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Several examples in this Appendix are solved by Lingo 14 (2013) on an Intel(R) Core i7 930
CPU with 12 GB RAM. Such examples demonstrate the effectiveness and efficiency of the pro-
posed convexification strategy.

ExAMPLE 1

Min  axX;2x;° +bx, +CX, + dx,

s.t. X, — X, + %X, <30, (28)
X +X, =%, <0, (29)
=X, +X,+%X,20, (30)
1<x,<100,i=1,2,3, (31)

where o, @,,;,a,b,c, and d are constants.
Only one signomial term, ax;*X;?X;*, exists in this objective function, whereas other terms

are linear. Four parameter sets, {¢,,2,,;,a,b,c,d}, specified in Table 5, are used to form four

subproblems in this example. On the basis of Proposition 1, the signomial terms in all subprob-
lems are nonconvex; they must be convexified as an underestimator to obtain global optimization.
Given that different underestimators with varying conditions cause distinct results, this example

conducts an extensive experimental study for verifying the effectiveness of the proposed convex-



ification strategy. This example gathers the computational efficiencies and accuracies of each

underestimator (ET, NPT, and PCT) to verify the rules of the proposed convexification strategy.

In subproblem 1, the nonconvex signomial term 180x;'x,"xZ can be converted into convex
underestimator 180x;'x,'e¢’* on the basis of Proposition 3, where z, =L(Inx;) and L(Inx;,) is
the linearization function of Inx, . Given r equidistant break points ( a,=1 ,...,
a,=a+(100-1)(w-1)/(r-1),...,a =100) for linearizing InX,, the nonlinear term z, can be

linearized by the piecewise linearization technique proposed by Beale and Tomlin (1970), which
is expressed as follows:

;=2 AIna, %= 4a,, >4 =1, (32)
w=1 w=1 w=1
r-1
D> u, =1, (33)
w=1
A<u, 4 <u, 4,<u,,+U,,W=2,..,r-1, (34)
0<A4,<Lw=l..r;u,e{01},w=1..r-1. (35)

Subproblem 1 is converted into a mixed-integer convex program with the ET technique as fol-
lows:
Min  180x;'x,'e*® — x, +8X, — 6X,
st.  (28)—(35).
Subproblem 1 can also be convexified by the NPT (Propositions 4) and PCT techniques

(Propositions 5). All subproblems with each convex underestimator are presented in Table 5.

Table 5 Parameters of Example 1 and its related transformations

% Parameters Original term  ET NPT PCT
_cgr {a,;,04,8,
S bcd}
3
1 {~1,-1,2,180, 180X, "%, X2 180x;*x; e’ , 180x; "%,z %* 180x;'x,"z2,
18,76} z;=L(Inx,). 7, =L(%"). z,=L(XZ%).
2 (-1,01,32, 2x,7 M8 2x, et 2x,'," P %7 2x,'2,'%3,
0.7,-29,-23) 2, =L(Inx,), 2, = L"), 2, = LOG™) .
z;=L(Inx,). z,=L(x%").
3 (-3,01,1,455, 455x,°x3'x, 455x, %1% 455x.°2,% VP .47 | 455x,°2,0VF 7370YF
-2.9,-3,2.78) 2, = L(Inx,), 2 = L"), 2 =LY,




z,=L(Inx,). z,=L(G"). L
3 3 23 — L(X;ﬁ+0,l) .
4 (09, 1’ 11’ 5, sxf_gxzxé.l 5e0.921+22+1.1z3 ’ 52;0.9//f22—1/ﬁ2;1.1//f , 21—0.9/ﬁ22—1/ﬂzé+1.9/ﬁ ,
—55, =62, 26) z,=L(Inx,), 2z, =L(x"), z,=L(x"),
z,=L(Inx,), 2, =L(x,"), z, = L(x,"),
Z,= L(ln X3) . z,= L(X;ﬂ) . 118

z,=L(x{™9).

