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A. Proofs
A.1 Proof of Theorem 1

Theorem 1 Let Q⇤ be optimal order quantities for the MPNP-CDS(D) (4). Then,

(i)

Q⇤
j =

8
>><

>>:

0, if P̄j �
P

i2[n]\�⇤
↵jiP̄i < 0

Ds
j(Q

⇤) =Dj +
P
i2�⇤

↵ijDi, otherwise.
(5)

for each j 2 [n]; and

(ii)

v⇤D =max
�✓[n]

8
<

:f(�) :=
X

j2�

X

i2[n]\�

↵jiP̄iDj +
X

i2[n]\�

P̄iDi

9
=

; := f(�⇤), (6)

where [n] \ supp(Q⇤) = �⇤, i.e., �⇤ = {i2 [n] :Q⇤
i = 0}.

Proof: We prove the result by using the following three arguments.

(1) Let xi =Qi�Di denotes the unsold units of ith product for each i2 [n]. Then, Model

(4) is equivalent to

v⇤D = max
x��D

8
<

:g(x) :=
X

i2[n]

P̄ixi�
X

i2[n]

S̄i

0

@xi�
X

j2[n]

↵ji(�xj)+

1

A

+

+
X

i2[n]

P̄iDi

9
=

; , (27)
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To simplify function g(x), we classify n products into the following three sets accord-

ing to the value of x, i.e.,

I+ = {i : xi � 0} , I� = {i : xi  0} , I++ =

8
<

:i2 I+ : xi +
X

j2I�

↵jixj > 0

9
=

; .

Consequently, we can remove (·)+ from (27), and we have

g(x) =
X

i2I+\I++

P̄ixi +
X

i2I++

�
P̄i� S̄i

�
xi +

X

j2I�

0

@P̄j �
X

i2I++

↵jiS̄i

1

Axj +
X

i2[n]

P̄iDi.

Note that in the above function, for each i2 I+ \ I++, the coe�cient of xi is positive as

P̄i = pi�ci > 0, and by definition, xi �
P
j2I�

↵jixj. Therefore, by letting xi =�
P
j2I�

↵jixj

for each i2 I+ \ I++, function g(x) is upper bounded by

g(x)
X

i2I+\I++

P̄i

0

@�
X

j2I�

↵jixj

1

A+
X

i2I++

�
P̄i� S̄i

�
xi +

X

j2I�

0

@P̄j �
X

i2I++

↵jiS̄i

1

Axj +
X

i2[n]

P̄iDi

=
X

i2I++

�
P̄i� S̄i

�
0

@xi +
X

j2I�

↵jixj

1

A+
X

j2I�

0

@P̄j �
X

i2I+

↵jiP̄i

1

Axj +
X

i2[n]

P̄iDi.

For each i 2 I++, we have P̄i� S̄i = si� ci < 0 by definition, and xi +
P
j2I�

↵jixj > 0 by

definition of set I++. Thus, by letting I++ = ;, function g(x) is further upper bounded

by

g(x)
X

j2I�

0

@P̄j �
X

i2I+

↵jiP̄i

1

Axj +
X

i2[n]

P̄iDi.

Note that for each j 2 I�, we note that xj 2 [�Dj,0]. Hence, for each j 2 I�, let xj = 0

if P̄j �
P
i2I+

↵jiP̄i � 0, and �Dj, otherwise. Then g(x) is further upper bounded by

g(x)
X

j2I�

0

@
X

i2I+

↵jiP̄i� P̄j

1

A

+

Dj +
X

i2[n]

P̄iDi,

where the equality is achieved when I++ = ; and for each j 2 [n],

xj =

8
>>>>>>><

>>>>>>>:

0, if
P
i2I+

↵jiP̄i� P̄j  0, j 2 I�

�Dj, if
P
i2I+

↵jiP̄i� P̄j > 0, j 2 I�

�
P
i2I�

↵ijxi, otherwise

. (28)
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Note that I+ = [n] \ I�. Therefore, Model (27) is further equivalent to the following

combinatorial optimization problem

v⇤D = max
I�✓[n]

8
<

:bg(I�) :=
X

j2I�

0

@
X

i2[n]\I�

↵jiP̄i� P̄j

1

A

+

Dj +
X

i2[n]

P̄iDi

9
=

; . (29)

(2) Next, we prove the following property of Model (29).

Claim 1 In the Model (29), for any subset I� ✓ [n], let J0 =(
j 2 I� :

P
i2[n]\I�

↵jiP̄i  P̄j

)
, then bg(I�) bg(I� \ J0).

