Online Supplementary Material for ‘A Multi-Level
Simulation Optimization Approach for Quantile
Functions’

Appendix A: Likelihood Function and Estimation of Model Parameters for the
Co-Kriging Model
Given the co-kriging model, the point estimate vector ) follows a multivariate normal distribution A/ (H B ,R).

The model parameters can then be straightforwardly estimated by maximizing the loglikelihood function:

~T

U(9,6,0%) =~ m(R)) ~ 5V~ HB) R~ (v~ HP). (A1)

1
2
This approach, however, is to obtain the parameters from models in different levels simultaneously, which
involves a multivariate optimization problem. Obviously, this problem becomes more severe as the number
of levels increases. To overcome this drawback, we consider more efficient estimation approaches.

As proved by Kennedy and O’Hagan (2000), when the observations have no measurement error (R, = 0),
the likelihood function of the observation vector can be fully decomposed as follows (to differentiate this
case with the stochastic problem (measurement error R, # 0), we use Z7 = (Z],..., Z1) to represent the

observation vector for the deterministic case where Z; is the observation vector for the first level):

I(Z,0,02) =1,(Z,0,,02) +sz(2j —Z;.1,0;,02),

j=2
where Z;_; consists of the observations of the inputs in D at level j — 1. The vector Z; — Z;_; can be shown to
follow a multi-normal distribution N'(F;3;, R;), where F; =f£,(D), R; = A;, B; = (FTR;'F;) " FTR;Y(Z; —
Z;_1). The function [, is the loglikelihood for N (Fj Ej,Rj). This decomposition makes optimizing a large
scale function [ equivalent to optimizing a series of sub problems (ly,...,1,,) with fewer parameters in each,
and thus greatly reduces the complexity.

This decomposition, however, is not so straightforward to generalize to the stochastic case. When the noise
variance of the observations R, is small, which can be accomplished by increasing simulation replications,
the decomposition can serve as an approximation of (A.1) by ignoring the higher-order terms of R, (see the
proof in Appendix B). Although this decomposition approach is not as accurate as the standard approach,
which optimizes (A.1) directly, it greatly reduces the complexity. In practice, optimizing (A.1) directly with
all model parameters is more difficult and likely to be trapped in sub-optimal regions. A more practical way
is to first use the decomposition approach and then treat the optimums found as starting points to apply

the standard approach (Fricker et al. 2013).
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Appendix B: Proof of Decomposition of loglikelihood
Here we prove the approximation of the loglikelihood in a stochastic co-kriging model. For simplicity, we
only consider two levels and assume Dy = Dy = D, fi(x) = fao(x) =0, which can be easily generalized to more

complicated multi-level cases. In this simple case,

v (8 0 i )+ (%)

where Nj, N3 represent the noise variance matrix for ); and ),, respectively, N, represents the noise
covariance matrix for ), and )s.

It can be computed:
1 1
(D1, 92,,60,0%) = =5 (|R|) = V' R™'Y

1 1 _ 1
= —§1H(|A1 + M) - §y1T(A1 +N) T - §1n(|F|)

1
— = (Vo — (AT 4+ No) (A4 +N1)_1y1)TF_1(y2 — (AT + No) (A4 +N1)_1y1),

where F := ].2A1 + A2 + N3 — (A{ + NQ)(Al + Nl)il(Al + NQ)
Suppose that the number of replications at all design points has order O(n), we find that (see proof of
Equation (191), Page 21 from Petersen and Pedersen (2012))

[\

(A 4+ Nyt AT - ATIN AT
It follows that,
FrFi=Ay+ N3+ Ny — 2N,
Vo — (A1 + No) (A1 + Np) 7'V = Yy — V1.
Therefore, suppose the number of replications at design points has order O(n), we have
[(V1,Y2,0,0%) =1 (V1,601,07) +12(Vo = V1, 02,05) + O(1/n),
where,

1 1 _
11(3)1,91,0%) = —§1H(|A1 + M) — §y1T(A1 +Ny) 1y17

1 -
- 5(322 —V1)E N (Ve = 1).
Therefore, when R, is small, the decomposition above can serve as an approximation of the likelihood function
(A.1).

1 _
12(YV2 = V1,02,03) = *5111(|F|)

Appendix C: Proof of Theorem 1

Suppose 0 < a3 < ay < 1, we prove the consistency and asymptotic unbiasedness of the proposed sectioning
covariance estimator for Y, (z) and Y, (z) with n simulations at .

First, we refer to Theorem 2.1 from Lin et al. (1980) on the asymptotic covariance for Y;(z) and Vs (x):
(651} (1 — CVQ)

f(a) f(vay)’

where v,,,v,, are the true quantiles and f is the pdf of the underlying distribution. For simplicity, we define

]\}iinw Ncov(Yi(z),Va(z)) =

ai(1-as)

VT o) F(vag)”
This proof consists of two parts. In C.1, we prove the consistency and asymptotic unbiasedness of

cov(Vi(z), Va(x)). In C.2, we derive its MSE.
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C.1. Consistency and Asymptotic Unbiasedness of cov () (z),Va(x))

Denote the n simulation results as: L := {L(x,&1), ..., L(z,{x)}. Recall that N, is the batch size and N, is
the number of results in each batch, and thus N, x N, = N. Define LY := {L(z,{;_1)n,+1), - L(2,&n.) }
as the jth batch of simulation results and ¥, as the operator to take the sample a;-quantile: ¥;(L) = L _,, n_-
For example, ¥,;(L()) represents the sample a,-quantile estimator based on the jth batch. According to
Bahadur (1966) and Chen and Kim (2016),

azilz Vo,
esvesd 21,2 (A.2)

V(L) = vq, + NZw (%,6)) + Rin, wi(l")zw’ 2,

where R; y is the remainder term with R; y = O(N~3/4(loglogN)**). Denote R’ as the remainder term
n (A2) for ,(LY), ¢;(L) = %Zill/}i(ll(mafi))a ¢l = :(LY)) = N%Zf\r;l W(L(z,€G-1)Neti), @i =
=20 ¢l and Ry = -3 R

With these notations, the proposed covariance estimator is:

GV (). 22(0) = s Z{ (LD) = W3 (L) (B2(L) - Ba(L)}

Nb71 Z{ (LY) - Z‘P (L&) + Z\ML(“)—%(L))

(Ty(LW) — 72\1:2 (L®) 4+ Z% (L™ — Ty (L))}

:‘71 +‘727
where we define
1 al I I
7= g AT )~ 5 D L)L) = 3L},
j=1 k=1 k=1
Ny,

cf%::(Nb—l_l)Z{(xpl(L N pr (L™)) (U5 (L ffz% (L®))

We next derive the asymptotic properties for 02 and o3 separately in Sections C.1.1 and C.1.2.

