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1. Definitions

We consider a monotone complementarity problem (MCP) of the following form

s= f(x) (1)

0≤ s⊥ x≥ 0, (2)

where x, s ∈ Rn, f(x) is a continuously differentiable monotone mapping from Rn
+ :=

{x∈Rn | x≥ 0} to Rn, and the notation 0 ≤ s ⊥ x ≥ 0 means that (x, s) ≥ 0 and that

xTs= 0. This requirement is called the complementarity condition. Since f is a monotone

mapping, for every x1, x2 ∈Rn
+, we have

(x1−x2)T (f(x1)− f(x2))≥ 0. (3)

Let ∇f(x) denote the Jacobian matrix of f(x). If ∇f(x) is positive semidefinite for all

x> 0, that is,

hT∇f(x)h≥ 0,∀x> 0, h∈Rn,

then f(x) is a continuous monotone mapping.

Given an initial point (x0, s0)⊂R2n
++ := {x, s∈Rn | x, s > 0 }, we would like to compute

a bounded sequence 〈xk, sk〉 ⊂R2n
++, k= 0,1, . . . , such that

lim
k→∞

sk− f(xk) = 0. (4)

If a limit point (x∗, s∗) of the sequence 〈xk, sk〉 satisfies (4), then (x∗, s∗) is called an asymp-

totically feasible solution of MCP. If there exists an asymptotically feasible solution (x∗, s∗)

such that (x∗)Ts∗ = 0, then MCP is said to be asymptotically solvable. In this case (x∗, s∗) is

called an asymptotically optimal or complementary solution. If MCP has an asymptotically

complementary solution, then it has an asymptotically maximal complementary solution

(x′, s′) where the number of positive components of (x′, s′) is maximal. On the other hand,

if there is no sequence 〈xk, sk〉 ⊂R2n
++, k = 0,1, . . . , that satisfies (4), then MCP is said to

be strongly infeasible. We note that if there is no solution (x, s) ⊂ R2n
+ that satisfies (1),

then MCP is said to be infeasible.

Let X := diag(x1, . . . , xn). We say that f satisfies a scaled Lipschitz condition (SLC) if

there exists a monotone increasing function

νf(·) : (0,1) 7→ (1,∞)
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such that

‖X(f(x+h)− f(x)−∇f(x)h)‖1 ≤ νf(β)hT∇f(x)h, (5)

whenever

h∈Rn, x∈Rn
++,‖X−1h‖∞ ≤ β < 1.

2. Homogeneous formulation for the monotone complementarity
problem

We consider an augmented homogeneous model related to MCP (HMCP):

s= τf(x/τ), (6)

κ=−xTf(x/τ), (7)

0≤ (s,κ)⊥ (x, τ)≥ 0. (8)

Andersen and Ye (1999) showed statements 1–6 in the following theorem. Yoshise (2006)

showed statement 7 in the more general setting of MCP over symmetric cones.

Theorem 1. Consider the MCP and the associated HMCP.

1. If ∇f is positive semidefinite in Rn
+, then ∇F is also positive semidefinite in Rn+1

++ .

2. F is a continuous homogeneous function in Rn+1
++ with degree 1 and for any (x, τ) ∈

Rn+1
++ , we have (x, τ)TF (x, τ) = 0, and (x, τ)T∇F (x, τ) =−F (x, τ)T .

3. If f is a continuous monotone mapping from Rn
+ to Rn, then F is a continuous

monotone mapping from Rn+1
++ to Rn+1.

4. If f is scaled Lipschitz with νf , then F is also scaled Lipschitz and it satisfies condition

(5) with

νF (β) =

(
1 +

2νf(2β/(1−β))

1−β

)(
1

1−β

)
,

whenever

(hx, hτ )∈Rn+1, (x, τ)∈Rn+1
++ ,‖X−1hx, τ

−1hτ‖∞ ≤ β < 1/3.

5. HMCP is (asymptotically) feasible, and every (asymptotically) feasible solution is an

(asymptotically) complementary solution.

6. If τ ∗ > 0, then (x∗/τ ∗, s∗/τ ∗) is an asymptotically complementary solution for MCP.

7. If MCP is strongly infeasible, then HMCP has an asymptotic solution with κ∗ > 0.

Conversely, if HMCP has an asymptotic solution (x∗, τ ∗, s∗, κ∗) with κ∗ > 0, then MCP is

infeasible, and (x∗/κ∗, s∗/κ∗) is a certificate to prove the infeasibility of MCP.
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For simplicity we let n̄ := n+ 1, x := (x, τ)∈Rn̄
+ and s := (s,κ)∈Rn̄

+. Let

rk := sk−F (xk),

and let (x0, s0) = e be the starting point, where e is the vector with all components equal

to 1. Let C(µ̂) denote a continuous trajectory such that

C(µ̂) :=
{

(xk, sk) | sk−F (xk) = µ̂r0,Xksk = µ̂e,0< µ̂≤ 1
}
.

At iteration k with iterate (xk, sk)> 0, define a Newton direction (dx, ds), which is obtained

by solving the following system of linear equations:

ds−∇F (xk)dx = −ηrk, (9)

Xkds +Skdx = γµke−Xksk. (10)

Here η, γ ∈ [0,1], and µk := (xk)T sk

n̄
. For a step size α> 0, let the new iterate be

x+ := xk +αdx > 0, and

s+ := sk +αds + (F (x+)−F (xk)−α∇F (xk)dx)) = F (x+) + (1−αη)rk > 0. (11)

Andersen and Ye (1999) showed the following lemmas.

Lemma 1. The direction (dx, ds) satisfies dTxds = dTx∇F (xk)dx + η(1− γ− η)n̄µk.

Lemma 2. Let r+ = s+−F (x+), and consider the new iterate (x+, s+) given by (9)–(11).

Then,

(i) r+ = (1−αη)rk,

(ii) (x+)Ts+ = (xk)Tsk(1−α(1− γ)) +α2η(1− η− γ)n̄µk.

3. A practical potential reduction homogeneous algorithm

We consider the following potential function for the HMCP.

Φρ(x, s) := (ρ/2) log
{

(xTs)2 + θ‖r‖2
}
−

n̄∑
j=1

logxjsj, (12)

where θ is a constant parameter with positive value and ρ≥ n̄+
√
n̄.

To develop a practical potential reduction IPM, we impose the following condition on

the iterates.
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Condition 1.

