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A. Statistical Validity Proof for the M, Procedure

In order to prove Theorem 1, we need the following two lemmas.

LEMMA Al. (Jennison et al. 1980) Consider a continuous Brownian Motion process
{W(t,A),t >0} with drift A >0, and a continuation region H(t) bounded by (—h(t),h(t)),
where h(t) is a non-negative function fort > 0. A discrete process is obtained by observing
W(t,A) over a random, increasing sequence of times {t;;i =1,2,...} taking values in a
given countable set. Let To =inf{t : W(t,A)¢ H(t)} and Tp =inf{t,: W(t;,A) ¢ H(t,)},

and assume that Tp < 0o almost surely (note that Tp >T¢). The error probabilities are

Plec} = P{W(Te, A) < —h(Te)} = P{W (Te, A) < 0},
Plep} = P{W (Tp,A) < —h(Tp)} = P{W (Tp,A) < 0}.

Consider an outcome {(b(t);t > 0),{t;}}, where b(t) is the path of a Brownian motion.
Assume that the conditional distribution of {t;} given W (t,A)="0b(t),t >0, is the same as
the conditional distribution of {t;} given W (t,A) = —b(t),t > 0. Under these conditions,

P{éD} S P{€C}.

When each observation is IID normally distributed, the partial sums of the differences
behave like Brownian motion process with drift at each integer point. However, Brownian
motion with drift is only an approximation for our discrete process. Lemma A1l states that
under very general conditions, the probability of incorrect selection does not increase when
the Brownian motion process is observed at discrete times compared to the case where
the process is observed continuously. Thus, procedures designed for a continuous Brownian
motion process with a drift provide an upper bound on the probability of incorrect selection

for a discrete process.

LEMMA A2. (Ross 1996) Suppose that W (t,A;) is a standard Brownian motion process
on [0,00) with drift A;. Let T, = inf{t: W(t,A;) = a} and T, = inf{t : W(t,A;) = b} be
the stopping times when the Brownian motion hits the parallel lines a and b (a <0 <b),
respectively. For Ay <0, the following results hold:

1— —2A1a
Pa ATy, < T,} = €

efQAlb _ 672A1a’
Pa Ty < 00} = lim,_,_oo Pa {T, < T,} = 21,
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The opposite results hold for Ay > 0:

1 _ 6—2A2b

PA? {Ta < Tb} - e—20z2a _ o—2Asb’

PA2 {Ta < OO} = limb_woPA2 {Ta < Tb} = 2820,

Proof of Theorem 1
This proof is similar to the proof of the KN procedure (Kim and Nelson 2001) in its use
of the Brownian motion approximation approach. In order to prove that Equations (3)-(5)

hold, we need to show that the following holds:

Puea,{Accept H{'} < ag/2, whereQ o(d,) ={p: pi —p; =0} (A1)
Puca,{Accept Hy} < agc/2, whereQ o(8,) = {: pi — pj = 0}; (A.2)
Ppaco, {Reject HY'} < a, where® 1(6,) = {1 s — 1y 2 0, (A.3)
Puea,{Reject Hy'} < ag, whereQ 5(6,) ={p: p; — p; < —6,}. (A.4)

Equations (A.1) and (A.2) imply Equation (3). Equations (A.3)-(A.4) imply Equations
(4)-(5), respectively.
Let

T:min{r €{ng,no+1,...}: ‘i(Xl —ng)’ > OBj;(r) or i(XZ —ng)) SIB%(T)}.

=1 (=1

Note that T' is the stage at which the M, procedure terminates by leaving the continuation
region.
First, we show that Equation (A.1) holds.

T

P uca, {Accept H'} = PHEQO{ 3 (X — Xje) = OB;;(T)}
/=1

~

S2.(ng)a(ak
:PHEQO{;(XZ» — X)) >Td+ i )4; /2)}

3 Xie = Xje T_d N S%(no)a(aK/Z)}

=P
HEQ
—1 Oij Oij 4daij

T
X S2 2
= E [PMEQO{ E XZ XJ Z Td + Y (nO)a(aK/ )

Oij 044 4d0—ij

it}

(=1

T
Xy —Xje  Td _ Sj(no)a(ax/2)
:E[PNEQO{ZZ—JE__> j

Uij aij - 4daij

$2(no) }| (A.5)

(=1
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where o7, = Var(X;, — Xj).

Let

_ S2 2
Al _ d and b= ZJ(TL())(I(OéK/ )

Uij 4d0ij

Note that when p € Q(6,), (Xie — Xj¢)/0i; are IID normal with a mean of zero and a
variance of one. Hence, S°,_,(Xy — X;¢)/0s; — Td/oi; behaves like a standard Brownian
motion, W (T, A;), with driftA ; = —d/o;; at integer points.

