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History :

1. An illustrative example for the analytics branching and selection
method

Using an illustrative example, we describe the procedure of building the generalized lin-

ear models for generating insightful information and present an iteration of the analytics

branching and selection method.

1.1 Generalized linear models for generating insightful information

We next describe the modeling procedure that has 5 main steps:

• Step I: determine parameter settings of the problems (P) that need to be

solved.

• Step II: generate a number of groups of problems (SP) that share similar

parameter settings with problems P but have smaller sizes. We must generate

a large number of small-size problems to create a sufficient amount of data to build the
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generalized linear model. However, here we describe the modeling procedure using six

small-size problems (SP1, SP2, ......, SP6), including three problems with a size J1-T3-M2

and the other three with a size J1-T2-M3.

• Step III: obtain solution values Ŷ , Ȳ , ξ, and Ẏ 1
hybrid for all small-size problems

SP. We assume that the solution values Ŷ , Ȳ , ξ, and Ẏ 1
hybrid for the six small-size problems

SP are given in Tables 1 - 4.

Table 1 The optimal solution values Ŷ

J1-T3-M2 J1-T2-M3

Ŷ m
jt SP1 SP2 SP3 Ŷ m

jt SP4 SP5 SP6

Ŷ 1
11 1 0 0 Ŷ 1

11 1 0 0
Ŷ 2
11 0 1 1 Ŷ 2

11 0 1 0
Ŷ 1
12 0 1 1 Ŷ 3

11 0 0 1
Ŷ 2
12 1 0 0 Ŷ 1

12 1 0 0
Ŷ 1
13 0 1 0 Ŷ 2

12 1 0 0
Ŷ 2
13 1 0 1 Ŷ 3

12 0 1 1

Table 2 The LP-relaxed solution values Ȳ

J1-T3-M2 J1-T2-M3

LP-relaxed values Bins of the LP-relaxed values LP-relaxed values Bins of the LP-relaxed values

Ȳ m
jt SP1 SP2 SP3 SP1 SP2 SP3 Ȳ m

jt SP4 SP5 SP6 SP4 SP5 SP6

Ȳ 1
11 0.61 0.32 0.33 [0.6, 0.8) [0.2, 0.4) [0.2, 0.4) Ȳ 1

11 0.71 0.13 0.00 [0.6, 0.8) [0.0, 0.2) [0.0, 0.2)
Ȳ 2
11 0.00 0.95 0.77 [0.0, 0.2) [0.8, 1.0] [0.6, 0.8) Ȳ 2

11 0.24 0.96 0.11 [0.2, 0.4) [0.8, 1.0] [0.0, 0.2)
Ȳ 1
12 0.19 0.26 0.93 [0.0, 0.2) [0.2, 0.4) [0.8, 1.0] Ȳ 3

11 0.00 0.00 0.78 [0.0, 0.2) [0.0, 0.2) [0.6, 0.8)
Ȳ 2
12 0.75 0.45 0.00 [0.6, 0.8) [0.4, 0.6) [0.0, 0.2) Ȳ 1

12 0.63 0.00 0.00 [0.6, 0.8) [0.0, 0.2) [0.0, 0.2)
Ȳ 1
13 0.61 0.47 0.12 [0.6, 0.8) [0.4, 0.6) [0.0, 0.2) Ȳ 2

12 0.00 0.22 0.44 [0.0, 0.2) [0.2, 0.4) [0.4, 0.6)
Ȳ 2
13 0.34 0.66 0.71 [0.2, 0.4) [0.6, 0.8) [0.6, 0.8) Ȳ 3

12 0.00 0.11 0.69 [0.0, 0.2) [0.0, 0.2) [0.6, 0.8)

Table 3 The solution values ξ

J1-T3-M2 J1-T2-M3

ξmjt SP1 SP2 SP3 ξmjt SP4 SP5 SP6

ξ111 1 2 2 ξ111 1 2 2
ξ211 2 1 1 ξ211 2 1 3
ξ112 2 2 1 ξ311 3 3 1
ξ212 1 1 2 ξ112 1 2 3
ξ113 1 2 1 ξ212 3 1 1
ξ213 2 1 2 ξ312 2 3 2
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Table 4 The hybrid solution values Ẏ 1
hybrid from the Dantzig-Wolfe and column generation methods

J1-T3-M2 J1-T2-M3

Ẏ m1
jthybrid

SP1 SP2 SP3 Ẏ m1
11hybrid

SP4 SP5 SP6

Ẏ 11
11hybrid

1 0 0 Ẏ 11
11hybrid

1 0 0

Ẏ 21
11hybrid

0 1 1 Ẏ 21
11hybrid

0 1 0

Ẏ 11
12hybrid

0 0 1 Ẏ 31
11hybrid

0 0 1

Ẏ 21
12hybrid

1 0 0 Ẏ 11
12hybrid

1 1 0

Ẏ 11
13hybrid

1 1 1 Ẏ 21
12hybrid

0 0 1

Ẏ 21
13hybrid

0 0 1 Ẏ 31
12hybrid

0 0 0

As shown in Table 5, we calculate the average of Ŷ under each scenario of (Ȳ , ξ, Ẏ 1
hybrid)

for each small-size problem and let the average be Ŷ avg. As a result, we get a number of

observations (Ŷ avg, Ȳ , ξ, and Ẏ 1
hybrid) given at the right side of Table 5.

