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Proof of Proposition 1
PROPOSITION 1. In problem (10), the left-hand-side coefficient matriz is totally

unimodular.

Proof of Proposition 1. Let us denote the left-hand-side coefficient matrix cor-
responding to constraints (10b) by D. The left-hand-side coefficient matrix cor-
responding to constraints (10c) are the same as some rows in —D. In fact, they
correspond to each scenario (path) in the tree T. Therefore, it is sufficient to show
that D is totally unimodular. We know that every entry of D is either 0 or 1. For
each column 7, there are exactly |7(j)| 1’s, in particular, D;; =1 if i € T(5). We
can traverse the tree by depth-first-search, and rearrange the rows according to the
sequence. After rearrangement, D is an interval matrix hence is totally unimodular

(cf. Schrijver 1998). [

Proof of Proposition 2
PROPOSITION 2. If p,a;, >0 for alln & T and i€ Z, then in the LP relaxation

of problem (10), constraints (10c) are redundant.

Proof of Proposition 2. It is sufficient to show that any optimal solution to the

problem

neT meP(n)
satisfies constraints (10c). Let X; be an optimal solution to (). Suppose there exists
no € T such that > ) Tim = W > ;. Recall that u; > [&ﬁ for all n € 7-, it
follows that Zmep(no) Tim > (SHJ for all n € 7’(n0). If Zin, > 0, since ppyain, > 0, by

meP(ng)

optimality of X;, we know there must be some n}, € 7 (no), such that [&-nﬂ =w > uy,

L All the reference numbers match those in the main paper.
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which contradicts to the fact that u; > (&n} for all ne 7. If Zin, = 0, we traverse
back along P(ng) to find the first node n{ with Ziny > 0. Notice such a node must
exist since Y, cp(,,) Tim > 0. It follows that >
the first case. Therefore, the result holds. [

meP(nl)) ZTim = w > u;. We go back to

Proof of Proposition 3
PROPOSITION 3. of (1) < vf'(p) + an - \i, where N\; = max,er{[0in] — Oin}. If
{0intner are all integers, the inequality is tight.

Proof of Proposition 3. In fact, with linear programming duality, Proposition 1

and 2, we have

o (1) =min Zﬁn&mxm s.t. Z Tim > Oin,s Z Tim < Uiy Tipy € Ly, VM E T

neT meP(n) meP(n)

@ . N

= min PnQinTin Z Tim = [5m Z Tim < Ujy Tip € R+a Vn € T
nef meP(n) meP(n)

(i) . N A «

= min Z PrlinTin Z Tim > [0in], Tin €R4, YR eET
neT meP(n)

(i) max Z (&J Tin  S.t. Z Tim < Pnln, Tim ERy, Vn € T
neT meT (n)

= max Z(Sm + [51n1 — g'm)ﬂ-zn s.t. Z Tim S ﬁndny Tin € R+, Vn € 7AV
neT meT (n)

< max Z Smﬂ'm s.t. Z Tim < ﬁndrm Tin € R+, Vn € 72
neT meT (n)

+ max Z Tin s.t. Z Tim S ﬁndnu Tin € R—H Vn € 72 ’ m€a7>_<{ I_S’m-l - 5271}
neT meT (n)

(1V

= min anamxm s.t. Z Tim > (5m, T €ER,, Vne T
neT meP(n)
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; s S . T\, 5.7 -5,
-+ min ana'mxzn s.t. Z Tim 21, Tin € R-H vneT I}Llea,]},{{ [5zn-| 5171}
nel meP(n)
(v)

<0y (1) + i - A
Specifically, (i) follows from Proposition 1; (ii) follows from Proposition 2; (iii) and
(iv) follow from linear programming duality; (v) follows from Proposition 2, the
definition of {Sin}ne'f7 the fact that p; =1, and the optimal solution to a single-
technology GEP problem with demand 1 at each node is nothing but building one
generator at the beginning of the planning horizon. The tightness of the inequality

follows from Proposition 1. [J

Proof of Proposition 4
PROPOSITION 4. For any p € {1,...,T}, the following relation holds, 6%~ <
0 <) < 5

Proof of Proposition 4. Recall that in a scenario tree, the probability associated

with a node equals the sums of probabilities of its children nodes. By definition, we

have
Z Dn, max {6m}
neS, 1
=2 | 2 memax )< )| e mg (0]
neS,—1 \keSrNT(n) neS,—1 \kESTrNT(n
5y = -
6 => " rgg);)@}
keSt
= Om } < Om
P IR IR LA DU DR B
ne€S, keSrNT (n neS, \keSrNT(n)

(6W) = Z Pn max {(5m} < Z Pro) O

nes, nesy,
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Proof of Theorem 1
THEOREM 1. (a, —a,)6") + a6 <oP(u) < (a,- —a,)6") 4 a,, 60