Let T, =inf{t: W (t,A,) =b}. Following from Equation (A.5),

Blpucn{ 3o R 2 Bl s )
<B[P{W(T, ) > b|S (no)} (A.6)
<E[Pa,{T) < ool S3(n0)} (A7)
= Elexp(2A,b)] (A.8)
=FE :eXp (2 ;j Si2j (ni)dz(jl(/z) ﬂ
_E :exp<5i2j(no()7(;0 i O‘K;"‘” - ) (A.9)

—((2/ax)™T —1), _n=
SLLLkab)

- <1+(2/aK)% _1>_

:<1_

ng—1
2

The inequality in Equation (A.6) is by Lemma A1l. The inequality in Equation (A.7) is
because the Brownian motion process may hit IBj; before it hits line b. Equation (A.8)
is by Lemma A2. In Equation (A.9), S7;(no)(no —1)/07; is chi-squared distributed with
nog — 1 degrees of freedom. The expectation in Equation (A.9) is equivalent to the moment
generating function of a chi-squared random variable which is E[exp(x2t)] = (1 — 2t)~*/2
for t < 1/2. Hence, we have shown that Equation (A.1) holds. By a similar derivation, we
can show that Equation (A.2) holds.

Next, we will show that Equation (A.3) holds.

PLca, {Reject H{'}
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< Ppea, { 30 (Xir = X,0) <TBY(T) } (A.10)

r S2(ng)alag)

< Prrer{ D (Xa = Xj0) T(0,—d) = =5 } (A.11)
/=1

- gXie;ije (Tl =d)_ Saelen))

=B [Pic | g X”O;X“ < T((Sg; 9 _ S%(Z;ZEQK) 53(m0) }|

=E[Pier{ i o ;jXﬂ - T(‘i’;j_ D) 25 ggz(am 52 (n0)}]. (A.12)

In Equation (A.10), the partial sum moves to the lower section of the continuation region

which includes a possible crossing of 1B}, —IBj; or —OBj};. The inequality is due to the fact

that there is not a condition on T as given in the Computation step of the My procedure.
The inequality in Equation (A.11) is due to the assumption of least favorable configuration
(LFCI)7 i — b = 5#7 in Ql(dﬂ)

Let

— 52
Ay = 4 and g = —~ (no)a(aK).
04 4daij

Note that for the LFC', (X; — Xj,)/0;; are IID normal with a mean of §,/0;; and
a variance of one. Hence, ZKT:l(Xi — Xj¢)/0i; —T(6, — d)/oi; behaves like a standard
Brownian motion, W (T, A,), with driftA 5 =d/o;; at integer points.

Let T, =inf{t: W(t, As) = a}. Following from Equation (A.12),

B[PLrct{ é al ;jX“ - T(é(j_ij_ 9) < _S%iz(iz(aK) 52 (no) }|
< E[P{W(T, Ay) < a|53j(n0)}} (A.13)
<B[Pa,{T, < o0|8 (o)} (A.14)
— Elexp(2As0a)] (A.15)

—E [exp <2i —S,?j(no)a(a[{))}

Uij 4d0ij
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2

53 o)y 1) ~((1/0x) 7 1) )

=E [exp( ) 5 (A.16)
(/) —1) |

- (- )

- (1+ (1)) T — 1)_T

The inequality in Equation (A.13) is by Lemma A1l. The inequality in Equation (A.14)
is because the Brownian motion process may hit OBj; before it hits line a. Equation (A.15)
is by Lemma A2. In Equation (A.16), S7;(no)(no — 1)/}, is chi-squared distributed with
ng — 1 degrees of freedom. The expectation in Equation (A.16) is equivalent to the moment
generating function of a chi-squared random variable which is E[exp(x2t)] = (1 — 2t)~*/2
for t < 1/2. Hence, we have shown that Equation (A.3) holds. By a similar derivation, we
can show that Equation (A.4) holds.

Proof of Corollary 1

In order to prove that Equation (6) holds, we will show that the following holds
Peca,(Accept HY) < ok /2, whereQ 5(6,) ={p:0 < p; — pj <9,}.
Then

Puco, (Accept HY)
<Pecq,(Accept HY) (A.17)
<ag/2. (A.18)

The inequality in Equation (A.17) holds because the probability of accepting HY increases
when p € y(8,). The inequality in Equation (A.18) holds by Equation (A.2).
Similarly, we can show that Equation (7) holds.

B. My Procedure
The algorithm of the Mg procedure is described in detail below.

1. Setup: Place all K systems in the set of initial systems, i.e., Siv ={1,2,...,K}.
Define Sgq as the set of pairs of equivalent systems, and set Sgq = (). Define Spg, as the set

of decided systems whose all pairwise tests with the systems in Syy reached to a decision,
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and set Spg = (. Specify the confidence level for the Mg procedure, 1 — «, and the mean-1Z
parameter, d,, (0, > 0). Set parameter d to 36,/8. Set ax to a/[K(K —1)/2]. Specify the
initial sample size ng (ng > 2).

2. Initialization: Obtain ny observations from every system i, ¢ € Siy. For system pair

(4,7), 1,7 € S, @ < j, compute the sample variance of differences of observations

no N 3 9 B 1 no
§3/(no) = ——= > (Xie = X = (Xi(no) = X;(n0)) ) ", where Xi(mo) = — > X
0 "= 0 =1

Set a(n) = ((1/n)¥ ™~ —1)(ng — 1). Set the number of stages, , to ny.
3. Computation:

For system pair (4,7), ¢,7 € Sin, (i,7) ¢ Seq, ¢ < j, compute the inner and outer bounds

S2(ng)a(ag) SZ(ng)a(ag)
B — oy i ij .
IB;(r) =7(6, — d) 1 when r > 10, —d)
S5 (no)a(ox/2)
OB%(T) =rd+ 2 ¥ .

