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In this paper we demonstrate how a key adjustment to known numerically exact methods for evaluating

time-dependent moments of the number of entities in the Pht/Pht/∞ queueing system and [Pht/Pht/∞]K

queueing network may be implemented to capture the effect of autocorrelation that may be present in arrivals

to the more general MAPt/Pht/∞ queueing system and multiclass [MAPt/Pht/∞]K queueing network.

The MAPt is more general than the Pht arrival process in that it allows for stationary non-renewal point

processes, as well as the time-dependent generalization of non-renewal point processes. Modeling real-world

systems with bursty arrival processes such as those in telecommunications and transportation, for example,

necessitate the use of non-renewal processes. Finally, we show that the covariance of the number of entities

at different nodes and times may be described by a single closed differential equation.
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Translating to and from Lucantoni MAP Notation

We can construct the Lucantoni representation directly from our representation (A,λ),

namely

D0 = Λ(A1− I),

1



Gerhardt, Nelson, and Taaffe: The MAPt/Pht/∞ Queueing System
2 Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2016-04-OA-064.R1

where Λ is a diagonal matrix with nonzero elements λj, for j = 1,2, . . . ,mA, and I is the

identity matrix, while

(D1)jh = λj

(
vA∑
k=1

aj,mA+kαkh

)
,

for j, h= 1,2, . . . ,mA.

Notice that the reverse construction (to ours from Lucantoni) may be performed by

assigning to each transient phase a unique absorbing phase to which to transition in the

event of an arrival (i.e., setting vA = mA). Given Lucantoni matrices (D0, D1) we can

specify our representation (A,λ) by setting

λj =−(D0)jj

ajh =

0, if h= j,

((D0)jh)/λj otherwise,

aj,mA+h =

1−
∑mA

r=1 ajr, if h= j,

0, otherwise,

αjh = ((D1)jh)/(λjaj,mA+j).

for j, h= 1,2, . . . ,mA. Notice that this defines A2 as a diagonal matrix.

The Closed System of MDEs for the MAPt/Pht/∞ Queueing System

Theorem 2. For the MAPt/Pht/∞ with t≥ s, s≥ 0, and i and j = 1,2, . . .mB,

Ci,j(s, t)
′ ≡−µj(t)Ci,j(s, t) +

mB∑
r=1

µr(t)br,j(t)Ci,j(s, t) (1)

where br,j(t) is the Markov routing probability for entities proceeding to node j after having

finished their service at node r at time t, for r and j = 1,2, . . .mB, and t≥ s.

Proof:

Ci,j(s, t)
′ ≡ Eij(s, t)

′− (Ei(s)Ej(t))
′ ,
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where Eij(s, t)
′ ≡ E′ [Ni(s)Nj(t)]. Now using the partial marginal Kolmogorov equations

defined in the earlier text we have

Eij(s, t)
′ =

∞∑
ni=0

∞∑
nj=0

ninj
∂

∂t
P(Ni(s) = ni,Nj(t) = nj)

= −
∞∑

ni=0

∞∑
nj=0

ninjβj(t)

mA∑
h=1

λh(t)

vA∑
r=1

ah,mA+r(t)P(Ni(s) = ni,Nj(t) = nj,A(t) = h)

−
∞∑

ni=0

∞∑
nj=0

ninj [1− bjj(t)]µj(t)njP(Ni(s) = ni,Nj(t) = nj)

−
∞∑

ni=0

∞∑
nj=0

ninj

mB∑
r=1
r 6=j

µr(t)brj(t)

∞∑
nr=0

nrP(Ni(s) = ni,Nj(t) = nj,Nr(t) = nr)

+
∞∑

ni=0

∞∑
nj=0

ninjβj(t)

mA∑
h=1

λh(t)

vA∑
r=1

ah,mA+r(t)P(Ni(s) = ni,Nj(t) = nj − 1,A(t) = h)