Tables 6 to 9 provide the results of subproblems 1 to 4, respectively. These tables present
the solution, objective value, CPU time, and error rate err% of each convex underestimator, in

which ET has two different g values (1 and the minimal values obtained by Propositions 4 and
5 with computer accuracy & =2.55*10°). Each subproblem has four different equidistant break
points (r =8, 16, 32, and 64) for experimenting. The CPU times are executed 10 times consecu-

tively, and the median of the 10 results is considered the computation time (in seconds). Error

rate (%) expressed in Equation (36) is used to calculate the gap of the experimental objective
value and global optimization, where Obj is the experimental objective value, and Obj” is the

near global optimization obtained from the ET technique with 2048 break points.

x100% . (36)

Error rate(%)= ‘M‘

Table 6 Experimental results of subproblem 1 in Example 1

Global r Transformation Solution Objective  CPU time Error rate

optimization (X0 %y, X3) value (sec.) (%)
(X1 %, %)

ET (2.674, 2.315, 4.989) 140.6749 0.30 78.15%

8 NPT(8=1) (5.261, 2.822, 8.083) 23.6015 0.32 96.33%

NPT (5=1/480) (2.678, 2.316, 4.995) 140.202 0.36 78.22%

PCT (1.755, 1.692, 3.447) 417.7526 0.27 35.12%

ET (1.631, 1.552, 3.183) 277.6712 0.75 56.87%

16 NPT(5=1) (2.238, 1.944, 4.182) 121.4399 1.18 81.14%

643.8444 NPT (5=1/240) (1.633, 1.553, 3.187) 276.6151 0.86 57.04%

PCT (1.310, 1.281, 2.591) 520.8603 0.67 19.10%

(15, 13.887, ET (1.117, 1.092, 2.209) 438.3986 0.71 31.91%

28.887) 32 NPT(5=1) (1.306, 1.255, 2.562) 280.2766 0.65 56.47%

NPT(5=1/120) (1.118, 1.093, 2.212) 436.6528 0.74 32.18%

PCT (1.009, 1, 2.009) 607.2811 0.66 5.68%

ET 1,1,2) 597.8533 1.44 7.14%

64 NPT(8=1) 1,1,2 482.9523 1.49 24.99%

NPT (5=1/60) (1,1,2)  595.8467 1.48 7.45%

PCT (15, 14.047, 29.047) 643.7934 0.95 0.01%

Table 7 Experimental results of subproblem 2 in Example 1



Global r Transformation Solution Objective  CPU time Error rate
optimization (X4 X5, X5) value (sec.) (%)
(X1 X5, X3)
ET (2.856, 5.53, 8.387) —271.232 0.34 229.38%
8 NPT(5=1) (2.07, 8.813, 10.883) —445.168 0.33 440.60%
NPT (5=1/480) (2.855, 5.538, 8.393) —271.65 0.30 229.89%
PCT (2.947, 1.985, 4.932) —86.013 0.28 4.45%
ET (1.878, 3.13, 5.007) —151.990 0.47 84.57%
87 34646 16 NPT(5=1) (1.419, 4.374,5.794) —218.479 0.59 165.32%
) NPT (5=1/240) (1.875, 3.135, 5.011) -152.292 0.54 84.94%
(2.94136 PCT (2.951, 1.922, 4.873) —85.178 0.50 3.44%
1..761818’ ET (1.314, 1.984, 3.298) —95.663 1.22 16.17%
1 703178’) 32 NPT(5=1) (1.008, 2.386, 3.394) —117.662 0.90 42.89%
