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A. Proofs
A.1 Proof of Theorem 1

Theorem 1 Let Q* be optimal order quantities for the MPNP-CDS(D) (4). Then,
()

0, if Pp— > a;P<0
Q; = ZE[R}\F* (5)
D;(Q*) =D+ > w;;D;, otherwise.
ielx

for each j € [n]; and
(i)
vD:%% ;E[Z\F%PD + Z P.D; p = f(I'), (6)
Jjelie(n]

where [n] \ supp(Q*) =T*, i.e., T*={i € [n]: Qf =0}.

Proof: We prove the result by using the following three arguments.
(1) Let x; = Q; — D; denotes the unsold units of ith product for each i € [n]. Then, Model

(4) is equivalent to

vD—maX Zsz ZS T;— Zaﬂ —xj)+ +ZP¢DZ' . (27)

i€[n] i€[n] Jj€[n] i i€[n)
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To simplify function g(x), we classify n products into the following three sets accord-

ing to the value of x, i.e.,

I.={i:z; >0}, ]_={i:2;<0},I,, = i€]+:aci+2ajixj>0

jel_

Consequently, we can remove (-) from (27), and we have

g(il:): Z R$Z+Z<R_Sz)xz+z Pj_za/jis’i Z’j-I-ZPiDi.

1€l \I++ i€l jel— el i€[n]
Note that in the above function, for each i € I, \ I, ;, the coefficient of z; is positive as
P, =p;—c¢; >0, and by definition, z; < — > ajxj. Therefore, by letting x; = — > ajiz;

jEI- jEI-
for each i € I, \ I, function g(x) is upper bounded by

g(x) < Z P _Zajixj +Z(Pi—§i)ﬂfi+z pj—zajigz‘ $j+zpiDi

i€l \I44 jel- i€lyy Jel- (STENE i€[n]
1<y Jel- Jel- i€l i€[n]

For each i € I, ., we have P, — S;=s; — c¢; <0 by definition, and z; + > ajiz; >0 by
jel-
definition of set I, . Thus, by letting I, . =0, function g(«) is further upper bounded

by

g(m)ﬁz Pj—zag‘ipz‘ mj+ZPiDi-

jel- iely i€n]
Note that for each j € I_, we note that z; € [-D;,0]. Hence, for each j € I_, let z; =0
if P;— > a;;P,>0, and —D;, otherwise. Then g(z) is further upper bounded by

i€l

g(x) < Z Zaﬁpi - -P] D; + Z P.D;,,

jel_ \iely N i€ln]

where the equality is achieved when I, , ={) and for each j € [n],

(

0, if > a;P—P;<0,jel_
1€l
z; =< —Dj, if_ezlajiR—Pj>O,j€I_. (28)
ey

— > wx;, otherwise
il

\
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Note that I, =[n]\ I_. Therefore, Model (27) is further equivalent to the following

combinatorial optimization problem

v = max ¢ g([_):= Z Z ;P — P Dj—l—ZPiDi . (29)

-l Jel- \ie[r]\I- n i€ln]

(2) Next, we prove the following property of Model (29).

Claim 1 In the Model (29), for any subset I. C [n], let Jy =

{j el : Y a;B< 133}7 then g(1-) <g(I-\ Jo).
i€n|\I-

Proof: Let us define I =1 \ Jo. By definitions of sets I_, Jy and f_, we have

gu)=> | > aibi=F| Dj+) PD

jel- \ien)\I- N i€[n]

- 3 (S wh-n)nry
jel\Jo \i€n]\I- i€[n]

=D >, b= P | Dj+) PDi— Y Y auPD;
jeil_ \JO i€[n)\(I-\Jo) 1€[n] jeI_\Joi€Jo

= g Z ZaJ,PD

]EI \JoZEJ()
<g(I-)

where the inequality holds due to Y. >~ «;BD; > 0.
jeI_\Joi€Jo
o

By Claim 1 and equation (28), we note that there exists an optimal solution to

Model (27) x* with subset I* :=<j: > «; P> P]} such that

i€n|\I*

—D,

i if jeI*

— > w;x;, otherwise.
iel-

Let Q* =x*+ D, and I'* = I*. Clearly, Q* satisfies (5) and is an optimal solution to
Model (4) and v}, = f(T'™).
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(3) Finally, by Claim 1 and letting I' =1_, Model (29) reduces to

UD_%% f@):=>"| Y ayP,—P;| D;+> PDiy,

jer ZE[?’L}\F = n]

which is equivalent to (6).