C.1.1. Asymptotic properties for o2. Note that

Ny
1 j 1] — 5 . —
e — J _h J i = J
NN, - 1) ;{(% @1+ Ry — Ry)(py — ¢2+ Ry — Ra) )

It is easy to obtain

Bl 27~ 2 (e — el = feovlel o)
_ N cov T T :7%(1_0(2)
_Nch (1/11(L( 751))7¢2(L( 751))) f(val)f(vag).

We can show that the value inside the expectation converges to v in probability.

a1(l-a3z)

Recau 7= f(qu)f(“ag) ’

Specifically,

%Z{(‘P{_@1)(@5—%)}Zﬁ(z}@{%}—f\@%%)- (A.3)
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The first term in (A.3) is asymptotically equal to Nib E;V:bl(\/Ncgoji)(\/NCgog), with:
E[VNegi vV Negs] = L(x, &)z (L(x, &) =

Therefore, for all € >0,

1 &
P(ﬁbz VN (VNegh) =71 > €) <7*V3r\/ 1V N3]
j=1

11 P2 2
11 . .
ﬁj]E[NcQﬁPi +N2p5 ).
According to Chen and Kim (2016), E[p? 4] = O(N;?). The second term in (A.3) is asymptotically equivalent
to Nc@lgég and

N.p1p2 < %((\/E@ﬂz + (\/ﬁc¢2)2)

It is easy to see that,

_ NC]E[QO_Z] NC var[@l] var[qﬁi] R
I[ \ N QD < = = — = ]. 2
[| ¢ Z‘ o 6] - €2 Nb€2 2Vb€2 O’ ! ’

It follows that ﬁ Z;V:bl{(apjl — 1) (b — @2)} converges to v in probability.
On the other hand, according to the Cauchy-Schwarz inequality,

[Nb(J\JZ—U g{(R{ Ri)(R} — Ro)}]
SE[Nb(]\JZ_D ;(R;‘,Rl)? ;(RQRQ)Q]
= ]\]b(]\][\j_l)]E[]z:l( Ji—Rl)Q]]\Wé\:_l)E[;(RJQ'_RQ)Q}.

The second inequality follows the Cauchy-Schwarz inequality applied in probability theory that
[E[X,X5])? < E[X?]E[XZ], where X; and X, are random variables. According to Duttweiler (1973),

mﬂi[z;\g (R} — R’ ]=O(N ~1/2). Therefore, the above expectation converges to zero. Similarly,

N AR RO~ Ra))

N 1 = 2 N . - 2
< Nb(Nbfl);(le_Rl) Nb(Nbfl);(R%_RQ) .

According to Chen and Kim (2016), m Zj\;”l (RS — Ry)” = O(N-1/2(loglog N.)3/2). It follows that the
above quantity converges to zero.
By using the Cauchy-Schwarz to the cross product terms, o2 is shown to be asymptotically unbiased and

converges to 7.
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C.1.2. Asymptotic properties for 02 We next prove the property for o2.

Through simple computation,

Ny,

Ny
1 ) )
2 _
727 N2(N, — 1) jEZI{Ri —Rl,N}jE:l{Ré — Ro v}

. . N 5 N .
According to Chen and Kim (2016), W{E];’l(lﬁ — Ry N)}?—0, E[m{zjzbl(}%{ — Ry y)}?]—0.
It can be easily proved that o2 converges to 0 in probability and is asymptotically unbiased.

With Section C.1.1 and C.1.2, following the asymptotic properties for o7 and o3, it is easy to see the
convergency and asymptotic unbiasedness of the proposed covariance estimator.
C.2. MSE of cov();(z),Va(z))

We next check the MSE of cov(Y; (), Va(z)). Its bias is easy to see from the proof in C.1 and the squared
bias has order o(N~2). We next only check the variance of cov(Y;(z), Va(z)).

According to the Cauchy-Schwarz inequality,
var(cov(V1 (), Va(z)))

= Do (L) - () (L) — B (L))

SE[{(W S {0 (L) — 0, (1) (W) —%(L))}} |
<El 57— (M) — B (L) H gy 2 (L)~ a(L)))
SE[m Z(@l(L<1)) - ‘I’l(L))Q]E[m Z(‘I’2(L(j)) —U,y(L))?

m Z(\Dl (L@) — \Ill(L))Q]Var[m Z(\Izz([,(j)) — U, (L))?]

Jj= Jj=

+, | var|

The first inequality follows that var[X] < E[X?], the second inequality follows Cauchy-Schwarz inequal-
ity and the third inequality follows that cov[Xi, Xs] = E[X;X,] — E[X;]E[X] < /var[X;]var[X5], where
X, X1, X, are random variables. From Sections C.1.1 and C.1.2, E[m Z;.V:bl(\lli(L(j)) - ;L)% =
o(N~1). According to Chen and Kim (2016), var[m Z;Y:bl(\lli(L(j)) — U, (L)% = o(N~2). Tt follows
that the variance of the proposed estimator has order o( N ~2).

Appendix D: Proof of Theorem 2

Consider model (6) for the non-negative response function W where 6 is the true value of the hyperparameter
for this model. Denote I,,(0) as the ordinary loglikelihood function and @, () as the penalized likelihood
function:

Q(0) =—1(0) + Ax(0).

We first compute the order of the penalty term x(6). The main idea is that, as the design points get denser
and denser, the difference between any unobserved design point x with its nearest design point becomes

smaller and so does the difference between the predictive value at x and the positive observation at its nearest
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design point. In this case, the predictive value at x becomes more likely to be positive (as it becomes more
and more close to a positive value). For simplicity, let the design space be one-dimensional. Nonetheless, this
proof can be easily generalized to multi-dimensional case.

For each unobserved x € X, let xg € {D} be the nearest design point to z (if there are more than one
nearest point, pick any one):

Zo:i= arggleig |z" — x|.

Further denote hg as the maximum of the distance between any unexplored input with its nearest design
input:
0,

ho:= sup inf |z—=x
zex\D «Y€D

Within a fixed domain, as the design points become dense, hy — 0. In other words, there exists a sequence
¢, such that ¢, — oo as n— oo and hg = O(c;1).