Proof: Let us define bI� = I� \ J0. By definitions of sets I�, J0 and bI�, we have

bg(I�) =
X

j2I�

0

@
X

i2[n]\I�

↵jiP̄i� P̄j

1

A

+

Dj +
X

i2[n]

P̄iDi

=
X

j2I�\J0

0

@
X

i2[n]\I�

↵jiP̄i� P̄j

1

ADj +
X

i2[n]

P̄iDi

=
X

j2I�\J0

0

@
X

i2[n]\(I�\J0)

↵jiP̄i� P̄j

1

ADj +
X

i2[n]

P̄iDi�
X

j2I�\J0

X

i2J0

↵jiP̄iDj

= bg(bI�)�
X

j2I�\J0

X

i2J0

↵jiP̄iDj

 bg(bI�)

where the inequality holds due to
P

j2I�\J0

P
i2J0

↵jiP̄iDj � 0.

⇧

By Claim 1 and equation (28), we note that there exists an optimal solution to

Model (27) x⇤ with subset I⇤� :=

(
j :

P
i2[n]\I⇤�

↵jiP̄i > P̄j

)
such that

x⇤
j =

8
>><

>>:

�Dj, if j 2 I⇤�

�
P
i2I�

↵ijx⇤
i , otherwise.

.

Let Q⇤ = x⇤ +D, and �⇤ = I⇤�. Clearly, Q
⇤ satisfies (5) and is an optimal solution to

Model (4) and v⇤D = f(�⇤).
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(3) Finally, by Claim 1 and letting �= I�, Model (29) reduces to

v⇤D =max
�✓[n]

8
<

:f(�) :=
X

j2�

0

@
X

i2[n]\�

↵jiP̄i� P̄j

1

ADj +
X

i2[n]

P̄iDi

9
=

; ,

which is equivalent to (6).

⇤

A.2 Proof of Proposition 1

Proposition 1 The set function f(�), defined in (6), is submodular.

Proof: Let A✓B ✓ [I], k 2 [n] \B. By Definition 1, we only need to show that

f(A[ {k})� f(A)� f(B [ {k})� f(B).

Note that

f(B [ {k})� f(B) =
X

j2B[{k}

X

i2[n]\(B[{k})

↵jiP̄iDj �
X

j2B

X

i2[n]\B

↵jiP̄iDj � P̄kDk

=
X

j2B

X

i2[n]\(B[{k})

↵jiP̄iDj �
X

j2B

X

i2[n]\B

↵jiP̄iDj +
X

i2[n]\(B[{k})

↵kiP̄iDk� P̄kDk

=�
X

j2B

↵jkP̄kDj +
X

i2[n]\(B[{k})

↵kiP̄iDk� P̄kDk

Similarly,

f(A[ {k})� f(A) =�
X

j2A

↵jkP̄kDj +
X

i2[n]\(A[{k})

↵kiP̄iDk� P̄kDk.

Hence,

(f(B [ {k})� f(B))� (f(A[ {k})� f(A))

=�
X

j2B

↵jkP̄kDj +
X

i2[n]\(B[{k})

↵kiP̄iDk�

0

@�
X

j2A

↵jkP̄kDj +
X

i2[n]\(A[{k})

↵kiP̄iDk

1

A

=�
X

j2B\A

↵jkP̄kDj �
X

i2B\A

↵kiP̄iDk  0

where the inequality follows because
P

j2B\A
↵jkP̄kDj � 0 and

P
i2B\A

↵kiP̄iDk � 0. Thus, f(�)

is submodular. ⇤



Zhang, Xie and Sarin: Multi-Product Newsvendor Problem with Substitutions

Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!) 5

A.3 Proof of Theorem 2

Theorem 2 The MPNP-CDS(D) is strongly NP-hard, so is the MPNP-CDS (3).

Proof: We prove this result by showing that the weighted max-cut problem (WMCP) is a

special case of the MPNP-CDS(D).

(Weighted Max-Cut Problem) Given an undirected graph G= (V,E) with |V |=

n, and a nonnegative integer weight wij associated with each edge (i, j) 2 E in the

graph, (and wij = 0 if there is no edge between nodes i, j.) find a subset ⇤✓ V which

maximizes the total weights of edges between subsets ⇤ and [n] \⇤.

Clearly, this problem can be formulated as:

vw =max
⇤✓[n]

8
<

:
X

j2⇤

X

i2[n]\⇤

wji

9
=

; . (30)

Without loss of generality, we assume that there is at lease one edge (i, j) 2E such that

wij > 0, otherwise, the weighted max-cut problem is trivial.

Consider a special instance of MPNP-CDS(D), where ↵ji = ↵ij = (n+ 1)wji and P̄i =

Di = 1 for all i, j 2 [n]. Under this setting, Model (6) reduces to

vDW =max
⇤✓[n]

8
<

:(n+1)
X

j2⇤

X

i2[n]\⇤

wji +n� |⇤|

9
=

; . (31)

Let bxc denote the floor function of number x. It remains to show that

Claim 2 bvDW
n+1 c= vw.