4. Decision:

For system pair (4,7), 7,5 € Sin, (¢,7) ¢ Seq, i < j:

i) If —IBj;(r) <> 71 (Xie — Xjo) <IBJ;(r), then accept Hy' : p; = ;.

i) Else if ) 7,_, (Xie — Xj¢) > OBJ;(r), then accept H}' : pu; > p;.

iii) Else if ), (X — Xjo) < —OBJ;(r), then accept Hy' : p; < p1;.

5. Consolidation:

For system pair (4,7), ¢, € SN, (i,7) ¢ Skq, i < j:

i) If p; = p; decision is made, then declare systems i and j equivalent and set Spq =
Seq U{(0,4)}-

ii) If p1; > p; decision is made, then eliminate system j by setting Siy = Sin\{j}. Delete
every system j pair in Sgq.

iii) If p; < p; decision is made, then eliminate system i by setting Sy = Siv\{¢}. Delete
every system ¢ pair in Sgq.

6. Termination: If | Six| =1 or Sgq includes every pair (i,j) where 4, j € Sy, < 7, stop
sampling. Return Sy as an M-efficient set.

If the procedure does not terminate, perform the following. For ¢ € Sy, if every pair
(i,7), j € Sin,i # j, is in Sgq, add system ¢ to Spg. Obtain one more observation from

every system i, i € Six\Spg, and set r =r + 1. Go back to the Computation step. [
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C. Statistical Validity Proof for the MJ Procedure

In order to prove Theorem 2, we need the following two lemmas.

LEMMA C1. (Billingsley 1968) If Y, =Y and Z, — a in probability where a is a con-

stant, then (Y,, Z,) = (Y,a), where = denotes convergence in distribution.

LEMMA C2. (Billingsley 1968) Let Xy, 0 =1,2,..., be a sequence of IID random vari-
ables with finite mean u; and finite, positive variance o?. Define the standardized partial

sum for system i as

S X — g
oi/T ’

where | -] indicates truncation of any fractional part. The probability distribution of C;(t,r)

Ci(t,r)= 0<t<landreZzZt,

over D[0,1], the space of functions that are right-continuous and have left-hand limits,
converges to that of a standard Brownian motion process, W (t,0), as r increases; i.e.,

Ci(-,m) =W (-,0) as r — 0o, where = denotes convergence in distribution.

Lemma C2 is basically the Functional Central Limit Theorem.

Proof of Theorem 2

This proof is similar to the proofs of the KN++ (Kim and Nelson 2006) and WK+ pro-
cedures (Wang and Kim 2012) in its use of the Brownian motion approximation approach.

In order to prove that Equations (8)-(10) hold, we need to show that the following holds:

limsup sup P,(Accept HY') <ag/2,whereQ ¢(d,) ={p: p; — p; =0}; (C.1)
5.0 peQo(d,)

limsup sup P, (Accept HY) < ak/2,whereQ ¢(0,) ={p: pi — p; =0}; (C.2)
O0u—0 peQy(dy)

limsup sup P,(Reject Hi') <ag,whereQ 1(8,)={p:pi —p; >3, }; (C.3)

O0u—0 peQ(dy)

limsup sup P,(Reject HY) <ag,whereQ o(d,) = {p: pi —p; < —6,}. (C.4)
6u—0 peQ2(dy)

Equations (C.1) and (C.2) imply Equation (8). Equations (C.3)-(C.4) imply Equations
(9)-(10), respectively.
Let

T=T0,) = mm{ré{no,no—l—l }‘Z i — ]K)’>OB“+() or

‘Z v — ]K’<IB§‘J.+(7~)}.
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Thus, T'(6,,) is the stage at which the MJ procedure terminates by leaving the continuation

region defined by 9. Let

S%(T)(Q(OZK) +9(04K/2))J

N (r) = L 4d(5,, — 2d)

v

When d = 36,,/8,

N (1) = {85%(T)(9(a§<(5)2+ g(aK/2))J‘

Below we show that 7'(d,) — oo as §, — 0 Witﬁ probability 1, which is a fundamental
requirement for the convergence of the variance estimator. In the rest of the proof, the
focus will be on the LFCs.

When the LFC, p; — puj = 4, under HY', is true, the output process { X;;— X4, =1,2,...}
can be represented as { Z;+9,,£ =1,2,...}, where {Z,,£=1,2,...} are IID N(0,07;) accord-
ing to Assumption 1.

First, consider a sample path moving in the direction of OijJr(r) for which T =
lim sup;, _,oT" (0,) < oco. For this to occur depending on the sample path there must exist

§% >0 such that for all 6, <47,

S - S5(T)g(ox /2)

Y (Xiu=X0) =) (Zi+6,)>T d+ o : (C.5)

When d = 39,,/8, the above equation can be rewritten as follows:

257 (T*)g(ax /2)
30,

T 5
> Zit JT0, >
(=1

Note that when T* is finite, 25:1 Z, is finite with probability 1. As 6, — 0, (5/8)T%¢,
converges to zero, but QSé(T*)g(aK/Q) /(36,) converges to infinity with probability 1.
Hence, Equation (C.5) occurs with probability zero.