The predictor for the deterministic GP model considered here has similar form with (2) by setting noise
variance matrix R, =0 and the number of levels as 1. Moreover, the predictive value at xg is exactly the

observation here owing to the interpolation property of the deterministic GP model:
W(zo) = f(x0)" B+t(xo) " R™H(W — FB),

we see that:

W () =W(zo) + (f(2)" = f(z0)")B+ (t(x)" —t(wo) )R (W — FB),

where ¢(x) is the covariance vector between x and the design points. For any entry in f(x) and ¢(x), consid-

ering Taylor expansion, we have:

F(@)1 = f(zo)r = f'(wo) | — wo| + oz — @0]) = O(h) = O(c;, ),

t(x); —t(xo)1 =t (20)|7 — 20| + 0(|z — 20|) = O(h) = O(c; ).
Here, we assume that for each 6, the first derivative of f and t is bounded within the design domain,
which is valid in most cases. Considering that f(x)78 + t(z)TR™Y(Z — Ff) is of order O(1), we see that
W (z) = W(xo) = O(c;1). In this case, the penalty term £(6) = O(c; ') for every possible 6.

For the ordinary MLE, according to Yi et al. (2011), under the similar regularity conditions, there exists a
solution 8, to 1(#) =0, which is consistent for 6y as n — co. According to Stein (2012) and Li and Sudjianto
(2005), for this series of 6,, |6, — 6| = O, (n~1/2).

The remaining proof is quite similar to Theorem 1 from Fan and Li (2001). We need to show that for all

€ > 0, there exists a large constant C, such that:
P{Hilr‘lch(ooJrn*l/?u) >Q(0)>1—e (A.4)

This shows that there exists a local minimum of ) within the ball {6y +n~'/?u: ||u|| < C} with probability
no less than 1 —e. It follows that there is a local minimizer of Q satisfying H§n —0o]| =0, (n"1/2).
Define D, (u) := Q(6y +n~?u) — Q(0,), we have,
D,(n) = —1,(n""?u) + () + A(k(n~*"2u) — k(6))

=—n"Y2l" (Bp)u+ %uTﬂn(Ho)un’l(l +0,(1)) + Ax(v/nu) — Ak(6y),
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where I,,(6p) is the fisher information matrix. According to Yi et al. (2011), n=/2I’ (6y) = O,(1), L,,(6p) =
O,(n) and thus the second term has order O,(1). The third term is positive and the last term has order

O,(c;'). By choosing a sufficiently large C, the second term dominates the first and the last term. It follows

that D,,(u) >0 and (A.4) holds.

Appendix E: Solve the PMLE problem

We choose to solve the PMLE with the sequential unconstrained minimization technique for constrained

optimization problems.

Algorithm 1 Optimizing PMLE
1: Set initial value: n=1, A=10

2: Optimize () and obtain optimal value for 6*

3. if kK(Z,0*) =0 then

4: Return 6*

5: Terminate

6: else

7: A= AX A, n<n+1
8: Go to 2

In this algorithm, the penalty coefficient is enlarged to Af in iteration n (Ag is chosen as 10 in our numerical
studies and is shown to work well across different problems). The penalty approach is a classic approach
for constrained optimization problem, and the results from this penalty approach will converge to the true
solution of the original problem when A is large enough (Freund 2004). Once we find the solution satisfying
the condition in Line 3, we can stop and return this solution. In real applications, it may take quite a number
of iterations before reaching this solution. Considering that system optimization is the primary goal and the
metamodel is developed to assist in direction search in it (and nor for system inference), a balance of effort
should be taken here. To avoid spending too much effort here on estimating penalty coeflicients, an upper
limit to the number of iterations of PMLE optimization can be added. In our numerical studies, we select the
upper limit as 10, since after 10 iteration, the coefficient is already 10'°, which is quite large in comparison
to the likelihood function value [, and hence, we can expect an acceptable and time-efficient solution to the
PMLE.

The PMLE function considered is continuous w.r.t. 6. Note that /W(x,e) is continuous w.r.t. both z
and 0 and thus minIW(x,Q) and max{O,\minzW(:ﬁﬂ)H are continuous w.r.t. 6. Therefore, the penalty
function P = Ak is continuous w.r.t #. Note also that the ordinary likelihood function [ is continuous and

that Q = —[+ P. Therefore, the penalized likelihood function @ is continuous w.r.t 6.
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Appendix F: An Extended PMLE Approach to Limit the Probability of Crossing

As mentioned in Section 3.2, we observe from extensive tests that with the no-crossing constraint on the
predictive mean, the probability of crossing of the entire posterior distributions is quite small. To see this
more clearly and verify the practical sufficiency of this constraint, we compute the average probability for
the crossing of the posterior distributions in our numerical studies. To compute the average, we repeat
each example thirty macro-replications. For each instance, during the optimization process, the co-kriging
model is rebuilt in each iteration. We compute the probability of crossing between each two successive
levels: P (ZH -7, < 0) (I=1,...m) . And then take the average of these m-1 probability values (for each
two successive levels) as a measure of crossing in this full co-kriging model. We note that as the posterior
distribution of ZH, Z , is jointly normal, ZH — Z has a normal distribution, and thus this probability
can be computed based on the posterior distribution. This is then averaged across 30 macroreplications.

The values are summarized in the following table. Through these numerical tests, we find that with this

Table 1 The averaged probability for crossing of the posterior distributions

Example 6.1.1 | Example 6.1.2 | Ackley | Rastrigin | Levy | Portfolio
4.5620e-07 5.3030e-05 | 0.0679 | 0.0965 | 0.055 | 2.1184e-06

‘non-crossing means’ constraint, the crossing of the posterior distributions between different levels has only
a small probability of occuring (approximately 0.1 or less). Therefore, we consider this ‘non-crossing means’
constraint sufficient for making predictions, and we feel it is reasonably adequate for our algorithm when
considered together with the results described above.