Proof: We separate the proof into two steps.

vw  bvDW
n+1 c Let ⇤⇤ be an optimal solution to (30). Clearly, ⇤⇤ is feasible to (31), thus

(n+1)vw  (n+1)
X

j2⇤⇤

X

i2[n]\⇤⇤

wji +n� |⇤⇤| vDW .

Due to our assumption that all the weights are integral, we have vw  bvDW
n+1 c. Next we

show that

vw � bvDW
n+1 c Suppose that vw < bvDW

n+1 c, i.e., vw  b
vDW
n+1 c� 1, which implies that

(n+1)vw  vDW � (n+1).
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Let b⇤ be an optimal solution to (31). We have

(n+1)vw  vDW � (n+1) = (n+1)
X

j2b⇤

X

i2[n]\b⇤

wji +n� |b⇤|� (n+1)

which implies that
X

j2b⇤

X

i2[n]\b⇤

wji � vw +
1+ |b⇤|
n+1

> vw

a contradiction that vw is the optimal value to (30).

⇧

Hence, it follows that we can solve the MPNP-CDS(D) e�ciently, only if we can solve

the weighted max-cut problem (30) e�ciently. However, the weighted max-cut problem is

strongly NP-hard. Therefore, the MPNP-CDS is also NP-hard, and consequently, so is the

MPNP-CDS. ⇤

A.4 Proof of Proposition 2

Proposition 2 Model (6) is equivalent to

v⇤D =max
y

8
<

:
X

i2[n]

X

j2[n+1]

1

4
wij (1� yiyn+1 + yjyn+1� yiyj) : yi 2 {�1,1},8i2 [n+1]

9
=

; . (7)

Proof: Let bv⇤D be the optimal value of Model (7). We need to show bv⇤D = v⇤D.

(bv⇤D  v⇤D) Given an optimal solution y⇤ of Model (7), we define a set b� = {j 2 [n] : y⇤j =

y⇤n+1}. Clearly, b� is a feasible solution of Model (6) and

bv⇤D =
X

i2[n]

X

j2[n+1]

1

4
wij

�
1� y⇤i y

⇤
n+1 + y⇤jy

⇤
n+1� y⇤i y

⇤
j

�
,

=
X

j2[n]

X

i2[n]

1

4
wij

�
1� y⇤i y

⇤
n+1 + y⇤jy

⇤
n+1� y⇤i y

⇤
j

�
+
X

i2[n]

1

2
wi(n+1)

�
1� y⇤i y

⇤
n+1

�
,

=
X

j2b�

X

i2[n]

1

4
wij

�
2� y⇤i y

⇤
n+1� y⇤i y

⇤
j

�
+

X

j2[n]\b�

X

i2[n]

1

4
wij

�
�y⇤i y⇤n+1� y⇤i y

⇤
j

�
+

X

i2[n]\b�

wi(n+1), (32)

=
X

j2b�

X

i2[n]

1

4
wij

�
2� 2y⇤i y

⇤
n+1

�
+

X

i2[n]\b�

wi(n+1),

=
X

j2b�

X

i2[n]\b�

wij +
X

i2[n]\b�

wi(n+1),
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=
X

j2b�

X

i2[n]\b�

↵jiP̄iDj +
X

i2[n]\b�

P̄iDi,

where the third equality is because y⇤jy
⇤
n+1 = 1 for all j 2 b�, and �1, otherwise; the

fourth equality is due to the definition of set b�, we have y⇤i y
⇤
n+1 + y⇤i y

⇤
j = 2y⇤i y

⇤
n+1 if

j 2 b�, and 0, otherwise; the fifth equality is due to that y⇤i y
⇤
n+1 = 1 for all i 2 b�, �1,

otherwise; and the last equality is due to the definition of wij. Thus, bv⇤D  v⇤D.

(bv⇤D � v⇤D) Given an optimal solution �⇤ of Model (6), let us construct vector by 2 {�1,1}n+1

as follows: If j 2 �⇤, then byj = byn+1 = 1, otherwise, byj =�1 6= byn+1. Clearly, by is feasible

to Model (7) and following the same derivation as (32), we have

v⇤D =
X

i2[n]

X

j2[n+1]

1

4
wij (1� byibyn+1 + byjbyn+1� byibyj) .

Thus, bv⇤D � v⇤D.

