnaFm
T(Fn) - T(Fm) - ¢F(‘T)d(Fn - FM)(x) < T—a < EHFn - FMHOO'

By definition of T'(+), T'(F,) =¢ and T'(F,,) = ¢&”. This completes the proof. [
Lemma 4 below is useful in deriving results that follow and it is a detailed description of a claim given on

page 1193 of Shao and Wu (1989).

LEMMA 4. For an empirical distribution F,, the following representation holds:

_Ca_ Z(bF

where ¢r(x) is the same as defined in Lemma 3 and

oo F(y) Fn(y)
n_ / ) { / () — / J(w)du — J(F(y))(F(y) — Fn<y>>} dy.

Proof: For the right hand side, it is clear that

WD 0r(L)+ B = [(F() = Faw) J(F()dy + R,

// 1{u<F<y>} - 1{u<Fn<y>}}dudy (3)

We observe that the last expression is bounded by

// l{Fn(y)<u<F(y)}+1{F(y)<U<Fn(y)}}dUdy < /|F F.(y)|dy

= [1Fw) - Fuw)dy <.
Hence by Funibi’s theorem,

:/ / 1{u<F<y>}—1{u<Fn<y>}}dydu
:/ J(u )/{I{Fn(y)<uSF(y)}_l{F(y)<uSFn(y)}}dydu
—/0 J(“>/{1{F71<u>5y<F;1<u>}—1{F;1<u>5y<F71<u>}}dydu

- / J () (F (u) — F~*(u))du,

which is equal to ¢ —¢,. O
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LEMMA 5. Suppose that Assumption 1 holds. Then, for an integer k>0, we have

1. {nk (om — Ua)%} is uniformly integrable;

2. lim, n*E[(RY)?*] =0;

3. n*E[|R.|*]=0(1)
where RY is the nonlinear term of the Bahadur representation of V.

Proof: The proof given here is inspired by Lemma 1 of Shao (1989). We have the usual representation of
the quantile estimator

1< a—1ip<un)
=gt =S Z 4R, Zi= {Lisve}
n; f(va)

We use different notation to avoid confusion. From lim, n®/2E [(R?)?] = O(1) (Dutt 1973), v/nR? converges

to zero in probability and thus

Vn (T —va) = N(0,0%), 02 =E[2?] =

[e3

a(l—a)
fwa)?
Under the given assumption, in Chapter 6 of Reiss (1989) it is shown that

n*E [(i?; - va)ﬂ = (2k = 1)oZ + 0 (n~"/?),
where (2k —1)!! = (2k —1)(2k —3) - - - 1 is the 2kth moment of a standard normal distribution. By page 15 of
Serfling (1980), we then conclude that {nk (on — va)%} is uniformly integrable.

On the other hand, one can show that

<%i2z> =@2k—oFn " +0 (n"1).

Indeed, since E Zl =0, we can directly expand the left hand-side and observe that

| Yz (2

+E Z (Zil)s (Zi2)3 (Zi3)2"'(Zik,1)2 +...+E

(i1, i—1)

_ <Z> (2;) <2k2—2) <§>a?“+(9(nk1)_n’“(2k—1)!!a§k+0(nk1),

where the summations in the first equality are taken over distinct indices.

i

Finally, notice that

2k 2k
1 BN
nk(RZ)% —nk {(@\Z—Ua) . ﬁ;zl} < 92h-lpk @ —v,) k+ (E;Z) )

and thus {n*(R?)?*} is uniformly integrable. Therefore, /R — 0 in probability implies the second state-

ment.

From Lemma 4, we have R, = [ fi((yy)) (u) — J(F(y))) dudy. Using the definition of J(-),

F(y)
—-(1-a)R, = // (Liusazr@)y = Lir@)>azu)) dudy
n(y)

:// (Lip)<acucrw) + Lr. () <uca<r(y)y) dudy
0

= / {(Fn(y) — )1 (p(y)<acr(y)y T (@— Fn(y))l{Fn<y><a<F<y>}}dy'
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This implies that (1 — a)*|R,,|* <|F,(v,) — a|*|v, — 07 |*. The Cauchy-Schwarz inequality leads us to

IR < (e E [ (e~ E o 6 ™)

The first expectation is easily shown to be bounded in n because F,,(-) is the sum of i.i.d. random variables
and o = E[F,(v,)] with finite higher moments. The second expectation is also O(1) due to the previous
result. [

Proof of Proposition 3: We first prove the results for 52

iacks and the results corresponding to anack-b follow

from the asymptotic equivalence between the two variance estimators as given in the proof of Proposition 1.

Recall that @2k =¢* = ®(L) and, by definition, we have

P = Y (0 (10) —o)
j=1
23

my — 1 (59 RO ’
- - n+R J _Rn) )
o ; V-

2

where () and RY denote the two terms on the right-hand side from Lemma 4 with respect to the jth
jackknifed sample L. Similarly, ¢,, and R,, are the corresponding terms for the entire sample L.
One can prove that
E l”(”b -1 nzb (39— %)21 —o?
j=1
by following the same steps as given for proving Proposition 1. The only difference is that the variance

0% =Var(¢r(L)) is now given by

7t = Var ([ Qen) = FOD Iy )
= ﬁVaf (/1{y<L}1{F<y>>a}dy)

mVar((L—va)l{sza})'

The proof for convergence in probability can also be given in a similar fashion provided that E[L*] < co and
Ny — 0.

On the other hand, the Cauchy-Schwarz inequality implies that

nEl

np

Z (D = p,) (Ew _ Rn) ‘

j=1

< ”Z E[(89) - wa)’| E [(fw - Rnf]

np

l
3
=
glq
|
N
m
1
/N
ool
S
|
e
3
N~—~
—_

IN
3
3
S
=3
3
S
|
m
1
TN
ool
S
|
e
3
N~—
L —
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2
Here, we used the symmetry of ) in the first equality and (Zyil :vz) <,y 7", a7 in the second inequality.

52
Therefore, 77, 4

Lo —1) §° [N(')_ 2]_ - _ {Nm_ 2]_
lim = ;E (RJ Rn> =0 lim n(n, — 1)E (R Rn) =0.

n—o0 n—oo

is consistent and asymptotically unbiased as long as

Let us first assume that n, is bounded. From Lemma 3, we know that for a given ¢ > 0 it holds with
probability 1 that
|§(j) —R,|< 6”}?(1‘) —Fle
for all sufficiently large n. Here F@ denotes the empirical distribution based on L@ . We further observe

that Hﬁ(j) — F,||leo <ngs/n. Since € > 0 is arbitrary, we conclude that

- 2
lim n? max (R(]) —Rn) =0

n—oo j=1,..., ng
~ 2
almost surely. Therefore, nzyil (R(j) — Rn) — 0 almost surely. On the other hand, we note that Lemma 5

gives us n?E [|E(j)R7l|} =0O(1) as well as n?E [R2] = O(1). Hence, the dominated convergence theorem guar-
antees the asymptotic unbiasedness.

Lastly, assume that n, — co. Then, from Lemma 5, we have
1 ny, o 2
M Z E [(R(” - Rn) ] =nn, O ((n — ns)’z) + nn, O (n’Q) =0 (n;l) .
Ty =
Thus it converges to zero in L. [J
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