Table 5 The solution values Ŷ , Ȳ , ξ, Ẏ 1
hybrid, and the modeling data

The solution values Ŷ , Ȳ , ξ, and Ẏ 1
hybrid The modeling data

Ŷ Ȳ ξ Ẏhybrid Ŷ avg Ȳ ξ Ẏhybrid

1 [0.6, 0.8) 1 1 0.67 [0.6, 0.8) 1 1
0 [0.0, 0.2) 2 0 0 [0.0, 0.2) 2 0
0 [0.0, 0.2) 2 0 1 [0.2, 0.4) 2 0

SP1 1 [0.6, 0.8) 1 1
0 [0.6, 0.8) 1 1
1 [0.2, 0.4) 2 0

0 [0.2, 0.4) 2 0 0.5 [0.2, 0.4) 2 0
1 [0.8, 1.0] 1 1 1 [0.8, 1.0] 1 1
1 [0.2, 0.4) 2 0 0 [0.4, 0.6) 1 0

SP2 0 [0.4, 0.6) 1 0 1 [0.4, 0.6) 2 1
1 [0.4, 0.6) 2 1 0 [0.6, 0.8) 1 0
0 [0.6, 0.8) 1 0

0 [0.2, 0.4) 2 0 0 [0.2, 0.4) 2 0
1 [0.6, 0.8) 1 1 1 [0.6, 0.8) 1 1
1 [0.8, 1.0] 1 1 1 [0.8, 1.0] 1 1

SP3 0 [0.0, 0.2) 2 0 0 [0.0, 0.2) 2 0
0 [0.0, 0.2) 1 1 0 [0.0, 0.2) 1 1
1 [0.6, 0.8) 2 1 1 [0.6, 0.8) 2 1

1 [0.6, 0.8) 1 1 1 [0.6, 0.8) 1 1
0 [0.2, 0.4) 2 0 0 [0.2, 0.4) 2 0
0 [0.0, 0.2) 3 0 1 [0.0, 0.2) 3 0

SP4 1 [0.6, 0.8) 1 1 0 [0.0, 0.2) 2 0
1 [0.0, 0.2) 3 0
0 [0.0, 0.2) 2 0

0 [0.0, 0.2) 2 0 0 [0.0, 0.2) 2 0
1 [0.8, 1.0] 1 1 1 [0.8, 1.0] 1 1
0 [0.0, 0.2) 3 0 0.5 [0.0, 0.2) 3 0

SP5 0 [0.0, 0.2) 2 1 0 [0.0, 0.2) 2 1
0 [0.2, 0.4) 1 0 0 [0.2, 0.4) 1 0
1 [0.0, 0.2) 3 0

0 [0.0, 0.2) 2 0 0 [0.0, 0.2) 2 0
0 [0.0, 0.2) 3 0 0 [0.0, 0.2) 3 0
1 [0.6, 0.8) 1 1 1 [0.6, 0.8) 1 1

SP6 0 [0.0, 0.2) 3 0 0 [0.4, 0.6) 1 1
0 [0.4, 0.6) 1 1 1 [0.6, 0.8) 2 0
1 [0.6, 0.8) 2 0
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• Step IV: build generalized linear models by the GLM procedure in Sta-

tistical Analysis System (SAS). The generalized linear models are built using the

observations of (Ŷ avg, Ȳ , ξ, Ẏ 1
hybrid) where Ŷ avg is the target variable and Ȳ , ξ, and Ẏ 1

hybrid

are the exploratory variables. We assume that the modeling output is as follows:

ϕ1(Y ) = 0.39 + Match[Ȳ ]

[
“[0.0,0.2)”⇒−0.22
“[0.2,0.4)”⇒−0.08
“[0.4,0.6)”⇒−0.01
“[0.6,0.8)”⇒−0.01
“[0.8,1.0]”⇒ 0.31

]
+ Match[ξ]

[
“1”⇒ 0.10
“2”⇒−0.03
“3”⇒−0.07

]
+ Match[Ẏ 1

hybrid]
[
“0”⇒−0.06
“1”⇒ 0.06

]
where the values in quotation marks are the respective solution values associated with Ȳ ,

ξ, and Ẏ 1
hybrid, and the values next to “⇒” are the model coefficients.

