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History:

1. An illustrative example for the analytics branching and selection
method

Using an illustrative example, we describe the procedure of building the generalized lin-
ear models for generating insightful information and present an iteration of the analytics

branching and selection method.

1.1 Generalized linear models for generating insightful information
We next describe the modeling procedure that has 5 main steps:

e Step I: determine parameter settings of the problems (P) that need to be
solved.

e Step II: generate a number of groups of problems (SP) that share similar
parameter settings with problems P but have smaller sizes. We must generate

a large number of small-size problems to create a sufficient amount of data to build the
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generalized linear model. However, here we describe the modeling procedure using six
small-size problems (SP1, SP2; ...... , SP6), including three problems with a size J1-T3-M2
and the other three with a size J1-T2-M3.

e Step III: obtain solution values Y, Y, ¢, and thybrid for all small-size problems

SP. We assume that the solution values Y, Y, &, and thybrid for the six small-size problems

SP are given in Tables 1 - 4.

Table 1 The optimal solution values Y’

J1-T3-M2 J1-T2-M3
Y7 SP1 SP2  SP3 |Y/» SP4 SP5  SP6
Vi 1 0 0 Vi 1 0 0
Y32 0 1 1 Y32 0 1 0
3:112 0 1 1 lff'l 0 0 1
1(122 1 0 0 5(112 1 0 0
1('113 0 1 0 1{@ 1 0 0
Y2 1 0 1 YE 0 1 1
Table 2 The LP-relaxed solution values Y
J1-T3-M2 J1-T2-M3
LP-relaxed values Bins of the LP-relaxed values LP-relaxed values Bins of the LP-relaxed values
Y/ SP1 SP2 SP3 SP1 SP2 SP3 |Y;» SP4 SP5 SP6 SP4 SP5 SP6

Y 061 032 033 [0.6,08) [0204) [0.204) |V, 071 013 000 | ) )
Y2 000 095 077 [0.0,0.2) [0.8 1.0] [0.608) |YZ 024 096 011 | ) [0.8,1.0] [0.0,0.2)
L 019 026 093 [0.0,02) [02,04) [08,1.0] |V 000 0.00 0.78 | ) [0.0,0.2) [0.6,0.8)
Y2 075 045 000 [0.6,0.8) [0.4,0.6) [0.0,02) |Y, 0.63 0.0 000 [0.6,0.8) [0.0,0.2) [0.0,0.2)
YL 061 047 012 [0.6,0.8) [0.4,06) [0.0,02) | YL 000 022 044 | ) [0.2,0.4) [0.4,0.6)
Y3 034 066 071 [02,04) [0.6,08) [0.6 08 |Y35 000 011 069 | ) [0.0,0.2) [0.6,0.8)

[0.0,0.2) [0.0,0.2

Table 3 The solution values ¢

J1-T3-M2 J1-T2-M3
7 SP1L  SP2 SP3 | &7 SP4  SP5 SP6

b1 2 2 Lol 2 2
22 1 1 ER 1 3
L2 2 1 303 3 1
ool 1 2 bl 2 3
Lo 2 1 ER- 1 1
2 2 1 2 3 2 3 2
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Table 4 The hybrid solution values Y,}W,id from the Dantzig-Wolfe and column generation methods
J1-T3-M2 J1-T2-M3
vl SP1 SP2 SP3 v SP4 SP5 SP6
hybrid hybrid
Yllllh ybrid 1 0 0 Yllllh ybrid 1 0 0
21 o1
Mhybrid 0 1 1 Yllhyln id 0 1 0
11 31
)./12hyb7'id 0 0 1 Yllhylnzd 0 0 1
21 11
12hybrid 1 0 0 Ymhybmd 1 1 0
11 21
¥13h,yb7~id 1 1 1 Ymhybmd 0 0 1
21 31
13hybrid 0 0 1 Y12hyb'md 0 0 0

As shown in Table 5, we calculate the average of Y under each scenario of (Y, £, thybm-d)
for each small-size problem and let the average be Y9, As a result, we get a number of

observations (Y9, Y ¢, and thybﬁd) given at the right side of Table 5.

