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In this paper we demonstrate how a key adjustment to known numerically exact methods for evaluating
time-dependent moments of the number of entities in the Ph;/Phy /oo queueing system and [Ph;/Phy/co]®
queueing network may be implemented to capture the effect of autocorrelation that may be present in arrivals
to the more general M AP;/Ph;/oo queueing system and multiclass [MAP;/Ph;/oo]™ queueing network.
The M AP, is more general than the Ph; arrival process in that it allows for stationary non-renewal point
processes, as well as the time-dependent generalization of non-renewal point processes. Modeling real-world
systems with bursty arrival processes such as those in telecommunications and transportation, for example,
necessitate the use of non-renewal processes. Finally, we show that the covariance of the number of entities

at different nodes and times may be described by a single closed differential equation.
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Translating to and from Lucantoni MAP Notation
We can construct the Lucantoni representation directly from our representation (A,\),

namely

DO = A(Al - I),
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where A is a diagonal matrix with nonzero elements A;, for j =1,2,...,m4, and I is the

identity matrix, while

D1 ]h— <§ aij+kakh>

for j,h=1,2,...,m4.

Notice that the reverse construction (to ours from Lucantoni) may be performed by
assigning to each transient phase a unique absorbing phase to which to transition in the
event of an arrival (i.e., setting vq = m,). Given Lucantoni matrices (Dg, Dy) we can

specify our representation (A ,A) by setting

Aj=—(Do)y;
0, if h=7,
aip =
’ ((Do)jn)/A;j otherwise,
S age, if h=7,
Ajma+h =
a otherwise,

ajn = ((D1)jn)/(Njtjmats)-

for j,h=1,2,...,m4. Notice that this defines A, as a diagonal matrix.

The Closed System of MDEs for the M AP,/Ph;/co Queueing System
THEOREM 2. For the MAP,/Phy/oco witht>s, s>0, and i and j=1,2,...mp,

Cij(s,t) = —p;(t)Ci (s, t) +Z“” b, ;(t)C; ;(s,t) (1)

where b, ;(t) is the Markov routing probability for entities proceeding to node j after having

finished their service at node r at time t, forr and j=1,2,...mp, and t > s.

Proof:



Gerhardt, Nelson, and Taaffe: The M AP;/Ph:/oco Queueing System
Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2016-04-OA-064.R1 3

where E;;(s,t) = E'[N;(s)N,(t)]. Now using the partial marginal Kolmogorov equations

defined in the earlier text we have
/ N )
Biy(s,t) = Y 3 niny5 P(Nils) =ni, Ny(t) = ny)

== Z Z i B5(8) Y An(t) D anan s (P(Ni(s) = i, Nj(t) = g, A(t) = h)

n;=0mn,;=0

_ Z Z ning [1— by ()] p; (E)n;P(Ni(s) = ng, Nj(t) = n;)

n;=0n;=0

— Z Znnjzm brj(t) Y P (Ni(s) =i, N;(t) = ny, Nu(t) =n,)

n;=0mn,;=0 T#] n,=0

+ > it ; An(t) Zl anmatr (E)P(Ni(s) =i, Nj(t) =n; — 1, A(t) = h)

n;=0mn,;=0

+ Z Z ninp () [1 = bj;(8)] (ny + 1) P(Ni(s) = ni, N;j(t) =n; +1)

n;=0n;=0

+ Z Z n; njzur bei(t) > e P(Ni(s) =ni, N;(t) =n; — 1, N,(t) =n,)

n;=0n;= r;ﬁ] n,=0

= - Z An(t Z @ q+r (0) Eijp(5,1) — 11 (£) [1 = b5 (8)] B (s, 2, £)

r=1

mp
— ZMT(t)brj(t ari(8,t,1) + B;(%) Z)\h ZahmAJrr i(j+1),n(5,1)

v

+ (1) [1 = by ()] Eijj1) (5,1, 1) +Zu7» brj (1) Eir(j 1) (s, 1)

T#J

ma vA
t)z)\h(t>zah,m,4+r zh S, t + ,ur r zr S t)
h=1 r=1

T#J

+ 5 (8) [1 = by ()] (Eij (s, 2, 8) — Eij(s,2)) — py(8) [1 = by (8)] Eig (s, £, 1)
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ma vA
= ﬁj(t)z/\h(t)zah,mA+r zh S, t +ZH7~ r E;. 3 t)MJ(t)Eij(S7t>
h=1 r=1

