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Online Supplement

Appendix A: Linearization
The standard linearization technique (SLT) is a known technique in the literature to transform the BQP model into its
equivalent mixed integer program (MIP) model by substituting the quadratic terms with extra binary variables y. ;. For

instance, linearized constraints for the MOT problem are as follows:

Yef > Te+ay—1 V(e,f) €A (46)
Yef < Te Vie,f)eA &7
Yoy < Tf V(e,f) e A (48)
Yes 20 Ve, f)e A (49)

where it suggests O(n?) decision variables and constraints be added to the BQP model.

The reformulation linearization technique (RLT) is another mathematical programming technique used for lineariza-
tion. In this study, we exploit a tighter linearization which is similar to the RLT to linearize the BQP formulation
of MOT as well as to linearize the star-based reformulation of MOT. Considering (37) and multiplying it once by
xp,VfeE 6% (4), where t' represents any frame except frame ¢ and then generating the same constraint for ., we obtain

the following strong valid inequalities instead of the SLT constraints (47) and (48):

> e <y VteT,Vje HNfed (j):t' #t (50)
e€st(j)
> < VteT,Vje Heed' (j):t' £t 1)
fest()

The RLT model applied to the quadratic semi-assignment problem of (14)-(16) is formulated as follows:

min Zcexe—f— Z Z QefYes (52)
)

ecA i KEN ecd(i

i#k  fes(k)

st Y we=1 Vie N (53)
ecs(4)
> yep=my Vi,ke N,i#kYfedak) (54)
e€é(i)
Z Yoy =1, Vi,k e N.,i#k,Veed(i) (55)
Fed(k)
Yoy >0 Vi.k € N,i#k,Veecd(i),Vfed(k) (56)
z. €{0,1} Ve € A. 57

Appendix B: Instance-by-instance tables

In the following, we detail the computational results for each problem in two tables consisting of dual bounds and
computational time. For each problem, one table demonstrates the experiments for the instances in which at least one
of the compared methods stops within the time limit. The other table contains instances in which all the methods reach
the time limit; thus, the three hours of fixed computation time is not reported in this table to avoid repetition. As an
index of efficiency for each method, we report the ratio of the obtained lower bound to the best known feasible solution

(BFS). The BFS is computed by comparing the obtained upper bounds of all methods in the three hour timeframe.
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Table 2 AQSAP - Comparing different methods — None of the methods stop within the time limit

Installllce rs | BQP | CG+BQPPricing leggf;fgigc C&*T}II,‘;‘I’;'EEC SLT | CG+SLTPricing| RLT App:z:itl;'aﬁon

(n-h) LB/BFS|  LB/BFS LB/BFS LB/BFS |LB/BFS| LB/BFS  |LB/BFS| LB/BFS
403 [46075.8| 0.66 0.94 i i 0.58 0.93 0.51 0.58
40-4 | 37264 | 046 0.89 0.80 0.80 0.41 0.89 0.28 0.35
40-6 | 173229| 036 0.86 0.86 0.86 0.28 0.88 0.20 0.26
40-8 | 160189| 034 0.94 0.84 1 0.29 0.90 0.21 0.27
50-3 | 52448.4| 061 0.99 1 1 0.50 0.94 0.47 0.50
50-14 | 116964 | 0.29 0.99 1 0.41 0.34 0.78 021 0.29

A closer look at Tables 3 to 10 proves that in some cases of the QSAP with out-of-star interactions, one has to
choose the solution methodology by considering the trade-off between time and the quality of LB. The reason is that
CG may stop in a shorter time with a slightly worse LB, which we do not consider in our performance analysis. In
addition, for larger-size instances of different data sets in QSAP, a significant pattern is observed in the results. When
the number of servers (h) is relatively large compared to the number of clients (n), one of the CG methods yields the
best results, while instances with a smaller number of servers are solved by GUROBI and the OuterApproximation
methods with better bounds. Interestingly, in certain cases where none of the techniques stops prior to the time limit,
CG exhibits a superior LB. As various techniques (such as acceleration and stabilization techniques) can be applied to
further improve the performance of CG, there is room for enhancements in our methodology to make it more effective
in tackling large-scale problems.