Second, consider a sample path moving in the direction of IBQ‘;“(T) for which T* =
lim sup;, o7’ (0,) < oco. For this to occur depending on the sample path there must exist

§% >0 such that for all §, <47,

S (X=X = (2 ) < 10, — ()

When d = 34,,/8, the above equation can be rewritten as follows:

T*

252(T*
Szt 21, < 220t )leu)
2T 33,
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Note that when T* is finite, S, , Z; is finite with probability 1. As &, — 0, (3/8)T*4,,
converges to zero, but —2S7(T*)g(ak)/(36,) converges to negative infinity with probability
1. Hence, Equation (C.6) occurs with probability zero.

We can prove a similar contradiction result for the remaining two boundaries of the
continuation region, —OBZ‘?r (r) and —IB%’L (r). Since the contradiction holds for all four
boundaries of the continuation region, these results altogether imply that 7°(,,) — oo with
probability 1 as 6, — 0 when the LFC, y; — p; =0, under H{' is true.

A similar result can also be proven when the LFC, u; — —0,, under HY or the LFC,
p; — p; =0, under H{' is true. Since we have just shown that T(éu) — 0o with probability
lasd,—0,

S2(T) — o}, with probability 1 as 6, — 0 (C.7)

when the focus is on the LFCs. Due to Equation (C.7) and Continuous Mapping Theorem
(Billingsley 1968), it is also true that N;7(T) — oo with probability 1 as d, — 0.

To establish the asymptotic probability statement in Equation (C.1), we start with
SUDPeq(s,) Pu(Accept HY') where Qo(6,) = {p: i — p; = 0}.

T
sup P, (Accept H{')= sup P {Z i — Xj¢) > OBL(T )}

HEQ () HEQ0(d,) =1

= sup PM{ Z(Xz‘z — Xje) 2Td+ %00(0n /) }

1EQ0(5,) (=1 4d
T
Si(T)g(ax/2)
— sup P Xy — X)) — T+ T>Td+—
S u{;( e = Xje) = (i = )T+ (i — py) ey
T
— sup P“{ZZ=1<XM Xje) = (pi NJ)T+ (pi — )T
HEQ(S,) N;;(T)—I—l Oij N;JT(T)‘Fl
2(T 2
. Td N Si;(T)g(ouk /2) }
NH(T)+1  ddoy N+(T)+1
_P{ZKT1(XM—XJ‘Z)_(N2‘_MJ’)T SQJ( Jg9(ax/2) } (C.8)

NH(T) +1 ,/N;J“ (T)+1 4dazJ NH(T)+1

In Equation (C.8), the supremum is attained because p; — p; is replaced with zero which

is the LFC, and actually the only configuration, in{2 ¢(d,). In Equation (C.8), we replace
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T with (N (T)+1)t, 0<t <1. Then

L(NZ5 (T)+1)t]

P{ =1 (KXie = X50) = (i =) ) (NG (D) + 1)t (NG (T) +1)d . S5(T)g(o /2)

N;(T)+1 oy NE(T) +1 4doy;\ [N (T) +1

=P{CF°(,0,) = Bi*(0,)t + A% (0,)

where
T(T)+1)t]
& Xio — X)) — (pi — pi)(NE(T) + 1)t
eoviea,y— T X NS 0
+
NH(T)+1
N*(T) +1)d S2(T p
B'inB(5M): ( 1]( ) ) ;and AiojB((Su): z( ) (aK/)
NH(T)+1 4doij\/ N (T) + 1
Consider a similar derivation for sup,cq,,) Pu{Accept Hy'} in Equation (C.2). Next,
we continue with sup,cq, 5, Pu{Reject H{'} in Equatlon (C.3).
T
sup P,{Reject H{'} < sup P {Z Xio — Xj0) <IB“]-+(T)} (C.9)
nEN(0y) nEN1(0y) /=1
T
S5 (T)g(ax)
— sup P { Xi— X;0) <T(5, —d —}
e (8,,) # 5221( ) =T )- 4d
T
S5(T)g(ax)
= sup Pl S0~ X Gt )T i )T ST, — d) — 20 A
nEQ1(dy) /=1
T
Xy — Xoo) — (115 — p)T = )T
— sup P {Z 1 (Xie i) — (i — 1) + (1i — pj)
e (6,) N (T)+1 iy /N (T) +1

(5—d> ) SQ(><>}
/NG (T)+1 4Adoy N; )+1
{Ze 1( Xje) = (pi — NJ)T+
Tod) __ SiDsew) y
N;;(T)—I—l 4do;; N+(T)—|—1

(C.10)

In Equation (C.9), the partial sum moves to the lower section of the continuation region

which includes a possible crossing of IBi‘jJr, —1Bj; + OB?. The inequality is due to

the fact that there is not a condition on 7" as given in the Computation step of the My

}
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procedure. In Equation (C.10), the supremum is attained because y; — p; is replaced with
d,, which is the LFC inQ 1(6,,).
In Equation (C.10), we replace T' with (N (T) +1)t, 0 <t < 1. Then