+
∞∑

ni=0

∞∑
nj=0

ninjµj(t) [1− bjj(t)] (nj + 1) P(Ni(s) = ni,Nj(t) = nj + 1)

+
∞∑

ni=0

∞∑
nj=0

ninj

mB∑
r=1
r 6=j

µr(t)brj(t)
∞∑

nr=0

nrP(Ni(s) = ni,Nj(t) = nj − 1,Nr(t) = nr)

= − βj(t)

mA∑
h=1

λh(t)

vA∑
r=1

ah,mA+r(t)Eij,h(s, t)−µj(t) [1− bjj(t)] Eijj(s, t, t)

−
mB∑
r=1
r 6=j

µr(t)brj(t)Eirj(s, t, t) +βj(t)

mA∑
h=1

λh(t)

vA∑
r=1

ah,mA+r(t)Ei(j+1),h(s, t)

+ µj(t) [1− bjj(t)] Eij(j−1)(s, t, t) +

mB∑
r=1
r 6=j

µr(t)brj(t)Eir(j+1)(s, t, t)

= βj(t)

mA∑
h=1

λh(t)

vA∑
r=1

ah,mA+r(t)Ei,h(s, t) +

mB∑
r=1
r 6=j

µr(t)brj(t)Eir(s, t)

+ µj(t) [1− bjj(t)] (Eijj(s, t, t)−Eij(s, t))−µj(t) [1− bjj(t)] Eijj(s, t, t)
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= βj(t)

mA∑
h=1

λh(t)

vA∑
r=1

ah,mA+r(t)Ei,h(s, t) +

mB∑
r=1

µr(t)brj(t)Eir(s, t)µj(t)Eij(s, t)

And using the fact that Ei,h(s, t) = P(t; ·, `)Ei(s) and the result for Ej(t)
′ from Nelson and

Taaffe (2004), we have

∂

∂t
(Ei(s)Ej(t)) = Ei(s)

(
d

dt
Ej(t)

)

= Ei(s)βj(t)

mA∑
`=1

vA∑
r=1

ah,mA+r(t)λ`(t)P(t; ·, `) + Ei(s)

(
mB∑
`=1

b`j(t)µ`(t)E`(t)−µ`(t)Ej(t)

)

So combining these terms

Ci,j(s, t)
′ = − µj(t)Eij(s, t) +

mB∑
r=1

µr(t)brj(t)Eir(s, t)−Ei(s)

mB∑
r=1

µr(t)brj(t)Er(t) +µj(t)Ei(s)Ej(t)

= − µj(t)Ci,j(s, t) +

mB∑
r=1

µr(t)brj(t)Ci,j(s, t)

Notice that the functional form of this result is 1) the same as the Massey and

Whitt Whitt and Massey (1993) result for the [Mt/Mt/∞]K and Mt/Gt/∞ system, and

2) independent of the arrival process. The latter point is intuitive since entities arriving

to the system after time s do not interact/interfere with entities already present in the

system by time s.

Theorem 3. The MAPt/Pht/∞ arrival-process state-probability differential equations

(ADEs) are:

P(t; ·, k)′ =

mA∑
`=1

λ`(t)P(t; ·, `)

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
+

mA∑
`=1

a`k(t)λ`(t)P(t; ·, `)−λk(t)P(t; ·, k)

for k= 1,2, . . . ,mA.
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Proof: While we can show this result by straightforward and tedious algebraic manipu-

lation of the expression

P(t; ·, k)′ ≡
∞∑

n1=0

∞∑
n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

P(t;n1, n2, . . . , nmB
, k)′,

we also note that the arrival process is independent of the service process and therefore

we can formulate the KFEs associated with this simple time-dependent Markov arrival

process directly.

The marginal first-moment differential equations (MMDEs) are shown below and we

observe that they are not closed. Let Ej(t)≡E[Nj(t)].