Table 5  The solution values Y, Y, &, Y, priar @and the modeling data

The solution values Y, Y, &, and Y}, ,..4 The modeling data

Y Y 3 Yhybrid Yavg Y £ Yhybrid

1 0.6, 0.8) 1 1 0.67 0.6, 0.8) 1 1

0 0.0, 0.2) 2 0 0 [0.0, 0.2) 2 0

0 0.0, 0.2) 2 0 1 0.2, 0.4) 2 0
SP1 1 0.6, 0.8) 1 1

0 0.6, 0.8) 1 1

1 0.2, 0.4) 2 0

0 [0.2, 0.4) 2 0 0.5 [0.2, 0.4) 2 0

1 0.8, 1.0] 1 1 1 [0.8, 1.0] 1 1

1 0.2, 0.4) 2 0 0 (0.4, 0.6) 1 0
SP2 0 0.4, 0.6) 1 0 1 (0.4,06) 2 1

1 0.4, 0.6) 2 1 0 0.6, 0.8) 1 0

0 0.6, 0.8) 1 0

0 (0.2, 0.4) 2 0 0 (0.2, 0.4) 2 0

1 (0.6, 0.8) 1 1 1 (0.6, 0.8) 1 1

1 [0.8, 1.0] 1 1 1 [0.8, 1.0] 1 1
SP3 0 0.0, 0.2) 2 0 0 0.0, 0.2) 2 0

0 0.0, 0.2) 1 1 0 0.0, 0.2) 1 1

1 06,08 2 1 1 (06,08 2 1

1 0.6, 0.8) 1 1 1 0.6, 0.8) 1 1

0 0.2, 0.4) 2 0 0 0.2, 0.4) 2 0

0 0.0, 0.2) 3 0 1 0.0, 0.2) 3 0
SP4 1 0.6, 0.8) 1 1 0 0.0, 0.2) 2 0

1 0.0, 0.2) 3 0

0 0.0, 0.2) 2 0

0 0.0, 0.2) 2 0 0 0.0, 0.2) 2 0

1 [0.8, 1.0] 1 1 1 [0.8, 1.0 1 1

0 0.0, 0.2) 3 0 0.5 0.0, 0.2) 3 0
SP5 0 0.0, 0.2) 2 1 0 0.0, 0.2) 2 1

0 0.2, 0.4) 1 0 0 0.2, 0.4) 1 0

1 0.0, 0.2) 3 0

0 0.0, 0.2) 2 0 0 0.0, 0.2) 2 0

0 0.0, 0.2) 3 0 0 0.0, 0.2) 3 0

1 0.6, 0.8) 1 1 1 0.6, 0.8) 1 1
SP6 0 0.0, 0.2) 3 0 0 0.4, 0.6) 1 1

0 0.4, 0.6) 1 1 1 0.6, 0.8) 2 0

1 0.6, 0.8) 2 0
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e Step IV: build generalized linear models by the GLM procedure in Sta-
tistical Analysis System (SAS). The generalized linear models are built using the
observations of (17‘“’9 Y € ,thybmd) where Y99 is the target variable and Y, £, and thymd

are the exploratory variables. We assume that the modeling output is as follows:

0" (V) =0.39 + raten[Y] -o.

“1” = 0.10 . 5
wom L 1 “0” = —0.06
+ Maten[€] [ 22 _g;gﬂ + Maten[ Vi prial [ 102 7006 )

cocoo
PPN O
I
D00 N
SRR
boguy
ooooo
WoooN
=== 00N

where the values in quotation marks are the respective solution values associated with Y,
&, and thybrid7 and the values next to “=" are the model coefficients.

e Step V: obtain solution values Y, ¢, and thybrid for problems P and calculate
©'(Y) using the above equations for all setup variables. We use a problem P that
has a size J2-T2-M3 as an example. We assume its solution values Y, £, and thybrid are

given at the left side of Table 6. ©'(Y') is calculated using the above equations and given

at the right side of Table 6.