T)+1)t]

{Zz 1” (Xie = Xje) = (s — py ) (N5 (T) + 1)t N 0u (N (T) + 1)t

,/N;; )+ 1 oij\/ Nij (T) +1

S(NJ() D@ —d),  S5(Dglax) }

NHT)+1  4doy /NH(T) +1
O (NS(T)+1)t
—p{enes,)+ 2B DD g,y an,)),
Ni(T)+1
where
L(NE(T)+1)t]
_1 Xio—Xj0) — (pi — p ) (N(T) 4+ 1)t
Cllf(t,(sﬂ) _ /=1 ( L Jf) (lu /’LJ)( zg( ) ) for 0 <t< 1’
NAH(T)+1
N(T Sy —d S3(T)g
Nz;f(T) +1 4do*lj Ni(T)+1
Consider a similar derivation for sup,,cq,s,) Pu{Reject Hy'} in Equation (C.4).
Further define
~ . ) N + 1 OB OB OB
= 0 > B D
T(6,) =min{t € {N; QIS ,1} (O (1.8,)| 2 B (8,)t + AP (3,) or
0,(N;; (T) +
‘C’IB (t8,.) ’<BIB (8,)t = A6, }.
NAHT)+1

Clearly, T(0,) = T(6,)/(N;5(T) +1). Also, define the stopping time of the corresponding

continuous-time process as

7(5,) :min{ W |CSP(8,6,)] > BZB((SM)tth%B((SH) or
8, (NI(T) +
oo,y + e+ ‘<BIB(5 t— AR50}
NH(T)+1

Note that for fixed d,,, C’gB(T((S#),(SN) and Cgf(f(éu),éu) correspond to the right-hand
limit of a point of discontinuity of C"(-,4,) and C;7(-,d,), respectively. We can show that
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T((SM) — T(6,) with probability 1 as 8, — 0 because 1/(N;5(T)41) = 0 with probability 1
as 0, — 0. Thus, we can focus on C{;B(T(du),éu) and C’;f(f(du),éu) as 0, — 0.
Since strong consistency implies convergence in probability, Equation (C.7) and Lemma

C1 can be applied to (C9°(t,0,),CiP(t,0,),55(T)). Then Lemma C2 and the random-

) 1]

change-of-time theorem (Billingsley 1968) imply that

CiP(t,0,) = W(t,0) as 0, — 0 and
Su(NE(T) + 1)t
Cii (t,0,) + Wy (1) + 1) = W(t,A) as ¢, — 0,
N (T)+1

where = denotes convergence in distribution. The computation of the drift A is

5, (N (T) +1)

oij\/ N (T)+1

882 + 2
— lim, _}Oﬁ\/ OéK g(ak/ ))+1

8S2(T 9
— Tim; %—\/ +g(aK/ ) +62

=/(8/3)(g(ax) +g<aK/2>>

A= 11m5 -0

When d = 34,,/8, the following results are obtained:

A9%(5,) = S7(T)glax/2) 52( Vgl /2)
T 4oy [N +1 o—w\/fs g(ok) + g(ax/2)) +902/4
B (5,) — (NH(T)+1)d \/352 glax +g(aK/2))+%7
NJr T)+1 Uw 64
AB(5,) = 52< Jg(ax 52( J9(ax) |
4doyj\ [N (T) +1 o—w\/(s g(ax) + 9ok /2)) + 952 /4
B(5,) = (Vi (T) + )(6#_d):i\/255i2j( )(9(042[1)+g(a;</2))+2222.
Ng(T)—f—l Tij

The asymptotic values are as follows:

AP =limg, 0 A7 (6 ) glax/2)/V6(g9(ax) +glax/2)),
B =lims, 0 Bj" (6, = /6(g9(ax) +g(ax/2))/4,




Batur, Wang, and Choobineh: Sequential Mean-Variance Analysis
C.8 INFORMS Journal on Computing; manuscript no. JOC-2013-08-OA-149.R6

A} =limg, 047 (0,) = g(ak) /\/6 (ak)+g(ak/2)),
Bj? =lims, 0B (5,) =5v/g(ax) +9(ax/2)/(2V6).

Define the mapping ss, : D[0,1] — R such that s;,(C) = C(T¢,,) where
TC,(SM = inf{t :|03B(t75u)| > BZB(%)tJrAQ.B((S )
3, (N5 (T) +
N(T)+1

or |C2(t,8,,) + \ < BP(5,)t — A(5,)}

for every C53® € DI[0,1], G € D[0,1], and §, > 0. Define mapping s(C) = C(1¢)
To =inf{t: |C5°(t)| > BiPt + A7 or |C3F (t) + At| < Bijt — A}

for every C33® € D[0,1] and Cj7? € DI0,1].
Note that

$5,(COP(,0,,)) = CP(T,6,),
( ( ,0))
55, <O§f(t,5u) L Ol t)

Ji

s(W(-,8)) =W(Tw(.a),A).