Theorem 4. The MAPt/Pht/∞ marginal first-moment differential equations

(MMDEs) are:

Ej(t)
′ ≡ d

dt
Ej(t) = βj(t)

mA∑
`=1

λ`(t)

(
vA∑
k=1

a`,mA+k(t)

)
P(t; ·, `)

+

mB∑
`=1
` 6=j

b`j(t)µ`(t)E`(t)− [1− bjj(t)]Ej(t)

for j = 1,2, . . . ,mB.

Theorem 5. The MAPt/Pht/∞ pth−partial-moment differential equations (pth

PMDEs):

d

dt
Ep

j,k(t) = − λk(t) Ep
j,k(t) + [1− bjj(t)] µj(t)

p−1∑
q=0

(
p

q

)
Eq+1

j,k (t) (−1)p−q

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t) Ep

j,`(t)

+ βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

λ`(t) a`k(t) Ep
j,`(t) +

mB∑
`=1
6̀=j

µ`(t) b`j(t)

p−1∑
q=0

(
p

q

)
Eq

j`,k(t)

for i= 1,2, . . . ,mA, j = 1,2, . . . ,mB, and p= 0,1,2, . . ..
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Proof:

d

dt
Ep

j,k(t) ≡
∞∑

n1=0

∞∑
n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

np
jP(t;n1, n2, . . . , nmB

, k)′

=
∞∑

n1=0

∞∑
n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

np
j ×

{
− [1− akk(t)]λk(t)P(t;n1, n2, . . . , nmB

, k)

−
mB∑
`=1

n`µ`(t)[1− b``(t)]P(t;n1, n2, . . . , nmB
, k)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

mB∑
h=1

I[nh>0]βh(t)P(t;n1, . . . , nh− 1, . . . , nmB
, `)

+

mA∑
`=1
6̀=k

a`k(t)λ`(t)P(t;n1, n2, . . . , nmB
, `)

+

mB∑
`=1

b`,mB+1(t)[n` + 1]µ`(t)P(t;n1, . . . , n` + 1, . . . , nmB
, k)

+

mB∑
`=1

I[n`>0]

mB∑
h=1
h6=`

bh`(t)[nh + 1]µh(t)P(t;n1, . . . , n`− 1, . . . , nh + 1, . . . , nmB
, k)

}

= −[1− akk(t)]λk(t)E
p
j,k(t)−

mB∑
`=1
` 6=j

µ`(t)[1− b``(t)]Ep
j`,k(t)−µj(t)[1− bjj(t)]Ep+1

j,k (t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)


mB∑
h=1
h6=j

βh(t)Ep
j,`(t) +βj(t)

∞∑
nj=0

[nj + 1]pP(t;nj, `)


+

mA∑
`=1
` 6=k

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1
6̀=j

b`,mB+1(t)µ`(t)
∞∑

n`=0

∞∑
nj=0

np
j [n` + 1]P(t;n`+1, nj, k)

+bj,mB+1(t)µj(t)

∞∑
nj=0

np
j [nj + 1]P(t;nj + 1, k)
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+

mB∑
`=1
6̀=j

{
mB∑
h=1
h6=`
h6=j

bh`(t)µh(t)

∞∑
n`=1

∞∑
nh=0

∞∑
nj=0

np
j [nh + 1]P(t;n`− 1, nj, nh + 1, k)

+µj(t)bj`(t)
∞∑

n`=1

∞∑
nj=0

np
j [nj + 1]P(t;n`− 1, nj + 1, k)

}

+

mB∑
h=1
h6=j

bhj(t)µh(t)
∞∑

nh=0

∞∑
nj=1

np
j [nh + 1]P(t;nj − 1, nh + 1, k)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)−µj(t)[1− bjj(t)]Ep+1

j,k (t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

{
[1−βj(t)]Ep

j,`(t) +βj(t)

p∑
q=0

(
p

q

)
Eq

j,`(t)

}

+

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1

b`,mB+1(t)µ`(t)
∞∑

n`=1

∞∑
nj=0

np
jn`P(t;n`, nj, k)