(i) λ≤ (x̃+)T s̃+

(x+)T s+
≤Λ, and λ≤ (x0)T s0|rkj |

(xk)T sk|r0j |
≤Λ, j = 1, . . . , n̄,

(ii) Φn̄(xk, sk)≤ ι,
where λ, Λ, and ι are given positive constants. Condition 1 (i) requires that the comple-

mentarity at the iterate (x̃+, s̃+) generated using a favored direction and the theoretical

iterate (x+, s+) are of the same order, and that the overall decrease in the infeasibility to

complementarity ratio is maintained in Algorithm 1. Condition 1 (ii) requires the potential

function (12) with parameter ρ = n̄ is upper bounded by a constant amount. Note that

if η = 1− γ, then from Lemma 2 we have (x+)Ts+ = (1− αη)(xk)Tsk. As a result for the

Newton direction, Condition 1 (i) is satisfied with λ,Λ = 1. Andersen and Ye (1999) shows

that Condition 1 (i) is also satisfied by the Newton direction with appropriate step size.

Convergence properties for an algorithm that has the additional flexibility of choosing more

aggressive directions and step sizes is ensured under Condition 1.

Starting from an initial solution (x0, s0)> 0, our basic potential reduction IPM is now

given as Algorithm 1. Note that Step 4 of Algorithm 1 checks if: (i) the reduction of

the potential function is satisfactory; (ii) Condition 1 is satisfied. We note that the first

safeguard guarantees global linear and polynomial time convergence properties, whereas

the other safeguards make sure that the algorithm generates a maximal complementary

solution of desired precision. Note that parameter ζ specifies the minimum reduction in the

potential function at each iteration, and parameter ι specifies an upper bound on φn̄(·, ·).
We note that this algorithm has the freedom in choosing a search direction p̃x and p̃s, and

it allows different step sizes in the primal and dual spaces.

4. Convergence of the practical potential reduction homogeneous
algorithm

We need to analyze the worst case decrease in (12) at each iteration of our potential

reduction interior point method (IPM). Let

Sk := diag(sk1, . . . , s
k
n̄), D := (XkSk)0.5, Dmin := minj=1,...,n̄

(
xkj s

k
j

)0.5
,

p := n̄
ρ
µke−D2e= xk

T
sk

ρ
e−D2e, and α := β Dmin

‖D−1p‖ ,
(13)

where β ∈ (0,1/3) is a positive constant. Suppose (dx, ds) is computed by solving the system

of linear equations (9) and (10) with η= 1− γ and γ = n̄
ρ
. Let

px := αdx,
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Algorithm 1 Practical potential reduction IPM

Input: An initial solution (x0, s0)> 0, constants ζ < 0 and ι > 0.

Output: An (asymptotically) maximal complementary solution (xk, sk).

1: Let k= 0.

2: while The termination criteria are not met do

3: Compute (x̃+, s̃+) using p̃x, p̃s for xk and sk.

4: if Φρ(x̃
+, s̃+)−Φρ(x

k, sk)≤ ζ and Condition 1 is satisfied, then

5: Set (xk+1, sk+1) := (x̃+, s̃+).

6: else

7: Compute (x+, s+) using the Newton direction (dx, ds) with an appropriate step

size α.

8: Set (xk+1, sk+1) := (x+, s+).

9: end if

10: Set k := k+ 1.

11: end while

ps := αds + (F (x+)−F (xk)−α∇F (xk)dx), (14)

z := Xk(F (x+)−F (xk)−∇F (xk)px), and

q := z/α,

where

x+ := xk + px > 0, and s+ := sk + ps > 0.

We have

p= γµke−D2e=Xkds +Skdx, (15)

and

Xkps +Skpx−αp= z = αq. (16)

Now suppose p̃x, p̃s be any search direction associated with unequal step sizes in the

primal and dual spaces. We let

x̃+ := xk + p̃x > 0, and s̃+ := sk + p̃s > 0.

The following analysis follows some of the steps in Kojima et al. (1991) and in (Potra

and Ye 1996, Sections 2 and 3). We drop the index k for an iteration to simplify the

presentation.



Huang and Mehrotra: Homogeneous Interior Point Method for Convex Programming
Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the mansucript number!) 7

Proposition 1 (Kojima et al. (1991), Lemma 2.3). Let u, v,and w ∈ Rn̄ satisfy

u+ v=w and uTv≥ 0. Then

‖u‖ ≤ ‖w‖,‖v‖ ≤ ‖w‖, and uTv≤ 1

2
‖w‖2.

Lemma 3. Let px be defined as in (14). Then, ‖X−1px‖∞ ≤ β.

Proof. We use the technique in Kojima et al. (1991) for the proof. We first rewrite

equation (15) as
D−1Xds
‖D−1p‖

+
D−1Sdx
‖D−1p‖

=
D−1p

‖D−1p‖
. (17)

From Lemma 1, we have

(D−1Xds)
TD−1Sdx

‖D−1p‖‖D−1p‖
=

dTxds
‖D−1p‖2

≥ 0. (18)

Now using Proposition 1 in (17) and (18), we have

‖D−1Sdx‖
‖D−1p‖

≤ ‖D
−1p‖

‖D−1p‖
= 1. (19)

Using (13) and (19), we deduce the following relation

‖X−1dx‖
‖D−1p‖

=
‖D−2Sdx‖
‖D−1p‖

≤D−1
min. (20)

Finally, using (13) and (20), we have

‖X−1px‖∞ = α‖X−1dx‖∞ ≤ βDmin
‖X−1dx‖
‖D−1p‖

≤ β.

�

Potra and Ye (1996) showed the following lemma.

Lemma 4 (Potra and Ye (1996), Theorem 3.2). If dx and ds are the solution of

the linear system (16), and if SLC condition (5) and Lemma 3 are satisfied, then

‖z‖ ≤ ξβ2D2
min,

where ξ = 0.25νF (β) and z is defined in (14).

From the above lemma and (13) we have

‖D−1q‖ ≤ ‖q‖D−1
min =

‖z‖
α
D−1

min ≤
ξβ2

α
Dmin = ξβ‖D−1p‖. (21)

Kojima et al. showed the following lemma.
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Lemma 5 (Kojima et al. (1991), Lemma 2.5). Suppose the search direction

(dx, ds) is computed by solving the system of linear equations (9) and (10) with η = 1− γ

and γ = n̄
ρ

(ρ≥ n̄+
√
n̄), then

ρ

xTs
‖D−1p‖=

∥∥∥D−1e− ρ

xTs
De
∥∥∥≥ √3

2
D−1

min.

In the following we define two real valued functions g1 and g2, and establish results on

their upper bounds. These two functions and the related upper bounds will be used later

in our analysis. Let

g1 := −αρη− eT
(
X−1px +S−1ps

)
and (22)

g2 :=
‖X−1px‖2 + ‖S−1ps‖2

2(1−β(1 + ξβ))
. (23)

Lemma 6. Let g1 be defined as in (22). Suppose the search direction (dx, ds) is computed

by solving the system of linear equations (9) and (10) with η= 1−γ and γ = n̄
ρ

(ρ≥ n̄+
√
n̄).

Let the step size α be defined as in (13). If SLC condition (5) (i) is satisfied, with a suitably

chosen parameter β ∈ (0,1/3), then we have

g1 ≤−
√

3

2
(1− ξβ)β+ ξβ2 ρ√

n̄
.