⇤

A.5 Proof of Theorem 3

Theorem 3 Let Q⇤ be the vector of optimal quantities of Model (10). Then,

P
⇣
Q⇤

i � D̃s
i (Q

⇤)
⌘
+

X

j2[n]

S̄j

S̄i
↵jiP

⇣
Q⇤

j � D̃s
j(Q

⇤),Q⇤
i < D̃i

⌘
� P̄i

S̄i
,8i2 [n], (11a)

P
⇣
Q⇤

i > D̃s
i (Q

⇤)
⌘
+

X

j2[n]

S̄j

S̄i
↵jiP

⇣
Q⇤

j > D̃s
j(Q

⇤),Q⇤
i  D̃i

⌘
 P̄i

S̄i
,8i2 [n]. (11b)

Proof: For notational convenience, given a vector Q, let (Q|Qi q) denote a new vector

that is the same as Q except that the ith entry is q. Note that Q⇤ is optimal to (10), i.e.,

Q⇤ 2 arg max
Q2R+

n

8
<

:⇧(Q) =
X

i2[n]

P̄iQi�E

2

4
X

i2[n]

S̄i

⇣
Qi� D̃s

i (Q)
⌘

+

3

5

9
=

; .

We note that in the above optimization model, since 0< P̄i < S̄i for each i2 [n] and demand

D̃ is nonnegative, thus, ⇧(Q)<⇧((Q)+) if Q /2R+
n is not a nonnegative vector. Therefore,

we can relax the domain of Q to be Rn as below:

Q⇤ 2 argmax
Q

8
<

:⇧(Q) =
X

i2[n]

P̄iQi�E

2

4
X

i2[n]

S̄i

⇣
Qi� D̃s

i (Q)
⌘

+

3

5

9
=

; .
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By the optimality of Q⇤, for each i2 [n], Q⇤
i is also optimal to the following mathematical

program

Q⇤
i 2 argmax

⇢
G(Qi) := P̄iQi� S̄iE

⇣
Qi� D̃s

i (Q
⇤|Q⇤

i  Qi)
⌘

+

�
X

j2[n],j 6=i

E
✓
S̄j

⇣
Q⇤

j � D̃s
j (Q

⇤|Q⇤
i  Qi)

⌘

+

◆9=

; .

Let Q1
i := Q⇤

i + ",Q2
i := Q⇤

i � ", where " > 0 is a su�ciently small positive constant.

Simple calculation yields

G
�
Q1

i

�
�G (Q⇤

i ) = P̄i"�P
⇣
Q⇤

i � D̃s
i (Q

⇤)
⌘
S̄i"�

X

j2[n],j 6=i

P
⇣
Q⇤

j � D̃s
j(Q

⇤),Q⇤
i < D̃i

⌘
S̄j↵ji" 0,

G
�
Q2

i

�
�G (Q⇤

i ) =�P̄i"+P
⇣
Q⇤

i > D̃s
i (Q

⇤)
⌘
S̄i"+

X

j2[n],j 6=i

P
⇣
Q⇤

j > D̃s
j(Q

⇤),Q⇤
i  D̃i

⌘
S̄j↵ji" 0,

where G (Q1
i )�G (Q⇤

i ) 0, and G (Q2
i )�G (Q⇤

i ) 0 are due to the optimality of Q⇤
i . Thus,

we arrive at (11). ⇤

A.6 Proof of Proposition 3

Proposition 3 Let Q⇤ be the vector of optimal quantities of Model (10). Then, Q⇤ is upper

and lower bounded by Q and Q, respectively, i.e., for each product i 2 [n], Qi �Q⇤
i �Q

i

with

Q
i
=

8
><

>:

F�1
D̃i

⇣
P̄i�

P
j2[n] ↵ij S̄j

S̄i�
P

j2[n] ↵ij S̄j

⌘
, if S̄i >

P
j2[n]↵ijS̄j

0, otherwise
, (12a)

Qi = F̄�1
D̃i+

P
j2[n] ↵jiD̃j

✓
P̄i

S̄i

◆
, (12b)

where F�1
X̃

, F̄�1
X̃

denote the lower and upper inverse distribution function of ran-

dom variable X̃, respectively, i.e., F�1
X̃

(t) = inf
n
 : P

⇣
X̃  

⌘
� t

o
and F̄�1

X̃
(t) =

inf
n
 : P

⇣
X̃ < 

⌘
� t

o
.

Proof: Note that by definition, for each product i2 [n], we have

D̃i  D̃s
i (Q

⇤) = D̃i +
X

j2[n]

↵ji

⇣
D̃j �Q⇤

j

⌘

+
 D̃i +

X

j2[n]

↵jiD̃j,
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where the second inequality holds because D̃j,Q⇤
j are nonnegative for all j 2 [n]. Therefore,

P
⇣
D̃i Q⇤

i

⌘
� P

⇣
D̃s

i (Q
⇤)Q⇤

i

⌘
� P

0

@D̃i +
X

j2[n]

↵jiD̃j Q⇤
i

1

A ,

P
⇣
D̃i <Q⇤

i

⌘
� P

⇣
D̃s

i (Q
⇤)<Q⇤

i

⌘
� P

0

@D̃i +
X

j2[n]

↵jiD̃j <Q⇤
i

1

A ,

(33)

Now, we separate the rest of the proof into two parts.