+bj,mB+1(t)µj(t)
∞∑

nj=1

[nj − 1]p njP(t;nj, k)

+

mB∑
`=1
` 6=j

mB∑
h=1
h6=`
h6=j

bh`(t)µh(t)
∞∑

n`=0

∞∑
nh=0

∞∑
nj=0

np
j [nh + 1]P(t;n`, nj, nh + 1, k)

+µj(t)

mB∑
`=1
6̀=j

bj`(t)

∞∑
nj=1

[nj − 1]pnj

∞∑
n`=0

P(t;n`, nj, k)

+

mB∑
h=1
h6=j

bhj(t)µh(t)

∞∑
nh=0

∞∑
nj=0

[nj + 1]p[nh + 1]P(t;nj, nh + 1, k)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
` 6=j

µ`(t)[1− b``(t)]Ep
j`,k(t)−µj(t)[1− bjj(t)]Ep+1

j,k (t)
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+βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p∑
q=0

(
p

q

)
Eq

j,`(t)

+(1−βj(t))
mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t) Ep

j,`(t)

+

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1
` 6=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+bj,mB+1(t)µj(t)

p∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+

mB∑
`=1
6̀=j

mB∑
h=1
h6=`
h6=j

bh`(t)µh(t)

∞∑
n`=0

∞∑
nh=1

∞∑
nj=0

np
jnhP(t;n`, nj, nh, k)

+µj(t)

mB∑
`=1
` 6=j

bj`(t)
∞∑

nj=1

[nj − 1]pnjP(t;nj, k)

+

mB∑
h=1
h6=j

bhj(t)µh(t)
∞∑

nh=1

∞∑
nj=0

[nj + 1]pnhP(t;nj, nh, k)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)−µj(t)[1− bjj(t)]Ep+1

j,k (t)

+βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)α,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t) Ep

j,`(t)

+

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)
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+bj,mB+1(t)µj(t)

p∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q +

mB∑
`=1
6̀=j

mB∑
h=1
h6=`
h6=j

bh`(t)µh(t)Ep
jh,k(t)

+µj(t)

mB∑
`=1
` 6=j

bj`(t)

p∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q +

mB∑
h=1
h6=j

bhj(t)µh(t)

p∑
q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)−µj(t)[1− bjj(t)]Ep+1

j,k (t)

+βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)E

p
j,`(t)

+

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+µj(t)[bj,mB+1(t) + 1− bjj(t)− bj,mB+1(t)]

p∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+

mB∑
`=1
` 6=j

mB∑
h=1
h6=`
h6=j

bh`(t)µh(t)Ep
jh,k(t) +

mB∑
h=1
h6=j

bhj(t)µh(t)

p∑
q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)

+βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)E

p
j,`(t)



Gerhardt, Nelson, and Taaffe: The MAPt/Pht/∞ Queueing System
10 Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2016-04-OA-064.R1

+

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1
` 6=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+µj(t)[1− bjj(t)]
p−1∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+

mB∑
`=1
6̀=j

mB∑
h=1
h6=`
h6=j

bh`(t)µh(t)Ep
jh,k(t) +

mB∑
h=1
h6=j

bhj(t)µh(t)

p∑
q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)

+βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)E

p
j,`(t) +

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t)

+

mB∑
`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t) +µj(t)[1− bjj(t)]

p−1∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+

mB∑
h=1
h6=j

[1− bhh(t)− bh,mB+1(t)− bhj(t)]µh(t)Ep
jh,k(t) +

mB∑
h=1
h6=j

bhj(t)µh(t)

p∑
q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)−

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)

+βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)E

p
j,`(t)

+

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t) +

mB∑
`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)
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+µj(t)[1− bjj(t)]
p−1∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+

mB∑
`=1
6̀=j

µ`(t)[1− b``(t)]Ep
j`,k(t)−

mB∑
`=1
` 6=j

µ`(t)b`,mB+1(t)E
p
j`,k(t)