To fully consider the distributions, we can modify the penalty function to limit the probability of crossing
to any given probability level p. We note that the following approach to do this is not used in the current
gTSSO-QML algorithm, but it can be treated as an extension of this work. To achieve this, we can introduce
a new penalty term xo(W,0) (the terms W, 6 have the similar meaning to the penalty function x in Page

12 of the paper):

var(xz) var(z)

Yp) — 15) <0

lmax,cx(—P 1 (p) — W(a) )|, if max,cx(—® (p) — W(a) )>0
_ P~

K/Q(W,e) = {

0 if max,ecx(

where W(x) and var(z) are the posterior mean and variance of the difference and @ is the cdf of the standard
normal distribution. This penalty is derived by calculating the cdf of the posterior distribution at 0 and we
would like to limit this value to p. Following the similar procedure, this new penalty term can be applied
to the multi-level quantile modeling. Compared with the current penalty term k in Page 12, this penalty
requires to additional compute var(z). Moreover, as ko is more restrictive than x, it is more likely to be
violated and require more inner iteration of the PMLE optimization to reduce the violation. Thus, from the

practical aspect, we adopt the current constraint.
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Appendix G: A Rigorous Approach to Decide the Number of Levels

As mentioned in Section 4, gTSSO-QML is quite robust to the choice of m and thus a moderate number 5
is suggested. Nonetheless, we still provide another more rigorous and objective way to decide m for more
broad and practical usage of the algorithm.

As noted in the main paper, the trade-off between the accuracy and complexity has to be noted. Specifically,
a larger m can increase the accuracy of the model, but will also increase the co-kriging model complexity.
Moreover, we also find that it is not necessary to make m too large, as when m is large, the difference
between adjacent intermediate levels are small. In this situation, when the estimate at x for the «; level is
less than Cy, it is likely that the estimate at o,y level is also smaller than Cy. Therefore, the algorithm can
increase its current highest level h(k) by more than one level in each iteration, and thus some intermediate
levels will become redundant as they will be skipped by the algorithm. To avoid this, we suggest deciding
m from a small value and then increase it by 1 in each step until we find redundant intermediate levels. To
achieve this, we choose the value of m with the initial design points after the cross-validation test (which is
to determine rq, Co and F . Here, we start from m = 3 (including the first level, the objective level and one
intermediate level) and increases m until there exist any level «;, which becomes redundant compared with
the «;_;-th level. This can be checked as follows. Given m, we can decide the intermediate levels uniformly
between a; and the objective level. Then, after the initial validation test, for each level [, we calculate A,
which is the number of inital design points whose estimate has noise smaller than Cy for the a;-th quantile.
If the following set B is non-empty, we deem that there exist redundant levels and we return the current m;
Otherwise, there is no redundant levels and we increase m by 1 to introduce more levels and thus increase

the correlation between adjacent levels.

B:= {l Al S AH—l}'
Initially, when m is small, the difference between levels «; and o1 is large and A, is typically larger than
A;+1. However, as m becomes larger, the difference becomes smaller and A;,; approaches A;. Therefore,

when B is non-empty, we some adjacent levels are too close and redundant levels appear. We thus stop

increasing m and return the current m. This selection approach for m is presented in Algorithm 2.

Algorithm 2 Choosing m

1: Set initial value: m =2, a; = starting level, B =)
2: while B=0 do

3: Set m=m+1, «,,, = objective level

4: Compute set A,,

5: for j=2tom—1do

6: Set a; =y + *2=H
7: Compute set A;

8: Update set B

9: Return m
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Appendix H: Sensitivity Analyses of Some Parameters On the Algorithm

Before running the algorithm, there are a few parameters to set. Specifically, the following four parameters
must be chosen:

1. rg: the minimum number of replications for a new design point.

2. m: the number of levels used.

3. (y: the maximum noise variance of a quantile estimate that can be tolerated.

4. F: the minimum number of design points with acceptable accuracy in E; to increase h(k) to level I.
Among these four, rg is a common parameter for many existing stochastic GP based algorithms (Jalali et al.
2017) and its selection approach (using cross-validation) is well-investigated (Pedrielli et al. 2020). The other
three parameters are new in these algorithms and thus the selection of these parameters and their effects on
the algorithm should be studied.

In this section, we provide the sensitivity analyses of the algorithm on m, Cy and F. Specifically, we test
different values of these parameters in our numerical studies. Below we provide the results on the portfolio
example in Section 6.3 and the 5d Ackley function example in Section 6.2. For the portfolio example, we
report the best response obtained with 1,000 replications under different values of parameters. For the Ackley
function with larger dimensions and much greater noise, we report the response obtained with 100,000

replications. The results of the other examples are similar and hence the details are not shown here.

H.1. Sensitivity analysis on m

The experiment for each setting of m is conducted 30 times, and the averaged best 0.99 quantile value is
plotted in Figure 1 (portfolio example) and 2 (Ackley example). For reference, we also include the case
m =1, which is exactly the gTSSO-Q algorithm. We observe that the gTSSO-QML algorithm is quite robust
to m. For both examples, gTSSO-QML performs much better than gTSSO-Q. Its performance for vy, for
the different cases of m > 1 cases is statistically similar (and thus using either method to determine m is
acceptable). However, the performance is significantly better when m =1 (gTSSO-Q)

The above experiments all start at an initial level of a =0.5. We next fix m =5 and test the performance
for different starting levels of . The averaged best 0.99 quantile values found are plotted in Figure 3 (the
portfolio example) and Figure 4 (the Ackley example). We observe that in general when the starting level
is high, the performance becomes worse. This is because the starting level itself then becomes difficult to
estimate and optimize, and thus it provides inaccurate information for the higher (and target) levels.

From these sensitivity tests, we find that the gTSSO-QML algorithm is robust to the choice of m, but the
starting level should not be too high. Based on our experience from these numerical tests, we recommend a
starting level of between 0.5 and 0.6. The quantile estimators at these center quantile values typically have
smaller noise variance, and are thus easier to optimize at the start of the algorithm when the number of
replications at each design point are small compared with those from much higher levels (we discuss this in

Section 1.1).
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Figure 1 sensitivity analysis on m in the portfolio example
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Figure 2 sensitivity analysis on m in the Ackley example

H.2. Sensitivity analysis on ()

An experiment for each setting of Cj is conducted 30 times and the averaged best 0.99 quantile values found
are plotted in Figure 5 (the portfolio example) and Figure 6 (the Ackley example). We note that when Cj is
large, the current highest level h(k) increases quickly to the objective level, without leveraging much of the
information from lower levels. This can be observed from Figures 5 and 6, where large Cy values have poorer
performance. From this, we find that Cy can affect the performance of gTSSO-QML (especially in terms of
leveraging information from lower levels), and that larger Cy values can reduce the benefit of using multiple
levels in the first place. Specifically, we note that in the worst case selection of Cy (with no information

gained from lower levels), the algorithm will degenerate to gTSSO-Q.
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Figure 3 sensitivity analysis on the starting level in the portfolio example
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Figure 4  sensitivity analysis on the starting level in the Ackley example

Using the recommended approach, the selected values of Cy are 0.003 in the portfolio example and 0.5
for the Ackley example. As seen from the figures above, these Cy’s chosen from the validation approach are
(or are close to) the best values found. Hence, the proposed validation-test approach is an easy and good

approach to select Cy that performs well.

