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Appendix A: Proof of Proposition 1
In this section, we provide a proof for Proposition 1.

Proof. The optimal Q-functions and value functions can be computed recursively, using equa-
tions (7) and (8).

For every time step t and the state variable s € ., since Z,(s) = X[ (s|f) is a solution of the

minimization in (3), under the given assumptions, there exist a Lagrange multiplier vector

Xe(s) € AT (s16) >0
such that the following first-order necessary optimality conditions are satisfied at (Z,(s), \:(s)),

V. (Ci(8,2:(8)) + Ko, (5,74(5))) + A(s) "M\ (s) =0, (A1)
A(s)z:(s) < b(s), (A2)
(b(s) — A(s)Z:(s)) " Ai(s) = 0. (A3)
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Applying equality (10) in equation (A1), we get
Vo Qi (5,7(s)) + A(s) " M\ (s) =0. (A4)

Equation (A4) along with equalities (A2) and (A3) imply that (Z.(s), \(s)) satisfies the KKT
conditions of the minimization problem in (8). This, along with convexity and continuously dif-
ferentiability of the Q-function (7), allows us to conclude that Z,(s) is an optimal point of the

minimization in (8), and an optimal decision for the exact stochastic dynamic programming. [

Appendix B: Proof of Proposition 2
In this section, a proof for Proposition 2 is provided.
Proof.  Since the direct policy search restricts the search to the hypothesis space of policy

functions H7,
V*(s) < V™= (s). (A5)

Since #* is a solution of the minimization problem (11), we have

V7or(s) = mgin E <Z V' C (Sy, mo(Sy)) ‘ So = s) s.t. mo(s) = arg mlgrgl C(8,7) +YEs15.210 " ()],
EaS

t=0
<E (Z yC (St,weg’v(st» ‘ So = s> s.t. 7T9§"7(8) = argireliyr} C(s,z) +VEs|s.0 [9;‘7@(5’)].
t=0

The right-hand-side in the above inequality is the true value of the policy Ty, » at state s. Therefore,

this inequality yields
V™or(s) < V%V (s). (A6)
Combining inequalities (A11) and (A12) implies that
0< V™ (5) = V*(s) < V"%V (5) = V*(s),

and completes the proof of (15).
Under the assumption that the projected Bellman operator has a fixed point such that at state
s, V%V (s) =V (s) =TI TV(s), we have
Vo (s) = V() SVV (5) = V7(s)
<V (5) = 0Ly ®(s) = V7 (s5) + 0Ly @ (s)|
<V (5) = 0Ly @ ()| + V7 (s) = 0Ly @ (s),
< sup |V*(s) - 0 7@ (s)]
<|V* =0y Pl
=[|[V* — TV o (A7)
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From Yu and Bertsekas (2010) (or Proposition 6.10 in Bertsekas and Tsitsiklis (1996)), we have
* [/ 1 * *
IVZ =TTV oo < 7 IV" =TV |- (A8)

Inequalities (A7) and (A8) together establish (16). O
Remark: When the correction function includes the expectation, the projection Il is over the

functions in the hypothesis space H?, defined as
WO {Q: x Z — R such that Q(s,z) =Ky(s,z) =0"®"(s,z), 0€O}.
Accordingly, for any function f:. x 2" — R, the projection operator is defined as
M f % arg min g~ fll=Ks . (A9)
qeH®R
2 def

where here, || f[|7= [, , (f(s,2))?¢(s,z)dsdz. The fixed point of the projected Bellman operator

is then iteratively computed by solving
Qt+1 = Hg TQQt
where

(TQQ)(S,I‘)défESqSJ min C(S',2) +7Q(S’, x)

e X (S7)

and Q is the fixed point of TI¢ T,.