−
mB∑
`=1
6̀=j

µ`(t)b`j(t)E
p
j`,k(t) +

mB∑
h=1
h6=j

bhj(t)µh(t)

p∑
q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t) +βj(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

p−1∑
q=0

(
p

q

)
Eq

j,`(t)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)E

p
j,`(t) +

mA∑
`=1

a`k(t)λ`(t)E
p
j,`(t)

+µj(t)[1− bjj(t)]
p−1∑
q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q +

mB∑
`=1
` 6=j

b`j(t)µl(t)

p−1∑
q=0

(
p

q

)
Eq

jh,k(t)
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Theorem 6. The MAPt/Pht/∞ cross-product partial-moment differential equations

are

Eij,k(t)
′ =

mB∑
`=1

b`i(t)µ`E`j,k(t) +

mB∑
`=1

b`j(t)µ`E`i,k(t)

−bij(t)µi(t)Ei,k(t)− bji(t)µj(t)Ej,k(t)

−[µi(t) +µj(t)]Eij,k(t)−λk(t)Eij,k(t)

+

mA∑
`=1

λ`(t)a`k(t)Eij,`(t) +

mA∑
`=1

λ`(t)

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
Eij,`(t)

+βi(t)

mA∑
`=1

λ`(t)

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
Ej,`(t)

+βj(t)

mA∑
`=1

λ`(t)

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
Ei,`(t).

i= 1,2, . . . ,mB and j = 1,2, . . . ,mB, i 6= j, and k= 1,2, . . . ,mA.

Proof:

Eij,k(t)
′ ≡

∞∑
n1=0

∞∑
n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

ninjP(t;n1, n2, . . . , nmB
, k)′

=
∞∑

n1=0

∞∑
n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

ninj ×
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− [1− akk(t)]λk(t)P(t;n1, n2, . . . , nmB
, k)

−
mB∑
`=1

n`µ`(t)[1− b``(t)]P(t;n1, n2, . . . , nmB
, k)

+

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

mB∑
h=1

I[nh>0]βh(t)P(t;n1, . . . , nh− 1, . . . , nmB
, `)

+

mA∑
`=1
` 6=k

a`k(t)λ`(t)P(t;n1, n2, . . . , nmB
, `)

+

mB∑
`=1

b`,mB+1(t)[n` + 1]µ`(t)P(t;n1, . . . , n` + 1, . . . , nmB
, k)

+

mB∑
`=1

I[n`>0]

mB∑
h=1
h6=`

bh`(t)[nh + 1]µh(t)P(t;n1, . . . , n`− 1, . . . , nh + 1, . . . , nmB
, k)

}

= −[1− akk(t)]λk(t)Eij,k(t)−
mB∑
`=1
` 6=i
6̀=j

µ`(t)[1− b``(t)]Eij`,k(t)

−µi(t)[1− bii(t)]E2
ij,k(t)−µj(t)[1− bjj(t)]E2

ji,k(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

{
mB∑
h=1
h6=i
h6=j

βh(t)Eij,`(t)

+βi(t)
∞∑

ni=0

[ni + 1]njP(t;ni, nj, `) +βj(t)
∞∑

nj=0

ni[nj + 1]P(t;ni, nj, `)

}

+

mB∑
`=1
6̀=i

` 6=j

b`,mB+1(t)µ`(t)
∞∑

n`=0

∞∑
ni=0

∞∑
nj=0

ninj[n` + 1]P(t;n` + 1, ni, nj, k)

+ bi,mB+1(t)µi(t)
∞∑

ni=0

∞∑
nj=0

ninj[ni + 1]P(t;ni + 1, nj, k)

+ bj,mB+1(t)µj(t)
∞∑

ni=0

∞∑
nj=0

ninj[nj + 1]P(t;ni, nj + 1, k)
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+

mB∑
`=1
6̀=i

` 6=j

{
mB∑
h=1
h6=`
h6=i
h6=j

bh`(t)µh(t)