' NPT (5=1/120) (1.31, 1.988, 3.298) —95.844 1.22 16.39%
PCT (2.964, 1.845, 4.81) —84.198 0.55 2.25%
ET (3.038, 1.818, 4.857) —86.064 3.72 4.51%
6 NPT(B=1) (3.03, 1.891, 4.921) -89.819 4.62 9.07%
NPT (5=1/60) (3.038, 1.819, 4.858) —86.127 3.40 4.59%
PCT (2.989, 1.765, 4.754) —83.223 1.37 1.06%
Table 8 Experimental results of subproblem 3 in Example 1
Global r Transformation Solution Objective  CPU time Error rate
optimization (X0, Xy, X5) value (sec.) (%)
(X, %51 %)
ET (15, 5.907, 20.907) -0.1221 0.55 202.93%
NPT(8=1) (15, 7.411, 22.411) —0.4651 090  492.06%
8 NPT (5=1/480) (15,5.911, 20.911) —-0.1229 0.82 203.60%
PCT(8=1) (15, 8.189, 23.189) —0.2998 0.47 352.72%
PCT(5=1/480) (15,5.911, 20.911) —0.1197 0.83 200.90%
ET (15, 2.143, 17.143) 0.0858 121 27.67%
NPT(5=1) (15, 3.243, 18.243) -0.0215 0.89 118.12%
16 NPT(p=1/240) (15, 2.153, 17.153) 0.0854 1.65 28.01%
0.11863 PCT(8=1) (15, 3.882, 18.882) 0.0127 0.89 89.29%
PCT(5=1/240) (15, 2.158, 17.158) 0.087 1.70 26.66%
(15, 35.37001, ET (15, 33.995, 48.995) 0.1134 2.01 4.41%
50.37001) NPT(5=1) (15, 2.388, 17.388) 0.1028 1.39 13.34%
32 NPT(p=1/120) (15, 33.995, 48.995) 0.1134 1.89 4.41%
PCT(8=1) (15, 2.252, 17.252) 0.1116 1.17 5.93%
PCT(5=1/120) (15, 33.996, 48.996) 0.1137 1.98 4.16%
ET (15, 34.704, 49.704) 0.1172 5.08 1.21%
NPT(5=1) (15, 34.68, 49.68) 0.1161 6.16 2.13%
64  NPT(s=1/60) (15, 34.703, 49.703) 0.1174 5.52 1.04%
PCT(p=1) (15, 34.626, 49.626) 0.1175 6.65 0.95%
PCT(5=1/60) (15, 34.7, 49.7) 0.1176 5.72 0.87%
Table 9 Experimental results of subproblem 4 in Example 1
Global r Transformation Solution Objective  CPU time Error rate
optimization (X, Xy X3) value (sec.) (%)
(X %51 %)
—69.42404 ET (1, 6.827, 7.827) -192.95 0.45 177.93%
8 NPT(5=1) (2.473, 8.817, 11.29) —322.033 0.47 363.86%
(1, NPT (5=1/480) (1, 6.835, 7.835) —193.263 0.72 178.38%
2.54483, PCT(8=1) (3.01, 7.249, 10.256) —233.721 0.47 236.66%




3.54483) PCT(p=1/480) (1,6.829,7.829)  —193.117 044  178.17%
ET (1,4.025,5025)  —120.009 431 72.86%
NPT(8=1) (1.359, 4.769, 6.128)  —167.56 183  141.36%

16 NPT(8=1/240) (1,4.03,5.03) 120331 3.82 73.33%
PCT(p=1) (2.058,4.144,6.202)  —139.219 131  100.53%
PCT($=1/240) (1,4.027,5.027)  —120.16 3.70 73.08%
ET (1,2586,3.586)  —84.431 255 21.62%
NPT(5=1) (2.135,2.706, 4.841)  —98.266 3.78 41.54%

32 NPT(8=1/120) (1,2587,3.587)  —84.585 3.73 21.84%
PCT(8=1) (1.99, 2.664, 4.654)  —96.041 3.03 38.34%
PCT($=1/120) (1,2588,3.588)  —84.521 2.73 21.75%
ET (1, 2.264, 3.264) 7222 17.32 4.03%
NPT(8=1) (1512, 1.968,3.48)  —78.006 19.01 12.36%