Consider the direct policy search framework with the policy functions hypothesis space
H™ Y g .S — 2 such that me(s) € arg m&iyr(l)C(s,:v) +vKq(s,2), 6 € O}. (A10)
xre s

Let 6* be an optimal parameter value for the direct policy search approach. Therefore,

t=0

Vo (s) & mgin E (Z Y'C (Si, ma(S:)) ‘ So = s) s.t. m(s) = arg Hél% C(s,x) +~vKy(s,x).
Since the direct policy search restricts the search to the hypothesis space of policy functions H™,
V*(s) < V™= (s). (A11)

In addition, since #* is a solution of the minimization problem (11) over the policy space H™, we

have

Vmor(s) <E (Z yC (St,W(,&’Q(St)) ‘ So = s) s.t. g, (s)= argggi% C(s,x) + 7K, 4 (s,x)].

t=0
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The right-hand-side in the above inequality is the true value of the policy T, o at state s. Therefore,

this inequality yields
Vmer (s) < Ve (s). (A12)
Combining inequalities (A11) and (A12) implies that
0 SV () = V*(s) Ve (s) = V(s),
and completes the proof of (15). O

Appendix C: Proof of Proposition 3
In this section, we provide a proof for Proposition 3. We first present several lemmas which simplify
the proof.

Let P2l denote the associated dual linear program of the following minimization problem

Pprimal . min Ct(St7 xt) s.t T € %(St) (A13)

4
xt€R+

In the following lemmas, we characterize solutions for problem PP"™al In each case, for each
solution of the primal problem PPl we exhibit a feasible point for the dual problem P!
such that the objective values of the primal and dual problems are equal. This implies that these

points are optimal for the respective problems. Throughout, we denote D, . D, — min{Et, bt} and

E, def E, — min{Et, Dt}

LEMMA 1. Let R, < ARP and nPn® < 1. Then, &, of (O, D,, n"°R, R, Et) and & &

(05 max{D, —nPR, R“?,0}, max{n°R, R*”— D,,0}, Et) are optimal points of problem Prrimal

and the achieved optimal objective value equals
P, (—nD min{AR", R,} R — Et) : (A14)

Proof. Both points Z, and &, are in the feasible set of PP*™al_ Also, (—P,+nPn°P,, 0, 0, 0, 0, —
P,) is a feasible point for the dual problem P! with the dual objective value C, (s, ;) = Cy(s;, 34).
Therefore, Z, and &, are optimal points of the linear programming problem Prrimal ]

Lemma 1 shows that problem PP"™2! may have multiple optimal points. Furthermore, given the

charge level R;, implementing either T; or Z; implies that
Rt-‘rl = (1 - F)/At)Rt - mln{ARD,Et} = max{(l - ’YAt)Rt — ARD7 Rmin} . (A15)

In particular, R;;; = R™" when R, < ARP.
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LEMMA 2. In problem P?ma et P, =v <0 and nP =n® =1. Then, the point x;, defined in
equation (26), is optimal and C,(s,,zf) =P, (min{ARC,Rt} Rear — Et).

Proof. The point ;" is feasible in PPr™al Tn addition, Cy(s;, x;") equals the dual objective value
corresponding to the dual feasible points (0, v, v, 0, 0, 0), when AR® < R, and the feasible dual
point (0, 0, 0, 0, v, 0), when R, <AR®. O

Under the assumptions of Lemma 2, we have,
Rt+l - (1 - ’VAt)Rt + mln{ARC,Rt} (A16>

Hence, R, ;1 = R™*, when R, < ARC.
Now, we are ready to prove the statement of Proposition 3.

Proof. Given Vr(S7) =0 and using equation (8), we have Qr_1(Sr_1,2) =Cr_1(Sr_1,2) and

VT—1(ST—1) = min CT—l(ST—lax)'

z€Zr_1(ST-1)
Therefore, at time step t =7 — 1, a myopic policy is optimal. Hence, the value function at time
step t =T — 1 is given by equation (Al4), i.e.,
Vi1 (Sr—1) = Pr_y (—ET_l R%P — ETA) .