Table 6  The solution values Y, &, Y, . .., and the insightful information ¢! (Y)

Yir Yir B Y e ¢ (V)
vy, [0.8,1.0] 1 1 0.3940.31+0.10 4 0.06 = 0.86
YZ  [0.2,04) 2 0 0.39 — 0.08 —0.03 — 0.06 = 0.22
Yy [04,06) 3 0 0.39 — 0.01 — 0.07 — 0.06 = 0.25
vy, [06,08) 1 1 0.39 — 0.01 +0.10 4 0.06 = 0.54
2 [00,02) 3 0 0.39—0.22 — 0.07 — 0.06 = 0.04
2 [0.2,04) 2 0 0.39—0.08 —0.03 — 0.06 = 0.22
vl [00,02) 1 0 0.39—0.22 +0.10 — 0.06 = 0.21
YZ  [0.0,02) 2 1 0.39 — 0.22 — 0.03 4 0.06 = 0.20
Y2 [0.4,06) 3 1 0.39 — 0.01 — 0.07 4 0.06 = 0.37
YL, [0.8,1.0] 2 1 0.39+0.31 —0.03 +0.06 = 0.73
YZ [0.6,08) 3 1 0.39—0.01 — 0.07 4 0.06 = 0.37
YZ [0.2,04) 1 0 0.39—0.08 +0.10 — 0.06 = 0.35

From Table 6, we have that, at an optimal point, the setup variable Y}} is most likely
(86%) 1 when the variable has solution values ([0.8, 1.0], 1, 1) for (Y, &, Yyypria). Meanwhile,
the setup variable Y} is least likely (4%) 1 when the variable has solution values ([0.0,
0.2], 3, 0) for (Y&, Yhybrid). We note that the above description is just for one iteration of
the modeling procedure. Similarly, we perform such modeling procedure for 20 iterations
for which Yhybm-d is refreshed during each iteration. We take the average of ©'(Y), V I €
{1,2,......,20}, i.e., ¢(Y) (:M) and use ¢(Y') as the likelihood information for

the analytics branching and selection method.
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1.2 An illustrative example for the analytics branching and selection method

We will next use the above illustrative example to describe the procedure of the analytics

branching and selection method in Figure 1.

Figure 1

e Step 0: We create an analytics point Y using the likelihood ¢(Y'). In this example, we
assume @(Y) is the same as p!(Y) given above and set  to 0.3 to calculate the analytics
point Y that is given in Step 0 of Figure 1. We apply a combined optimization approach
to achieve a feasible solution (BestY) for the problem (P) that is given in Step 0 of Figure

Step 0: We create an analytics point ¥ using the likelihood $(Y) and apply a combined optimization approach to
lachieve a feasible solution (BestY) for the problem (IP). We initially set the index subset FS to be empty, i.e, FS = @.

Vi | VA VR VL VRV BestY]y | BestY? | BestY | BestY}, | BestV? | BestY®

)4 1 0 0 1 0 0 BestY L 0 o L 0 0
VAL VA | V3 |V | VR | V3 BestY}, | BestYf | BestY; | BestY), | BestY? | BestYs,

0 0 1 1 1 1 0 1 1 0 0

IStep 1: We apply an analytics-based branching procedure to select a setup variable into the index subset BS. The
problem (P) has the setup variables in FS being fixed to BestY and the setup variable in BS being fixed to 1 or 0.

vho|vh [ vy | v Yh | Y

1 7 3 1 2 3
Y i i Y2 Y2 Yz

1 {0,1} | {0,1} | {0,1} | {0, 1} [ {O, 1}

0 {0,1} | {0,1} | {0,1} | {0,1} | {0, 1}

B Tva [va [ v [ v v

BP v T vg [ va [ 12 Y3 Y3

0,1} [ {0,1} [ {0,1} [ {0,1} | {0, 1} | {0, 1}

0,1} [ 0,1} [ 0,1} | 0,1} [ {0,1} | {0, 1}

FS=0and BS = {111}

FS=@andBS = {111}

[Step 2: We apply an analytics-based selection procedure to select more setup variables into the index subset ZS and