0
A.2 Proof of Proposition 1
Proposition 1 The set function f(I'), defined in (6), is submodular.
Proof: Let AC B C[I],k € [n]\ B. By Definition 1, we only need to show that
f(AU{k}) — f(A) > f(BU{k}) — f(DB).
Note that
jeBU{k}ie[n]\(BU{k}) jeBie[n]\B
B SRD SRRITTIN b SRNCTIRNED S A
JE€Bien]\(BU{k}) JjE€Bien])\B i€n]\(BU{k})
= _ZajkPij + Z i P.Dy, — Py Dy,
JjeB i€[n]\(BU{k})
Similarly,
f(A U {k}) - f(A) = —ZajkPij + Z OékZPZDk — Pka
JEA i€[n]\(AU{k})
Hence,

(F(BULk}) = f(B)) = (f(AU{k}) = f(A))

=— Zajkkaj + Z i P,Dy, — _Zajkkaj + Z o P, Dy,
jeB i€[n)\(BU{k}) jeA i€[n)\(AU{k})

=— Z o PeD;j — Z i PDE <0
jEB\A i€B\A

where the inequality follows because Y. «;,P,D; >0 and > oy P;Dy, > 0. Thus, f(T')
jeB\A i€B\A
is submodular. O
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A.3 Proof of Theorem 2
Theorem 2 The MPNP-CDS(D) is strongly NP-hard, so is the MPNP-CDS (3).

Proof: We prove this result by showing that the weighted max-cut problem (WMCP) is a
special case of the MPNP-CDS(D).
(Weighted Max-Cut Problem) Given an undirected graph G = (V, E) with |V | =
n, and a nonnegative integer weight w;; associated with each edge (i,j) € E in the
graph, (and w;; =0 if there is no edge between nodes i, j.) find a subset A CV which
maximizes the total weights of edges between subsets A and [n]\ A.

Clearly, this problem can be formulated as:
w = max SN wig. (30)
JeAi€n\A

Without loss of generality, we assume that there is at lease one edge (i,j) € E such that
w;; > 0, otherwise, the weighted max-cut problem is trivial.

Consider a special instance of MPNP-CDS(D), where aj; = a;; = (n + 1)wj; and P, =
D; =1 for all i, j € [n]. Under this setting, Model (6) reduces to

vpw = max ¢ (n+1) 0> > wi+n—A] . (31)
Elnl JEA ie[n]\A

Let |x| denote the floor function of number z. It remains to show that

Claim 2 |“2% | =y,,.

Proof: We separate the proof into two steps.

vy <[22 ] Let A* be an optimal solution to (30). Clearly, A* is feasible to (31), thus
(n+ Do, <(n+1)> Y wji+n—|A[<vpw.
JEA* i€[n]\A*

Due to our assumption that all the weights are integral, we have v,, < | 2% |. Next we

show that

W | e, v, < [*2% | — 1, which implies that

Uy > | Y22 | Suppose that v, < |2 i

n+1 n+1

(n+1)v, <vpw — (n+1).
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Let A be an optimal solution to (31). We have

(n+ v, <vpw—(n+1)=(n+1 Z Z wj +n— A= (n+1)
]EAzG[n]\A

which implies that

Z Z wji Z Uy + 1n—:_|1;‘ > Uy

jeR ie[n)\A
a contradiction that v,, is the optimal value to (30).
o
Hence, it follows that we can solve the MPNP-CDS(D) efficiently, only if we can solve
the weighted max-cut problem (30) efficiently. However, the weighted max-cut problem is
strongly NP-hard. Therefore, the MPNP-CDS is also NP-hard, and consequently, so is the
MPNP-CDS. O

A.4 Proof of Proposition 2

Proposition 2 Model (6) is equivalent to

vp = max Z > w” — Yilhn1 + YY1 — viY;) ys €{-1L,1}Vien+1] p. (7)
e min

Proof: Let U}, be the optimal value of Model (7). We need to show v}, = v},.