• Step V: obtain solution values Ȳ , ξ, and Ẏ 1
hybrid for problems P and calculate

ϕ1(Y ) using the above equations for all setup variables. We use a problem P that

has a size J2-T2-M3 as an example. We assume its solution values Ȳ , ξ, and Ẏ 1
hybrid are

given at the left side of Table 6. ϕ1(Y ) is calculated using the above equations and given

at the right side of Table 6.

Table 6 The solution values Ȳ , ξ, Ẏ 1
hybrid, and the insightful information ϕ1(Y )

Y m
jt Ȳ m

jt ξmjt Ẏ m1
jthybrid

ϕ1(Y )

Y 1
11 [0.8, 1.0] 1 1 0.39 + 0.31 + 0.10 + 0.06 = 0.86
Y 2
11 [0.2, 0.4) 2 0 0.39− 0.08− 0.03− 0.06 = 0.22
Y 3
11 [0.4, 0.6) 3 0 0.39− 0.01− 0.07− 0.06 = 0.25
Y 1
12 [0.6, 0.8) 1 1 0.39− 0.01 + 0.10 + 0.06 = 0.54
Y 2
12 [0.0, 0.2) 3 0 0.39− 0.22− 0.07− 0.06 = 0.04
Y 3
12 [0.2, 0.4) 2 0 0.39− 0.08− 0.03− 0.06 = 0.22
Y 1
21 [0.0, 0.2) 1 0 0.39− 0.22 + 0.10− 0.06 = 0.21
Y 2
21 [0.0, 0.2) 2 1 0.39− 0.22− 0.03 + 0.06 = 0.20
Y 3
21 [0.4, 0.6) 3 1 0.39− 0.01− 0.07 + 0.06 = 0.37
Y 1
22 [0.8, 1.0] 2 1 0.39 + 0.31− 0.03 + 0.06 = 0.73
Y 2
22 [0.6, 0.8) 3 1 0.39− 0.01− 0.07 + 0.06 = 0.37
Y 3
22 [0.2, 0.4) 1 0 0.39− 0.08 + 0.10− 0.06 = 0.35

From Table 6, we have that, at an optimal point, the setup variable Y 1
11 is most likely

(86%) 1 when the variable has solution values ([0.8, 1.0], 1, 1) for (Ȳ , ξ, Ẏhybrid). Meanwhile,

the setup variable Y 2
12 is least likely (4%) 1 when the variable has solution values ([0.0,

0.2], 3, 0) for (Ȳ , ξ, Ẏhybrid). We note that the above description is just for one iteration of

the modeling procedure. Similarly, we perform such modeling procedure for 20 iterations

for which Ẏhybrid is refreshed during each iteration. We take the average of ϕl(Y ), ∀ l ∈

{1,2, ......,20}, i.e., ϕ̃(Y ) (=
∑

l∈{1,...,20} ϕ
l(Y )

20
) and use ϕ̃(Y ) as the likelihood information for

the analytics branching and selection method.
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1.2 An illustrative example for the analytics branching and selection method

We will next use the above illustrative example to describe the procedure of the analytics

branching and selection method in Figure 1.

 

 DOW RESTRICTED 

Step 0: We create an analytics point 𝑌̈ using the likelihood φ̃(𝑌) and apply a combined optimization approach to 

achieve a feasible solution (BestY) for the problem (ℙ).  We initially set the index subset FS to be empty, i.e., FS = ∅. 

 

 

 

 

 

Step 2: We apply an analytics-based selection procedure to select more setup variables into the index subset ZS and 

fix them to BestY. 

 

 

 

 

 

 

 

 

 

Step 1: We apply an analytics-based branching procedure to select a setup variable into the index subset BS.  The 

problem (ℙ) has the setup variables in FS being fixed to BestY and the setup variable in BS being fixed to 1 or 0. 

 

 

 

 

 

 

 

 

 

Step 3b: We also create a random subproblem for 

which some setup variables are fixed to the randomly-

sampled values. 

 

Step 4: We solve all branching and random subproblems using a combined optimization approach.  The objectives 

of the five subproblems are given as follows: 

 

Step 5a: We update BestY if a better solution is found. We insert the index in 

BS to FS and fix the variable to the corresponding value.  We release all setup 

variables other than those in FS, i.e., FS = {111}, BS = ∅, ZS = ∅, and OS = ∅. 
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Step 3a: We create four branching subproblems that can 

be easily determined after the FS, BS, ZS, and OS are 

given, where OS = Full index set – FS – BS – ZS. 

 

Is the  
best subproblem a 

branching 
subproblem? 

 YES 

 

 
Is the  

termination criteria 
satisfied? 