ffix them to BestY.
Ylll lei Y131 YI:| Y12 Y13 ylll y121 yl31 yl1 y‘Z y132
1 |01 [{01| 1 {01} {01} 0 |[{01}[{01}]| 1 |{01}| {01}
BP1 Y Y3 oY, | Y Y3 B3 Y Y3 Y5 ) Y %7
0,1} [ {01} [{0,1} | 1 [{01} | {01} 0,1} | {0,1} 1 0,1} | {0,1} | {0,1}
FS =0, BS = {111}, and Z5 = {121, 221} FS =0, BS = {111}, and ZS = {121, 231}
ylll ylzl Ylal }’11 ylz Y13 Ylll ylzl lel Y112 yl2 yl3
1 ({01 ]{01] 1 [{013]{0,1 0 |{01}]{,1}|{1}|{01}]| {01}
BP2 Y4 YA Y3 Yy Y2 Y3 BP4 Y4 YA Y Y Y %7
0,1} | {0, 1} 1 0,1} | {0,1} | {0,1} {0,1} | {0,1} 1 1 {0,1} | {0,1}
FS =0, BS = {111}, and Z5 = {121, 213} FS =0, BS = {111}, and Z5 = {213, 221}
R

Step 3a: We create four branching subproblems that can|
be easily determined after the FS, BS, ZS, and OS are
lgiven, where OS = Full index set — FS — BS - ZS.

[Step 3b: We also create a random subproblem for
hich some setup variables are fixed to the randomly-
sampled values.

vhO| YA | vh | v Y Yh

1 0,1} | {0,1} | {0,1} 1 {0, 1}

RP1 v YA Y vi Y2 Y3

{0, 1} 0 {0,1} [ {0,1} | {0,1} | {0, 1}

!

!

Step 4: We solve all branching and random subproblems using a combined optimization approach. The objectives

END

Is the
termination criteria
satisfied?

of the five subproblems are given as follows:  [gp1 [ 1938
BIP2 | 2200
BP3 | 2015
BP4 | 2188
RP1 | 2310
Is the
best subproblem a Step 5a: We update BestY if a better solution is found. We insert the index in
branching

subproblem?

YES

IBS to FS and fix the variable to the corresponding value. We release all setup;
/ariables other than those in FS, i.e, FS={111},BS=®,ZS=®, and OS = @.

BestY

BestY;; | BestY? | BestY | BestY), | BestY? | BestVd | [
1 0 0 1 0 0

BestYy), | BestY? | BestYs, | BestY}, | BestY? | BestYs
0 1 0 1 0 0

An illustrative example for the analytics branching and selection method

1. We initially set the index subset F'S to be empty, i.e., F'S=0. Go to Step 1.
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e Step 1: We apply an analytics-based branching procedure to select a setup variable
into the index subset BS. The problem (P) has the setup variables in F'S being fixed to
BestY and the setup variable in BSS being fixed to 1 or 0. In this example, we branch the
setup variable Y}} at first because it has the largest value at ¢(Y"). Go to Step 2.

e Step 2: We apply an analytics-based selection procedure to select more setup variables
into the index subset ZS and fix them to BestY . In this example, we select two variables
into the index subset Z.S and have 4 different selections of ZS. Go to Step 3.

e Step 3: We therefore have four branching subproblems that can be easily determined
after the F'S, BS, ZS, and OS are given, where OS = the full index set of the setup
variables — F'S — BS — ZS. The definition of the branching subproblem is given in the
main manuscript of this paper. Meanwhile, we also create a random subproblem for which
some setup variables are fixed to the randomly-sampled values. Go to Step 4.

e Step 4: We solve all branching and random subproblems using a combined optimiza-
tion approach. In this example, we assume the objectives of the five subproblems are given
in the table of Step 4 of Figure 1. Go to Step 5.

e Step 5: Because the best subproblem is a branching subproblem, we insert the index
in BS to F'S and fix the variable to the corresponding value. We release all setup variables
other than those in F'S, i.e., FS={111},BS=0,Z5 =), and OS = (. We also assume
a better solution is found such that we update BestY that is given in Step 5 of Figure 1.
Go to Step 6.