According to the tables associated with the MOT problem, increasing the parameter d for a problem with a fixed
number of frames (7") results in more computational time, highlighting the effects of the density of the quadratic matrix
in solving the problem. Table 12 demonstrates that in many cases CG algorithms converge to an optimal solution of the
problem. Specifically, when we use CG+RLTPricing and the problem can be solved within the time limit, optimality

is proved for almost all the instances.
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Table4  QSAP - 10% out-of-star quadratic matrix density — Comparing different methods — None of the
methods stops within the time limit

Installlwe sps | BQP | CG+BQPPricing leé'lf{fggigc C&"T}II,‘;:’crl'lftg‘c SLT | CG+SLTPricing| RLT Appg:;;’aﬁon
(n-h) LB/BFS|  LB/BFS LB/BFS LB/BFS |LB/BFS| LB/BFS |LB/BFS| LB/BFS
403 |516938] 0.75 0.83 0.68 0.87 0.63 0.83 0.68 072
40-4 |416842| 052 0.78 071 0.71 0.22 0.78 0.40 0.48
40-6 |197653| 031 0.76 0.18 0.18 017 0.68 0.24 0.27
40-8 | 188659| 021 0.43 0.35 0.35 0.17 0.43 0.23 0.26
40-14 | 11586.1| 025 0.51 0.51 0.38 021 0.51 0.25 0.28
50-3 | 609963 | 0.83 0.87 0.88 0.82 0.58 0.79 0.73 0.65
50-4 | 62141.8| 046 0.79 0.81 0.76 0.26 0.73 0.44 0.53
50-6 | 512812 027 0.78 0.79 0.27 0.16 0.50 0.18 0.23
50-8 | 442082| 0.18 0.77 0.79 0.33 0.15 0.45 0.15 0.19
50-14 | 144263 | 0.22 0.37 0.25 0.30 0.20 0.29 0.17 0.23

Appendix C: Primal bounding

As mentioned before, primal bounding methodologies are beyond the scope of this project. However, to show the
strength of the proposed reformulation framework and CG for the adjacent-only class of BQPs, we obtain the primal
bounds for all of the methods. In the next sections we first discuss the obtained UB for the adjacent-only problems and

then we point out some discussions on the QSAP as an example of general BQPs.

C.1. Upper bound for adjacent-only problems

Although we use a very trivial heuristic to find the feasible solutions after the CG methods terminate, in a relatively
large fraction of instances in adjacent-only problems, the BES is obtained through the CG, meaning that the reformu-
lation and CG outperform other formulations and methods in terms of both primal bound and dual bound for these
problems.

To find the BFS for each instance, we compare the primal bounds obtained by different methods. In Figure 9, we
present the fraction of instances where the BFS is found through each method. This figure proves the capabilities of
the CG methods to find the best upper bounds in both the AQSAP and the MOT problem. According to Figure 9a, the
CG+HeuristicBQPPricing obtains the BFS for the largest fraction of instances (93%) among all of the methods. For
MOT, Figure 9b indicates that the CG+RLTPricing is the best method, finding the BFS for 70% of instances.