 

YES 

 
NO 

 

END 

 

Figure 1 An illustrative example for the analytics branching and selection method

• Step 0: We create an analytics point Ÿ using the likelihood ϕ̃(Y ). In this example, we

assume ϕ̃(Y ) is the same as ϕ1(Y ) given above and set κ to 0.3 to calculate the analytics

point Ÿ that is given in Step 0 of Figure 1. We apply a combined optimization approach

to achieve a feasible solution (BestY ) for the problem (P) that is given in Step 0 of Figure

1. We initially set the index subset FS to be empty, i.e., FS = ∅. Go to Step 1.
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• Step 1: We apply an analytics-based branching procedure to select a setup variable

into the index subset BS. The problem (P) has the setup variables in FS being fixed to

BestY and the setup variable in BS being fixed to 1 or 0. In this example, we branch the

setup variable Y 1
11 at first because it has the largest value at ϕ̃(Y ). Go to Step 2.

• Step 2: We apply an analytics-based selection procedure to select more setup variables

into the index subset ZS and fix them to BestY . In this example, we select two variables

into the index subset ZS and have 4 different selections of ZS. Go to Step 3.

• Step 3: We therefore have four branching subproblems that can be easily determined

after the FS, BS, ZS, and OS are given, where OS = the full index set of the setup

variables − FS − BS − ZS. The definition of the branching subproblem is given in the

main manuscript of this paper. Meanwhile, we also create a random subproblem for which

some setup variables are fixed to the randomly-sampled values. Go to Step 4.

• Step 4: We solve all branching and random subproblems using a combined optimiza-

tion approach. In this example, we assume the objectives of the five subproblems are given

in the table of Step 4 of Figure 1. Go to Step 5.

• Step 5: Because the best subproblem is a branching subproblem, we insert the index

in BS to FS and fix the variable to the corresponding value. We release all setup variables

other than those in FS, i.e., FS = {111},BS = ∅,ZS = ∅, and OS = ∅. We also assume

a better solution is found such that we update BestY that is given in Step 5 of Figure 1.

Go to Step 6.

• Step 6: We terminate the method either when the computation time is larger than

the preset time-limit (Tlim), or all setup variables Y have been fixed, otherwise go to Step

1. In this example, we have FS = {111} for the next iteration.

2. The per-item Dantzig–Wolfe decomposition

Here we describe the LP-relaxation of the Dantzig–Wolfe decomposition for the three

formulations. For LSNM, the definitions of all parameters and variables are given in the

main manuscript. We denote the LP-relaxation of the master problem by MP-DLR
LSNM ID

that is given as follows:

min
∑
j∈J

∑
t∈T

∑
m∈Mj

∑
o∈Oj

scmj ·Y mo
jt ·λjo +

∑
j∈J

∑
t∈T

∑
m∈Mj

∑
o∈Oj

pcmj ·Xmo
jt ·λjo

+
∑
j∈J

∑
t∈T

∑
o∈Oj

hcj · Iojt ·λjo
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Subject to:
∑
j∈Jm

∑
o∈Oj

(ptmj ·Xmo
jt + stmj ·Y mo

jt ) ·λjo ≤Cm
t , ∀ t∈ T, m∈M∑

o∈Oj

λjo = 1, ∀ j ∈ J (MP-DLR
LSNM ID)

λjo ≥ 0, ∀ j ∈ J, o∈Oj

The pricing subproblem is same as the subproblem SP-DLSNMID given in the main

manuscript.

For FLNM, besides Oj, Y mo
jt , λjo, β

m
t and ρj defined as previously, Umo

jts is defined as the

amount of production of item j on machine m in period t used to satisfy demand in period

s for a given possible setup schedule o ∈ Oj. FLNM is decomposed into several pricing

subproblems (SP-DFLNM ID) and a master problem (MP-DLR
FLNM ID) as follows:

min
∑
t∈T

∑
m∈Mj

scmj ·Y m
jt +

∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

vcmj ·Um
jts

−
∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

βmt · ptmj ·Um
jts−

∑
t∈T

∑
m∈Mj

βmt · stmj ·Y m
jt − ρj, ∀ j ∈ J

Subject to:
s∑
t=1

∑
m∈Mj

Um
jts = djs, ∀ s∈ T

Um
jts ≤ djs ·Y m

jt , ∀ t∈ T, s∈ {t, ..., |T |}, m∈Mj (SP-DFLNM ID)∑
m∈Mj

Y m
jt ≤mmj, ∀ t∈ T

Um
jts ≥ 0, Y m

jt ∈ {0,1}, ∀ t∈ T, s∈ {t, ..., |T |}, m∈Mj

min
∑
j∈J

∑
t∈T

∑
m∈Mj

∑
o∈Oj

scmj ·Y mo
jt ·λjo +

∑
j∈J

∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

∑
o∈Oj

vcmj ·Umo
jts ·λjo

Subject to:
∑
j∈Jm

∑
s∈{t,...,|T |}

∑
o∈Oj

ptmj ·Umo
jts ·λjo +

∑
j∈Jm

∑
o∈Oj

stmj ·Y mo
jt ·λjo ≤Cm

t , ∀ t∈ T, m∈M∑
o∈Oj

λjo = 1, ∀ j ∈ J (MP-DLR
FLNM ID)