64  NPT(8=1/60) (1,2.262,3.262) 72331 14.70 4.19%
PCT(p=1) (1507,1.953,3.46)  —76.461 12.48 10.14%
PCT(p=1/60) (1, 2.261, 3.261) -72.3 18.08 4.14%

Tables 6 to 9 show the enormous computing results of subproblems 1 to 4 and obtain the
following conclusion: the PCT technique yields a better solution for subproblems 1 to 3 (Tables
6 to 8), whereas the ET technique yields a better solution for subproblem 4 (Table 9). The pro-
posed convexification strategy can be employed to obtain the most appropriate variable trans-
formation technique, which does not require enormous computations. Table 10 shows the effec-

tiveness of the proposed convexification strategy. In subproblem 1, the nonconvex signomial,

180x,'x,"X?, satisfies Rule 3 in Table 2, and the PCT technique with Proposition 5 is selected for

obtaining the underestimator. Similarly, the nonconvex term, 2x;*X;"xS, in subproblem 2 satis-

fies Rule 4 in Table 2, and the PCT technique is selected. Subproblems 3 and 4 respectively sat-
isfy Rules 5 and 6 and necessitate the estimator with Equation (21) for selecting the most appro-
priate variable transformation technique. The values of estimator in Equation (21) for terms

455x%;°x3 X, and 5% °X,x;* with different B values are listed in Table 10. The values of estima-

tors in subproblem 3 are always positive, whereas the values in subproblem 4 are always nega-

tive. According to Rules 5 and 6 in Table 2, the suggested convex underestimators of
455x,°x5 "X, and 5x°x, . can be constructed by the PCT and ET techniques, respectively.

Based on the experiments of Example 1, the proposed convexification strategy offers a guide for
selecting the most appropriate transformation technique on any condition of signomial term for

obtaining the tightest convex underestimator.

Table 10 Effectiveness of the proposed convexification strategy in Example 1



Proposed convexification strategy (Table 2)

Sub- S Experiment re- Value of Suggesting

problem value sults Rule estimator in  transformation
Equation (21) technique

1 nfa PCT (Table 6) 3 nla PCT

2 nfa PCT (Table 7) 4 nla PCT

3 1/480 PCT (Table 8) 5 (Estimator) 6882.6 PCT

3 1/240 PCT (Table 8) 5 (Estimator) 12825.4 PCT

3 1/120 PCT (Table 8) 5 (Estimator) 22546.7 PCT

3 1/60 PCT (Table 8) 5 (Estimator) 36210.9 PCT

4 1/480 ET (Table 9) 6 (Estimator) —36250635.6 ET

4 1/240 ET (Table 9) 6 (Estimator) —72495016.9 ET

4 1/120 ET (Table 9) 6 (Estimator) —144959707.8 ET

4 1/60 ET (Table 9) 6 (Estimator) —289756133.9 ET

ExXAMPLE 2 This example compares the efficiency of three piecewise linearization techniques
in GGP problems with the same subproblems (subproblems 1 to 4) in Example 1. Given that the
most appropriate variable transformation technique for each subproblem is obtained in Example
1, this example only compares the different piecewise linearization techniques with the most ap-
propriate variable transformation technique in each subproblem. The first piecewise linearization
technique is derived from Beale and Tomlin (1970), who used an SOS2 model to represent
piecewise linear functions. The features of this technique are reasonably easy to implement and
use; thus, this technique is applied in Example 1 (Constraints (32)—(35)). Li et al. (2009) pro-
posed a superior approach to expressing the piecewise linear function with logarithmic number
of binary variables and constraints, and it is employed as the second piecewise linearization
technique in this example. The last piecewise linearization technique is proposed by Vielma and
Nembhauser (2011), and it is an efficient SOS2 constraint with a logarithmic number of binary

variables and constraints. For example, the piecewise linear functions of the nonlinear term
2, =L(Inx,) with 9 break points in Example 1 (Constraints (32)—(35)) can be reduced through

this technique (Proposition 8), as shown below.