(1) Clearly, by (10), Q⇤ 2Rn
+. According to (11a) in Theorem 3, we have

P
⇣
Q⇤

i � D̃i

⌘
+

X

j2[n]

S̄j

S̄i
↵ijP

⇣
Q⇤

i < D̃i

⌘
� P

⇣
Q⇤

i � D̃s
i (Q

⇤)
⌘
+

X

j2[n]

S̄j

S̄i
↵ijP

⇣
Qj � D̃s

j(Q
⇤),Q⇤

i < D̃i

⌘

� P̄i

S̄i

where the first inequality follows because (33) and P
⇣
Qj � D̃s

j(Q
⇤),Q⇤

i < D̃i

⌘


P
⇣
Q⇤

i < D̃i

⌘
. Since P

⇣
Q⇤

i < D̃i

⌘
= 1� P

⇣
Q⇤

i � D̃i

⌘
and multiply S̄i on both sides of

P
⇣
Q⇤

i � D̃i

⌘
+

P
j2[n]

S̄j

S̄i
↵ijP

⇣
Q⇤

i < D̃i

⌘
� P̄i

S̄i
, we obtain

P
⇣
Q⇤

i � D̃i

⌘
�

P̄i�
P

j2[n]↵ijS̄j

S̄i�
P

j2[n]↵ijS̄j

given that S̄i >
P

j2[n]↵ijS̄j, i.e., we arrive at (12a).

(2) According to (11b) in Theorem 3, we have

P

0

@Q⇤
i > D̃i +

X

j2[n]

↵jiD̃j

1

A P
⇣
Q⇤

i > D̃s
i (Q

⇤)
⌘
+

X

j2[n]

S̄j

S̄i
↵ijP

⇣
Qj > D̃s

j(Q
⇤),Q⇤

i  D̃i

⌘
 P̄i

S̄i

where the first inequality is due to (33) and
P
j2[n]

S̄j

S̄i
↵ijP

⇣
Qj > D̃s

j(Q
⇤),Q⇤

i  D̃i

⌘
� 0.

Thus, we arrive at (12b).

⇤

A.7 Proof of Proposition 4

Proposition 4 The profit function ⇧(Q) defined in (10) is continuous submodular.

Proof:

(10) =
X

i2[n]

P̄iQi�
X

k2[N ]

mk

2

4
X

i2[n]

S̄i

�
Qi�Dsk

i (Q)
�
+

3

5 (34a)
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=
X

i2[n]

P̄iQi +
X

k2[N ]

mk

2

4
X

i2[n]

S̄imin
�
Dsk

i (Q)�Qi,0
�
3

5 (34b)

In (34b), Dsk
i (Q) = Dk

i +
P

i 6=j ↵ij

�
Dk

j �Qj

�
+
= Dk

i +
P

i 6=j ↵ij min
�
Dk

j �Qj,0
�
= Dk

i �
P

i 6=j ↵ijQj +
P

i 6=j ↵ij min
�
Dk

i ,Qj

�
. As proved in ?, Dsk

i (Q) is submodular and supermod-

ular on D. Thus, Ds
i (Q) is submodular and supermodular on Q, since Q and D are

symmetric in the function min(Di,Qi), and also the summation of linear funciton are still

submodular or supermodular. So Qi�Dsk
i (Q) is submodular on Q. Since min{t,0} is non-

decreasing and concave on t, according to ?, min{f(Q),0} is submodular if f(Q) is sub-

modular. Therefore, min
�
Dsk

i (Q)�Qi,0
�
is submodualr on Q. The first term

P
i2[n] P̄iQi

in (34b) is linear function and mk, P̄i � 0, for all k 2 [N ] and i2 [n]. Thus, (10) is submod-

ular on Q. ⇤

A.8 Proof of Theorem 4

Theorem 4 The MILP Model 2 is stronger than MILP Model 1, i.e., their continuous

relaxation values satisfy v̄1M  v̄2M , where v̄1M , v̄2M are defined in (16a), (16b), respectively.

Proof: Let (Q⇤,�⇤,u⇤,w⇤,y⇤) be an optimal solution to relaxed Model (16b). For each

i2 [n], k 2 [N ], define

z(k)⇤i = 1�
X

⌧2[k]

�(⌧)⇤
i .