W( (-,0)s 0)7
5 (Ng(T)+1)T
N;(T)+17

C’IBT(S

We need to show that

85, (C33°(+,0,)) = s(W(-,0)) as 6, — 0 and (C.11)
55, (Gij(+,04)) = s(W(-,A)) as 6, — 0, (C.12)

where 5 )
NE(T)+1)t
Gij(t,0,) =Ci (t,0,) + Wy (D) 1) for t € [0,1] and ¢, > 0.
NH(T)+1

This follows from Proposition 2 in Kim et al. (2005) which establishes that the extended
Continuous Mapping Theorem (Billingsley 1968) applies.

The following completes the asymptotic probability computations in Equations (C.1)-
(C.A4):

limsup sup P,{Accept H}{'}
0u—0  pe(dy)



Batur, Wang, and Choobineh: Sequential Mean-Variance Analysis
INFORMS Journal on Computing; manuscript no. JOC-2013-08-OA-149.R6 C.9

=limsup P{C"(t,0,,) > B{P(8,)t + AP (6,)}

6,—0
<P{W(t,0) > B°t + A" (C.13)
 VBlglon) + g(ax/2) glox/2

_P{ 4 th\/6( (ak)+g
_ V6(g(ax) + g(ax/2)) g(ag/2
_P{W(t,O)— 1 t> \/6 o te

The inequality in Equation (C.13) is due to Equation (C.11) and Lemma Al. Let

aK/2))}

)
(
) (C.14)
(

aK/2))}‘

V6(g(ax)+glak/2)) g(ag/2)
A =— an
4 db \/6 OéK —l—g OéK/Q))

Let T, = inf{t: W(t,A;) = b}. Following from Equation (C.14),

P{W(t’ 0) \/G(Q(O‘K)Z’Q(QK/Z))tZ e af(ai/j)a;(m))}
=P{W(t,A) >b}
<Pa (T}, <0} (C.15)
= exp(2A,b) (C.16)
—/6(g(ak) +g(ax/2)) glo/2) )
4 V6(g(ax) +g(ax/2))

(2

= exp(—g(ax/2)/2)
=exp(—2In(2/ak)/2)

:CL/K/Q.

The inequality in Equation (C.15) is because the Brownian motion process may hit 1B
before it hits line b. Equation (C.16) is due to Lemma A2.

Hence, we have shown that Equation (C.1) holds. By a similar derivation, it can be
shown that Equation (C.2) holds. Next, we will show that Equation (C.3) holds.

limsup sup P,{Reject H{'}
5,—0 ey (5,)

S, (NE(T)+ 1)t
SlimsupP{C’iIf(t,&u)—F QA ICPR) gB;;(au)t—A;;?(au)}
8u—0 N;(T)—{—l

<P{W(t,A) <B’t—A;” C.17
iJ i
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_ 5Vglax) +glak/2), glax)

RAUCEE 26 t ¢6(g<aK>+g<aK/2>>}

_ _5y/glax) +g(ak/2?) g(ax)

_P{W(t,A) NG t<— NCOTHET QK/Q))} (C.18)

The inequality in Equation (C.17) is due to Equation (C.12) and Lemma Al. Let

5v/9(ak) +glak/2) 3\/9(041()"'9(04}(/2)
2v6 26 ’

g(ox)
Volglas) + g(ox/2)
Let T, = inf{t: W (¢, As) = a}. Following from Equation (C.18),

5v/9(ak) +glak/2) Q(QK)
Y RN T OSETT)

Ap=A—

P{W(t,A) -

:P{W(t,Ag) <al

<Pp{T, < o0} (C.19)
= exp(2Asa) (C.20)
—exp< 3\/9 ag +g(04K/2) —g(ak) )

V6(g(ax) + g(ax/2))
= exp(— g(aK)/2)
=exp(—2In(1/ak)/2)

= 0fk.

The inequality in Equation (C.19) is because the Brownian motion process may hit OB
before it hits line a. Equation (C.20) is due to Lemma A2.
Hence, we have shown that Equation (C.3) holds. By a similar derivation, it can be

shown that Equation (C.4) holds.

Proof of Corollary 2
In order to prove that Equation (11) holds, we will show that
limsup sup P,{Accept H)} <ag/2.
5u—0  pEQ3(5,)
Then

limsup sup P,{Accept Hj}
0u—0  peQs(dy)
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<limsup sup P,{Accept H} (C.21)
0, —0 pne(,)
(03¢
<5 (C.22)

The inequality in Equation (C.21) holds because the probability of accepting Hj increases
when p € Qy(6,). Equation (C.22) is due to Equation (C.2).

By a similar derivation, it can be shown that Equation (12) holds.

D. M} Procedure
The algorithm of the M}, procedure is described in detail below.

1. Setup: Place all K systems in the set of initial systems, i.e., S;x ={1,2,...,K}.
Define Sgq as the set of pairs of equivalent systems, and set Sgq = (). Define Spg, as the set
of decided systems whose all pairwise tests with the systems in Syy reached to a decision,
and set Spg = ). Specify the confidence level for the M} procedure, 1 —«, and the mean-1Z
parameter, d,, (0, > 0). Set parameter d to 36,/8. Set ax to a/[K(K —1)/2]. Specify the
initial sample size ng (ng > 2).