∞∑
n`=1

∞∑
nh=0

∞∑
ni=0

∞∑
nj=0

ninj(nh + 1)P(t;n`− 1, ni, nj, nh + 1, k)

+µi(t)bi`(t)
∞∑

n`=1

∞∑
ni=0

∞∑
nj=0

ninj[ni + 1]P(t;n`− 1, ni + 1, nj, k)

+µj(t)bj`(t)
∞∑

n`=1

∞∑
ni=0

∞∑
nj=0

ninj[nj + 1]P(t;n`− 1, ni, nj + 1, k)

}

+

mB∑
h=1
h6=i
h6=j

bhi(t)µh(t)
∞∑

nh=0

∞∑
ni=1

∞∑
nj=0

ninj[nh + 1]P(t;ni− 1, nj, nh + 1, k)

+

mB∑
h=1
h6=i
h 6=j

bhj(t)µh(t)
∞∑

nh=0

∞∑
ni=0

∞∑
nj=1

ninj[nh + 1]P(t;ni, nj − 1, nh + 1, k)

+bji(t)µj(t)
∞∑

nj=0

∞∑
ni=1

ninj[nj + 1]P(t;ni− 1, nj + 1, k)

+bij(t)µi(t)
∞∑

nj=1

∞∑
ni=0

ninj[ni + 1]P(t;nj − 1, ni + 1, k)

+

mA∑
`=1
6̀=k

a`k(t)λ`(t)Eij,`(t)

= −[1− akk(t)]λk(t)Eij,k(t)

−
mB∑
`=1
` 6=i
6̀=j

µ`(t)[1− b``(t)]Eij`,k(t)

−µi(t)[1− bii(t)]E2
ij,k(t)−µj(t)[1− bjj(t)]E2

ji,k(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

{
[1−βi(t)−βj(t)]Eij,`(t)
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+βi(t)[Eij,`(t) + Ej,`(t)] +βj(t)[Eij,`(t) + Ei,`(t)]

}

+

mB∑
`=1
6̀=i

` 6=j

b`,mB+1(t)µ`(t)Eij`,k(t)

+bi,mB+1(t)µi(t)
∞∑

ni=1

∞∑
nj=0

[ni− 1]njniP(t;ni, nj, k)

+bj,mB+1(t)µj(t)
∞∑

ni=0

∞∑
nj=1

ni[nj − 1]njP(t;ni, nj, k)

+

mB∑
`=1
6̀=i

` 6=j

{
mB∑
h=1
h6=`
h6=i
h6=j

bh`(t)µh(t)
∞∑

n`=0

∞∑
nh=1

∞∑
ni=0

∞∑
nj=0

ninjnhP(t;n`, ni, nj, nh, k)

+µi(t)bi`(t)
∞∑

n`=0

∞∑
ni=1

∞∑
nj=0

[ni− 1]njniP(t;n`, ni, nj, k)

+µj(t)bj`(t)
∞∑

n`=0

∞∑
ni=0

∞∑
nj=1

ni[nj − 1]njP(t;n`, ni, nj, k)

}

+

mB∑
h=1
h6=i
h6=j

bhi(t)µh(t)
∞∑

nh=1

∞∑
ni=0

∞∑
nj=0

[ni + 1]njnhP(t;ni, nj, nh, k)

+

mB∑
h=1
h6=i
h 6=j

bhj(t)µh(t)

∞∑
nh=1

∞∑
ni=0

∞∑
nj=0

ni[nj + 1]nhP(t;ni, nj, nh, k)

+bji(t)µj(t)

∞∑
nj=1

∞∑
ni=0

[ni + 1][nj − 1]njP(t;ni, nj, k)

+bij(t)µi(t)
∞∑

nj=0

∞∑
ni=1

[ni− 1][nj + 1]niP(t;nj, ni, k)
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+

mA∑
`=1
` 6=k

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)−
mB∑
`=1
6̀=i

` 6=j

µ`(t)[1− b``(t)]Eij`,k(t)