Clearly, z⇤ 2 [0,1]n⇥N . We need to show that (Q⇤,z⇤,u⇤,y⇤) is feasible to relaxed Model

(16a). Note that (Q⇤,z⇤,u⇤,y⇤) satisfies constraints (14b) and (14e).

According to (15d), for each i2 [n] and k 2 [N ], we have

u(k)⇤
i +Q⇤

i �D(k)
i =D(k)

i

2

4
X

⌧2[k]

�(⌧)⇤

i � 1

3

5+Q⇤
i �

X

⌧2[k]

w(⌧)⇤
i

�D(k)
i

2

4
X

⌧2[k]

�(⌧)⇤

i � 1

3

5��Miz
(k)⇤
i

where the first inequality is due to Q⇤
i �

P
⌧2[k]w

(⌧)⇤
i and the second inequality is due to

z(k)⇤i = 1�
P

⌧2[k]�
(⌧)⇤
i = 0 if D(k)

i >Mi, and z(k)⇤i = 1�
P

⌧2[k]�
(⌧)⇤
i 2 [0,1], otherwise. On

the other hand,

u(k)⇤
i +Q⇤

i �D(k)
i =D(k)

i

2

4
X

⌧2[k]

�(⌧)⇤

i � 1

3

5+Q⇤
i �

X

⌧2[k]

w(⌧)⇤
i =D(k)

i

2

4
X

⌧2[k]

�(⌧)⇤

i � 1

3

5+
X

⌧2[N+1]\[k]

w(⌧)⇤
i



Zhang, Xie and Sarin: Multi-Product Newsvendor Problem with Substitutions

Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!) 11

Mi

X

⌧2[N+1]\[k]

�(⌧)⇤
i :=Miz

(k)⇤
i

where the second equality follows because Q⇤
i =

P
⌧2[N+1]w

(⌧)⇤
i , the first inequality is due

to D(k)
i

hP
⌧2[k]�

(⌧)⇤

i � 1
i
 0 and w(⌧)⇤

i  bD(⌧)
i �(⌧)⇤

i  Mi�
(⌧)⇤
i for each ⌧ 2 [N + 1] \ [k].

Therefore, (Q⇤,z⇤,u⇤,y⇤) satisfies constraints (14c).

Finally,we note that u(k)⇤
i � 0 for each i2 [n] and k 2 [N ]. In addition, by (15d), we have

u(k)⇤
i =D(k)

i

X

⌧2[k]

�(⌧)⇤

i �
X

⌧2[k]

w(⌧)⇤
i Dk

i

X

⌧2[k]

�(⌧)⇤
i :=Dk

i (1� z(k)⇤i )

where the inequality because
P

⌧2[k]w
(⌧)⇤
i � 0. Thus, (Q⇤,z⇤,u⇤,y⇤) satisfies constraints

(14d). ⇤

A.9 Proof of Proposition 7

Proposition 7 Suppose that Q2Rn
+ is known. Then,

(i) the following optimization model is e�ciently solvable,

max
q2[Qi

,Qi]
⇧ (Q|Qi q) (18)

for each i2 [n]; and
(ii) an optimal solution to Model (18) belongs to set R=R1 [R2 [R3, where

R1 =
n
Dk

i :D
k
i 2

h
Q

i
,Qi

i
,8k 2 [N +1]

o
, (19a)

R2 =
n
Dsk

i :Dsk
i 2

h
Q

i
,Qi

i
,8k 2 [N ]

o
, (19b)

R3 =

(
Dk

i �
Qj �Dsk

j,�i

↵ij
:Dk

i �
Qj �Dsk

j,�i

↵ij
2
h
Q

i
,Dk

i

i
,8j 2 [n], k 2 [N ]

)
. (19c)

Proof: First of all, we can simplify Model (18) to an equivalent form by eliminating all of

the constant terms, i.e., the following optimization problem has the same optimal solutions

as Model (18):

max
q2[Qi

,Qi]
P̄iq�

X

k2[N ]

mkS̄i

�
q�Dsk

i (Q|Qi q)
�
+
�

X

k2[N ]

mk

X

j2[n],j 6=i

S̄j

�
Qj �Dsk

j (Q|Qi q)
�
+
,

which is further equivalent to

max
q2[Qi

,Qi]
P̄iq�

X

k2[N ]

mkS̄i

�
q�Dsk

i (Q)
�
+
�

X

k2[N ]

mk

X

j2[n],j 6=i

S̄j

�
Qj �Dsk

j (Q|Qi q)
�
+
,

(35)
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since ↵ii = 0 and Dsk
i (Q|Qi q) =Dsk

i (Q) =Dk
i +

P
j2[n]↵ji(Dk

j �Qj)+ is a constant.