(3, <wv}) Given an optimal solution y* of Model (7), we define a set I’ = {j € [n] Ly =

yr i1} Clearly, T is a feasible solution of Model (6) and

Z Z wzy y;ky;kl—i-l + y;(y:;“‘l o yl*y;) !

i€[n] je n+1]
= Z “wii (L= 9y + ¥y — viy;) + Z SWitnt) (1 =Y ¥nsa) 5
J€[n]i€ln 'Le[n
=2 Z Twi (2= ) + ) Z T (=Y —viy) +
jer i€ln] jeln)\Fieln]
Z Wi(n+1); (32)
ieln\F
- Z Z wz] 2 2y; yn+1 Z Wi(n41)s
jET 16["1 ie[n)\T

:Z Z Wij + Z Wi(n+1),

jelien\[ i€\
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:Z Z ;i P,D; + Z P.D;,

jeliem)\T ie[n]\['

where the third equality is because yjy; ., =1 for all j € f, and —1, otherwise; the
fourth equality is due to the definition of set f, we have yiy; 1 +yiy; =2y y, . if
VAS f, and 0, otherwise; the fifth equality is due to that y;y;, , =1 for all i € f, -1,
otherwise; and the last equality is due to the definition of w;;. Thus, v}, <v},.

(0, > v}) Given an optimal solution I'* of Model (6), let us construct vector gy € {—1,1}"*!
as follows: If j € I'*, then y; =y, 41 = 1, otherwise, y; = —1 # y,,41. Clearly, ¥ is feasible

to Model (7) and following the same derivation as (32), we have

UD = Z Z w” yzyn-I—l + y]yn-i-l yzgj) .

i€[n] j€ n+1]

Thus, v}, > v},.

O
A.5 Proof of Theorem 3
Theorem 3 Let Q* be the vector of optimal quantities of Model (10). Then,
* s * * ~ PZ .
(Q > D (Q ) Z aﬂ (Qj > D3 (Q"),Q; <Di> > §,Vz € [n], (11a)
JE[n] !
* ™S * S * S * * - F)Z .
P (Qi > D3(Q )) Y FonP (Qj > DNQ),QF < Di> <g Vielnl (11b)
jelm] " ’

Proof: For notational convenience, given a vector Q, let (Q|Q; < q) denote a new vector
that is the same as @ except that the ith entry is ¢. Note that Q* is optimal to (10), i.e
Q" € arg max ( I(Q) = Y PQi-E|Y S (Qi - Df(Q))
€ . .

We note that in the above optimization model, since 0 < P; < S; for each i € [n] and demand

D is nonnegative, thus, II(Q) < II((Q).) if @ ¢ R is not a nonnegative vector. Therefore,

we can relax the domain of @ to be R™ as below:

Q' cargmax {T(Q) =Y PQ:~E | Y5 (Qi-Di(@))
1€[n]

1€[n]
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By the optimality of Q*, for each i € [n], Q7 is also optimal to the following mathematical

program
@; cargnx {G(Q) = PO~ 5B (.- DIQ1Q: < @)

- E(Sj (@;- D (@1Q; + @) )
. L, +
JE[n]j#i
Let Q! := QF +¢,Q% := QF — &, where ¢ > 0 is a sufficiently small positive constant.

Simple calculation yields

G(Q) -G Q) =Pe—P(Q > f)f(Q*)) Se— Y P (Q; > D}(Q"), @ < D;) Sjazie <0,
JE[n],j#i

JE[n],j#i
where G (Q}) — G (Q7) <0, and G (Q?) — G (Q}) <0 are due to the optimality of Q}. Thus,

we arrive at (11). O

A.6 Proof of Proposition 3
Proposition 3 Let Q* be the vector of optimal quantities of Model (10). Then, Q* is upper
and lower bounded by Q and Q, respectively, i.e., for each product i € [n], Q,>Q: > QZ

with
-1 M) S s
Q _ FDi < i_ZjE[n] a8, ) Zf Sz > ZjE[n] Oéz]SJ : (12&)
0, otherwise
_ B,
— ot = 12
QZ Di+2j€[n] ajZDj (S@) ? ( b)

where F)EI,F’)EI denote the lower and wupper inverse distribution function of ran-

dom wariable X, respectively, i.e., Fgl(t) = inf{;-a:]P’(Xﬁ;«;) zt} and F)gl(t) =
inf{m:P<X</£> Zt}.