H.3. Sensitivity analysis on /-

The experiment for each setting of F is conducted 30 times and the averaged best 0.99 quantile value found
are plotted in Figure 7 (the portfolio example) and Figure 8 (the Ackley example). Similar to Cy, F controls
how fast h(k) increases, and a smaller F indicates a faster increase of h(k). Therefore, we find that when F

is smaller, the performance is worse (note that when f =0, gTSSO-QML degenerates to gT'SSO-Q). From
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Figure 5 sensitivity analysis on Cj in the portfolio example
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Figure 6  sensitivity analysis on Cj in the Ackley example

this figure, we find that gTSSO-QML is quite robust to F, as long as it is not too small (smaller than 5). We
also note that f cannot be chosen to be too large either, since when F is large, the algorithm can become
too conservative. In the extreme case where [ is larger than the largest number of design points that can be
chosen with a given budget, we will never leave the base (starting) level. Using the suggested approach, we
choose f =10 in the portfolio example and F = 12 in the Ackley example, which have acceptable performance
compared with other choices.

Through these sensitivity analyses, we find that the proposed algorithm is quite robust to these parameters.
In addition, we also find that the suggested selection approaches of the parameters can provide satisfactory

performance of the algorithm.
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Figure 7 sensitivity analysis on [/ in the portfolio example
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Figure 8 sensitivity analysis on [ in the Ackley example

Appendix I: The Allocation Rules in the Numerical Studies

In the numerical studies, we test gT'SSO with OCBA and equal allocation rules. To satisfy Assumption 2,
we select 1, = 0.1k20%. Before stating the details of these two rules, we first introduce how to decide By, the
number of replications in iteration k.

We follow the recommendation from eTSSO. The budget of Allocation Stage increases with k to refine the
point estimates at selected design inputs. This is intuitive since at the beginning, more budget can be used
to search the design space and when k gets larger, we are more likely to be in proximity of the promising
region. At this point, we can reduce the number of newly selected designs and assign more budget to the

already sampled points in the promising region to refine our estimate of the optimum. We, therefore, let
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B, =ry and B, increases with iteration and update its value as follows when &k > 1:

[Do|+Fk ar o (2
By = max{ Z max{0, ri = Ni(ws)}, [ B (1+ ﬁ\ar(yZ(k)((J;/;))w(L 52)( (@) o

where 2’ is the design point with the largest number of replications and var(Y, ) (z’)) is the sample noise
variance of the point estimate at z’. This adaptive scheme By is first adopted in the eTSSO algorithm. Its
increase is controlled by the relationship between the point estimator noise, measured by var(Vx)(z')), and
the spatial uncertainty of the GP model, measured by the predictive variance 57, (z’) (see equation(3)).
At the beginning, when the spatial uncertainty is very large, B, has a slow growth to save more budget
for new design point selection. When the spatial uncertainty gets smaller, i.e., the design space has been
better explored, B; will then experience a faster growth, focusing more on the already selected points in
the promising regions. The advantage of this scheme is that it does not require user-defined budgets for
each iteration. Furthermore, it can improve the identification of the optimum and lead to efficient use of the
computing budget.

This adaptive scheme, however, may experience quite large growth in By, from our experience. As a result,
the optimization process can be overly exploiting. This is also observed in Jalali et al. (2017). When there
is limited budget, we may want to be less conservative and explore more regions. In this case, we further fix
the adaptive scheme as follows:

|Dol+k

= max max{0,7, — x;)},min var (V) (')
B.= {; (0= N} min{ B 1+ oy SRR )l k)

This scheme actually restricts the growth of Bj to linear growth as the iteration. We highlight that only
when the budget is limited or relatively small, we recommend this scheme. As the budget in experiments in
Section 6.2 is much larger than that in Section 6.3, we choose 3, = 100 in Section 6.2 and 8, = 10 in Section
6.3.

We also note that any possible budget increasing schemes, other than the one in eT'SSO, that satisfy
Condition 1 can also be applied. For example, we can choose By =10+ 0.1(Dg| +k — 1) (k21 — (k —1)2-01),
which is more conservative in the growth of Bj,, together with the chosen r; for equal allocations.

After updating B, and checking that each design point has at least r; replications, we allocate remaining
replications to the selected design inputs with the selected allocating rule. For OCBA, denote z;, as the
current best design point in D, with respect to the current highest level: x, € argmingep, Va) (z). OCBA

decides the number of new replications n; assigned to each input x; € D, as follows:

n;  var(Vnw(@:))/ N2, .
—_— = -, z, b 3 Thbes _Var y r
n; Var(yh(k)(xj))//\f,j 370 - h(k) / Z

b

vai” yh(k) (z:))

where Ay ; := Vi) (25) — Vu(r) (25). The OCBA technique actually prefers allocating additional replications to
points with low response values and large noises, which is intended to refine the point estimates at promising
regions and those with large noise variances. The equal allocation rule is much simpler, where the remaining

replications are equally allocated to all design points.
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Appendix J: Proof of Lemma 1

At iteration k, all selected design points have been allocated at least 7, > k iterations in the proposed

algorithm. Counsider a design point x¢ € D,. Recall that (A.2) states that

Ny (o)

ym(%):%m(L(xo)H‘# D n(L(20,6) + By (ao)s Ym(L(20,€;)) =
Nk(xo) :

U = L{L(00,6;)<va,, (L(20))}

foo(Va,, (L(x0))) 7

where N, (o) is the number of replications assigned to xq by iteration k. It follows that ), (z) has variance:

var(YV, (zo)) = mvar(¢m(lj(xo,§))) +var(Ry, (z0)) = Nk(xo(;}nQ(l(q;azg(xo)))

According to Duttweiler (1973), E[RY, )] = N(x0)*/?f;*(va,, (L(20))) (200m (1 — @) /7)'/?. Recall that
fo(Va,, (L(z))) > f* for all x € X. Under Assumption 2, N(xzq) > r), > k for all # € Dy, in iteration k. Therefore,

+ Var(RNk(xo)).

for all zg € Dy,

ar T (1 = amm) 2 A (1 — ) (2am(1_0‘m))1/2
YOm0 S N ) B, @) e S T e e

The first inequality holds since var(Ry, (z0)) < ]E[R?V(:co)]' We see that g, does not depend on z, and fur-