Notice that

Dsk
j (Q|Qi q) =Dk

j +
X

⌧2[n],⌧ 6=i

↵⌧j

�
Dk

⌧ �Q⌧

�
+
+↵ij

�
Dk

i � q
�
+
:=Dsk

j,�i(Q)+↵ij

�
Dk

i � q
�
+

where Dsk
j,�i(Q) =Dk

j +
P

⌧2[n],⌧ 6=i↵⌧j

�
Dk

⌧ �Q⌧

�
+
.

From Property 2, we know that the demand of product i is sorted as

D(1)
i  . . .D(N)

i .

Now let bD(k)
i =max

n
min

n
D(k)

i ,Qi

o
,Q

i

o
. Hence, the optimal order quantity q⇤ of Model

(35) must belong to one of the following N +1 intervals:

h
bD(0)
i , bD(1)

i

i
,
h
bD(1)
i , bD(2)

i

i
, . . . ,

h
bD(N)
i , bD(N+1)

i

i
.

where bD(0)
i =Q

i
, bD(N+1)

i =Qi. Let us set Ir =
n
⌧ :D⌧

i � bD(r)
i

o
for each r 2 [N ]. By removing

constant terms, Model (35) further reduces to

max
r2[N+1]

max
q2[ bD(r�1)

i , bD(r)
i ]

P̄iq�
X

k2[N ]

mkS̄i

�
q�Dsk

i (Q)
�
+
�
X

k2Ir

mk

X

j2[n]
j 6=i

S̄j

�
↵ijq�Dsk

j,�i(Q)�↵ijD
k
i +Qj

�
+
.

Note that in the above optimization model, the inner optimization is to maximize a piece-

wise linear concave function with optimal value achieved by one of its extreme points,

which are included in the set of all the breaking points of the piecewise linear concave

function. Therefore, one of the optimal solution to the above maximization model is con-

tained in a set R=R1 [R2 [R3, where R1,R2,R3 are defined in (19). There are at most

2N +nN points in set R, thus, Model (18) is e�ciently solvable. ⇤

A.10 Proof of Theorem 5

Theorem 5 Let v⇤, vLD, vLDR denote the optimal values obtained for Models (10), (22b),

and (25), respectively. Then,

(i) v⇤  vLD  vLDR ; and

(ii)

vLDR =max
⇡,�

X

i2[n]

P̄i�i�
X

k2[N ]

mk

X

i2[n]

S̄i⇡
k
i , (26a)
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s.t. �i�⇡k
i =

n+1X

j=1

1

4
wk

ij

�
1�Y k

i(n+1)+Y k
j(n+1)�Y k

ij

�
,8i2 [n],8k 2 [N ], (26b)

⇡k
i � 0,8i2 [n],8k 2 [N ], (26c)

�i � 0,8i2 [n] (26d)

Y k
jj = 1,8j 2 [n+1],8k 2 [N ] (26e)

Y k ⌫ 0,8k 2 [N ] (26f)

(i) Clearly, by the discussion above, we have v⇤  vLD  vLDR .

(ii) Notice that in Model (25), the inner maximization problem are seperable, thus, we

can swap summation and max operators as below,

vLDR = inf
�2⌦

max
Y 2CN

R

X

k2[N ]

mk

8
<

:
X

i2[n]

X

j2[n+1]

1

4

✓
P̄i +

�k
i

mk

◆
wk

ij

�
1�Y k

i(n+1) +Y k
j(n+1)�Y k

ij

�
9
=

; ,

where CN
R denotes n-fold Cartesian product of set CR and Y = {Y k}k2[N ]. Note that

CR is a bounded convex set and ⌦ is a nonempty polyhedral set, The above function

is bilinear in � and Y . According to the well-known Sion’s minimax theorem (cf., ?),

we can switch the inf and max operators, i.e., Model (25) is equivalent to

vLDR = max
Y 2CN

R

inf
�2⌦

X

k2[N ]

mk

8
<

:
X

i2[n]

X

j2[n+1]

1

4

✓
P̄i +

�k
i

mk

◆
wk

ij

�
1�Y k

i(n+1) +Y k
j(n+1)�Y k

ij

�
9
=

; .