And using the fact that E; ,(s,t) =P(¢;-,£)E;(s) and the result for E;(¢)’ from Nelson and
Taaffe (2004), we have

0 d
5 EEIE0) = B (§E0)

dt
DD anmasr(ON(OP(E; -, 0) (Z bej (8) pe(8) Ee(t) — pe(t)E; (t))
(=1 r=1
So combining these terms
Ci(s,8) = = mi(VEy(5,8) + > 1 (£)brs () Eir (5, 1) Zur brj (0)E (£) + 11 (0)Ei (5)E; (1)

= — p;(t ”st—}—z,u,, b, (t)Ci j(s,t)

o

Notice that the functional form of this result is 1) the same as the Massey and
Whitt Whitt and Massey (1993) result for the [M;/M;/oo]® and M;/G;/oo system, and
2) independent of the arrival process. The latter point is intuitive since entities arriving
to the system after time s do not interact/interfere with entities already present in the

system by time s.

THEOREM 3. The M AP,/Ph;/oo arrival-process state-probability differential equations
(ADEs) are:

k) = ZA ()P (t;-,0) (ZA ag,mﬁh(t)ah,k(t)) + ZA ape (E)Ne(O)P (25, 0) — M ()P (25, k)

fork=1,2,...,mau.
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Proof: While we can show this result by straightforward and tedious algebraic manipu-
lation of the expression

Z Z Z Z (t;n1,n2, .oy Ny, k)

n=0n2=0  n;=0 ;=0
we also note that the arrival process is independent of the service process and therefore
we can formulate the KFEs associated with this simple time-dependent Markov arrival
process directly. O

The marginal first-moment differential equations (MMDESs) are shown below and we

observe that they are not closed. Let E;(t) = E[N,(¢)].

THEOREM 4. The MAP,/Ph;/oo marginal first-moment differential  equations
(MMDEs) are:

E;(t) = %Ej(t) = B;() > Melt) (Z ae,mA+k(t)> P(t;-, ()

+ > b () e () Ea(t) — [1— by (1)]E; (1)

/=1
0

forj=1,2,... ,mpg.
THEOREM 5. The MAP;/Ph;/oo  p""—partial-moment differential equations (p™
PMDEs):

d = +1 _
%Efk( )= — Ak(t) E?,k(t) +[1- ],MJ qzz;] < )Eq ) (~1)7-a

+ i (i ae,mA+h(t)ah,k(t)> Ao(t) B, (2)
(=1 h=1

(=1 \h=1

S (Z P ahku)) M) S (")En
+ Z)\g agk -l- Zug bgj Y <p) E;J-eyk(t)

Z#J

fori=1,2,....myu, 7=1,2,....,mp, and p=0,1,2,....
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Proof:
d oo o0 oo o0
p — p . /
% j,k<t> E E E g an(t7n17n27-"7ntﬂk>
n1=0n2=0

n;=0 ntZO

(o SIENNe o] o0 o0

n1:0 TL2=0 anO ntZO

{— (1 — ape ()] A (P (501,12, - o, Ny, k)
- an,ug(t)[l —bu(t)|P(t;n1,m2, .oy, k)
ma VA mp
+ ) (Z ae,mAM(t)ah,k(t)) Ae(t) Y Tps0Ba(OP(Ena, o mn =1, gy, )
h=1
+ ) awON(OP(Eng g, iy, £)
+ Zbé,mB-‘rl(t) [nf + 1]N€(t)P(t7 ni,...,My + 1; see ,nt,k)

+ ZIW>O]ZZJM nh—i—l,uh()P(t;nl,...,m—1,‘..,nh+1,...,nt,k)}

7,
—[1 = arr ()] A Z pe(E)[1 = b (£)]ED, () — gy (£)[1 = by ()]EL ()
l#]
+Z <ZamA+h ank(t ) Zﬁh (t)+B;(t) Y [nj + 1]PP(t;n;,0)
/=1 = h;é] n;=0
ma 0o o0
+ ) aw(t)\(t)E Jg +Zb€m5+1 pe(t Z an ne+ 1P (t;ne1,my, k)
= £=1 ng=0mn;=0
£k ££)

o

Hbjmp1 () (8) Y nPny + 1P (tn; + 1, k)

n;=0
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oo o0

+Z{the L (t ZZZH‘?n;ﬁ—l (t;ne —1,ny,np+ 1, k)

ng=1np=0n;=0

L#] h#¢
h#j
+ i (t ZZ ‘[n; +1]P tng—l,nj+1,k:)}
ng=1mn;=0

mp

+ > by () (t) ZZ Pl + 1P (tn; — 1,y + 1, k)
h=1

hj

np=0n;=1

= —Ai(t ZM )L — bee()]ES 1 () — (1)1 — by (D]EL, (1)