Proof: Note that by definition, for each product i € [n], we have

D; <D;}(Q")=D; + ZO@@' <Dj - Q;)Jr <D;+ Z a;iD;,
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where the second inequality holds because Dj, @} are nonnegative for all j € [n]. Therefore,

P(Di<Q) =P(DHQ) Q) 2P| Dit Y il Qi |
€]

(33)
P(Di<@)>P(DiQ)<Q) 2P| Di+ Y auD;<Q; |
j€n]
Now, we separate the rest of the proof into two parts.

(1) Clearly, by (10), Q* € R%. According to (11a) in Theorem 3, we have

P (Q;-* > Ei) + Z%%P (QI < Di) > P (Q;* >D; (Q*)) +> %%P (Qj >D3(Q"),Q; < Di)

jenl " Jj€n]

>

| o

where the first inequality follows because (33) and P (Qj > Dj(Q*),Qj < ﬁl> <
P(Qf < D,). Since P <Q* < Di> —1-P (Q; > Di> and multiply S; on both sides of
P(Q; > Di + Z ——ozm (Q;‘ < [71> > %, we obtain

JEM]

(a2 D) > -2

Z]G [n] Oz”S
given that S; > > jeln) ;;S;, i.e., we arrive at (12a).
(2) According to (11b) in Theorem 3, we have

P|Q;>Di+ ) a;D;| <P (QZ—‘ > Df(Q*)> + Z%%‘P (Qa‘ >D;(Q").Q; < D") =3

j€ln] jem
where the first inequality is due to (33) and SJ a;; P (Q] > DS(Q*) Qr < DZ> > 0.

Jj€[n]
Thus, we arrive at (12b).

O

A.7 Proof of Proposition 4

Proposition 4 The profit function I1(Q) defined in (10) is continuous submodular.

Proof:

(10)=> " PQi— > mi | Y S (Qi—-D*Q)), (34a)
kE[N] i
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_ZPQZ+ka ZS min (D{*(Q) — Q;,0) (34b)

icln ke[N] i€[n]

In (34b), D*(Q) = Df + 3, iy (Df —Q;) = Df + 3, aiymin (D} — Q;,0) = Df —
D iz @@y + 2,5 oy min (D¥,Qj). As proved in ?, D*(Q) is submodular and supermod-
ular on D. Thus, D;(Q) is submodular and supermodular on Q, since Q and D are
symmetric in the function min(D;, @;), and also the summation of linear funciton are still
submodular or supermodular. So Q; — D{*(Q) is submodular on Q. Since min{¢,0} is non-
decreasing and concave on t, according to 7, min{f(Q),0} is submodular if f(Q) is sub-
modular. Therefore, min (ka(Q) — Qi,O) is submodualr on Q. The first term Zie[n} PQ;
in (34b) is linear function and my, P, > 0,for all k € [N] and i € [n]. Thus, (10) is submod-
ular on Q. O

A.8 Proof of Theorem 4
Theorem 4 The MILP Model 2 is stronger than MILP Model 1, i.e., their continuous

relazation values satisfy v}, < v3,, where v,,v3, are defined in (16a), (16b), respectively.

Proof: Let (Q*, x*,u*, w*,y*) be an optimal solution to relaxed Model (16b). For each
i € [n],k € [N], define

TELK]
Clearly, z* € [0,1]™". We need to show that (Q*,z*,u*,y*) is feasible to relaxed Model
(16a). Note that (Q*, z*,u*, y*) satisfies constraints (14b) and (14e).
According to (15d), for each i € [n] and k € [N], we have

W 4 0r — p® = p® Z 1| g Z !

TE[K]

D | S | 5 e

7

where the first inequality is due to Qf > ZTG[H w(T)* and the second inequality is due to
=1 Zre[k} =0 if D™ > M;, and 2" =1— 2 rely X\ €[0,1], otherwise. On
the other hand,

"+ Qr— D IS AT 1 4@ =D w =D | YN - >

TE[k] TE[k] TE[k] TG[N+1]\[k]
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<M, > =M
TE[N+1)\[K]

where the second equality follows because @Qf = ZTE[N W , the first inequality is due
to D > ek X 1] <0 and w™* < Dy < MX * for each 7 € [N + 1]\ [k].
Therefore, (Q*, z*,u*, y*) satisfies constraints (14c).