By the strong duality of linear program, we can reformulate the inner infimum in

the above formulation as an equivalent maximization problem with dual variables

�= {�i}i2[n],⇡= {⇡k
i }i2[n],k2[N ] corresponding to the constraints in ⌦, i.e., Model (25)

is equivalent to

vLDR =max
⇡,�,Y

X

i2[n]

P̄i�i�
X

k2[N ]

X

i2[n]

S̄i⇡
k
i ,

s.t. �imk�⇡k
i =

X

j2[n+1]

1

4
mkw

k
ij

�
1�Y k

i(n+1) +Y k
j(n+1)�Y k

ij

�
,8i2 [n],8k 2 [N ],

⇡k
i � 0,8i2 [n],8k 2 [N ],

�i � 0,8i2 [n]

Y k
jj = 1,8j 2 [n+1],8k 2 [N ]

Y k ⌫ 0,8k 2 [N ]

Redefining ⇡k
i :=

⇡k
i

mk
for each i2 [n], k 2 [N ], we arrive at Model (26). ⇤
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A.11 Proof of Theorem 6

Theorem 6 Let v⇤, vLD, vLDR denote the optimal value of Models (10), (22b), and (25),

respectively. Then,

(i) vLDR  vLD

0.79607 ; and

(ii) if Assumption 3 holds, then

vLDR  vLD

0.79607
 (1+ �)

0.79607(1� �)
v⇤

Proof:

(i) We first prove vLDR  vLD

0.79607 . From (25), we have

vLDR = inf
�2⌦

X

k2[N ]

mk max
Y k2CR

8
<

:
X

i2[n]

X

j2[n+1]

1

4

✓
P̄i +

�k
i

mk

◆
wk

ij

�
1�Y k

i(n+1)+Y k
j(n+1)�Y k

ij

�
9
=

;

 1

0.79607
inf
�2⌦

X

k2[N ]

mk max
Y k2C

8
<

:
X

i2[n]

X

j2[n+1]

1

4

✓
P̄i +

�k
i

mk

◆
wk

ij

�
1�Y k

i(n+1)+Y k
j(n+1)�Y k

ij

�
9
=

;

=
1

0.79607
vLD

where the inequality follows by the result of Corollary 2.

(ii) It remains to show that vLD  1+�
1��v

⇤ under Assumption 3. By (24), we have

vLD = inf
�2⌦

X

k2[N ]

mk max
Y k2C

8
<

:
X

i2[n]

X

j2[n+1]

1

4

✓
P̄i +

�k
i

mk

◆
wk

ij

�
1�Y k

i(n+1) +Y k
j(n+1)�Y k

ij

�
9
=

;


X

k2[N ]

mk max
Y k2C

8
<

:
X

i2[n]

X

j2[n+1]

1

4
P̄iw

k
ij

�
1�Y k

i(n+1)+Y k
j(n+1)�Y k

ij

�
9
=

;

 (1+ �)
X

k2[N ]

mk max
Y k2C

8
<

:
X

i2[n]

X

j2[n+1]

1

4
P̄iwij

�
1�Y k

i(n+1)+Y k
j(n+1)�Y k

ij

�
9
=

;

=
�
1+ �

� X

k2[N ]

mkv
⇤
D (37)

=
�
1+ �

�
v⇤D, (38)

where the first inequality follows because we let �= 0, the second inequality holds

because Dk
i  (1 + �)Di for all k 2 [N ], the second equality follows by the definition

of v⇤D in (8), and the third equality is due to
P

k2[N ]mk = 1.
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On the other hand, note that for any fixed Q2Rn
+, D

sk
i (Q) =Dk

i +
P

j2[n]↵ji(Dk
j �

Qj)+ is nondecreasing in Dk. Since (1� �)Di Dk
i for all k 2 [N ], we have

Dsk
i (Q)� (1� �)Ds

i

✓
Q

1� �

◆
:= (1� �)

2

4Di +
X

j2[n]

↵ji

✓
Dj �

Qj

1� �

◆

+

3

5 .

Thus, by (10), we have

v⇤ = max
Q2Rn

+

8
<

:
X

i2[n]

P̄iQi�
X

k2[N ]

mk

2

4
X

i2[n]

S̄i

�
Qi�Dsk

i (Q)
�
+

3

5

9
=

;

� max
Q2Rn

+

8
<

:
X

i2[n]

P̄iQi�
X

k2[N ]

mk

2

4
X

i2[n]

S̄i

✓
Qi� (1� �)Ds

i

✓
Q

1� �

◆◆

+

3

5

9
=

;

= (1� �) max
Q2Rn

+

8
<

:
X

i2[n]

P̄i
Qi

1� �
�

X

k2[N ]

mk

2

4
X

i2[n]

S̄i

✓
Qi

1� �
�Ds

i

✓
Q

1� �

◆◆

+

3

5

9
=

;

= (1� �)v⇤(D) (39)

where the first inequality follows because Dsk
i (Q)� (1� �)Ds

i

⇣
Q
1��

⌘
for each k 2 [N ],

and the third equality obtained by letting Qi :=
Qi

1�� for each i2 [n].

Combining (38) and (39), we have

v⇤ � 1� �

1+ �
vLD.

⇤