e Step 6: We terminate the method either when the computation time is larger than
the preset time-limit (7};,), or all setup variables Y have been fixed, otherwise go to Step

1. In this example, we have F'S = {111} for the next iteration.

2. The per-item Dantzig—Wolfe decomposition

Here we describe the LP-relaxation of the Dantzig—Wolfe decomposition for the three
formulations. For LSNM, the definitions of all parameters and variables are given in the
main manuscript. We denote the LP-relaxation of the master problem by MP-Df %,
that is given as follows:

min D NN N sV N b YD DD pe X A

jeJ teT meM; ocOi jeJ teT meM; ocOJ

NN hey I8 Mo

jeJ teT 0cOi
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Subject to: Y Y (pt]'- X0+ stT Y1) Njo <CP, VEET, me M

JE€EIm 0€0I

Z Nio=1,Vj5eJ (MP'ngNMJD)

oc0J

Ao >0, Vi€ 0€O?

The pricing subproblem is same as the subproblem SP-Djgny,p given in the main

manuscript.

For FLNM, besides O/, Y%, Njo, B and p; defined as previously, U7 is defined as the
amount of production of item j on machine m in period ¢ used to satisfy demand in period
s for a given possible setup schedule o € O/. FLNM is decomposed into several pricing

subproblems (SP-Dprnasrp) and a master problem (MP-D%%,., ;p) as follows:

min Yy N s YTy Y > v U,

teT meM; teT se{t,...,|T|} meM;
=D D DB UR =)D D Bty Vi —p, ViEJ
teT se{t,...,|T|} meM; teT meM;
Subject to: Z Z Uls=djs, Vs€T
t=1 meM;
Ul <djs- Y}, YteT, se{t,..,|T[}, meM, (SP-Drrnaip)
Z YjTSmmj, VteT
meM;
Ui, 20, Vi e{0,1}, VteT, se{t,...,|T|}, meM;

LD DD B IR RS 3D DD DEND DI DL R R

je€J t€T meM; ocOJ jeJ teT se{t,...,|T|} meM; ocOI

Subject to: > > Y pt U N+ Y > stV N <C VEeT, meM
JETm s€{t,...,|T|} 0cOI JE€EIm 0€0OI
Z Nio=1,VjgeJ (MP'D?ENMJD)
0€0J

Nio>0,Vj€ ] 0€0!

For SPNM, Wi? is defined as percentage of production of item j on machine m in period

t used to satisfy the accumulated demand for item j from period ¢ to period ¢ for a given
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possible setup schedule o € 0/. SPNM is decomposed into several pricing subproblems
(SP-Dspnarip) and a master problem (MP-D5E,., ;5) as follows:

min Z Z sc§”~Yj§”+Z Z Z tcjie - Wit

teT meM; teT se{t,...,|T|} meM;

=2 DL > D Bt dig

te€T qeft,...,|T|} se{q,...,|T|} meM;

=) > BlsttYi—p, Vjed

teT meM;
Subject to: Z Z =1,
s€T meM;
t—1
S0 When= > D Wi Vie{2..[T]}  (SP-Dsprarin)
s=1 meM; s€{t,...,|T|} meM;
> WY VteT, meM
s€{t,..,|T|}
Z Y <mm; VteT
meM;
Wi, >0, Yjie{0,1},VteT, seit,...|T|}, me M;

min® Y >N s YN Y > Y Y Y WA,

jeJ teT meM; ocOI jeJ teT sedt,...,|T|} meM; ocOI
Subject to: > > > > ptd WES Njo+ > Y stV N, <O
J€Im qelt,...,|T|} s€{q,....|T|} 0€OI J€Im 0€0I
VteTl, meM
Z Nio=1,VjeJ (MP'DggNMJD)
0cOJ

Njo>0,VjeT 00’

For the per-item Dantzig—Wolfe decomposition of FLNM and SPNM, the integrality
must be imposed on the original setup variables Y}i* for the master problems. We skip the

formulations for brevity.