Proof. From (10) and γ = 1− η, we have

−αρη= αρ
xTds + sTdx

n̄µ
. (24)

An upper bound of g1 is obtained in the following set of inequalities.

g1 = αρ

(
xTds + sTdx

xTs

)
− eT

(
X−1px +S−1ps

)
= α

ρ

xTs
eT (Xds +Sdx)− eTD−2(Xps +Spx)

= α
ρ

xTs
eT
(
p− x

Ts

ρ
D−2(p+ q)

)
(using (15) and (16))

= α
ρ

xTs
eT
((

D− x
Ts

ρ
D−1

)
D−1p− x

Ts

ρ
D−2q

)
= −α ρ

xTs

(
pTD−1D−1p

)
−α ρ

xTs

(
D−1p+De

)T
D−1q (using (13))

= −α ρ

xTs

(
pTD−1D−1(p+ q)

)
−α ρ

xTs
eT q

= −α ρ

xTs

(
‖D−1p‖2 + pTD−1D−1q

)
− ρ

xTs
eT z (using (14))
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≤ −α ρ

xTs

(
‖D−1p‖2−‖D−1p‖‖D−1q‖

)
+

ρ

xTs
‖z‖1

≤ −α ρ

xTs

(
‖D−1p‖2− ξβ‖D−1p‖2

)
+

ρ

xTs

√
n̄‖z‖ (using (21))

≤ −α ρ

xTs
(1− ξβ)‖D−1p‖2 +

ρ

xTs

√
n̄ξβ2D2

min (using Lemma 4)

≤ −
√

3

2
(1− ξβ)αD−1

min‖D−1p‖+
ρ√
n̄
ξβ2 (using Lemma 5)

= −
√

3

2
(1− ξβ)β+

ρ√
n̄
ξβ2. (using (13))

�

Lemma 7. Let g2 be defined as in (23). Under the hypothesis of Lemma 6, we have

g2 ≤
β2(1 + ξβ)2

2(1−β(1 + ξβ))
.

Proof. The following proof is based on techniques in Potra and Ye (1996). We have

2(1−β(1 + ξβ))g2 = ‖X−1px‖2 + ‖S−1ps‖2 (25)

= ‖D−2Xps‖2 + ‖D−2Spx‖2

≤ D−2
min

(
‖D−1Xps‖2 + ‖D−1Spx‖2

)
= D−2

min

(
‖D−1(Xps +Spx)‖2− 2pTx ps

)
= D−2

min

(
α2‖D−1(p+ q)‖2− 2pTx ps

)
(using (16))

≤ D−2
min

(
α2(‖D−1p‖+ ‖D−1q‖)2− 2pTx ps

)
≤ D−2

min

(
α2 (1 + ξβ)2|D−1p‖2− 2pTx ps

)
(using (21))

=
(
αD−1

min‖D−1p‖
)2

(1 + ξβ)2− 2D−2
minp

T
x ps

= β2(1 + ξβ)2− 2D−2
minp

T
x ps. (using (13))

The lower bound on pTx ps is obtained as follows.

pTx ps = pTx (αds + (F (x+)−F (x)−∇F (x)px)) (using (14)) (26)

= (x+−x)T (F (x+)−F (x)) +α2(dTxds− dTx∇F (x)dx) (using (14))

= (x+−x)T (F (x+)−F (x)) +α2η(1− η− γ)n̄µ (using Lemma 1)

≥ 0 (from the monotonicity of F ).

The result follows from using (25) and (26). �
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The following proposition is frequently used in the IPM analysis.

Proposition 2 (Karmarkar (1984)).

1. If 1− δ > 0, then log {1− δ} ≤−δ.

2. If δ ∈Rn̄ satisfies ‖δ‖∞ ≤ υ < 1, then
∑n̄

j=1 log {1− δj} ≥−eT δ− ‖δ‖2
2(1−υ)

.

Now we are ready to show a bound on the difference between the potential function values

Φρ(x
+, s+) and Φρ(x, s). Theorem 2 bounds the improvement in the potential function by

taking the theoretical direction with a controllable step size.

Theorem 2. Let ξ = 0.25νF (β)≥ 0.25. Suppose the search direction (dx, ds) is computed

by solving the system of linear equations (9) and (10) with η= 1−γ and γ = n̄
ρ

(ρ≥ n̄+
√
n̄).

Let the step size α be defined as in (13). If SLC condition (5) is satisfied, and β ∈ (0,1/3)

is chosen such that

ξβ ≤
√

3

4(
√

3 + 2ρ/
√
n̄)
, and (27)

β
√
ξ(1 + ξβ)≤

√
3

2
(√

3 + 2ρ/
√
n̄
)1/2

, (28)

then, (x+, s+) is strictly positive. Moreover,

Φρ(x
+, s+)−Φρ(x, s)≤−0.2

β

1−β
.

Proof. We first show that (x+, s+) is strictly positive. From Lemma 7 and (28), we have

max
{
‖X−1px‖∞,‖S−1ps‖∞

}
≤ β(1 + ξβ)≤

√
3

2
(
ξ
(√

3 + 2ρ/
√
n̄
))1/2

< 1.

Hence, (x+, s+) is valid. We note that from Lemma 3, we have

‖X−1px‖∞ ≤ β ≤
√

3

4ξ(
√

3 + 2ρ/
√
n̄)
≤

√
3

2
(
ξ
(√

3 + 2ρ/
√
n̄
))1/2

.

Therefore, the upper bound from Lemma 3 is still valid (and tighter). Now,

Φρ(x
+, s+)−Φρ(x, s)

= (ρ/2) log
{

(1−αη)2
(
(n̄µ)2 + ‖r‖2

)}
−

n̄∑
j=1

log {(xj + (px)j) (sj + (ps)j)}



Huang and Mehrotra: Homogeneous Interior Point Method for Convex Programming
Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the mansucript number!) 11

− (ρ/2) log
{

(n̄µ)2 + ‖r‖2
}

+
n̄∑
j=1

log {xjsj} (using Lemma 2)

= ρ log {1−αη}−
n̄∑
j=1

log

{
1 +

(px)j
xj

}{
1 +

(ps)j
sj

}
≤ −αρη− eT

(
X−1px +S−1ps

)
+
‖X−1px‖2 + ‖S−1ps‖2

2(1−β(1 + ξβ))
(using Proposition 2)

= g1 + g2. (using (22) and (23))

From Lemmas 6 and 7, we write

Φρ(x
+, s+)−Φρ(x, s) ≤ −

√
3

2
(1− ξβ)β+ ξβ2ρ/

√
n̄+

β2(1 + ξβ)2

2(1−β(1 + ξβ))

=
β2(1 + ξβ)2

2(1−β(1 + ξβ))
+β

(
−
√

3

2
+ ξβ

(√
3

2
+

ρ√
n̄

))

=
β2(1 + ξβ)2

2(1−β(1 + ξβ))
−
√

3

2
β

(
1− ξβ

(√
3 + 2(ρ/

√
n̄)√

3

))
=: ζ.