Therefore,

Qr—2(Sr-2,7) = Cr_o(Sr—2,7) + Ep_5 [Vp_1(Sr-1)]
=Pr_se' v —Er_o[Pr1Er_1] —Er_o[Pr_|R;_, R°*P
_ ( Pry— ET_Q[PT_l]) ¢Tw —Er o[ Pr_i] (gT,chap Y By DT_Q)
~Er, [PT_lET_l] :

which confirms that equation (28) holds for t =T — 2, with By_, =0.

An optimal decision at time step t =71 — 2 is then computed as,

Tp_,=ar min _o(S7_o,x) =ar min (P o —Er [P )eTx.
T-2 gIG%T_Q(ST_2) Qr—2(Sr—2, 1) gze%T_Ql(ST_Q) T-2 r—2[Pr_1]

Thus, using Lemmas 1 and 2, z%_, is the myopic policy if Pr_y > Ep_o[Pr_y], and is given by 27,
otherwise.
Now assume that @Q;1(Si+1,) is as in equation (28) for some ¢+ 1 < 7T — 2. In the following, we
show that Q;(S;, ) will also take a form as in (28) and z; is determined by the sign of P, < Ey[Pyy4].
From equation (7), Q:(S;,x) at time step ¢ equals

Q:(St, x) = Cy(Ss, ) + E; [Vt+1(5t+1)] = pteTfC +E, [Qt+1(5t+1’$:+1)} :
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From the induction hypothesis, the second term of this equation is equal to

E, [Qt+1(5’t+1>x:+1)] = E, [(thrl - Et+1 [pwz}) GT%‘:H}

—E, |:Et+1 |:pt+2] (Et+1Rcap + B — Etﬂﬂ

T-1

5 ]

i=t+2

+E, [Biy1] (R™™ — R™™)R®*P _ T, (A17)

Depending on the sign of (Istﬂ —Ei [ISHQ]),

T,.% n cap
€ Ty 1= Et+1 _Et—i-l R ) or

eTfo = —Et+1 + Ry R®P = —Et+1 + (R™a — pmin — R, ) R*P
Therefore, the conditional expectation involving z;,, in equation (A17) can be simplified as below,

B, [(ptﬂ _Et+1[16t+2]) €T$f+1}
=E [(pt“ 7]Et“[pt+2]) (eTzZH — (=B = Byyy B) + (— By — By R°ap))}
=B, [P —EeaPrsal) (7001 — (~Bopr — By B))]
+E, {(Pt+1 — By [Prs] ) ( B~ R, Rcap)}
=E [(PtH —Ea[Pro] (e oy — (B — Ry Rcap)ﬂ
(R~ (s T )
=K, [(Pt+1 —Ee1[Prsa)] (eT T — (—Ey 41 — R, Rcap)ﬂ
—E, {(Ptﬂ —Ei1 Pt+2 ) } E, [Pt+1 —Et+1[Pt+2]} (Et R +e"qx+ F, — Et) . (A18)

Depending on the sign of (P, — E;41[P;5]) and optimal decision z7, ,, we get either

E [(pt-&-l - ]Et+1[]5t+2]> (GTCU:H —(=Eij1 - Ry, Rcap)) Py > Et+1[15t+2]]
=B, [ (P~ Eea[Prsa]) (= Buss + Riys BP) = (=Busy = Ry B)) |Prsy 2 B [Prsa]

=E, [(Pt+1 - ]Et+1[]5t+2]> |Pry1 > By [Pt+2]} (R™™ — R™™) ReaP. (A19)
or
B [(pt+1 —Et+1[ﬁ+2}) <€T$f+1 —(=Eiy1— Ry, Rcap)) | Pipa < Et+1[15t+2]]
=B, |(Po1 ~Eua[Prsa]) X0 | Prys SEepa[Pys]] = 0. (A20)
Therefore, the first term in equation (A18) is equal to,

E, KRH - Et+1[15t+2]) (eTas:H - (fEtH R, Rcap)”