−µi(t)[1− bii(t)]E2
ij,k(t)−µj(t)[1− bjj(t)]E2

ji,k(t)

mA∑
`=1

(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)

{
Eij,`(t) +βi(t)Ej,`(t) +βj(t)Ei,`(t)

}

+bi,mB+1(t)µi(t)
[
E2

ij,k(t)−Eij,k(t)
]

+ bj,mB+1(t)µj(t)
[
E2

ji,k(t)−Eij,k(t)
]

+

mB∑
`=1
6̀=i

` 6=j

b`,mB+1(t)µ`(t)Eij`,k(t) +

mB∑
`=1
` 6=i
6̀=j

{
mB∑
h=1
h6=`
h6=i
h6=j

bh`(t)µh(t)Eijh,k(t)

+µi(t)bi`(t)
[
E2

ij,k(t)−Eij,k(t)
]

+µj(t)bj`(t)
[
E2

ji,k(t)−Eij,k(t)
]}

+

mB∑
h=1
h6=i
h6=j

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
+

mB∑
h=1
h6=i
h 6=j

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]

+

mA∑
`=1

a`k(t)λ`(t)Eij,`(t)

+bji(t)µj(t)
[
E2

ji,k(t)−Eij,k(t) + E2
j,k(t)−Ej,k(t)

]
+bij(t)µi(t)

[
E2

ij,k(t)−Eij,k(t) + E2
i,k(t)−Ei,k(t)

]
= −λk(t)Eij,k(t)−

mB∑
`=1
6̀=i

` 6=j

µ`(t)Eij`,k(t) +

mB∑
`=1
` 6=i
6̀=j

µ`(t)b``(t)Eij`,k(t) +

mB∑
`=1
6̀=i

` 6=j

µ`(t)b`,mB+1(t)Eij`,k(t)

−µi(t)[1− bii(t)]E2
ij,k(t)−µj(t)[1− bjj(t)]E2

ji,k(t)
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+

mA∑
`=1

{(
vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)Eij,`(t) +βi(t)Ej,`(t) +βj(t)Ei,`(t)

}

+bi,mB+1(t)µi(t)
[
E2

ij,k(t)−Eij,k(t)
]

+ bj,mB+1(t)µj(t)
[
E2

ji,k(t)−Eij,k(t)
]

+

mB∑
`=1
6̀=i

` 6=j

mB∑
h=1
h6=`
h6=i
h6=j

bh`(t)µh(t)Eijh,k(t)

+µi(t)

mB∑
`=1
` 6=i
6̀=j

bi`(t)
[
E2

ij,k(t)−Eij,k(t)
]

+µj(t)

mB∑
`=1
` 6=i
6̀=j

bj`(t)
[
E2

ji,k(t)−Eij,k(t)
]

+

mB∑
h=1
h6=i
h6=j

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
+

mB∑
h=1
h6=i
h 6=j

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]

+bji(t)µj(t)
[
E2

ji,k(t)−Eij,k(t) + E2
j,k(t)−Ej,k(t)

]
+bij(t)µi(t)

[
E2

ij,k(t)−Eij,k(t) + E2
i,k(t)−Ei,k(t)

]
+

mA∑
`=1

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)−
mB∑
`=1
6̀=i

` 6=j

µ`(t)Eij`,k(t) +

mB∑
`=1
` 6=i
6̀=j

µ`(t)b``(t)Eij`,k(t) +

mB∑
`=1

µ`(t)b`,mB+1(t)Eij`,k(t)

−µi(t)E
2
ij,k(t)−µj(t)E

2
ji,k(t)

+

mA∑
`=1

{( vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)Eij,`(t) +βi(t)Ej,`(t) +βj(t)Ei,`(t)

}
−bi,mB+1(t)µi(t)Eij,k(t)− bj,mB+1(t)µj(t)Eij,k(t)