It follows that

2
(1−β(1 + ξβ))

β
ζ = β(1 + ξβ)2−

√
3(1−β(1 + ξβ))

(
1− ξβ

(√
3 + 2(ρ/

√
n̄)√

3

))
≤ β(1 + 0.076)2−

√
3(3/4)(1−β(1 + ξβ)) (using (27) and ρ/

√
n̄≥ 2)

≤ −0.4.

Hence, we have

ζ ≤−0.2
β

1− 2β
. (29)

�

Since νF (β) : (0,1/3) 7→ (1,∞) is a monotone increasing function depending on β, we can

always choose a sufficiently small β that satisfies (27) and (28). As a result, a reduction

in the potential function (ζ ≤−0.2 β
1−2β

) is guaranteed. However, choosing β is dependent

on νF (β), and finding a maximal β that satisfies (27) and (28) requires the knowledge

of the scaled Lipschitz constant νF (β), which may not be available in practice for an

arbitrary convex function. Problems satisfying the scaled Lipschitz condition are discussed

in Monteiro and Adler (1990), Potra and Ye (1993), Zhu (1992). Nevertheless, the analysis

suggests that for an appropriate step size, the potential function value will reduce as long

as the scaled Lipschitz constant is bounded. Consequently, the potential function can be
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used as a guide to solve monotone complementarity and convex optimization problems

satisfying this property. If the condition is not satisfied, then lack of sufficient reduction

in the potential function indicates that the algorithm proposed here is not appropriate for

the problem being solved. Finally, we note that Theorem 2 is similar to the result by Potra

and Ye (1996), but with the difference that it allows us to choose a larger ρ, when β is

sufficiently small.

In the following we will show that if potential function (12) can be reduced by at least

a constant at each iteration, then Algorithm 1 generates an ε−complementary solution in

polynomial time. Our analysis follows some of the steps in Güler and Ye (1993), Kojima

et al. (1991), and Potra and Ye (1996).

Theorem 3. Let ε > 0. Starting from a solution (x0, s0) > 0, if the value of potential

function (12) can be reduced by at least a constant amount and if Condition 1 is satisfied

at each iteration of Algorithm 1 then after at most O(Φρ(x
0, s0)− n̄ log n̄+ (ρ− n̄) |log ε|)

iterations, we will have a solution such that

xTs≤ ε and
|rj|∣∣r0
j

∣∣ ≤Λ
xTs

(x0)Ts0
, j = 1, . . . , n̄. (30)

Proof. Using Condition 1 (i), we have

(ρ/2) log

{
(xTs)2

(
1 +

(
λ
‖r0‖

(x0)Ts0

)2
)}
−

n̄∑
j=1

logxjsj ≤Φρ(x, s),

which implies

(ρ− n̄) logxTs−
n̄∑
j=1

log
{ n̄xjsj
xTs

}
+ (ρ/2) log

{
1 +

(
λ
‖r0‖

(x0)Ts0

)2
}

(31)

≤Φρ(x, s)− n̄ log n̄.

We note that the second term of (31) is nonnegative due to arithmetic and geometric mean

inequality, and obviously the third term is positive. Hence, it follows that

(ρ− n̄) logxTs≤Φρ(x, s)− n̄ log n̄.

Therefore, after at most O(Φρ(x
0, s0)− n̄ log n̄+(ρ− n̄) |log ε|) iterations, we have Φρ(x, s)≤

n̄ log n̄− (ρ− n̄) |log ε| , and hence

xTs≤ ε.
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Moreover, Condition 1 (i) implies that

|rj|∣∣r0
j

∣∣ ≤Λ
xTs

(x0)Ts0
, j = 1, . . . , n̄.

�

We now show that any limit point of a sequence 〈xk, sk〉 generated by Algorithm 1 is

an asymptotically maximal complementary solution. Our analysis here follows some of the

steps in (Güler and Ye 1993, Sections 2 and 4) and (Potra and Ye 1996, Section 4).

In the following analysis, we suppose Algorithm 1 is used from an initial positive point

(x0, s0). Recall that at iterate (xk, sk), (x̃+, s̃+) is a tentative point computed using any

favored search direction using different step sizes in the primal and dual spaces, and it

satisfies Condition 1; whereas (x+, s+) is computed using the Newton direction (dx, ds) and

a fixed step size α. The proof of Lemma 8 only uses the fact that Φρ(·, ·) is reduced by an

amount ζ, and is independent of the source of this reduction.

Lemma 8. Let λ and Λ be defined in Condition 1,

C1 :=
ρ− n̄

2
log

{(
(x0)Ts0

)2
+ Λ2 ‖r0‖2

((x0)Ts0)2 +λ2 ‖r0‖2

}
≥ 0, and

C2 := C1 + max{0,−(ρ− n̄) logλ} ≥ 0.

Then,

Φn̄(x+, s+)−Φn̄(xk, sk)≤ ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

(xk)Tsk

}
, and (32)

Φn̄(x̃+, s̃+)−Φn̄(xk, sk)≤ ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

(xk)Tsk

}
+C2, (33)

where Φn̄(xk, sk) is defined as in (12) with ρ= n̄, and ζ is the reduction on the potential

function required in Step 4 of Algorithm 1.

Proof. To simplify the presentation we drop the index k. Let r̃+ = s̃+−F (x̃+). Using

Condition 1 (i), we have

∥∥r̃+
∥∥2 ≥

(
λ
∥∥r0
∥∥ (x̃+)T s̃+

(x0)Ts0

)2

, ‖r‖2 ≤
(

Λ
∥∥r0
∥∥ xTs

(x0)Ts0

)2

, and (34)

(x̃+)T s̃+ ≥ λ(x+)Ts+. (35)
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First we bound the difference between the values of Φn̄(x̃+, s̃+) and Φn̄(x, s).

Φn̄(x̃+, s̃+)−Φn̄(x, s)

= Φρ(x̃
+, s̃+)−Φρ(x, s)−Φρ(x̃

+, s̃+) + Φρ(x, s) + Φn̄(x̃+, s̃+)−Φn̄(x, s)

≤ ζ − ρ− n̄
2

log
{

((x̃+)T s̃+)2 +
∥∥r̃+

∥∥2
}

+
ρ− n̄

2
log
{

(xTs)2 + ‖r‖2} (using sufficient reduction condition in Step 4 of Algorithm 1)

≤ ζ − ρ− n̄
2

log

{
((x̃+)T s̃+)2 +

(
λ
∥∥r0
∥∥ (x̃+)T s̃+

(x0)Ts0

)2
}

+
ρ− n̄

2
log

{
(xTs)2 +

(
Λ
∥∥r0
∥∥ xTs

(x0)Ts0

)2
}

(using (34))

= ζ − (ρ− n̄) log

{
(x̃+)T s̃+

xTs

}
+C1

≤ ζ − (ρ− n̄) log

{
(x+)Ts+

xTs

}
− (ρ− n̄) logλ+C1 (using (35))

≤ ζ − (ρ− n̄) log

{
(x+)Ts+

xTs

}
+C2

= ζ − (ρ− n̄) log {1−αη}+C2 (using Lemma 2)

= ζ − (ρ− n̄) log

{
1 +α

xTds + sTds
xTs

}
+C2 (using (24))

= ζ − (ρ− n̄) log

{
1 +α

pT e

xTs

}
+C2 (using (15)).