= 0. (A.5)

thermore g, — 0 as k — co. Note that P, is an upper bound for var(},,(xo)) in iteration k for all zy € D.
It follows that, the noise variance for the a,,-quantile estimators at all design points in D, tends to zero
uniformly as k — oo. Therefore, there exists a large value K that does not depend on z such that when
k> K, var(Vn(zo)) < Co for any design point 2o € D), (under Assumption 3(iii), we may use the true value
of var(V,.(xg)), instead of its estimate (4), to examine the quality of the point estimate). Therefore, in itera-
tions k > K of eTSSO-QML, we only use a single-level model for the objective level. In this case, the model

at the objective level is accurate enough such that we may optimize it without leveraging the lower levels.
Appendix K: Proof of Lemma 2

According to Lemma 1, there exists a large number K such that for iterations k > K, var(Y,,(zq)) < Co
for any design point xg € D, and thus eTSSO-QML adopts a single-level model for the objective level. In
this proof, we suppose k > K and omit the subscript ! in equations (2) and (3). Denote the EI function in

iteration k as Ty (z) where:

7,(0) = 5o ) 4 0 - e e B ),

where y; is the current best objective value. For ease of exposition, we write fi(z) and 52 (z) (as there is only
one level a,, here, the subscript in sZ(x) does not represent the level but the iteration number) as to denote
the predictor (2) and predictive variance (3) obtained from the single-level GP model for the objective level.

The proof of this Lemma follows that of Theorem 1 from Locatelli (1997). It can be divided into three
parts. In Section K.1, we find an upper bound for T (z) at any unobserved point « € X' \ D,. This upper
bound depends on the the nearest design point to x. Intuitively, if x is very close to a design point x, the
uncertainty at x should be small since its response has a large correlation with xy. As a result, the expected
improvement we get from observing the response at = should be small. In Section K.2, we show how to
construct a region around any design point where T}, (x) is bounded above by a threshold ¢. Finally, in Section

proLe23, we apply Lemma 1 and Theorem 1 from Locatelli (1997) to prove that the design points are dense.
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K.1. Upper bound for T;(z)

According to Assumption 3(i), the true baseline quantile function is bounded. We may select a large enough
value M such that the predictor fi,(x) and the true quantile value v, (x) are constrained in (—M, M), for
all x € X, for all k (in practice, with a loose bound (—M, M), we can set [i(x) = —M if fiy(x) < —M and set
iy (z) = M if fip(z) > M. This avoids severe underestimation or overestimation caused by a limited number
of replications (Sun et al. 2014)).

In iteration k& > K, consider an unknown point x, then we must have:
i — fin (@) < 2M.

> 0.

Through simple computation of the partial derivatives of T} (x), we find that 3(%“2{’“7?5:21)) >0 and §§Tk ’“(Sf)))
k

As T, (z) is an increasing function of y; — ux(x), we have:

2M
T, <3 —— )+ 2MP(——) := Py(x).
Define x := argmax, ¢ p, corr(z,z’), which is the design point with the largest correlation with z. Denote

the covariance matrix in (2) as R= [211 212 ] , where Ry = 02+ var(Y,,(zo)) is the variance at o, Roy =
21 Rao

2M

RT, is the (|D;| — 1) x 1 covariance vector of the spatial process between z, and the remaining design
points Dy, \ {z¢}, and Ry, is the (|D;| — 1) x (|Dx| — 1) covariance matrix at Dy, \ {zo}. Further denote
t(z) = (o2corr(x,xp),t% (2))", where ta(x) is the (|Dj| — 1) X 1 response covariance vector between z and
Dy \ {xo}. We find that for iteration k > K

$2(z) = 0% —t(x)" R “t(z) + ((x) " (HTR;*H) " ((x)
e otcorr(x,z0)? e R |
=0 R v (a)) I"Pr+((z)" (H R, H) ((x)
04 -1
<g?-— 027_'_chorr(ac,aco)2 + ()" (H"R;TH) ™ ((x),

where I' = Ry Ry} o?corr(z,z0) — to(z) and P~! = Ryy — Ry Ri7 Ri2. The inequality holds since P! is
positive definite (as P is a covariance matrix of the responses at D, \ {zo} given zo, which is symmetric
and positive definite). For the last term, we recall that ((z) = h(z) — t(z)"R;'H from (3). For the com-
monly used constant mean function h(z) =1, t(z)"R;* H is the GP prediction at x given observation vector
H. Following the same procedure as in Appendix D, we have that h(z) — t(z)"R;*H = O(|z — z¢]). As
h(zg) = h(z) =1, it follows that |((z)| = |h(z) — t(z)"R;'H| = O(|z — x0]). In this case, we can select a
value M, such that |¢(z)| < M|z — xo|. Moreover, we can check that (HTR;'H) ' < 02 + Cy. Therefore
C(x)T(HTR;YH) '¢(x) = (HTR:YH) 7' |¢(2) |2 < M2(02 + Co)|x — 0|2 Denote My as M2(0® + Cp), then
we have ¢(2)T(HTR;YH) ™ '¢(z) < My|x — 0|2, For a general mean function h, the proof follows the same

reasoning.
0_4
o240

as corr(x, o) increases as the distance between z and z, decreases, we see that 57, (z; o) increases as the

Define 8%,(z;x¢) := 02 — corr(z,w9)? + Ma|z — zo|>. We can see that 5% (z) < §3,(x;20). Moreover,

distance between x and g increases.

As Py(z) is an increasing function of S, (z), we have:

N 2M 2M
Ti(z) < Py(z) < Sko(x§x0)¢(M) + 2M¢(m

> 0 and the fact that $7,(z;x0) increases as the distance between x and z increases, we see

)= Qr(x;x0).

9Qk (%570)
95k (z320)

that Q(x;x0) increases as the distance between x and xq increases.

Since
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K.2. Local Region Centered at Design Points with Bounded T} (z)

Considering any design point z¢ € D,,. Based on the bound Q(z;xz¢), we may construct a region, R(zo,c),

containing xg defined by:

R(zo,c) ={z € X|Qw(z;70) < c}.

From the proof in Section K.1, we find that @ (x;x¢) decreases as the distance between x and xq decreases
and that Qi (z;20) = 0 as x — xo. Therefore, for any value of ¢, R(xo,¢) is a region centered at ¢, such that

Ty (x) <e¢, for all € R(zo,¢).