Proof of Theorem 1. We change the notation of decision variables for capacity
expansion decisions starting from period p into a different representation. In par-
ticular, for any n € S, and t > u, {z,, : m € T(n) NS} share the same value, let
2, denote the new variable that represents the common value of these variables.
Given a feasible solution x to the LP relaxation of problem (7), for any n € .S,_1,

by feasibility we have

> asm2mrgy;){5m}:5 o D = Y pa max {3}

meP(n neSy—1  meP(n) neS,—1

p—1
& Z Z Z DPm | Tk >0,

t=1 k€S \meS,_1NT (k)
pn—1
g Z Zpkxk > 5#77

t=1 kecS;
where the first equivalence follows from changing the summation sequence; and the
second equivalence follows from the fact that > s, (k) Pm =i for all k € T such
that ¢, < p. In addition, for any n € S,,, by feasibility we have

m nt > a Om & it > Ina Om } — -
Z x—'—zxt U%(n){ } th X{ } Z x

P(n)UT (n
meP(a(n)) (=)0 meP(a(n))

Then if x* is an optimal solution to the LP relaxation of problem (7), we have

pn—1 T
= ananx:; = Z Z pnanxz + Z Z Pnan$:;

neT t=1 neS; t=p neS
pn—1 T
* k
t=1 neS t=p neS;

n—1 T
DD partad pa Y ah,

t=1 neS; nesS, t=p
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pn—1
>a, > Y pawta. Y pa pax {0}~ >

t=1 neS; neS, meP(a(n))
Z ana: +a. Z P, max {6m}
t=1 neS; nes, T ()

> (Q,k _ a*)g(u—) + a*(;(ﬂ)

where the last inequality follows from a, > a and the definitions of 6 and §*).
Next, we consider a feasible solution x to the LP relaxation of problem (7). For any
n €T such that t, <p—1, let &, = max{d,, : m € P(n)} —max{d,, :m € P(a(n))},
and max{d,, : m € P(a(1))} =0; for any n € S, t > p, let &, , = max{,, : m €
P(a(n))UT(n,t)} —max{d,:meP(a(n))UT (n,t—1)}. Then we have

pn—1 T
i p) < ananin = Z Z PnGnTn + Z Z Pnlny,

neT t=1 TLGSz t= ,LLTLESt

g g Pnily + Gy E E DPnn
t=1 neS; t=p nES:
pn—1 T

=ay,— E E pn£n+du+ E Pn E Tt
t=1 neS; nesSy, t=p
pn—1

=Gy g pn | max {0 max {0}

meP(n) meP(a(n))

t=1 neS,

T

_ . O b — Om
+au Zp Z(me?(ﬂ%}éﬂn,t){ ! mGP(a(%l)%);(”vt—l){ })

neSy, t=p

=a,_ n, max {0,,}+a n ma 0pmt— ma Om
K ESZ p 673'(}(){ } mt ; p (mEP (n)XUT { } mEP(aXn { })
neS, -1 n

= (G- — ) Z Pn max {5m}+au+ an maX {(Sm}

neS,—1

= (@, — Ay ) 0" +a,, 00,
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where the third to last equality follows from the fact that the probability of node n

equals to the sum of probabilities of its children nodes. [

Proof of Theorem 5

Theorem 5 For a multi-stage generation expansion planning problem (4), if the

instance satisfies the following conditions:

i) the unit investment costs of each type of generators are stationary, i.e., in (la),

Cit, =¢; for alli €T andneT;

i1) all generators share the same unit generation cost, i.e., in (1a), by, = by for
alkeky, andneT;

i11) demand must be satisfied by generation, i.e., no penalty is allowed;

then the solution returned by Algorithm 1 is optimal to the multi-stage problem.

To prove Theorem 5, we need the following lemma.

LEMMA 1. Suppose condition (i) in Theorem 5 is satisfied. Let {x*,y*} be an

optimal solution to problem (2), then xf, = max{[[A1,yi.)i] : k €K1} for allieT.

Proof of Lemma 1. Suppose there exists i € Z such that =z}, >

max{[[Ayi.]i, | : K € K1}. Since T, €Ly, Th > max{[[Auyi)i,| k€ i} + 1.

*
20

=1, &y =xf,, + 1 for all n e C(1), 4 =z}, for all i # iy, and

Let 2,1 = on
x, = x; for n such that ¢, >3, y, =y, for n€ T. It is clear that {X,y} is still
feasible, but it changes the total cost by —c;, + EneC(l) % = — 155G, <0, where
we use the fact that Znecmpn = p1 = 1. This contradicts the optimality of {x*,y*}.
OJ
Lemma 1 indicates that in every optimal solution to model (2), one would never
build a generator of any type that is not used for generation at the first planning

period.
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Proof of Theorem 5. Suppose conditions (i)-(iii) hold, in the objective function

of both multi-stage and PA models, the generation cost becomes
Pn nkbmk pn nk pn nkdnk

which is a constant. This implies that in both multi-stage and PA models, the
choice of generators to satisfy demand will only depend on the investment costs.
Moreover, for any subproblem solved during the course of Algorithm 1, it follows
from Lemma 1 that both multi-stage and PA model will expand the capacity in the
most economic way to meet the current demand, but will not build any generator
that is not used in the current period. In other words, multi-stage and PA models
will make the same capacity expansion decisions at the root node of the subtree
corresponding to that subproblem. Therefore, the solution output by Algorithm 1
is optimal to multi-stage problem (4). [
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