Now,

α
pT e

xTs
=
α
((
xTs/ρ

)
eT e− eTD2e

)
xTs

(using (13))

= α

(
n̄

ρ
− 1

)
= −β Dmin

‖D−1p‖

(
ρ− n̄
ρ

)
(using (13))

≥ −βD2
min

2(ρ− n̄)√
3xTs

(using Lemma 5)

≥ −D2
min

√
n̄(ρ− n̄)

2xTsξ(
√

3n̄+ 2ρ)
(using (27))

≥ −D2
min

2ρ
√
n̄

xTs(
√

3n̄+ 2ρ)
(because ξ = 0.25νFβ ≥ 0.25)

≥ −D2
min

√
n̄

xTs
.
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Therefore,

Φn̄(x̃+, s̃+)−Φn̄(x, s)≤ ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

xTs

}
+C2.

The difference between the values of Φn̄(x+, s+) and Φn̄(x, s) can be constructed in a similar

way. �

The following lemma shows that Φn̄(xk, sk) remains bounded at all iterates of Algo-

rithm 1.

Lemma 9. There is a constant M1 independent of k such that

Φn̄(xk, sk)≤M1 for all k,

where

M1 = max

{
ιn̄ log n̄− (ρ− n̄) log

{
1− 1√

n̄

}
+C2 +C3,Φn̄(x0, s0)

}
.

Proof. The index k is dropped for simplification. Let C3 :=

(n̄/2) log

{
1 +

(
Λ
‖r0‖

(x0)T s0

)2
}
> 0. Using (34), we have

Φn̄(x, s) = (n̄/2) log
{

(xTs)2 + ‖r‖2}− n̄∑
j=1

logxjsj

≤ (n̄/2) log

{
(xTs)2 +

(
Λ
∥∥r0
∥∥ xTs

(x0)Ts0

)2
}
−

n̄∑
j=1

logxjsj

= n̄ logxTs−
n̄∑
j=1

logxjsj +C3. (36)

Recall that φn̄(x, s) = n̄ logxTs−
∑n̄

j=1 logxjsj corresponds to the feasible potential func-

tion. In the following we analyze the behavior of φn̄(x, s). Let ι > 0 be sufficiently large

(e.g., as given in Table 1) so that

ζ − (ρ− n̄) log

{
1− 1

n̄ι−0.5

}
< 0, (37)

where ζ is defined as in (29). We now consider the following two cases:

1. φn̄(x, s)≥ ιn̄ log n̄;

2. φn̄(x, s)≤ ιn̄ log n̄.

We will show that in the first case, the value of Φn̄(x, s) is decreased if the algorithm chooses

the Newton direction with a fixed step size; hence, Φn̄(x+, s+)≤M1, if Φn̄(x, s)≤M1. In
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the second case, the value of Φn̄(x̃+, s̃+) is upper bounded by M1 independently of k. This

implies the algorithm is allowed to choose any favored search direction with different step

sizes in the primal and dual spaces, as long as the safeguards are ensured.

Case 1:

It follows that

n̄ logxTs+ n̄ logD−2
min ≥ ιn̄ log n̄,

⇒ log
{
xTsD−2

min

}
≥ ι log n̄,

⇒ log

{
D2

min

√
n̄

xTs

}
≤ log

{
1

n̄ι−0.5

}
,

⇒ −(ρ− n̄) log

{
1−D2

min

√
n̄

xTs

}
≤−(ρ− n̄) log

{
1− 1

n̄ι−0.5

}
. (38)

Now using (32), we have,

Φn̄(x+, s+) ≤ Φn̄(x, s) + ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

xTs

}
≤ Φn̄(x, s) + ζ − (ρ− n̄) log

{
1− 1

n̄ι−0.5

}
(using (38))

< Φn̄(x, s). (using (37))

Case 2:

Using (33), we have

Φn̄(x̃+, s̃+) ≤ Φn̄(x, s) + ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

xTs

}
+C2

≤ n̄ logxTs−
n̄∑
j=1

logxjsj + ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

xTs

}
+C2 +C3 (using (36))

≤ ιn̄ log n̄+ ζ − (ρ− n̄) log

{
1−D2

min

√
n̄

xTs

}
+C2 +C3

< ιn̄ log n̄− (ρ− n̄) log

{
1− 1√

n̄

}
+C2 +C3.

The result holds for

M1 := max

{
ιn̄ log n̄− (ρ− n̄) log

{
1− 1√

n̄

}
+C2 +C3,Φn̄(x0, s0)

}
.

�
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Lemma 10. Let M1 be the constant given in Lemma 9. There exists a constant M2

(independent of k) such that

D2
min

(xk)Tsk
=

minj=1,...,n̄

{
xkj s

k
j

}
(xk)Tsk

≥M2,

where

M2 = exp{(n̄− 1) log {n̄− 1}−M1} .

Proof. We drop the index k for simplification. Using the result in Lemma 9, we have

M1 ≥Φn̄(x, s) = (n̄/2) log
{

(xTs)2 + ‖r‖2
}
−

n̄∑
j=1

logxjsj ≥ n̄ logxTs−
n̄∑
j=1

logxjsj.

Hence, it follows that

logxTs− logxisi ≤ M1− (n̄− 1) logxTs+
∑
j 6=i

logxjsj

≤ M1− (n̄− 1) log
{
xTs−xisi

}
+
∑
j 6=i

logxjsj

≤ M1− (n̄− 1) log {n̄− 1}=:− logM2.

Hence, the result holds for

M2 = exp{(n̄− 1) log {n̄− 1}−M1} .

�

Now let

σ(x) := {j ∈ {1,2, . . . , n̄} : xj ≥ sj} and (39)

σ(s) := {j ∈ {1,2, . . . , n̄} : sj ≥ xj} .

Theorem 4. Assume that Φρ(x
k, sk) is reduced by at least a constant amount at each

iteration, and iterates are maintained while choosing search directions and step sizes sat-

isfying Condition 1. Then, any limit point of the sequence 〈xk, sk〉 is an asymptotically

maximal complementary solution for HMCP.