Finally,we note that ugk)* >0 for each i € [n| and k € [N]. In addition, by (15d), we have

WP =D Yy Z W™ < DES "= DE(1 - 2

relk] T€E[k]

where the inequality because Z relk * > 0. Thus, (Q*,z*,u*,y*) satisfies constraints
(14d). O
A.9 Proof of Proposition 7

Proposition 7 Suppose that Q € R, is known. Then,

(i) the following optimization model is efficiently solvable,

max IH(Q|Q; < q) (18)
for each i € [n]; and

(ii) an optimal solution to Model (18) belongs to set R =Ry URsUR3, where
Rlz{Df:Dfe [Q@} ke [N+1]}, (19a)
Ry = {Dsk Dt ¢ [Q.,Q] Wk € [N]}, (19b)
Dsk L Dsk: )
Rgz{Df @ =D :D’.“—Me [Qi,Df],VjE[n],ke[N]}. (19¢)

i
Oéij aij

Proof: First of all, we can simplify Model (18) to an equivalent form by eliminating all of

the constant terms, i.e., the following optimization problem has the same optimal solutions

as Model (18):

max  Pig — Z miS; (¢ — Di* (Q|Q: + q)) Z my Z S; ( D;k (Q|Q; %q))Jr
0€(Q, Qi ke[N] ke[N]  j€[n]j#i
which is further equivalent to

max P,g— Z mkS — Di¥ (Q))+— Z my Z S; (Qj_D;k (Q|Q2‘FQ)>+

¢€[Q,@i] ke[N] ke[N]  jelnlji

(35)
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since a; =0 and D% (Q|Q; <+ q) = Di*(Q) = Df + 5
Notice that

jeln] Oéji(Dé-€ — @)+ is a constant.

D (QIQi+aq)=Df+ Y ay(Df—=Q;), +ay (Df —q) = D;i* (Q) +ay (Df —q),
TE[n],7#1

where D]S,k—z(Q> = D;C + ZTG[n],T;éi Qrj (Df B QT)Jr

From Property 2, we know that the demand of product i is sorted as

DY < .. <DW,

K3 (2

Now let lA)l(k) = max {min {ng),@i} , QZ} Hence, the optimal order quantity ¢* of Model
(35) must belong to one of the following N + 1 intervals:

[5@ 5(1)} [5(1) 5(2)} [5( ) <N+1)}

,D
where ZA)i(O) Q, D(NH) Q,. Let us set I, = { } for each r € [N]. By removing

constant terms, Model (35) further reduces to

max  max  Pg— Z miS; ( —- D (Q kazs QG — D Q) — ay; DF + Qj)+
re[N+1] lIG[DEril)uDzm] ke[N] kel J€[n]
J#i

Note that in the above optimization model, the inner optimization is to maximize a piece-
wise linear concave function with optimal value achieved by one of its extreme points,
which are included in the set of all the breaking points of the piecewise linear concave
function. Therefore, one of the optimal solution to the above maximization model is con-
tained in a set R =R URyUR3, where Ry, Ro, R3 are defined in (19). There are at most
2N +nN points in set R, thus, Model (18) is efficiently solvable. O

A.10 Proof of Theorem 5
Theorem 5 Let v*,vP vEP denote the optimal values obtained for Models (10), (22b),
and (25), respectively. Then,
(i) v* <olP <okP: and
(ii)
_max Z P,Bi — Z My Z Sy, (26a)

i€[n] kE[N] i€[n]
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k < 1 k k .
s.t. Bi—mh= ; Zwl (1 =Yy + Vi) — Yh) Vi€ [n],Vk€[N],  (26b)
78 >0,Vi € [n],Vk € [N], (26¢c
B:>0,Vi € [n] (26d

E__ .
Yh=1,Yj € [n+1],¥k € [N]
Y* = 0,Vk € [N]

(i) Clearly, by the discussion above, we have v* < vtP < pkP.