K.3. Proof of Density

To prove the density of the design points, we deploy Lemma 1 and Theorem 1 from Locatelli (1997). Specif-
ically, we consider the following stopping rule in the algorithm:

— Stopping Rule: The algorithm stops when the maximum of Tj(z) is smaller than some pre-defined
threshold c.

We can see that with this stopping rule, the points in R(z,c) will never be selected in iteration k > K.
From Theorem 1 in Locatelli (1997), the algorithm will terminate within a finite number of design points
for any given c. However, we assume infinite budget so that the algorithm does not stop within finitely
many iterations. To achieve this, similar to the procedure in Locatelli (1997), once the algorithm stops, we
decrease the value of threshold ¢ to ensure that the maximum of T} (z) is larger that the updated ¢. Thus,
the condition of the stopping rule is not met and the algorithm continues. To finish the proof, we directly
use the results of Lemma 1 from Locatelli (1997) that the design points will be dense everywhere in X if the
threshold value ¢ keeps decreasing.

The above result is proved with known parameters o2 and . However, when the parameters are estimated,
the above proof still goes through under Assumption 3(ii). Specifically, the estimated values of these param-

2

eters will influence the size of the region R(xq,c). With bounded values of 5% and 5, the region should be

nonempty and the proof will continue to hold.

Appendix L: Proof of Theorem 3

We prove that Y, — v, (L(z*)) w.p.l as k — oco. Equivalently, we prove that lim,_,. P(U {|V, —
Va,, (L(z))| > 6}) =0, for all § > 0. Recall that Vo= Y (Zy), where T, = argmingep, Yin () is the observed
best point within the design set. Define z} := argmin,ep, va,, (L(z)), which is the true best point within
the design set. This proof is divided into three parts. In Section L.1, we prove that ), — Ve, (L(x})) — 0
w.p.1. This is to correctly identify the best points within the design set. In Section L.2, we prove that
Ve, (L(2})) = va,, (L(x*)), which ensures the true optimum within the design set tends to the true global

minimum. In Section L.3, we combine the proofs from L.1 and L.2 to finish the convergence proof.
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L.1. Proof that Y, — v, (L(z})) =0 w.p.1 as k — 0o

We prove that lim,, ., ]P’(UZ"ZH{DA/,C —a,, (L(x}))| > £}) =0 for all § > 0. To show this, we verify the following
sufficient condition ) -, P[| Ve — va,, (L(z)) > ¢]] < 0o (Theorem 7.5, Pishro-Nik (2016)). For all 6 > 0,
~ . g
PV (k) = va, (L(27))] > 5]
~ -~ -~ * 6
=PV (Zr) = Vay (L(Zk)) + Ve, (L)) = Ve (L(@7))] > 5]
~ ~ o . ) 0
<PV (k) = Vo, (L(@0))] > ]+ Pllva,, (L&) = Va, (L(zE))] > 7] (A.6)
We bound the first term in (A.6) as follows. Under Assumption 2, the accumulated number of replications
at each input x € Dy, Ny(z) >, and r, — 0o as k — co. According to Bahadur’s representation (Kiefer

1967):

N(z)
Vo) = (L) + 55 D UL 6) + B,

where N(z) is the total number of replications at z, ¥ (L(x,&;)) := am71;L(<:§"’)(<L”(L;’)'33L(m))} and Ry(s) is the

remainder term. Therefore, for all x € D,,, we have that
N(x)

0 1

P, (x) = v (L)) > 71 =Pl 753

)
U(L(,6)) + R > 7]

=1

1 W 5 5
<Pl 3 U@ &) > 81+ Bl Ry > 31

N(z) =
Through simple computation, we find E[¢(L(z,&;))] =0 and var[y)(L(x,&;))] = m, and thus by
Chebychev’s inequality, we have
1 W 5 64a(1 — ) 64a(1 — @)
Py 2 o> g < Nawpen. c@) < nr G

(recall f* < f,(va,, (L(z))) for all € X by Assumption 3(i)). On the other hand, for the remainder Ry (s,),

we have
5. E[RX ] 64200, (1 — )2

1
P -|=P 2> )<
1Rl > 51 =FllRwol” > 7] < =5 e < = Com o,

The first inequality holds by Chebychev’s inequality and the second inequality holds by the same reasoning
with (A.5). It follows that for all x € D,

s - (1—a,))? (1—a,,))2
B0 > §) < g+ S < gy (o0 )+ )
Therefore,
1)
]P)[ar}el%}; D)m(‘r) — Va,, (L(l‘))‘ > Z]
k+|Do]| 5

< Z PV (i) = va,, (L(@:))] > 7]

64(k + | Dol) (20, (1 — ) 1/2
S (- ).
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With this inequality, we see that

Bl ()t (LED)] > 01 < Plma 19,0 (2) v, (1)) > 0] < S+ D)

red?(f7)? (a<1 —a)+ <2am<1wl/§m>)1/2> |

am (1 —a,, )2
P 58) s (L) > 1 < Pl [0 (0) =, (20 > §1 < SR 0] (a1 - Bzl

4
Now we bound the second term in (A.6). Define sets Ay := {|V,n(Ty) — Va,, (L(Zk))] < 2} and By, :=
{|Vm(2}) = va,, (L(x}))| < £} for all k> 0. We note that
~ . J
B0, (L) — v, (L) >

=P[{|va,,, (L(Zk)) = Vo, (L(x}))| > g} N{Ax N B} +P{|va,, (L(Zk)) = va, (L(2}))] > g} N{A:N By},

Qm

We prove that the first term is zero by contradiction. When v, (L(Zk)) — Va,, (L(2})) = %, as [V (Zk) —
Va,, (L(Zk))| < & (set Ay) and [V, (2}) — va,, (L(2}))| < & (set By), it must be that Y, (Z) > V. (2;). This
inequality contradicts the fact that Z, is the best observed point at iteration k, i.e., T = argmin,cp, V().