3. The per-period Dantzig—Wolfe decomposition

Here we describe the LP-relaxation of the per-period Dantzig—Wolfe decomposition for
LSNM, FLNM, and SPNM. For LSNM, we define K' as the set of all possible setup
schedules for period ¢ where K' = {(Y}},...,Y/",.. )|Y; € {0,1}}, V j € J, m € M;. For
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a given possible setup schedule k € K*, we define Yka as the setup value for item j on
machine m in period ¢, X;-?k as the amount of production of item j on machine m in period
t, I Jkt as the amount of inventories of item j at the end of period ¢, and 7 as the fraction
of production of period t. In addition, v;; (V j € J, t € T') represents dual variables related
with the demand-satisfaction constraints; and 6; (V t € T') represents the dual variables
for the convexity constraints. With these definitions, LSNM is decomposed into T pricing

subproblems (SP-Dysnur_pp) and a master problem (MP-DX4, . ) as follows:

min Z Z SCT-Y]T—FZ Z pc;”-XfZ+Zth’fjt

j€J meM; j€J meM; JjeJ
IO v XY (v viewn) L — 6, VEET
j€J meM; jeJ
Subject to: Y pt?-Xjp4+ Y st YR <CP,VmeM
JEIm JE€EIm
X5 <BMj- Y, VjeJ meM, (SP-Drsnar_pp)

> Y <mm; Vel

meM;

T
L <Y dj, Vjed
q=t

X;’?; IjtZO, YVJTE{O?1}7 VjGJ, mEMj

min YD D D s Vitma d Y Y Y we X m

jeJ teT meM; keK! jeJ teT meM; keK!

+ZZ thj'lft'ﬂ-tk

j€J teT keK?

Subject to: Y > XpFemy+ Y I, g meongr— Y b mu=dy, VjEJ teT

ket meM,; keK? keK?

LR
Z =1, VteT (MP-Dysn_pp)
keK?

T >0, VteT, ke K

For FLNM, U}Z}s’“ is defined as production of item j on machine m in period t used

to satisfy the demand for item j in period s for a given possible setup schedule k € K.
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FLNM is decomposed into T" pricing subproblems (SP-Dgrya_pp) and a master problem
(MP-DE%y 0 pp) as follows:

min y Y s Vi Y, D veUL

j€J meM; jeJ se{t,...,|T|} meM;

_Z Z Z%q‘Uﬁq—(st, VteT

Je€J qe{t,..,|T|} meM;

Subject to: Z Z ptT-U}?S%—Zst?-Y}TSCZ”,VmEM

JE€EITm s€{t,...,|T|} JETm

U <dj- Y7, Vi€ se{t,...|T|} (SP-Drrym_pp)
Z Y <mmy, VjeJ meM;

meM;

Ui, 20, Y €{0,1}, Vjie J teT, se{t,..,|T|}, meM,;

CID N IPIPEEAEES D IS WD 9P MRS

jeJ teT meM; keK? JjeJ teT se{t,...,|T|} meM,; keK?

t
Subject to: > Y > Ut mp=dy,VjeJ teT

q=1 meM; ke K1

Z T =1, VteT (MP‘Der}ENM,PD)

keEK?

T >0, VteT, ke Kt

For SPNM, W/J%k is defined as percentage of production of item j on machine m in
period t used to satisfy the accumulated demand for item j from period ¢ to period ¢ for
a given possible setup schedule k € K. SPNM is decomposed into T pricing subproblems

(SP-Dspnarpp) and a master problem (MP-D5E ../ »p) as follows:

min Z Z sc?”-YjT—i—Z Z Z s - Wi

j€J meM; jeJ se{t,...,|T|} meM;
D IED DD BETEED DEED DR BRI
JE€J qe{t,...,|T|} meM; J€J qe{t,...,|T|—1} meM;
— 0 VteT
Subject to: Z Z Z pty* - djs - J%%—Zst;?“-Yj?SC?,VmGM
JETm s€{t,...,|T|} qg€{s,....|T|} JE€EIm
Z W;tns SY;T, VJE J, mEMj (SP—DSPNMJ:-D)

seft,|TI}
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Z Yi<mm; VjeJ
meM;

Wi, >0,V e{0,1},VjeJ teT, seit,..,[T[}, meM,;

jts

min > >, > D s Vit ety >, >, D Dt Wi mw

jeJ teT meM; keK? jeJ tel sedt,...,|T|} meM; keK?