λjo ≥ 0, ∀ j ∈ J, o∈Oj

For SPNM, Wmo
jtq is defined as percentage of production of item j on machine m in period

t used to satisfy the accumulated demand for item j from period t to period q for a given
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possible setup schedule o ∈ Oj. SPNM is decomposed into several pricing subproblems

(SP-DSPNM ID) and a master problem (MP-DLR
SPNM ID) as follows:

min
∑
t∈T

∑
m∈Mj

scmj ·Y m
jt +

∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

tcmjts ·Wm
jts

−
∑
t∈T

∑
q∈{t,...,|T |}

∑
s∈{q,...,|T |}

∑
m∈Mj

βmt · ptmj · djq ·wjts

−
∑
t∈T

∑
m∈Mj

βmt · stmj ·Y m
jt − ρj, ∀ j ∈ J

Subject to:
∑
s∈T

∑
m∈Mj

Wm
j1s = 1,

t−1∑
s=1

∑
m∈Mj

Wm
js(t−1) =

∑
s∈{t,...,|T |}

∑
m∈Mj

Wm
jts, ∀ t∈ {2, ..., |T |} (SP-DSPNM ID)

∑
s∈{t,...,|T |}

Wm
jts ≤ Y m

jt , ∀ t∈ T, m∈M∑
m∈Mj

Y m
jt ≤mmj, ∀ t∈ T

Wm
jts ≥ 0, Y m

jt ∈ {0,1}, ∀ t∈ T, s∈ {t, ..., |T |}, m∈Mj

min
∑
j∈J

∑
t∈T

∑
m∈Mj

∑
o∈Oj

scmj ·Y mo
jt ·λjo +

∑
j∈J

∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

∑
o∈Oj

tcmjts ·Wmo
jts ·λjo

Subject to:
∑
j∈Jm

∑
q∈{t,...,|T |}

∑
s∈{q,...,|T |}

∑
o∈Oj

ptmj · djq ·Wmo
jts ·λjo +

∑
j∈Jm

∑
o∈Oj

stmj ·Y mo
jt ·λjo ≤Cm

t ,

∀ t∈ T, m∈M∑
o∈Oj

λjo = 1, ∀ j ∈ J (MP-DLR
SPNM ID)

λjo ≥ 0, ∀ j ∈ J, o∈Oj

For the per-item Dantzig–Wolfe decomposition of FLNM and SPNM, the integrality

must be imposed on the original setup variables Y m
jt for the master problems. We skip the

formulations for brevity.

3. The per-period Dantzig–Wolfe decomposition

Here we describe the LP-relaxation of the per-period Dantzig–Wolfe decomposition for

LSNM, FLNM, and SPNM. For LSNM, we define Kt as the set of all possible setup

schedules for period t where Kt = {(Y 1
1t, . . . , Y

m
jt , . . .)|Y m

jt ∈ {0,1}}, ∀ j ∈ J , m ∈Mj. For
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a given possible setup schedule k ∈Kt, we define Y mk
jt as the setup value for item j on

machine m in period t, Xmk
jt as the amount of production of item j on machine m in period

t, Ikjt as the amount of inventories of item j at the end of period t, and πtk as the fraction

of production of period t. In addition, γjt (∀ j ∈ J, t∈ T ) represents dual variables related

with the demand-satisfaction constraints; and δt (∀ t ∈ T ) represents the dual variables

for the convexity constraints. With these definitions, LSNM is decomposed into T pricing

subproblems (SP-DLSNM PD) and a master problem (MP-DLR
LSNM PD) as follows:

min
∑
j∈J

∑
m∈Mj

scmj ·Y m
jt +

∑
j∈J

∑
m∈Mj

pcmj ·Xm
jt +

∑
j∈J

hcj · Ijt

−
∑
j∈J

∑
m∈Mj

γjt ·Xm
jt +

∑
j∈J

(γjt− γj(t+1)) · Ijt− δt, ∀ t∈ T

Subject to:
∑
j∈Jm

ptmj ·Xm
jt +

∑
j∈Jm

stmj ·Y m
jt ≤Cm

t , ∀m∈M

Xm
jt ≤BMm

jt ·Y m
jt , ∀ j ∈ J, m∈Mj (SP-DLSNM PD)∑

m∈Mj

Y m
jt ≤mmj, ∀ j ∈ J

Ijt ≤
T∑
q=t

djq, ∀ j ∈ J

Xm
jt , Ijt ≥ 0, Y m

jt ∈ {0,1}, ∀ j ∈ J, m∈Mj

min
∑
j∈J

∑
t∈T

∑
m∈Mj

∑
k∈Kt

scmj ·Y mk
jt ·πtk +

∑
j∈J

∑
t∈T

∑
m∈Mj

∑
k∈Kt

pcmj ·Xmk
jt ·πtk

+
∑
j∈J

∑
t∈T

∑
k∈Kt

hcj · Ikjt ·πtk

Subject to:
∑
k∈Kt

∑
m∈Mj

Xmk
jt ·πtk +

∑
k∈Kt

Ikj(t−1) ·π(t−1)k−
∑
k∈Kt

Ikjt ·πtk = djt, ∀ j ∈ J, t∈ T∑
k∈Kt

πtk = 1, ∀ t∈ T (MP-DLR
LSNM PD)