(32),
23,3 + 13,7 < u3,1v /13,1 + /13,5 + /’iz,g <1- u3,1v (37)
/13,4 +/13,5 + ﬂ’s,e < u3,21 j3,1 + /13,2 + }‘3,8 + ﬂa,g <1- u3,2 . (38)
/13,6 + /13,7 +ﬂ?,8 "'/13,9 < Uss, AB,l + 33,2 + /13,3 + /13,4 <1- Us 3. (39)
0<4,, <Lw=1..r; u;, e{0,1},s=1..[log,(r-1)]. (40)



The experimental results of all subproblems with three piecewise linear techniques and r
equidistant break points (r =32, 64, 128, 256, 512, and 1024) are presented in Table 11, which
include the solution, accuracy rate, and CPU time. The CPU time is executed 10 times consecu-
tively, and the median of the 10 results is considered the computation time (in seconds). To ex-
amine the accuracy rate of the piecewise linear functions, we use Equation (41) to evaluate the

gap between the original nonlinear term and the related convex underestimator. In Equation (41),

X" is the solution derived from P1 model, S(X*) is the value of the original nonlinear term with

solution X", and S¢(X’,2) is the value of convex underestimator of S(X') with solutionx” and

its related piecewise linear functions Z.

S(x)-S°(x",2)
S(x)

accuracy% = x100% . (41)

In Table 11, the piecewise linearization technique of Vielma and Nemhauser (2011) al-

ways Yields the shortest solving time, especially for r >512 . Based on this example, an efficient
piecewise linearization technique can significantly reduce the solving time of GGP problems

with PCT and ET variable transformations.

Table 11 Comparison of the results of piecewise linear techniques in Example 2

CPU Time (second)

L 3 _d Solution Piecewise Tech
o B o 0, :
g o7 % ' (%, X5, X3) Accuracy% Beale . Vielma &
% - &Tomlin Lietal Nemhauser
32 (1.009, 1, 2.009) 14.95% 0.66 0.55 <0.01
64 (15, 14.047, 29.047) 0.01% 0.95 1.11 <0.01
1 PCT 128 (15, 13.963, 28.963) <0.01% 2.67 4.27 1.01
256 (15, 13.92, 28.92) <0.01% 5.13 11.57 0.91
512 (15, 13.899, 28.899) <0.01% 25.51 64.13 2.21
1024 (15, 13.888, 28.888) <0.01% 125.56 297.68 6.63
32 (2.964, 1.845, 4.81) 2.44% 0.55 0.32 0.03
64 (2.989, 1.765, 4.754) 1.16% 1.37 1.22 0.55
2 PCT 128 (3.023, 1.693, 4.716) 0.15% 6.1 1.85 0.89
256 (2.971, 1.735, 4.706) 0.03% 13.27 3.26 1.12
512 (2.954, 1.75, 4.704) 0.01% 42.87 11.73 2.44
1024 (2.947, 1.757, 4.703) <0.01% 171.86 53.6 4.39
32 (15, 33.996, 48.996) 0.06% 1.98 6.02 1.09
64 (15, 34.7, 49.7) 0.01% 5.72 15.3 1.54
s per 128 (15, 35.19, 50.19) <0.01% 24.36 86.07 3.77
256 (15, 35.297, 50.297) <0.01% 847.24 338.97 11.38
512 (15, 35.383, 50.383) <0.01% 2644.89 2533.6 27.55
1024 (15, 35.36, 50.36) <0.01% >86400 25730.12 97.45
— 32 (1, 2.586, 3.536) 28.57% 255 9.19 1.98
64 (1,2.264, 3.264) 8.07% 17.32 29.82 2.78