Subject to: Z Z ZT/V]T;“-mkzl,VjEJ

q€T meM; keK!

t—1
Z Z Z W]'TZ(];—I) * Mk = Z Z Z W]qu Ttk \V/j S J? te {27~~'7 |T|}

q=1 meM; keK4 g€{t,...,|T|} meM; keK?t
LR
E =1, VteT (MP-Dgpnarpp)
keK?

T >0, VteT, ke K'

For the per-period Dantzig—Wolfe decomposition of LSNM, FLNM and SPNM, the inte-
grality must be imposed on the original setup variables Yi* for the master problems. We

skip the formulations for brevity.

4. The proof procedures of the propositions
4.1 The proof procedure of Proposition 1: 07 = {(X7},I;;,Y}") € (2),(4) — (7); Lj+—1-X}}
=0, VjelJ teT, meM,}

Proof. See Degraeve and Jans (2007), Proposition 1, for the multi-item capacitated lot
sizing problem with setup times. The procedure is extendable to the CMLS-NM problem
studied in this paper and we skip it for brevity. O

4.2 The proof procedure of Proposition 2: [0’ = (3277 C%, -2m)ITl,

Proof. For an extreme point, there are two possibilities (X i =0and X7 > 0) for the
production variable when Yj* = 1; and there is one possibility (X7} = 0) for the production
variable when Y}i* = 0. Herein, for each of the |T'| periods, there are exactly Cy -2"-1"" 7"
possibilities for the setup and production variable under the scenario that ) M, Y =n,
¥ n €{0,...,mm;}. Combining the possibilities over the |T| periods gives (C%}, -2 +C}y, -
2' 4+ CRy, - 2%+ ...+ O - 27Tl extreme points in total. O

We note that Degraeve and Jans (2007) discussed a similar proposition for the single-

machine multi-item lot sizing problem.
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n=

4.3 The proof procedure of Proposition 3: |07 = (3" C}\’Aj)m.

Proof. Because only dominant production plans are considered in O, there is one pos-
sibility (X7} > 0) for the production variable when Yi' = 1; and there is one possibility
(Xji = 0) for the production variable when Y}i* = 0 for an extreme point. Herein, for each
of the |T| periods, there are exactly C’j{,tj -1™-1™mmi~" possibilities for the setup and produc-
tion variable under the scenario that >° \ Vi’ =n, ¥V n €{0,...,mm;}. Combining the
possibilities over the |T| periods gives (C’?Vlj + C’}Vlj + C/Q\,[j +... - Cﬁ?j )T extreme points in
total. ]

4.4 The proof procedure of Proposition 4: LBy syy—pp < LBrrvaw—pp

9

We prove the proposition by showing that a feasible solution (U7},

fjt, lv/j’t”) of the per-period

}v/jT) of the per-period

decomposition of FLNM corresponds to a feasible solution (X;?,

decomposition of LSNM with the same objective value but the reverse is not necessarily

true.

9

If (U7, 1\;;’;‘) is a feasible solution, it means that a) the solution is contained in the convex

hull defined by constraints (10)-(14) and b) it satisfies constraints (9). Herein, (U, }U/JT)

can be expressed as a convex combination of all extreme points (U7 Yj’[‘k) of the convex

Jtg
hull of constraints (10)-(14):
Un =5 my-UB* and Yir= > Wtk-Y}Tk,VjGJ,tET, qgef{t,....|T|}, meM,.

Jjtq Jtq
kEeK?t kEK?

9

Projecting the feasible point (U

o YJT) onto the (X, I, Y)-space, we have the corre-

sponding solution:

Xp= > Up= Y > m U Vjel teT, meM;

q€{t,..,| T} q€{t,...,|T|} keK*
t |7 t |7
o o A ]
LYY Y e Y S S metphvicer
q=1 s=t+1meM; q=1 s=t+1meM; keK?
Y=Y my-Yj* Vied teT, meM,
keEK?