=Pr [P 2EpiPal | BBy [Pt — Eesa[Prsa]) [Pra = Buga[Praa]| (R™ — R Reow (A21)
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By plugging (A21) into (A18) and then (A17), we get

Q.(S;,z)=Pe'z
+Pr {pt+l > Eei1[Prra) | ]St} E, [(Pt—&-l —]Et+1[]5z+2]) Pt > Eoj1[Prgo] | (R™™ — R™™)Ro2P
(BBl ()
—E, [Pt+1 —Ei1 [15t+2]] (Et R® ¢ x+F,— ZN)t)

~Ei [Eesr [Piz] (Boa B+ By )|

T-1

3N Eo [PE}

i=t+42

+E, [Byy1] (R™ — R™™)Re*P _ ] (A22)

Moving the ez terms together, cancelling out the term E, [Etﬂ [Pt+2] Etﬂ} , and extending the
last term to ¢t + 1, we get,

Qt(Stvx) = (]St —E, []SH_I - Et+l[pt+2]:|) e'x
+Pr [Pi1 2 Boa[Prsa] | 2B [Pyt = Euga[Pra]) | Prss 2 B [Prga] | (R™™ = R™m) Reor

—E, [PHJ - Et+1[Pt+2]:| (Et R°*P + Et — Dt)

—E, [Et—&-l |:]5t+2:| Et+1Rcap] +E; [Byya] (R — Rmm RP — Z E, [}N’E] (A23)
i=t+1

Note that
E, [Et—kl[-ﬁt-ﬁ—ﬂ Bt.HRwP} =E,; [Et+1[pt+2]] (EtRcap + Et - Dt) +E, [Et—kl[-ﬁt-ﬁ—ﬂ] e'z. (A24)

Plugging equation (A24) into (A23), canceling out the term E, [EtH[ﬁHQ]} (ﬂt ReaP + F, — f)t)

and moving the ez to the first line, we arrive at

Q:(S, ) = (Pt -E, [Pt—H - Et+1[]5t+2]} —E, [Etﬂ[é&w]]) e'x
+Pbr {ﬁtﬂ >Eer1[Pryo] | 154 E, {(RH - Et+1[Pt+2]) = Etﬂ@tﬁ]} (R™** — R™™) ReaP

—E, |:Pt+1:| (Et Re2P +Et _Dt> +E, [Bt+1] (Rmax Rmm ReaP _ Z E, |: :| .
i=t+1
We now cancel the term E, [Et+1[]5t+2]] in the first line, and collect the second line with the forth
line. Thus, we get to equation (28), where B, is as in equation (29). This confirms the validity of
equation (28) for time step ¢.

In addition, an optimal decision at time step ¢, x;, can be computed by
arg min Q,(S,, ) = arg mi (P E,[P, )
ng{g}% Q+(St, ) rgg}% y — B t+1] e .

Thus, depending on the sign of P, — E, [15t+1], it is the myopic policy or z. O
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Appendix D: Data
This document describes the method to obtain the data used in the computational experiment
presented in Section 5 of the paper. The parameter estimation methods are analyzed in greater

detail in (Moazeni et al. 2015).

Electricity Price Data and Load Data

Our numerical study uses publicly available market operations data from the website of the
New York Independent System Operator (NYISO) at http://www.nyiso.com/public/markets_
operations/.

For prices, we use five-minute real-time zonal locational marginal prices (in $/MWh), referred
to as Real-Time Market LBMP, for the New York City zone (N.Y.C.). For demand, we use five-
minute real time zonal load (in MWh) referred to as RTD Actual Load, for the New York City
zone (N.Y.C.). The time range for both data sets goes from 12 am of January 1, 2007 to 11:55
pm of December 31, 2011. We replace the negative prices with $1/MWh, and take the average of

12 measurements from five-minute prices for each hour to derive hourly prices.