2. Initialization: Obtain ny observations from every system i, ¢ in Siy. Set the number
of stages, r, to ng.

3. Computation: For system pair (i,7), 4,7 € Sin, (4,)) ¢ Spq, @ < j, compute the
sample variance of differences of observations

r

530 = 37 (K X (5i0) = K,000)) . where Xifr)= 23" X,

r—
(=1

and the inner and outer bounds

S.2A r (672 812] " AK
IBL;" (r) =7(6, —d) — %d() when 7> %;

S%(r)g(ax/2)
OB;‘;F(T) =rd+ 2 1d ;

where g(n) =2In(1/7n).

4. Decision:

For system pair (7,75), 4,7 € Sin, (4,7) ¢ Seq, ¢ < J:

i) If —IBé?_(T’) <>y (Xie — X)) <IBLT(r), then accept HY' : pi; = 1.
i) Else if Y-, (Xi — X;) > OB!;" (1), then accept H{': p; > p;.

iii) Else if >, (X — Xj0) < —OBQ}Jr (r), then accept HY : p; < ;.
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5. Consolidation:

For system pair (7,75), 4,7 € Sin, (4,7) ¢ Seq, ¢ < J:

i) If p; = p; decision is made, then declare systems i and j equivalent and set Spq =
SeqU{(4,5)}-

ii) If p1; > p; decision is made, then eliminate system j by setting Siy = Sin\{j}. Delete
every system j pair in Sgq.

iii) If p1; < p; decision is made, then eliminate system i by setting Sy = Siv\{¢}. Delete
every system ¢ pair in Sgq.

6. Termination: If |Siy| =1 or Sgq includes every pair (4, j) where i, j € Sin, i < j, stop
sampling. Return Syy as an M-efficient set.

If the procedure does not terminate, perform the following. For ¢ € Sy, if every pair
(i,7), j € Sin,© # j, is in Sgq, add system i to Spg. Obtain one more observation from

every system i, i € Siy\Spg, and set r =r 4+ 1. Go back to the Computation step. [

E. Vg Procedure
The algorithm of the Vg procedure is described in detail below.

1. Setup: Place all K systems in the set of initial systems, i.e., Siy = {1,2,..., K }. Define
Suq as the set of pairs of equivalent systems, and set Sgq = (. Define Spr as the set of
decided systems whose all pairwise tests with the systems in Syy reached to a decision, and
set Spg = (). Specify the confidence level for the Vg procedure, 1 — «, and the variance-1Z
parameter, 62 (J, > 1). Set parameter \ for the variance hypothesis test to 14 0.7(d, —1).
Set a to a/[K(K —1)/2]. Specify the initial sample size ng (ng > 2).

2. Initialization: Obtain ny observations from every system i, ¢ € Siy. Set the number
of stages, r, to ng.

3. Computation:

Compute the inner and outer bounds

oo J5 ()‘a}}ll - 1) In(ag)
IB7(r) = )\(}\ B a;(11> when r > 1+ —ln<;€§g§)> :
OB?(r) = )\()\(2/041()’"*1 1_ 1> when r > 1+ M.

(A - (2/aK)m) In(\)



Batur, Wang, and Choobineh: Sequential Mean-Variance Analysis
INFORMS Journal on Computing; manuscript no. JOC-2013-08-OA-149.R6 F.1

For system i, i € Sy, if there is a system pair (4,4), j € Siv, (4,7) ¢ Skq, ¢ # j, compute

the sample variance

r

1 _ _ 1 <
S2(r) = - > (Xi— Xi(r))?, where X;(r) = - > X
/=1

(=1

4. Decision:

For system pair (7,7), ¢, € SN, (i,7) ¢ Srq, i < j:

i) If 1/IB%(r) < S7(r)/S7(r) <IB?(r), then accept H : 07 =o7.

i) Else if S7(r)/S7(r) > OB?(r), then accept HY : o7 > 7.

iii) Else if S7(r)/S7(r) <1/0B?(r), then accept Hy : 07 < o7.

5. Consolidation:

For system pair (7,7), 4,7 € Sin, (4,7) ¢ Skq, ¢ < J:

i) If 07 = 07 decision is made, then declare systems i and j equivalent and set Spq =
Sna UL}

i) If o7 > 07 decision is made, then eliminate system ¢ by setting Siy = Sin\{é}. Delete
every system ¢ pair in Sgq.

iii) If 07 < 07 decision is made, then eliminate system j by setting Siv = Six\{;j}. Delete
every system j pair in Sgq.

6. Termination: If |Siy| =1 or Sgq includes every pair (4, j) where i, j € Sin, i < j, stop
sampling. Return Siy as a V-efficient set.