+

mB∑
`=1
6̀=i

` 6=j

mB∑
h=1
h6=`
h6=i
h6=j

bh`(t)µh(t)Eijh,k(t)
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+µi(t)


mB∑
`=1
` 6=i

bi`(t)

[E2
ij,k(t)−Eij,k(t)

]
+µj(t)


mB∑
`=1
` 6=j

bj`(t)

[E2
ji,k(t)−Eij,k(t)

]

+

mB∑
h=1
h6=i

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
− bji(t)µj(t)E

2
ji,k(t)

+

mB∑
h=1
h6=j

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]
− bij(t)µi(t)E

2
ij,k(t)

−bji(t)µj(t)Ej,k(t)− bij(t)µi(t)Ei,k(t) +

mA∑
`=1

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)−
mB∑
`=1
6̀=i

` 6=j

µ`(t)Eij`,k(t) +

mB∑
`=1

µ`(t)b`mB+1(t)Eij`,k(t)

−µi(t)E
2
ij,k(t)−µj(t)E

2
ji,k(t)

+

mA∑
`=1

{( vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)Eij,`(t) +βi(t)Ej,`(t) +βj(t)Ei,`(t)

}
−bi,mB+1(t)µi(t)Eij,k(t)− bj,mB+1(t)µj(t)Eij,k(t)

+

mB∑
h=1
h6=i
h6=j

µh(t)Eijh,k(t)−
mB∑
h=1
h6=i
h6=j

bhi(t)µh(t)Eijh,k(t)−
mB∑
h=1
h6=i
h 6=j

bhj(t)µh(t)Eijh,k(t)

−
mB∑
h=1
h6=i
h 6=j

bh,mB+1(t)µh(t)Eijh,k(t)

+µi(t)
(

E2
ij,k(t)−Eij,k(t)

)(
1− bi,mB+1(t)

)
+µj(t)

(
E2

ji,k(t)−Eij,k(t)
)(

1− bj,mB+1(t)
)

+

mB∑
h=1

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
+

mB∑
h=1

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]
−bji(t)µj(t)E

2
ji,k(t)− bij(t)µi(t)E

2
ij,k(t)− bji(t)µj(t)Ej,k(t)− bij(t)µi(t)Ei,k(t)
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−µi(t)bii(t)E
2
ij,k(t)−µj(t)bjj(t)E

2
ji,k(t) +

mA∑
`=1

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t) +

mB∑
`=1

µ`(t)b`,mB+1(t)Eij`,k(t)

+

mA∑
`=1

{( vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)Eij,`(t) +βi(t)Ej,`(t) +βj(t)Ei,`(t)

}
−µi(t)Eij,k(t)−µi(t)bi,mB+1(t)E

2
ij,k(t)−µj(t)Eij,k(t)−µj(t)bj,mB+1(t)E

2
ji,k(t)

−
mB∑
h=1
h6=i
h6=j

bh,mB+1(t)µh(t)Eijh,k(t) +

mB∑
h=1

bhi(t)µh(t)Ejh,k(t) +

mB∑
h=1

bhj(t)µh(t)Eih,k(t)

−bji(t)µj(t)Eij,k(t)− bij(t)µi(t)Eij,k(t) +

mA∑
`=1

a`k(t)λ`(t)Eij,`(t)

=

mB∑
h=1

bhi(t)µh(t)Ejh,k(t) +

mB∑
h=1

bhj(t)µh(t)Eih,k(t)

−bij(t)µi(t)Ei,k(t)− bji(t)µj(t)Ej,k(t)− [µi(t) +µj(t)] Eij,k(t)

+

mA∑
`=1

{( vA∑
h=1

a`,mA+h(t)αh,k(t)

)
λ`(t)Eij,`(t) +βi(t)Ej,`(t) +βj(t)Ei,`(t)

}

−λk(t)Eij,k(t) +

mA∑
`=1

a`k(t)λ`(t)Eij,`(t)
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