Deseasonalization of the Price and Load Data
The estimation of the deterministic seasonal trend for the price is carried out as follows: (1) For
every hour of a day, P is set as the mean of the price of that hour over all days in our data
set. Then for every hour, the computed PP is subtracted from the hourly prices to derive hourly
residual prices. (2) For each day in a week, P is computed as the mean of the average hourly
residual prices per day over all the weeks in the historical data set. Then for each hour this value
is subtracted from the hourly residual prices to obtain updated hourly residual prices. (3) For each
month of the year, P™°"" is the mean of the average updated hourly residual prices per month
over the five years 2007 to 2011. This value is then subtracted from each updated hourly residual
price to attain deseasonalized hourly prices.

The same three-step deseasonalization procedure is carried out to obtain deseasonalized load

levels. The estimated values of the seasonality parameters are reported in Tables 1, 2, and 3.

Parameters of the Stochastic Processes for Price, Load, and Wind

We use the maximum likelihood method to estimate the parameters in Y;” and Y,”. The estimated
parameters are reported in Table 4. The initial values of the stochastic processes are set to the
values corresponding to the deseasonalized demand and price at hour 12 am of January 1, 2007.

Our numerical studies assume that the system owner is only responsible to serve 25% of the demand
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Table 1 Hour-of-Day Seasonality Parameters

Hour Dheur [MWHh] | PPeur [$/MWh]
0 [12 am , 1 am) 5159.62 52.92
1 [1 am, 2 am) 4943.20 47.81
2 [2 am , 3 am) 4819.20 43.88
3 [3 am , 4 am) 4781.16 42.30
4 [4 am , 5 am) 4885.42 44.07
5 [5 am , 6 am) 5225.77 48.49
6 [6 am , 7 am) 5713.78 57.95
7 [7 am , 8 am) 6160.71 61.54
8 [8 am , 9 am) 6515.21 66.08
9 [9 am , 10 am) 6756.23 71.13
10 [10 am , 11 am) 6898.87 72.75
11 [11 am , 12 pm) 6973.70 73.00
12 [12 pm , 1 pm) 7006.82 75.05
13 [1 pm, 2 pm) 7015.28 77.30
14 2 pm , 3 pm) 7017.51 80.85
15 [3 pm , 4 pm) 7029.42 81.30
16 [4pm, 5 pm) 7036.35 85.72
17 [5pm, 6 pm) 6974.70 88.22
18 [6pm, 7 pm) 6881.89 82.30
19 [7pm, 8 pm) 6773.92 80.02
20  [8pm, 9 pm) 6595.16 77.30
21 [9 pm , 10 pm) 6309.24 68.12
22 [10 pm , 11 pm) 5918.03 61.52
23 [11 pm , 12 am) 5492.11 56.51

Table 2  Day-of-Week Seasonality Parameters

Day D™ [MWh] | P [$/MWh]

Monday 174.19 2.43
Tuesday 266.76 2.49
Wednesday 263.84 3.42
Thursday 224.28 1.17
Friday 146.66 0.34
Saturday -468.64 -3.65
Sunday -592.24 -5.45

generated by the calibrated model to NYISO load data, as in (Moazeni et al. 2015). Parameter
values for the wind energy FE;, are reported in Table 4 and are identical to those described in

(Moazeni et al. 2015).
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Table 3  Month-of-Year Seasonality Parameters

Month | Dmenth [NfWh] | Pmenth [§/MWh]

January -221.78 10.29
February -253.70 6.04
March -520.57 -2.71
April -682.52 -0.97
May -454.68 1.69
June 659.15 10.29
July 1454.98 13.99
August 1147.22 -0.79
September 297.15 -8.56
October -524.26 -14.23
November -627.55 -15.38
December -307.61 0.23

Table 4 Parameters for Energy Price, Energy Demand, and Wind Energy Models

Parameters for Y,© | Parameters for Y,2 | Parameters for Y,Z and W,

pp =4.35 bp = 0.97 bm=0.95

Bp =37.48 op =138.08 op =09
op =2.08 YL =—63.63 pe=3
s =0.03 YE =0
oy =0.41
Ay =0.27

Y =-5.88
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