πtk ≥ 0, ∀ t∈ T, k ∈Kt

For FLNM, Umk
jts is defined as production of item j on machine m in period t used

to satisfy the demand for item j in period s for a given possible setup schedule k ∈Kt.
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FLNM is decomposed into T pricing subproblems (SP-DFLNM PD) and a master problem

(MP-DLR
FLNM PD) as follows:

min
∑
j∈J

∑
m∈Mj

scmj ·Y m
jt +

∑
j∈J

∑
s∈{t,...,|T |}

∑
m∈Mj

vcmj ·Um
jts

−
∑
j∈J

∑
q∈{t,...,|T |}

∑
m∈Mj

γjq ·Um
jtq− δt, ∀ t∈ T

Subject to:
∑
j∈Jm

∑
s∈{t,...,|T |}

ptmj ·Um
jts +

∑
j∈Jm

stmj ·Y m
jt ≤Cm

t , ∀m∈M

Um
jts ≤ djs ·Y m

jt , ∀ j ∈ J, s∈ {t, ..., |T |} (SP-DFLNM PD)∑
m∈Mj

Y m
jt ≤mmj, ∀ j ∈ J, m∈Mj

Um
jts ≥ 0, Y m

jt ∈ {0,1}, ∀ j ∈ J, t∈ T, s∈ {t, ..., |T |}, m∈Mj

min
∑
j∈J

∑
t∈T

∑
m∈Mj

∑
k∈Kt

scmj ·Y mk
jt ·πtk +

∑
j∈J

∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

∑
k∈Kt

vcmj ·Umk
jts ·πtk

Subject to:
t∑

q=1

∑
m∈Mj

∑
k∈Kq

Umk
jqt ·πqk = djt, ∀ j ∈ J, t∈ T∑

k∈Kt

πtk = 1, ∀ t∈ T (MP-DLR
FLNM PD)

πtk ≥ 0, ∀ t∈ T, k ∈Kt

For SPNM, Wmk
jtq is defined as percentage of production of item j on machine m in

period t used to satisfy the accumulated demand for item j from period t to period q for

a given possible setup schedule k ∈Kt. SPNM is decomposed into T pricing subproblems

(SP-DSPNM PD) and a master problem (MP-DLR
SPNM PD) as follows:

min
∑
j∈J

∑
m∈Mj

scmj ·Y m
jt +

∑
j∈J

∑
s∈{t,...,|T |}

∑
m∈Mj

tcmjts ·Wm
jts

−
∑
j∈J

∑
q∈{t,...,|T |}

∑
m∈Mj

γjt ·wm
jtq +

∑
j∈J

∑
q∈{t,...,|T |−1}

∑
m∈Mj

γj(q+1) ·wm
jtq

− δt, ∀ t∈ T

Subject to:
∑
j∈Jm

∑
s∈{t,...,|T |}

∑
q∈{s,...,|T |}

ptmj · djs ·Wm
jtq +

∑
j∈Jm

stmj ·Y m
jt ≤Cm

t , ∀m∈M∑
s∈{t,...,|T |}

Wm
jts ≤ Y m

jt , ∀ j ∈ J, m∈Mj (SP-DSPNM PD)
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m∈Mj

Y m
jt ≤mmj, ∀ j ∈ J

Wm
jts ≥ 0, Y m

jt ∈ {0,1}, ∀ j ∈ J, t∈ T, s∈ {t, ..., |T |}, m∈Mj

min
∑
j∈J

∑
t∈T

∑
m∈Mj

∑
k∈Kt

scmj ·Y mk
jt ·πtk +

∑
j∈J

∑
t∈T

∑
s∈{t,...,|T |}

∑
m∈Mj

∑
k∈Kt

tcmjts ·Wmk
jts ·πtk

Subject to:
∑
q∈T

∑
m∈Mj

∑
k∈K1

Wmk
j1q ·π1k = 1, ∀ j ∈ J

t−1∑
q=1

∑
m∈Mj

∑
k∈Kq

Wmk
jq(t−1) ·πqk =

∑
q∈{t,...,|T |}

∑
m∈Mj

∑
k∈Kt

Wmk
jtq ·πtk, ∀ j ∈ J, t∈ {2, ..., |T |}∑

k∈Kt

πtk = 1, ∀ t∈ T (MP-DLR
SPNM PD)

πtk ≥ 0, ∀ t∈ T, k ∈Kt

For the per-period Dantzig–Wolfe decomposition of LSNM, FLNM and SPNM, the inte-

grality must be imposed on the original setup variables Y m
jt for the master problems. We

skip the formulations for brevity.