Proof. Let (x′, s′) be a maximal complementary solution for HMCP, and let (x∗, s∗)

be a limit point of the sequence 〈xk, sk〉. In the following we show that (x∗, s∗) is an

asymptotically maximal complementary solution, that is, σ(x∗) = σ(x′) and σ(s∗) = σ(s′).
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Recall that rk = sk − F (xk). We use the notation
∣∣rk∣∣T :=

(∣∣rk1 ∣∣ , . . . , ∣∣rkn∣∣) and let C4 :=

Λ
|r0|T x′
(x0)T s0

≥ 0. Using Condition 1 (i), we have

(rk)Tx′ ≤
∣∣rk∣∣T x′ ≤Λ((xk)Tsk)

|r0|T x′

(x0)Ts0
=C4(x

k)Tsk. (40)

From the monotonicity of F (x), we have

(xk−x′)T (F (xk)−F (x′))≥ 0,

⇒ −(xk)Ts′− (sk− rk)Tx′ ≥ 0, (using Theorem 1 (statement 2))

⇒ (xk)Ts′+ (sk)Tx′ ≤ (rk)Tx′ ≤C4(x
k)Tsk, (using (40))

⇒
∑

j∈σ(x′)

x′js
k
j +

∑
j∈σ(s′)

s′jx
k
j ≤C4(x

k)Tsk.

As a result, if j ∈ σ(x′), then

C4(x
k)Tsk ≥ skjx′j ≥ (skjx

k
j )
x′j
xkj
≥ min

j=1,...,n̄

{
xkj s

k
j

} x′j
xkj
.

Using Lemma 10, the above relation implies

xkj ≥
minj=1,...,n̄

{
xkj s

k
j

}
C4(xk)Tsk

x′j ≥
M2

C4

x′j.

Hence, we have x∗j ≥ (M2/C4)x
′
j > 0, consequently σ(x∗) = σ(x′). The proof of σ(s∗) = σ(s′)

can be constructed in a similar way. �

Remark 1. Note that by performing simple block elimination on the system of linear

equations (9) and (10), we obtain the following alternative formulation:

X(α∇F (x)dx−αηr) +αSdx−αp= 0. (41)

Hence, dx is a direction obtained by applying a single Newton step to the equation

z(h) :=X(F (x+αh)−F (x)−αηr) +αSh−αp= 0, (42)

with starting point h= 0. If F is linear (for example, LP formulated as a HMCP model),

then the linear system (42) can be solved exactly. In this case Theorem 2 with ξ = 0 reduces

to the result of Mehrotra and Huang (2012).
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Suppose F is nonlinear and does not satisfy the SLC. Given positive constants ξ and β

that satisfy conditions (27) and (28), if one can compute an approximate solution δx such

that

‖z(δx)‖= ‖X(F (x+αδx)−F (x)−αηr) +αSδx−αp‖ ≤ ξβ2 min
j=1,...,n̄

(xjsj), (43)

then the result of Theorem 2 is still satisfied. However, finding a direction δx may require

many Newton steps, and an explicit bound on the number of Newton steps is unknown.

Remark 2. Note that from Lemma 2 we have (x+)Ts+ = (1−αη)(xk)Tsk. As a result, if

the Newton direction is chosen in the algorithm with suitable chosen parameter η= 1−γ,

then Condition 1 (i) are satisfied as the infeasibility residual and the complementarity are

reduced at the same rate.
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Problem MOSEK iOptimize

airport 26 28
polak4 10 13
makela1 8 8
makela2 7 7
makela3 6 8
gigomez1 8 9
hanging 13 10
madsschj 10 11
rosenmmx 9 8
optreward 10 10
optprloc 18 16

Avg 11.36 11.64

Table 8 Comparison with MOSEK on Cute QCQP test problems
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Problem MOSEK iOptimize Ipopt Knitro

bigbank 20 21 24 19
gridnete 9 7 5 4
gridnetf 16 13 27 17
gridneth 8 6 6 3
gridneti 10 8 7 6
dallasl 74 33 249 245
dallasm 128 31 � �

dallass � 31 � 135
polak1 6 5 4 2
polak2 6 5 4 1
polak3 10 8 � �

polak5 6 5 24 12
smbank 14 27 12 11
cantilvr 12 12 5 3
cb2 8 8 4 3
cb3 7 7 4 4
chaconn1 8 8 4 3
chaconn2 7 7 4 4
dipigri 14 10 6 2
gpp 12 10 22 11
hong 13 15 11 7
loadbal 22 21 13 7
svanberg 14 14 30 16

antenna\antenna2 21§ 16 178 58
antenna\antenna vareps 19 18 106 61
braess\trafequil 15 16 18 22
braess\trafequil2 11 13 26 13
braess\trafequilsf 14 15 18 24
braess\trafequil2sf 12 12 25 12
elena\chemeq 23 20 37 16
elena\s383 85 21 18 8
firfilter\fir convex 33§ 13 27 11
markowitz\growthopt 8 7 8 7
wbv\antenna2 15 13 31 16
wbv\lowpass2 30§ 22 31 66

batch 13 12 13 16
stockcycle 11 10 23 12
synthes1 6 6 6 6
synthes2 8 8 10 7
synthes3 8 8 9 8
trimloss2 10 10 13 7
trimloss4 11 12 16 8
trimloss5 13 13 20 10
trimloss6 12 12 23 11
trimloss7 13 13 35 14
trimloss12 19 17 41 22

Avg1 18.53 13.07 – –
Avg2 13.02 11.98 – –

1 �: Max number of iterations reached.
2 §: Near optimal solution found.
3 �: Function evaluate error from AMPL.

Table 9 Comparison with MOSEK, Ipopt, and Knitro on CP test problems
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Presolve Solver Iters Avg Prop Φ
Problem Time Time Dirs (%)