If the procedure does not terminate, perform the following. For i € Sy, if every pair
(i,7), j € Sin,© # j, is in Sgq, add system ¢ to Spg. Obtain one more observation from

every system i, i € Siy\Spg, and set r =1+ 1. Go back to the Computation step. [
F. Relationship of the MV Dominance to Stochastic Dominance

Table F.1 Relationship of the MV and Stochastic Dominance Criteria Under the Assumption of Normality

0; <0y 0;=0j 0;>0j

i >y | Fyo > Fp | > F; | Nondominant
MV, SSD MV, SSD, FSD

wi=pi| K > F | F=F | F < F
MV, SSD MV, SSD

i < t; | Nondominant | F; < F;| F, < F;

MV, SSD, FSD MV, SSD

The MVS procedure selects the best system based on the MV dominance criterion. Since

we assume that observations come from normal populations, this best system selection
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decision is also valid under the first- and/or second-order stochastic dominance criteria.
This expanded validation is possible because of the following properties of the normal
distribution. For two cumulative normal distributions, F; and Fj: i) If 0; = 0}, the F; and
F}; distributions never intersect; and the system with the larger mean dominates the other
system by the first-order stochastic dominance (FSD) criterion. ii) If o; # o;, distributions
intersect exactly once; and the system with the larger mean and smaller variance dominates
the other system by the second-order stochastic dominance (SSD) criterion (Kroll and
Levy 1980). Table F.1 summarizes these relationships. Since FSD implies SSD for all
distributions, at the minimum, the MV dominance also implies SSD under the assumption

of normality.

G. Experiments for Large Number of Systems

o

,725;?(1‘»/’1) . . . . . . .
(7253(1"'*2) . . . . ' 'S .
a8 . . . . . . D)
a%58 ° . 3 ° . . .
a5t ° . . ° . . .
a%0% . . . . . . .
o’ ] ] ] ] [ [ .

- — 2
p— (K = 1)8, p— (K —2)8, - p—46, =30, =26, 1= 0, I

Figure G.1  Mapping of K Systems in Equation (G.1)

Experiments 15-19 are designed to test the effectiveness of the two procedures when a
large and varied number of systems are tested. In the experiments, the following mean and

variance configurations are used:
pi=p—((i—1) mod K')5, and o =g?§2l0-D/K] (G.1)

where i =1,..., K and K’ =+ K. Mapping of K systems is depicted in Figure G.1.
Experiments 15-17 in Table G.1 use the MVS procedure. In Experiment 15, System 1 is
the best system. In Experiment 16, System K + 1 is added to the systems from Experiment
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Table G.1  Experiments 15-17 for the MVS Procedure (u=100,0 = 10,5, =3, §, = 1.1)
Exp. | Systems Correct selection
15 | pi=p— ((i — 1) mod K")8,, o2 = o262~ V/XV I MV-efficient ={1}
i=1,....K,K'=vK Spa =10
Sxp =0
16 |y =p—((i —1) mod K')§,, 02 =26,/ MV_efficient ={1, K + 1}
i=1,..., K, K'=VK Seq={(1,K+1)}
[l 1 = 1,0 fcyy = O Sxp =1
17 | pi=p— ((i —1) mod K")8,, o2 =262~V I MV-efficient ={1, K + 1}
i=1,...,K,K'=VK Spq =10
[+ =+ 0, 0%y = 020, Sxp ={(1,K +1)}
Table G.2  Results of Experiments 15-17 for the MVS Procedure (u = 100,0 = 10,5, =3, 6, = 1.1)

K =100 K =225 K =400
Exp.| PCS | SATO | PCS | SATO | PCS | SATO
15 |1.000 | 108,818 |1.000 | 244,563 | 1.000 | 522,711
16 |1.000 | 110,985 |1.000 | 246,317 | 1.000 | 531,744
17 |1.000 | 107,230 | 1.000 | 224,860 | 1.000 | 456,837

15 such that Systems 1 and K 41 are equivalent. In Experiment 17, System K + 1 is added

to the systems from Experiment 15 such that Systems 1 and K + 1 are nondominant. The

results of Experiments 15-17 for different values of K are shown in Table G.2. All PCS

values are above the prespecified confidence level of 0.95.

Table G.3  Experiments 18-19 for the CMVS Procedure (i = 100,0 = 10,4, = 3,8, = 1.1)
Exp. | Systems Correct selection
18 | p;=p— ((i — 1) mod K')§,, o2 = o262 V/K1 | OMV-efficient ={0}
i=1,....K,K'=VK Sgpq =10
o= 0% =0
19 | pi=p—((i —1) mod K")8,, o2 = o262~/ KV CMV-efficient ={1}

1=1,...

K K =

VK

,UJO:,UJ_(S;MU(% 20252

Spq=10
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Table G.4  Results of Experiments 18-19 for the CMVS Procedure (1= 100,05 = 10,6, = 3,5, = 1.1)
K =100 K =225 K =400
Exp.| PCS | SATO | PCS | SATO | PCS | SATO

18 [1.000 | 15,503 | 1.000 | 32,245 | 1.000 | 55,736

19 [0.999 {25,491 | 1.000 | 44,398 | 1.000 | 69,104

Experiments 18-19 in Table G.3 use the CMVS procedure. In Experiment 18, the refer-
ence system is set such that all contending systems are risk infeasible. Hence, the reference
system is the best system. In Experiment 19, the reference system is set such that K’

2 are risk feasible. When the reference system and the

contending systems with variance o
risk-feasible contending systems are compared, System 1 has the largest mean. Hence, Sys-
tem 1 is the best system. The results of Experiments 18-19 for different values of K are

shown in Table G.4. All PCS values are above the prespecified confidence level of 0.95.
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