128 (1, 2.698, 3.698) 1.18% 108.94 130.2 7.17

256 (1,2.48, 3.48) 0.35% 1418.71 817.9 13.34
512 (1, 2.587, 3.587) 0.08% 8935.74 6879.43 34.58
1024 (1, 2.564, 3.564) 0.02% >86400 76413.71 123.21

ExAmMPLE 3  This example does a comprehensive comparison among the proposed convexifi-
cation strategy with popular referencing convexification strategies. The referencing convexifica-
tion strategies include those proposed by Porn et al. (2008), Li and Lu (2009), Tsai and Lin
(2011) as well as Lundell et al. (2009). Considering that only one transformation technique can
be used for negative signomial term, all convexification strategies always follow the rules of Ta-
ble 3 to convexify the negative term with the PT technique (described in Proposition 6). For
positive signomial term, more freedom exists regarding the selection of transformation tech-
niques. The concepts of comparing convexification strategies for positive signomial terms can be
briefly described as follows.

Q) Porn et al. (2008) used the ET technique (described in Proposition 3) to transform
only the variables with positive exponents.

(i) Li and Lu (2009) and Tsai and Lin (2011) used the NPT technique (described in
Proposition 4) to transform only the variables with positive exponents.

(@iii)  Lundell et al. (2009) used a MILP model to select either the NPT technique (de-
scribed in Proposition 4) or the PCT technique to transform related variables.

(iv)  The proposed convexification strategy utilizes an estimator in Proposition 7 to de-
termine the use of ET (described in Proposition 3) or PCT technique (described in
Proposition 5) to transform related variables. Table 2 lists the detailed rules.

This example is tested on a pressure vessel design problem proposed by Sandgren (1990), as

shown in Figure 1, to minimize the total cost of materials used to form and weld the pressure

vessel. The four decision variables are X, (i.e., shell thickness), X, (i.e., spherical head thickness),

X5 (i.e., radius of the shell), and X, (i.e., length of the shell). All the variables are changed into
continuous variables to demonstrate the effectiveness of the proposed convexification strategy

and referencing convexification strategies. The problem is formulated as follows:

Min  0.6224x XX, +1.7781x,X; +3.1661x.X, +19.84%’X, (42)
st 0.0193x,—x <0,



0.00954x, -x, <0,

1296000 — 7X2X, —%nxg <0, (43)
X,—240<0,

0.0625< x; <6.1875,i=1,2,

10< x <200,i=34.

[Insert Figure 1]
Figure 1. Tube and pressure vessel

Four nonconvex posynomial terms in objective function (42) and two nonconvex signomi-
al terms in constraint (43) are considered. The convex underestimators of the nonconvex terms in
each convexification strategy are expressed in Table 12, and the rules for the proposed strategy

are presented in Tables 2 and 3. All piecewise linear functions (z, = L(f (x,))) utilize the linear-

ization technique proposed by Vielma and Nemhauser (2011).

Table 12 Convex underestimators with each convexification strategy in Example 3

Original Terms  Pdrn et al Li & Lu(2009), Lundell et al. Proposed strategy
(2008) Tsai & Lin (2011)  (2009)
0.6224x,X,X, 0.6224e4 1%+ 0.6224z,'z;'z," 0.62247z;'z,* 0.6224e%"=" ryle 6
1.7781x,X2 1.7781e%2+%% 1.7781z,'z;? 1.7781z,'%; 1.7781e%"** rule 6
3.1661xx, 3.1661e%4"% 3.1661z,°z;" 3.1661x’z," 3.1661x’z,; , rule 6
19.84x]x, 19.84¢%4"% 19.847,°z"; 19.84x7z;" 19.84xz;;, rule 6
z, =L(Inx), z, = L(x), 7, = L(x"®), z, =L(nx),i=1...,4,
i=1..,4 i=1..,4. z, = L(x™M), 2, = L(x3Y),
i=234. z, =L(xY).
—7X2X, —xz5z2/;, rule 13
2. —4% 72, , rule 13

Ip = L(Xg)' Zp= L(Xi)

The global optimal objective value is 5885.333, with a feasibility tolerance of 2.55*107°.
Table 13 provides the computation results of the proposed convexification strategy and referenc-
ing convexification strategies. In each case of r equidistant break points (r =8, 16, 32, 64, and
128), Table 13 lists the solution, objective value, CPU time, and error rate €rr%. The CPU time
is executed 10 times consecutively, and the median of the 10 results is considered the computa-
tion time (in seconds). The error rate (%) is expressed in Equation (36).