(ii) Notice that in Model (25), the inner maximization problem are seperable, thus, we

can swap summation and max operators as below,

vEP = inf max E my, E E
AQyecy

R ke[N] ze[n]]e[n+1]

k‘
k k k k
) wij (1= Yitsn) + Vit = Yi5) ¢

where C} denotes n-fold Cartesian product of set Cr and Y ={Y"*},¢n). Note that
Cg is a bounded convex set and (2 is a nonempty polyhedral set, The above function
is bilinear in A and Y. According to the well-known Sion’s minimax theorem (cf., 7),

we can switch the inf and max operators, i.e., Model (25) is equivalent to

vEP = max inf E my, E g
YeCF Ach

kE[N] ze[n]je[n+1]

k k k
)wa(l Yitnen) + Yjinsn) — Y5))

By the strong duality of linear program, we can reformulate the inner infimum in
the above formulation as an equivalent maximization problem with dual variables
B ={Bi}ticm), ™= {Wf}ie[n},kem corresponding to the constraints in €2, i.e., Model (25)
is equivalent to

Z P — Z Z giﬂf ]

i€[n] ke[N]ig[n]

1
st Bimg—m) = Z 7T Wi g (1— )/'Lkn+1 +lezn+1) - )/z_lj) Vi€ [n],Vk € [N],

j€[n+1]
¥ >0,Vi € [n],Vk € [N],
k .
Vi=1,Vje[n+1],Vke[N]
Y* = 0,Vk € [N]

[n], k € [N], we arrive at Model (26). O

Redefining 7f :=
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A.11 Proof of Theorem 6

LD , LD
7UR

Theorem 6 Let v*,v denote the optimal value of Models (10), (22b), and (25),

respectively. Then,

LD
(i) vE” < 555607+

(ii) if Assumption 3 holds, then

and

LD <
VviP < v < (1+0) o
0.79607 — 0.79607(1 — 3)

Proof:

(i) We first prove viP < 5% From (25), we have

k:
z

REOEELPIPIY L(me

k k
) whi (1= Yilasn) + Yy — Yiy)
kE[N] ]E[n+1]

k

k k
)wj(l Yiinin) + Yiinn) = Yiy)
e e 4

< g 5 3 e 3 % (R
1

LD

= 0.79607 "

where the inequality follows by the result of Corollary 2.

LD< 1+5 *

(ii) It remains to show that v under Assumption 3. By (24), we have

S OILEEIPIPIY (

ke[N] i€[n] jen+1]

) w; (1 lfll(gn+1) + Y]EnJrl) Yk)

< mp max Z Z wa 5/2‘}(2+1)+Y](n+1) Yk)

e ¥ | icmsdman t

< (1+496) mkmax Z Z Pw” }/i]gn—{-l)—i_y(n—l—l) Yk)

ke[N] v zG[n]jE[n—&—l]

= (1 —1—3) Z mgvy, (37)
k€[N

= (140) v}, (38)

where the first inequality follows because we let A = 0, the second inequality holds
because DF < (1+0)D; for all k € [N], the second equality follows by the definition
of v}, in (8), and the third equality is due to D, ;7w = 1.
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On the other hand, note that for any fixed Q € R}, D*(Q) = Df +-37 ., (D} —

Jj€ln

Q;)+ is nondecreasing in D¥. Since (1 —§)D; < D¥ for all k € [N], we have

ka(Q>2(1—é)Df(%) (1-2 D+Z“J’( " 1?jé>+

J€[n|

Thus, by (10), we have

v*:éne%}nc ZEQi_ka Zii(Qi—ka(Q))Jr
| iem) ke[N] | i€[n]
_ _ < Q
>max§ > PQi= ) mu | Si{Qi-(1-9D; =5
| ien) ke[N] | i€[n] T
_ < [ Qi s Q@
=(1-0)max ) Byos= ) m Zsi(l 5-91(1_5))
* il = kelN] i€[n] = o
= (1—68)v*(D) (39)

where the first inequality follows because D3* (Q) > (1 —9§)Ds ( = 5) for each k € [N],

€ [n].

and the third equality obtained by letting @, := 8 5
Combining (38) and (39), we have

1-46
1—|—5

Qq

LD