4. The proof procedures of the propositions
4.1 The proof procedure of Proposition 1: Oj = {(Xm

jt , Ijt, Y
m
jt )∈ (2), (4)− (7); Ij,t−1·Xm

jt

= 0, ∀ j ∈ J, t∈ T, m∈Mj}

Proof. See Degraeve and Jans (2007), Proposition 1, for the multi-item capacitated lot

sizing problem with setup times. The procedure is extendable to the CMLS-NM problem

studied in this paper and we skip it for brevity. �

4.2 The proof procedure of Proposition 2: |Oj|= (
∑mmj

n=0 C
n
Mj
· 2n)|T |.

Proof. For an extreme point, there are two possibilities (Xm
jt = 0 and Xm

jt > 0) for the

production variable when Y m
jt = 1; and there is one possibility (Xm

jt = 0) for the production

variable when Y m
jt = 0. Herein, for each of the |T | periods, there are exactly Cn

Mj
·2n ·1mmj−n

possibilities for the setup and production variable under the scenario that
∑

m∈Mj
Y m
jt = n,

∀ n∈ {0, ...,mmj}. Combining the possibilities over the |T | periods gives (C0
Mj
· 20 +C1

Mj
·

21 +C2
Mj
·22 + ...+C

mmj

Mj
·2mmj)|T | extreme points in total. �

We note that Degraeve and Jans (2007) discussed a similar proposition for the single-

machine multi-item lot sizing problem.
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4.3 The proof procedure of Proposition 3: |Oj|= (
∑mmj

n=0 C
n
Mj

)|T |.

Proof. Because only dominant production plans are considered in Oj, there is one pos-

sibility (Xm
jt > 0) for the production variable when Y m

jt = 1; and there is one possibility

(Xm
jt = 0) for the production variable when Y m

jt = 0 for an extreme point. Herein, for each

of the |T | periods, there are exactly Cn
Mj
·1n ·1mmj−n possibilities for the setup and produc-

tion variable under the scenario that
∑

m∈Mj
Y m
jt = n, ∀ n ∈ {0, ...,mmj}. Combining the

possibilities over the |T | periods gives (C0
Mj

+C1
Mj

+C2
Mj

+ ...+C
mmj

Mj
)|T | extreme points in

total. �

4.4 The proof procedure of Proposition 4: LBLSNM−PD ≤ LBFLNM−PD

We prove the proposition by showing that a feasible solution (Ŭm
jtq, Y̆

m
jt ) of the per-period

decomposition of FLNM corresponds to a feasible solution (X̆m
jt , Ĭjt, Y̆

m
jt ) of the per-period

decomposition of LSNM with the same objective value but the reverse is not necessarily

true.

If (Ŭm
jtq, Y̆

m
jt ) is a feasible solution, it means that a) the solution is contained in the convex

hull defined by constraints (10)-(14) and b) it satisfies constraints (9). Herein, (Ŭm
jtq, Y̆

m
jt )

can be expressed as a convex combination of all extreme points (Umk
jtq , Y mk

jt ) of the convex

hull of constraints (10)-(14):

Um
jtq =

∑
k∈Kt

πtk ·Umk
jtq and Y m

jt =
∑
k∈Kt

πtk ·Y mk
jt , ∀ j ∈ J , t∈ T , q ∈ {t, ..., |T |}, m∈Mj.

Projecting the feasible point (Ŭm
jtq, Y̆

m
jt ) onto the (X, I, Y )-space, we have the corre-

sponding solution:

X̆m
jt =

∑
q∈{t,...,|T |}

Ŭm
jtq =

∑
q∈{t,...,|T |}

∑
k∈Kt

πtk ·Umk
jtq , ∀ j ∈ J, t∈ T, m∈Mj

Ĭjt =

t∑
q=1

|T |∑
s=t+1

∑
m∈Mj

Ŭm
jqs =

t∑
q=1

|T |∑
s=t+1

∑
m∈Mj

∑
k∈Kt

πtk ·Umk
jqs , ∀ j ∈ J, t∈ T

Y̆ m
jt =

∑
k∈Kt

πtk · Y̆ mk
jt , ∀ j ∈ J, t∈ T, m∈Mj

For the extreme points (Umk
jtq , Y mk

jt ) of the convex hull of constraints (10)-(14), we, by

projection, have the corresponding solution in the (X, I, Y )-space:

Xmk
jt =

∑
q∈{t,...,|T |}

Umk
jtq , ∀ j ∈ J, t∈ T, m∈Mj
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Ikjt =
t∑

q=1

|T |∑
s=t+1

∑
m∈Mj

Umk
jqs =

t∑
q=1

|T |∑
s=t+1

∑
m∈Mj

∑
k∈Kt

Umk
jqs , ∀ j ∈ J, t∈ T

Y mk
jt = Y mk

jt , ∀ j ∈ J, t∈ T, m∈Mj

From the above equalities, we have that X̆m
jt =

|T |∑
q=t

∑
k∈Kt

πtk · Umk
jtq =

∑
k∈Kt

πtk ·Xmk
jt , Ĭjt =

t∑
q=1

|T |∑
s=t+1

∑
m∈Mj

∑
k∈Kt

πtk ·Umk
jqs =

∑
k∈Kt

πtk ·Ikjt, and Y̆ m
jt =

∑
k∈Kt

πtk ·Y mk
jt . Also, the solution (Xmk

jt ,

Ikjt, Y
mk
jt ) satisfies constraints (3)-(7), which implies that the solution (X̆m

jt , Ĭjt, Y̆
m
jt ) is a

convex combination of solutions (Xmk
jt , Ikjt, Y

mk
jt ) and is in the convex hull of constraints

(3)-(7). Besides, the solution (X̆m
jt , Ĭjt, Y̆

m
jt ) satisfies constraints (2) because the original

solution (Ŭm
jtq, Y̆

m
jt ) satisfies constraints (9). Herein, (X̆m

jt , Ĭjt, Y̆
m
jt ) is a feasible solution of

the per-period decomposition of LSNM. In addition, the definition of cost coefficients in

FLNM guarantees that both solutions have the same objective value.

According to the computational tests, most test instances in J3-T8-M2 and J4-T6-M3

can be examples that show the inequality is possibly strict. 2

4.5 The proof procedure of Proposition 5: LBFLNM−PD = LBSPNM−PD

We prove the proposition by showing that a feasible solution (W̆m
jtq, Y̆

m
jt ) of the per-period

decomposition of SPNM corresponds to a feasible solution (Ŭm
jtq, Y̆

m
jt ) of the per-period

decomposition of FLNM with the same objective value and vice versa.

If (W̆m
jtq, Y̆

m
jt ) is a feasible solution, it means that a) the solution is contained in the

convex hull defined by constraints (18)-(21) and b) it satisfies constraints (16)-(17). Herein,

(W̆m
jtq, Y̆

m
jt ) can be expressed as a convex combination of all extreme points (Wmk

jtq , Y mk
jt )

of the convex hull of constraints (18)-(21):

Wm
jtq =

∑
k∈Kt

πtk ·Wmk
jtq and Y m

jt =
∑
k∈Kt

πtk ·Y mk
jt , ∀ j ∈ J , t∈ T , q ∈ {t, ..., |T |}, m∈Mj

Projecting the feasible point (W̆m
jtq, Y̆

m
jt ) onto the (U , Y )-space, we have the correspond-

ing solution:

Ŭm
jtq =

|T |∑
s=q

djq ·Wm
jts =

|T |∑
s=q

∑
k∈Kt

πtk · djq ·Wmk
jts , ∀ j ∈ J, t∈ T, q ∈ {t, ..., |T |}, m∈Mj

Y̆ m
jt =

∑
k∈Kt

πtk · Y̆ mk
jt , ∀ j ∈ J, t∈ T, m∈Mj
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For the extreme points (Wmk
jtq , Y mk

jt ) of the convex hull of constraints (18)-(21), we can

find the corresponding solution in the (U , Y )-space by projection as well:

Umk
jtq =

|T |∑
s=q

djq ·Wmk
jts , ∀ j ∈ J, t∈ T, q ∈ {t, ..., |T |}, m∈Mj

Y mk
jt = Y mk

jt , ∀ j ∈ J, t∈ T, m∈Mj

From the above equalities, we have Ŭm
jtq =

|T |∑
s=q

∑
k∈Kt

πtk ·djq ·Wmk
jts =

∑
k∈Kt

πtk ·Umk
jtq and Y̆ m

jt =∑
k∈Kt

πtk · Y mk
jt . Also, the solution (Umk

jtq , Y mk
jt ) satisfies constraints (10)-(14), which implies

that the solution (Ŭm
jtq, Y̆

m
jt ) is a convex combination of solutions (Umk

jtq , Y mk
jt ) and is in the

convex hull of constraints (10)-(14). Besides, the solution (Ŭm
jtq, Y̆

m
jt ) satisfies constraints

(9) because the original solution (Wm
jtq, Y

m
jt ) satisfies constraints (16)-(17). Herein, (Um

jtq,

Y m
jt ) is a feasible solution for the per-period decomposition of FLNM. The definition of

cost coefficients in SPNM guarantees that both solutions have the same objective value.

The above proof process is reversible. If we let (Ŭm
jtq, Y̆

m
jt ) be a feasible solution of the

per-period decomposition of FLNM and project it onto the space of the per-period decom-

position of SPNM, we can show that (Wm
jtq, Y

m
jt ) is a feasible solution of the space of the per-

period decomposition of SPNM. 2
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