It follows that the first term is 0. For the second term, we see that

B{{ v, (LE) ~ v, (L)) > 23 1 {A N B

1 o) p < S (el )
<P[{AkmBk}]_l ]P[AkmBk]<2 P[Ak] P[Bk]< 02 (f7)2 ((1 )+ YD )

The last inequality follows because 1 — P[Ay] = PlVn(@k) — va,, (L&) >
324(k+1Dol) (a(l —a)+ (ZQ’"(:#) (and similarly for 1 —P[By]). Therefore,

62 (f*)?
« — )2
Pl (D(B) = v (L) > §1 < S D) (a1 - oy BonCanIEY

] <

Ol

As a result,

PV () = Varn (L(]))] > g} < T12(k +]Do|)

P2 (f)? (aﬂ —a)+ (2%(:/3@)1/2) |

D
el = Dol 3o, 5 <00

k

By Assumption 2, we have >~ | % < 0o. With this assumption, we see that Y~

Therefore,
- N i ) 712 200, (1 — )2\ o= (k+|Do
§Pnym<xk>—vam<uxk>>|>2J<W(a(l—a>+(“ (10 )g_f 100D o

It follows that lim, ., P(U32, {|Vs — va,, (L(z}))| > 2}) =0.
L.2. Proof that v,, (L(z}))— v,,, (L(z*)) w.p.1 as k— oo

According to Theorem 1.3 from Torn and Zilinskas (1989), for a deterministic search (given starting point
Zo, the design points are determined), the algorithm converges if the design points are everywhere dense, i.e.,
Vo, (L(T})) = Va,, (L(z*)) if Dy, is dense in X. When the design points are random (z, and z} are random
variables), denseness of the design points is not sufficient to guarantee almost sure convergence. We next
prove that in our algorithm, v, (L(z})) = va,, (L(z*)) as k — co w.p.1. Equivalently, we prove that for all
§ >0, Pllvg,, (L(x})) — va,, (L(z*))] > §,i.0] =0 (i.0. is shorthand for infinitely often).

For € > 0, we can select a region S around z* such that for all x € S, |v,,, (L(2)) — va,, (L(z*))] <€ (under

the assumption that the baseline function v,,, (L(z)) is continuous). We next prove that there exists a
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large value K7 such that at least one design point is selected in S before iteration K. It then follows that
Pllva,, (L(})) = Va,, (L(z"))] > €i.0] = 0.

If any points in S are selected in some iteration k < K; — 1, the condition holds. Now suppose no points
in S are selected before iteration K. In this case we can find a lower bound 82 for the predictive variance
5%, (xz*) at z*, which is the value of §% (x*) if all the design points in X'\ S are observed with no noise.

Subsequently, we see

oM —oM
Tiey (a) > S ) — 2MB(——) =1,

In other words, we can find a lower bound for the EI function value at z*, t5. Note that ty is the EI
function value if the predictive response value is 2M larger than the current best value and the predictive
variance is 5y. As the EI function is always positive if 55 > 0, we see that to > 0. From the proof in Section
K, we see that if we keep reducing the value of ¢ in the stopping rule to ¢y, then within a finite number of
iterations, the EI function values at all points in X'\ S will become smaller than tq. As a result, when K is
large enough, Tk, (z) < to for all x € X'\ S while Ty, (z*) > to. Therefore, the next design point must belong
to S, and we finish the proof.

L.3. Proof that ), — v, (L(z*)) w.p.1 as k— oo

Since
% * % * 5 * * 6
(Ve = va,, (L(27)) > 6} C {[Vr = v, (L(@2))] > 5} U v, (L(22)) = Ve (L") > S},

it follows that

v . o (1D . g oo . . )
U= ()] > 0} € { U 19 - v (L) > U Ul (E) = v (B> 3

From Section L.1, we have that, for all § > 0,
. . . 0
tim BT, {15 v, (L) > 01) =0,
Moreover, since v,,, (L(x})) = va,, (L(z*)) as k — oo w.p.1 (Section L.2), we have that, for all § > 0,
: oo . . g
tim PO, (e, (L)) — v, (L) > 21) =00

Therefore,

Tim U, {[9h — v, (L)) > 0}

: %) 3} * 6 : ¢S] * * 5
< lim BUUE (9% ~ v, (La))| > D)1+ lim BUU, (o, (L(27)) — v, (L) > 21 =00

It follows that V), — va (L(2*)) w.p.1 as k — cc.
Appendix M: Details of the Numerical Studies

M.1. The parameters selected for the numerical experiments

We provides some parameters chosen with the suggested approaches for our numerical studies in Table 2.

M.2. The random seeds for the numerical experiments

Below in Table 3 we provide the random seeds we use for different experiments in ‘MatLab’.
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Table 2 The parameters selected for the numerical experiments

Parameters Example 6.1.1 Example 6.1.2 Ackley/Levy/Rastrigin Portfolio

To 20 20 50 50
Co 1.5 20 0.5 0.003
r 6 6 12 10
m 2 2 ) )

Table 3 The random seeds for the numerical experiments

Example 6.1.1 Example 6.1.2 Ackley/Levy/Rastrigin Portfolio
666 666 666 666666

M.3. The candidate points set and initial design points set
The section provides the candidate points and initial design points sets for the numerical experiments.

M.3.1. Example 6.1.1 and Example 6.1.2 The candidate points set is generated with 1000 evenly

spaced point in [0,1] and the initial design point set consists of 6 evenly spaced points in [0,1].

M.3.2. Ackley/Levy/Rastrigin Example The candidate points are generated as follows:
e Generate 10000 points in [—10,10]% with Latin Hypercube design strategy
e Generate another 50 points in [0,1]° with Latin Hypercube design strategy
The initial design points are generated with 25 Latin Hypercube design points. These two sets are provided

in the pointsA.mat file in the online supplements.

M.3.3. Portfolio Example The candidate points are generated as follows. Each one of the two dimen-
sions is discretized with 40 evenly spaced points and the Cartesian product of these points are used as the
candidate points. The initial design points are 9 evenly spaced points. These points are provided in the
pointsB.mat file in the online supplements.

We also note that the true quantile values have no closed form. We thus estimate these values with 5 x 108
simulations at each point: at each points, we generate the 5 x 108 random function values and the sample

0.99 quantile is treated as the true quantile value. These values are also provided in pointsB.mat.
Appendix N: The test functions in Section 6.2

The test functions F; to F3 used are (in the d-dimensional input space):

Ackley: Fi(z) =—20exp(—0.2

1< 1
7 Z x2) — exp(g Z cos(2mx;)) + 20 + exp(1).
=1 =1
d
Rastrigin: Fs(xz) =10d + Z[mf —10cos(2mz;,)].
i=1

d-1
Levy : Fs(w) =sin®(mw;) + Y _(w; — 1)*[1 + 10sin’ (rw; + 1)] + (wq — 1)*[1 + sin®(2mw,)],

i=1

1
T vi=1,..,d.

h ;=1
where, w; + 1
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