4#]

vy (Z Gam () ) M) {[1 ~s0E0+50Y (*) E;{m}

maA oo
+Za£k(t>)\€(t) +Zbgm3+1 )Mg Z Zn ’I”LKP t; ’I’Lg,nj,k‘)
(=1 np=1n;=0
Hbjmpr1 (D () D [ng =117 njP(tiny, k)
n;=1
mp mpg 00 00 00
AN b ®pn(®) DN T nP i + 1P (¢ m,my, i + 1, k)
(=1 h=1 ne=0np,=0 anO
e#5 h#l
h#i
+p5(t Zb]g Z —1]Pn; Z P(t;ne,nj, k)
Z;ﬁg nj=1 ne=0
mp o [ee]
> b (Opa(t) D> [ny+ 1P [nn + P (Eny,m, + 1, k)
h=1 np=0mn;=0
h#j
= —Ag(t ZM )L — bee(t)EE, 1, () — i (£)[1 — by ()] EL L (2)

4#]
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L Z(Zm ahm)w(t) ,,0 (P)e0

q=

(=1

+(1=B;(t) Z (ZGZmAM ovn i (t )> Ae(t) EZ ,(2)

—{—Zagk AZ( )Eig +Zb€m3+1 )Hﬁ( )Eé?é,k(t)

/=1
4#3
~ (p
a0 Y (B O
q=0 9
mpB mp [e’s)
E30D bl Y0 30 3wty )
=1 h=] ne=0np=1mn;=0
45 hAl
htj

+p;(t Zbﬂ Z i —1]Pn,P(t;n;, k)

+ XB: bug (Dpn(t) D D [y + PPt g, k)

= e
= —A\i(t Zue (1= bee()JES, . () — p; (8)[1 = by ()]ES L (2)
l#J
p—1
+;(t Z (Z Aemath(t)o )) Ae(t) (2;) Ej‘,z(t)
=1 \h=1 q=0

+Z (Z pma+n () g (T )) Ae(t) EY ,(2)

+Zaek(t)/\e(t M +Zbem5+1(>/i£(t)E§e,k(t)
=1

é#J
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P mp mp
P
by ()1 (8) (q)E D704 S S by (B (B (0)

=1 h=1

#j  hAL
hotj
0D b3 (VB -1+ Z b3 () B3
04 4=0 h;é] q:O
= = M(OEZ(6) = > pe(8)[1 = bue(H)EE, . (£) — s (£)[1 — by ()] EELH (1)
mA VA p—1 » .
+8;(1)> (Z a mA+h(t)Oéh,k(t)> Ae(t) (q> E7,(t)
(=1 h=1 q=0

+€Z (Z Apm p+h ()i, (T )) Aé(t)Eié(t)

+> ag(ONOE () + D bpmger (E)e(t)EL, (1)
/=1

=1
4

15 (6 By () + 1= b5 (6) = by a (]S (p) B (1) (1)

q=0 9
mp mp
—|—Z Z bne () pn (£) B, 1 ( +th] o (t Z (p) Ef, (1)
i b2 hZ)
hts
= —Ai(t ZW )1 = bee(t)] ng(t)
i
p1
03 (Zm ahku)) w03 (7)EL0
=1 \h=1 =0

+€Z (ZaémAJrh Oéhk< )) )\g( )E]é(t)
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+Z@Zk At )Ei)z +Zb€ms+1 )/W(t)E?é,k(t)

4#

1

p
+/’LJ ( )EqH —1)r
—0

q

=1 h=1 q=
0#5 hAl "7
hj

mp Mmp p
p
1539 MACTICE MRS SRLIIO) L (A MG
0
J

= —Ai(t Zuz )L = bee (1), 1. (2)