iQQ-aug2d 0.01 7.14 16 1.69 4.78
iQQ-aug2dc 0.01 6.8 16 1.69 4.34
iQQ-aug2dcqp 0.78 13.44 29 1.34 4.5
iQQ-aug2dqp 0.73 13.4 29 1.34 4.44
iQQ-aug3d 0 4.72 35 1.09 2.43
iQQ-aug3dc 0 1.06 16 1.5 5.13
iQQ-aug3dcqp 0.04 2.59 33 1.09 4.1
iQQ-aug3dqp 0.03 2.68 37 1.05 4.4
iQQ-cont-050 0 0.76 9 2 4.72
iQQ-cont-100 0.01 6.7 14 1.93 2.17
iQQ-cont-101 0 3.33 9 2 2.35
iQQ-cont-200 0.03 47.74 14 2 1.71
iQQ-cont-201 0.03 26.08 9 2 2.09
iQQ-cont-300 0.05 104.79 9 2 1.57
iQQ-cvxqp1 m 0 2.19 26 1.38 1.38
iQQ-cvxqp1 s 0 2.24 35 1.2 0.45
iQQ-cvxqp2 m 0 2.14 29 1.34 0.9
iQQ-cvxqp2 s 0 2.41 37 1.19 0.92
iQQ-cvxqp3 m 0 2.85 30 1.23 1.8
iQQ-cvxqp3 s 0 1.22 35 1.17 0.98
iQQ-dpklo1 0 0.36 13 2 0.83
iQQ-dtoc3 0.32 4.21 15 1.87 5.9
iQQ-dual1 0 1.14 31 1.32 0.88
iQQ-dual2 0 0.52 16 1.69 0
iQQ-dual3 0 0.63 18 1.67 1.61
iQQ-dual4 0 1.23 33 1.33 0
iQQ-dualc1 0 1.06 35 1.66 0
iQQ-dualc2 0 1.19 35 1.57 0.59
iQQ-dualc5 0 1.65 44 1.32 1.04
iQQ-dualc8 0 1.06 34 1.68 1.9
iQQ-genhs28 0 0.37 13 2 0
iQQ-gouldqp2 0 0.27 10 2 0
iQQ-gouldqp3 0 0.56 16 1.63 1.82
iQQ-hs118 0 0.27 11 2 0
iQQ-hs21 0.02 1.2 35 1.11 0.08
iQQ-hs268 0 1.52 45 1.11 0
iQQ-hs35 0 0.52 16 1.75 0
iQQ-hs35mod 0 0.54 16 1.75 0.19
iQQ-hs51 0 1.07 27 1.19 0
iQQ-hs52 0 0.73 26 1.31 0
iQQ-hs53 0 1.41 39 1.13 0
iQQ-hs76 0 0.36 13 2 0
iQQ-ksip 0 1.73 42 1.05 3.3
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Presolve Solver Iters Avg Prop Φ
Problem Time Time Dirs (%)

iQQ-laser 0 0.4 13 2 5.22
iQQ-liswet1 0.01 16.43 42 1.14 4.19
iQQ-liswet2 0.02 17.23 43 1.12 4.9
iQQ-liswet3 0.01 15 38 1.16 5.15
iQQ-liswet4 0.01 15.72 40 1.13 5.16
iQQ-liswet5 0.01 18.09 47 1.17 4.49
iQQ-liswet6 0.02 16.79 43 1.14 4.64
iQQ-liswet7 0.01 15.81 40 1.13 5.12
iQQ-liswet8 0.01 14.03 33 1.15 4.37
iQQ-liswet9 0.01 15.69 37 1.14 4.69
iQQ-liswet10 0.02 16.5 42 1.14 4.97
iQQ-liswet11 0.01 16.33 42 1.14 4.9
iQQ-liswet12 0.01 15.73 38 1.13 4.62
iQQ-lotschd 0 0.3 12 2 0
iQQ-mosarqp1 0 2.04 33 1.09 4.55
iQQ-mosarqp2 0 1.41 38 1.08 3.57
iQQ-powell20 0.02 6.5 16 1.63 3.5
iQQ-primal1 0.01 1.28 43 1.09 1.41
iQQ-primal2 0 1.31 37 1.14 2.47
iQQ-primal3 0 1.58 41 1.1 2.24
iQQ-primal4 0.01 1.56 36 1.17 4.44
iQQ-primalc1 0 1.37 42 1.26 1.03
iQQ-primalc2 0 1.32 36 1.33 1.52
iQQ-primalc5 0 0.97 23 1.39 0.93
iQQ-primalc8 0 1.1 32 1.28 1.01
iQQ-q25fv47 0.01 1.4 15 2 6.42
iQQ-qadlittle 0 0.34 14 2 0.59
iQQ-qafiro 0 1.37 39 1.15 0.07
iQQ-qbandm 0 0.34 14 1.86 3.02
iQQ-qbeaconf 0 0.41 14 1.93 0.5
iQQ-qbore3d 0 0.51 18 1.89 0
iQQ-qbrandy 0 0.48 16 1.88 0.41
iQQ-qcapri 0 0.62 22 1.91 1.63
iQQ-qe226 0 1.41 36 1.22 1.85
iQQ-qetamacr 0 1.09 34 1.21 3.17
iQQ-qfffff80 0 0.57 20 1.8 3.57
iQQ-qforplan 0.01 0.25 11 2 1.63
iQQ-qgfrdxpn 0.01 0.47 19 2 2.42
iQQ-qgrow15 0 0.44 16 1.94 1.15
iQQ-qgrow22 0.01 0.54 18 1.89 0
iQQ-qgrow7 0 0.56 18 1.89 0.54
iQQ-qisrael 0 0.47 19 2 1.3
iQQ-qpcblend 0 1.5 38 1.16 0.27
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Presolve Solver Iters Avg Prop Φ
Problem Time Time Dirs (%)

iQQ-qpcboei1 0.01 0.31 12 2 6.06
iQQ-qpcboei2 0 0.44 17 1.94 4.65
iQQ-qpcstair 0.01 0.64 20 1.75 1.27
iQQ-qpilotno 0.04 0.65 16 2 3.84
iQQ-qrecipe 0 0.75 20 1.6 0.13
iQQ-qptest 0 0.56 16 1.81 0.18
iQQ-qsc205 0 1.51 41 1.24 1.35
iQQ-qscagr25 0 0.32 14 2 0.32
iQQ-qscagr7 0 0.33 14 2 1.22
iQQ-qscfxm1 0 0.4 15 1.93 1.79
iQQ-qscfxm2 0 0.42 16 1.94 2.44
iQQ-qscfxm3 0 0.54 16 1.94 4.71
iQQ-qscorpio 0 0.95 25 1.24 1.91
iQQ-qscrs8 0 0.63 22 1.73 6.45
iQQ-qscsd1 0 0.84 20 1.6 1.31
iQQ-qscsd6 0 0.89 22 1.64 2.07
iQQ-qscsd8 0 2.02 37 1.11 5.11
iQQ-qsctap1 0 1.07 36 1.19 1.14
iQQ-qsctap2 0 2.26 40 1.13 3.58
iQQ-qsctap3 0 2.26 32 1.22 3.65
iQQ-qseba 0.02 0.57 20 1.85 5.36
iQQ-qshare1b 0 0.44 17 1.94 2.33
iQQ-qshare2b 0 0.47 13 1.69 2.13
iQQ-qshell 0.02 0.82 17 2 6.4
iQQ-qship04l 0 0.31 11 2 0
iQQ-qship04s 0.01 0.25 11 2 6.88
iQQ-qship08l 0.01 1.63 16 1.94 4.56
iQQ-qship08s 0 0.72 17 1.88 3.73
iQQ-qship12l 0.01 2.96 17 1.71 4.74
iQQ-qship12s 0.01 0.99 18 1.83 2.98
iQQ-qsierra 0 0.64 17 2 5
iQQ-qstair 0 0.39 17 2 1.05
iQQ-qstandat 0.01 1.37 39 1.18 2.05
iQQ-s268 0 1.56 45 1.11 0.06
iQQ-stadat1 0.01 3.13 26 1.23 4.19
iQQ-stadat2 0 4.39 35 1.14 4.42
iQQ-stadat3 0.01 6.18 25 1.2 4.25
iQQ-tame 0 0.23 10 2 0
iQQ-ubh1 0.46 5.73 26 1.96 6.21
iQQ-yao 0.01 3.17 38 1.05 4.85
iQQ-zecevic2 0 0.23 9 2 0