For the extreme points (UJ¥, Y;*) of the convex hull of constraints (10)-(14), we, by

projection, have the corresponding solution in the (X, I, Y)-space:

Xpk= Y UM VjeJ teT, meM,

Jtq
qei{t,...,|T}
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t |7 t |7
k __ mk __ mk .
]jt_E E E qus_E § E E qus,VJGJ,tGT
q=1 s=t+1meM; g=1 s=t+1meM; keK?

YiF=Y[* Vjeld teT, meM,

||

From the above equalities, we have that X}? =5 > - Ujfgq’f =3 7wy Xjr'tzkz7 jjt _
qg=t ke Kt LEKt
t |7 y
S > Y Uk =3 my-If,and Y = Y my.- Y. Also, the solution (X77¥,
q=1s=t+1meM; ke K? keKt keKt
I, Y;*) satisfies constraints (3)-(7), which implies that the solution (X7}, I, Y}}') is a

convex combination of solutions (X7* I

A Y]Tk) and is in the convex hull of constraints

%

(3)-(7). Besides, the solution (X7}, L, Y’JT) satisfies constraints (2) because the original

9

solution (U7 f/ft”) satisfies constraints (9). Herein, (X}

4 >, m . . .
jtqs it Lit, Yiit) is a feasible solution of

the per-period decomposition of LSNM. In addition, the definition of cost coefficients in
FLNM guarantees that both solutions have the same objective value.
According to the computational tests, most test instances in J3-T8-M2 and J4-T6-M3

can be examples that show the inequality is possibly strict. O

4.5 The proof procedure of Proposition 5: LBr.yiy—pp = LBspyna—pp

We prove the proposition by showing that a feasible solution (Wm 1\7]@”) of the per-period

Jtg

decomposition of SPNM corresponds to a feasible solution (U

T Y’JT) of the per-period

decomposition of FLNM with the same objective value and vice versa.

It (W

it Y]T) is a feasible solution, it means that a) the solution is contained in the

convex hull defined by constraints (18)-(21) and b) it satisfies constraints (16)-(17). Herein,

v

(W

Jtg’

Y)]') can be expressed as a convex combination of all extreme points (W), Yi*")

of the convex hull of constraints (18)-(21):
Wyffq:kZK T - Wit and Y7 :kZK T YR Y jeJ teT, g€ {t,..,|T|}, me M,
¢ EK?

Projecting the feasible point (W.

T }V’JT) onto the (U, Y)-space, we have the correspond-

ing solution:

7] 7]

Ui =Y dig- Wit =Y mu-djg- Wik, Vi€ J teT, ge{t,..,|T|}, meM,
s$=q s=q ke Kt

Y=Y my-Yj* Vied teT, meM,

keK?
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For the extreme points (Wi, Y/i**) of the convex hull of constraints (18)-(21), we can

find the corresponding solution in the (U, Y')-space by projection as well:

T

Um’f:zdjq.wmk Vied teT, ge{t,...|T|}, meM,;
s=q

Jtq Jts

Y=Y Vi€ teT, meM;

g 7] y
" _ k_ k —
From the above equalities, we have Uff, = > > Ty -djg- WiE = > my-Ujp and YT =
s=qkeK! keK?

> 7 Y%, Also, the solution (U7, Y;*) satisfies constraints (10)-(14), which implies
keK?
that the solution (Ujy,, Y/7*) is a convex combination of solutions (Uj¥, Y1) and is in the

convex hull of constraints (10)-(14). Besides, the solution (ﬁ;?q, Y/JT) satisfies constraints

(9) because the original solution (Wjy, Yi') satisfies constraints (16)-(17). Herein, (UJ,
Y}') is a feasible solution for the per-period decomposition of FLNM. The definition of
cost coefficients in SPNM guarantees that both solutions have the same objective value.

%

The above proof process is reversible. If we let (UJf, lv/ﬁ”) be a feasible solution of the

per-period decomposition of FLNM and project it onto the space of the per-period decom-

position of SPNM, we can show that (W7, YI') is a feasible solution of the space of the per-

period decomposition of SPNM. O
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