Z#J

180 Z(Zamm ahk@))Ae(t)p_l (")En0

(=1 q=0

S bt () () (8) 15 (8)[1 — by (1) (p) B3 (1) (1)

=1 q:O
(£

+21—bhh STTRCRUAO G LAORS SUNOILH B ¢ LA

Wi hj

= —M(t)EZ(6) = > pe(t)[1 — bue(£)]EE, . (t)

B0 (Z Gt arn (Dl ) o @ B, (1)
(=1 h=1 q=0

+£Z <Z Qay mA+h Oéh k( )) Ag(t)E?At)

£ G OMOEL0) 4 S breor (e (1)
/=1

O£
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O b0y (g)E;*ﬁ,;l(t)(—l)P-q

+ D ()1 = bu($)]ED, (¢ Zue Vb1 (1)ES, . (t)

L#£5 é#]

mp
p
- Z fre()be; (t) je L(t) + Z b () pn(t Z < )E?h,k(t)
h#]

q=0

= —Xe(O)EL, () + Bt Z(Zaemﬁh ahk(t)>Ag(t)Z<p

(=1 h=1

p—1
+4u5(t bi;( Z( )EQH ) q‘f’zb@ pa(t

q=

+> <Z oy n ()t i (t) ) Ae(t)EZ, (1) + ; g (E) Ao (£)EP
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THEOREM 6. The MAP,/Ph;/oco cross-product partial-moment differential equations

are

mp mp
Eijk(t) = bu(O)peBein(t) + Y bes()eEei x(t)
/=1 /=1

— by () pi () Ei g (8) — bji (8) 115 () B 1 (2)

—[pi(t) + 115 ()] Eij e (t) — A () Eij i (2)

£S5 M0 + S Alt) (Z @y ()0 (1) ) Buyo()
/=1 =1 h=1

+B:(1) Y Nelt) (Z @ m a1 (E) in i (F) > E;(t)

h=1

+8;(6) Y el?) (Z e math(t)oni(t) ) Ei(t).
/=1 h=1

1=1,2,....ompand j=1,2,... mp, i1 #j, and k=1,2,...,ma4.

Proof:
Eijyk’(t)/ = Z Z T Z T Z nian(t;n17n27 s 7nt7k)/
n1=0mn2=0 n;=0 Nm =0

:iiz i nin, x

n1=0n2=0 n;=0 ntZO
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{_

[1— ar ()N ()P (t;m1,n2, .oy, k)

Znéﬂf 1_bff( )]P(t;nbn%"'anm]gak)

/=1 h=1

D a(ON(OP(En1,m2, . My, L)
Z;_ék

Z beamp+1 (D) [ne+ pe(O)P(Esma, e+ 1,0 iy, K)

maA VA mp
> (Z ag,mﬁh(t)ah,k(t)> A1) Ts0BuP(Ena, .y =1, ny,, 0)
h=1

Zl[ne>0 thg Vnn+ Hun ()P0, ..o one—1, o np+ 1,000 g, k) }

h;ﬁ@

—[1 = apr ()] Ak (1) Eij Z/Mz )L = bee(t)Eijer(t)

E;éz
L#]

— 3 (8 [1 = bii ()] B 1 () — 1 (4)[1 = by ()] EF; 1 (1)

mp

> (Z af,mA+h(t)06h,k(t)> Ae(t){ > Bu(t)Ei(t)

h=1
h£i

o

+ Bi(t Z[nz + 1ngP(tng, g, 0) + B5(t) Y nilng + 1P (tn5,m5,0)

n;=0 n;=0

(o S lENNe o]

+Zbgm3+1 pe(t ZZann]W—l—l P(t;ne+1,n4,n4, k)

=1 np=0n;=0n;=0

L7

%

+ bimp+1() E E nnj [n; + 1P (t;n; 4+ 1,n4, k)
n;=0n;=

F bjmpr (O () DY mgnylng + 1P ni,ny + 1, k)