Avg 0.02 4.40 25.30 1.56 2.48

Table 10 iOptimize performance on Maros and Meszaros’s QCQP infeasible test problems

Presolve Solver Iters Avg Prop Φ
Problem Time Time Dirs (%)

iairport 0.01 0.6 19 1.63 0.67
ipolak4 0 0.81 25 1.28 0.12
imakela1 0 1.11 32 1.13 0
imakela2 0 1.13 32 1.13 0
imakela3 0 0.32 14 2 0
igigomez1 0 1.02 26 1.19 0
ihanging 0 1.17 30 1.13 4.27
imadsschj 0.06 0.53 17 1.59 0.76
irosenmmx 0 1 35 1.14 0
ioptreward 0 0.64 20 1.55 0
ioptprloc 0 0.92 21 1.52 0.11

Avg 0.01 0.84 24.64 1.39 0.54

Table 11 iOptimize performance on Cute QCQP infeasible test problems
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Presolve Solver Iters Avg Prop Φ
Problem Time Time Dirs (%)

ibigbank 0 17.12 27 1.33 6.06
igridnete 0 81.51 14 1.71 6.79
igridnetf 0 377.58 36 1.08 5.67
igridneth 0.02 0.78 23 1.39 0.26
igridneti 0 1.23 40 1.07 1.15
idallasl�
idallasm 0.01 1.96 47 1.4 2.26
idallass 0 1.58 45 1.22 0.51
ipolak1 0 0.41 16 1.81 0
ipolak2 0 0.32 13 2 0
ipolak3 0 0.77 27 1.3 0.52
ipolak5 0 0.41 13 2 0.25
ismbank 0 1.13 31 1.13 1.7
icantilvr 0 0.29 12 2 0.35
icb2 0 0.94 32 1.19 0
icb3 0.01 1.25 31 1.16 0.24
ichaconn1 0 0.95 32 1.19 0
ichaconn2 0 1.26 31 1.16 0.08
idipigri 0 1.29 32 1.19 0.08
igpp 0 34.24 38 1.11 5.34
ihong 0 0.92 22 1.45 0.11
iloadbal 0 0.37 14 2 0.27
isvanberg 0.08 632.99 27 1.22 6.65

antenna-iantenna2 0 68.79 186 1.65 13.31
antenna-iantenna vareps 0 48.02 47 1.13 5.83
braess-itrafequil 0 4.77 38 1.37 3.1
braess-itrafequil2 0 1.87 9 2 7.34
braess-itrafequilsf 0 9.23 46 1.26 2.71
braess-itrafequil2sf 0 2.56 9 2 7.16
elena-ichemeq 0 0.06 14 2 4.92
elena-is383 0 0.06 14 1.93 1.64
firfilter-ifir convex 0 0.75 13 1.92 6.03
markowitz-igrowthopt 0 0.08 16 1.69 0
wbv-iantenna2 0.06 119.88 17 2 7.97
wbv-ilowpass2 0 4.54 13 1.92 7.35

ibatch 0 0.15 22 1.36 3.47
istockcycle 0 0.88 35 1.14 6.29
isynthes1 0 0.09 25 1.36 0
isynthes2 0 0.09 23 1.35 1.15
isynthes3 0 0.18 40 1.1 3.91
itrimloss2 0 0.1 15 1.93 0
itrimloss4 0 0.15 16 1.94 7.43
itrimloss5 0 0.22 15 2 6.07
itrimloss6 0 0.37 15 2 7.32
itrimloss7 0 0.84 16 2 6.58
itrimloss12 0.01 7.79 16 2 7.41

Avg 0.00 31.79 28.07 1.56 3.45

1 �: Function evaluate error from AMPL.

Table 12 iOptimize performance on Cute CP infeasible test problems
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Problem MOSEK iOptimize

iairport 10 19
ipolak4 � 25
imakela1 28 32
imakela2 29 32
imakela3 8 14
igigomez1 26 26
ihanging 32 30
imadsschj 24 17
irosenmmx 27 35
ioptreward 11 20
ioptprloc 8 21

Avg 20.30 24.60

1 �: Max number of iterations
reached.

Table 14 Comparison with MOSEK on Cute QCQP infeasible test problems
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Problem MOSEK iOptimize Ipopt Knitro

ibigbank 196 27 48 42
igridnete 134 14 21 �

igridnetf � 36 42 �

igridneth 202 23 25 18
igridneti � 40 40 133§
idallasl � � 50§ �

idallasm � 47 � 0
idallass � 45 � 0
ipolak1 50 16 � �

ipolak2 7 13 � �

ipolak3 178 27 � �

ipolak5 7 13 37 �

ismbank 165 31 34 37
icantilvr 0 12 25 0
icb2 196 32 � 18
icb3 196 31 � 8
ichaconn1 196 32 � 6
ichaconn2 196 31 10 17
idipigri 157 32 188 �

igpp � 38 65 �

ihong 11 22 16 �

iloadbal 123 14 22 �

isvanberg � 27 48 53

antenna\iantenna2 � 186 � 156
antenna\iantenna vareps � 47 � �

braess\itrafequil 43 38 36 126
braess\itrafequil2 7 9 82 50
braess\itrafequilsf 47 46 34 103
braess\itrafequil2sf � 9 54 91
elena\ichemeq 14 14 102 16
elena\is383 7 14 67 �

firfilter\ifir convex 0 13 99 0
markowitz\igrowthopt 15 16 22 �

wbv\iantenna2 0 17 32 0
wbv\ilowpass2 0 13 32 0

ibatch 0 22 32 158
istockcycle 117 35 72 �

isynthes1 9 25 35 35
isynthes2 62 23 48 46
isynthes3 53 40 94 �

itrimloss2 0 15 52 0
itrimloss4 0 16 40 0
itrimloss5 0 15 60 0
itrimloss6 0 15 55 0
itrimloss7 0 16 61 0
itrimloss12 0 16 73 0

Avg1 66.33 19.44 – –
Avg2 11.74 16.04 – –

1 �: Max number of iterations reached.
2 �: Function evaluate error from AMPL.
3 §: Solver terminates with a near optimal status.
4 �: Ipopt fails in restoration phase.

Table 15 Comparison with MOSEK, Ipopt, and Knitro on CP infeasible test problems