From the computation results, the proposed convexification strategy outperforms the refer-
encing strategies (Porn et al. (2008), Li and Lu (2009), Tsai and Lin (2011), and Lundell et al.
(2009)). Specifically, the proposed convexification strategy utilizes an estimator to determine the

most appropriate variable transformation technique for obtaining the tightest convex underesti-

mator. Figure 2 illustrates the solution quality derived by each strategy in each case of different

equidistant break points. The proposed convexification strategy outperforms the referencing

strategies in terms of both solution quality and computation efficiency.

Table 13 Computation results of Example 3

Global r  Convexification strate- Solution ~ Objec- CPU  Error rate
optimization ay (%) Xy, X3, %,) tive time (%)
(X1 X5, X35 X4) value  (sec.)
Pérn et al. (2008) (0.7333, 0.36247, 37.9942, 200)  3695.201 3 37.21%
Li & Lu(2009), Tsai & (0.7333, 0.36246, 37.9942, 200)  1870.305 2 68.22%
8  Lin(2011)
Lundell et al. (2009) (1.1751, 0.5808, 60.8846, 18.3368)  3365.461 3 42.82%
Proposed strategy (0.7369,0.3643,38.1809,196.2757)  3927.136 3 33.27%
Porn et al. (2008) (0.76126, 0.37629, 39.44327,200)  5229.291 4 11.15%
Li & Lu(2009), Tsai &  (0.76126, 0.37629, 39.44327, 200)  4740.568 6  19.45%
16 Lin (2011)
Lundell et al. (2009) (0.76126, 0.37628, 39.44327, 200)  4994.263 13 15.14%
Proposed strategy (0.76125, 0.37629, 39.44327, 200) 5262.756 4  10.58%
5885.333 P6rn et al. (2008) (0.7796, 0.3854, 40.3936,197.6235)  5781.977 8  1.756%
(0.7781686, ., Li & Lu(2009), Tsai &  (0.7796, 0.3853, 40.3911, 197.661) 5699.324 22 3.161%
0.3846492, Lin (2011)
40.31962, Lundell et al. (2009) (0.7809, 0.386, 40.4612, 196.5927)  5759.954 12 2.130%
200) Proposed strategy (0.7802, 0.3857, 40.4254,197.1352)  5792.173 8 1583%
Pérn et al. (2008) (0.77748, 0.38431, 40.28401, 200)  5852.527 13 0.557%
Li & Lu(2009), Tsai &  (0.77748, 0.38431, 40.28401, 200)  5832.095 11 0.905%
64 Lin (2011)
Lundell et al. (2009) (0.77748, 0.38431, 40.28401, 200)  5850.111 13 0.598%
Proposed strategy (0.77748, 0.3843, 40.284, 200)  5855.590 11 0.505%
Porn et al. (2008) (0.77791, 0.38452, 40.30631, 200)  5877.551 29 0.132%
12 Li&Lu(2009), Tsai &  (0.77791, 0.38452, 40.30631, 200)  5874.099 30  0.191%
g Lin(2011)
Lundell et al. (2009) (0.77791, 0.38452, 40.30631, 200)  5875.646 30  0.165%
Proposed strategy (0.77791, 0.38452, 40.30631, 200) 5877.732 29 0.129%

Number of break points (r)
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Figure 2 Objective Value Comparison of Example 3
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