n;=0n,;=0

}
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mp mp [e's) [e's) co o
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L#j
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(=1 \h=1
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+ ZA { <ZA aé,mA—i-h(t)Oéh,k(t) ) /\[(t)EZ‘j’g(t) + ﬁz(t)E][(t) + Bj (t)Ez,K(t)}
(=1 h=1
i1 (D1(8) [EL 1 (8) = Eigae(8)]| by (D15 (1) [ B2, (1) — Eign(1)]
+Z > bnelt)pn(t) Eign (1)
7
hj
‘Hh Z bzé [ i, k Ei] k } + ,UJ Z bjf [ i, k; Eij,k (t)]
+ Z bpi () e (t [ ijhge(t) + Ejpi( ] Z by () o ( [ iihge(t) + Eih,k(t)]
h;éz h;éz
htj hi
3a()s (8) | B2 (1) — Eig(8) + B2, (1) — Eja(t)
i (E)as(8) [E2 (1) — B () + B2, (1) — B (1)
+ EA: ar () Ae(£)Eij o ()
(=1
—e(t)Esjk(t Z pe(t)Eijor(t) + Z pe(t)bee(8)Eije i (t) + Z 1ot () bgm 41 (8) Eijes (1)
Z;tz 67&1 (=1

— i (6)EG 1 (8) — 15 () E; 1 (1)

+ Z { (i pma+h(8) 1 (1) ) Ae(t)Eijo(t) + Bi(H)E;jo(t) + @(t)Eu(t)}
/=1 h=1

~bimp1(E) i (1) Eij e (1) — bjmp 1 (6) 1 (1) Egj 1. (1)

—|—Z Z bre(t) pon (t)Eijn i (t)

Z#z
4 i
h#j



Gerhardt, Nelson, and Taaffe: The M AP;/Ph:/oco Queueing System

18 Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2016-04-OA-064.R1
2 2
+Mz E bzf Ez] k ) Ez’y k + MJ E :bﬂ ji,k t) - Emk(tﬂ
47& Z#J

3 b0 [Eua6)+ (0] = b, (02, (1)

h=1
hti

+ i bnj () pun () [Ez‘jh,k(t) + E,;h,k(t)] — by (8) 11 (1) 3 1. (1)

h=1
h#j

—bji () (8)E; 1 (8) — b (8) i +Zaék )Ae(t)Eqje(t)

mp
= —Ae(t)Eqjr(t Z pe(t)Eijer () + D 1o (t)bem 1 (H)Eije(t)

Z7£Z =1
L#j

— i (8)E 1, (1) — 1y (1) ES, 4 (1)
+ XA: { <ZA: aema+h(t)atnk(t) ) Ae(t)Eijo(t) + Bi(t)E;o(t) + @(t)Ei,g(t)}
/=1 h=1

—bi 1 () 11 () B (1) — bjm 1 ()15 () Eij 1 ()

+ Z p (t Eijn, k( Z b () (t Eijn, k( Z bhg NITAG: zgh,k(t)

h;ﬁz h?’él h7ﬁl
h#j h#j h#g
mp

- Z bh,mB—i-l (t):uh (t)Eijhvk (t)
h=1
h£i
h#j

10(8) (B2 () = Bige®) ) (1= Biamgs1 (1) + 1158) (B2,08) = Bii®)) (1= b1 (1))
+§bhi(t)uh(t)[Eijhk( t)+Ejni(t }—szh] pp (t [wh,k(t)—l—EiM(t)}

=i () (VB 4 (8) — by (6 i ()BT 1 () — ja(t) 11 () B (8) — by (8 i () Eie(t)
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— i (£)bii (65 1 () — p1 (£)bi (£ E5; 1 ( +Zaek )Ae(t)Eije()

DB+ by (DB ()

(=1

+ Z { <ZA: aema+n(t)atni(t) ) Ae(t)Eijo(t) + Bi(t)E;o(t) + @(t)EM(t)}

(=1

= ()i (£) = 113(6) b1 ()5 1 (8) — 11 () B (8) — 145 (£)bjim 1 (£) 5, 1 (2)

_thm3+1 ) o (8) Eijn e (L +me )i () Ejn e (2 +thg )1on (8) Ein 1o (£)

h;éz
h#j

=i (£ (£) Bk () — by (8) i (8) B e (¢ +Za5k JAe(t)Eije(t)

= ZBbhz'(t)Nh Ejni(t +th] ) in (8) Ein k()
h—1
by () i () Ei () — bji () p () E; 1 (8) — [12(8) + 15 (8)] Eija (2)

+ Z { (fj Wi () k() ) Ae(B)Eyjo(t) + Bi(t)Eo(t) + Bj(t)EM(t)}
h=1

(=1

—e(t)Eijk +Zaek () Ae(t)Eij(t)
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