Author: A Dual Bounding Framework For BOQP

Article submitted to INFORMS Journal on Computing

00801 TO | 00801 LI'0 | 0080T  LE£0 [008OI SI°0 00801 61°0 orsT TTO | 00801  9¢0 [008OT LI'0 |SO09ILI| ¥I-OF
00801 ¥€0 |00801 6T0 | 008OI 080 |0080I €T0 SOET 080 I1LET 080 | €656 080 [0080I I€0 | #8201 | ¥I-OE
00801 70 |0080T 6£0 | 8L68  SLO |0080I STO 6LYE 8L'0 99¢¢ 8L°0 | 9065  8L°0 |00801 S€0 | ¥6TPI | 8-0€
00801 ¥9°0 | 00801 690 | 00801  LLO |0080I I+'0 6€LT LLO 608 LL°O | 0080  LL'O |00801 890 |L+I981| 9-0€
(443 I 86¢ I 00801  $8°0 | L0TT 1 (438! $8°0 60T S0 | 00801  ¥80 | 60I 1 €ITre | o0
8I1 I €01 1 00801 880 | STOI I 9T 88°0 ISLT 88°0 | 00801 880 €6 1 9780LS | €0
00801 860 | 00801  SP'0 | 00801  §8°0 |008OT  T€0 £8201 $8°0 96101 S80 | STEL  S80 |00801 ¥b0 | ¥'SELy | TI-ST
00801 89°0 00801 190 | 01T 680 |0080I 6£0 0r8 68°0 e 680 | 9¢€€  68°0 | 00801 650 | €€90L | OI-ST
00801 9,0 |00801 TLO | TP9T 60 | 00801 $9°0 1S 6'0 756 60 12354 60 |00801 190 | TSHL6 | 8-ST
8818 I LSOL I S681 880 | 00801 IS0 161 880 8¢ 88°0 | ce6l 88°0 | 6TLL I 6L7801 | 9-ST
44 I 18 1 1€91 980 | TItT 1 SL 98°0 121 98°0 | S891 98°0 9 I YITSO1 | p-sT
621 I LIT I 981y 680 | LLE I 20T 68°0 L8T 680 | SI¥r 680 | LIT 1 $CIL8Y| €-ST
90L8 I 00801 I 06¥ €60 | 00801  $9°0 I€1 £6°0 091 €60 (%572 €6'0 | 00801 0OL0 | S1Z8% | TITT
9966 I 00801  S8°0 89¢ S6'0 | 00801  S90 LE€T S6°0 891 $6°0 65T S6'0 |00801 S80 | 86¥€9 | 0I-CC
1898 I YT I T6 60 | 00801 ¥9°0 8L 06°0 901 06°0 949 60 | 9ve6 I SPIT8 | 81T
PoEL 1 00801 680 cet 60 | 00801 1970 6C ¥6'0 <L ¥6°0 96T ¥6'0 | T6LS8 I TIsel | 9Tt
668 I 898 I <9 160 | T89% 1 144 16°0 121 160 vor 160 | 668 I T99€9T | p-TT
88 1 591 I STSI €60 | LEOT I LE £6°0 43 €60 L68 €60 | Tt I 1°SS6St | €12
8779 I 00801 1 S1e L6'0 | 00801  $9°0 0s L6°0 011 L6'0 961 L60 | 69TY I T96Y | 0T-0T
00801 680 | 00801  S8°0 68T S6'0 [00801 90 9¢ $6°0 8 S6°0 LTT S6'0 | €0L6 1 97906 | 8-0T
T6€ I YTLl 1 €8¢ S6'0 | 00801  $8°0 ST $6°0 LS S6°0 90T S6'0 | LOLI I 9°LST0T | 9-0T
61 1 9L I aud 60 | 88L I 61 ¥6°0 43 ¥6°0 6¢ ¥6°0 L6 I L6TStl | 0T
4 I 9 1 0SS 96°0 LT 1 9% 96°0 1L 96°0 009 96°0 6 I YrEror | €-0T
08 I 00S I [#41 860 | ¥8SL I s 86°0 LS 860 L6 860 | 6Ib 1 8H€0S | 881
9¢1 I SL I LET 960 | ST 1 65 96°0 79 96°0 (/4| 960 | O€I I v9T19 | 9-81
€1 I 12 I €61 L60 8¢ I 9 L60 6C L60 61 L6°0 01 I L'SL69 | b-8I

T I 0 I TIT 96°0 9 1 (44 96°0 T 96°0 81 960 z I €6998 | €8I

¥ I € I 9¢ 860 8¢ I 1T 860 91 860 It 86°0 ¥ I $'89St | 9-ST
14 I ¢ 1 <9 96°0 <9 1 0T 96°0 9T 96°0 €9 960 9 I S'8I€TT | P-ST

I 1 I I 8l L60 8 I 00801 L60 ! L60 S L60 4 I LyTeee|  €-sT

0 I 0 I T 66°0 T 1 ¥ 660 S 66°0 < 660 1 I L'T88T | 01

0 1 0 I I L60 4 I 4 L60 4 L60 4 L60 0 1 STLIE | €01
iy, SA/dT| WL SA9/d1| Wil  Sdd/d71| dwiL  SA9/d1 swiy, SA9/d1 sy, SH9/d1| SwiL S49/d1| SwiL SA9/d1 (g-u)

uoneunxorddyrinQ LTd SupLUdLIS+OD 1S SuPU LTSINSHNOH+D)) | SUPLIJJOFINSHMH+D) | SUPLIJJOI+9D 404 SAT | 5uepsuy
Hwi| awn ayl uiyum sdojs spoyiaw ay} Jo auo Jses| Iy — spoyiaw Juasayip buredwon — Ausuap xujew oljeipenb Jeis-jo-1no 9,61 — dVYSO S dqel



Author: A Dual Bounding Framework For BQP
Article submitted to INFORMS Journal on Computing 7

Table 6 QSAP - 15% out-of-star quadratic matrix density — Comparing different methods — None of the
methods stops within the time limit

Installllce sps | BQP | CG+BQPPricing leé'lf{fggizc C&*gfﬁ’;‘j‘g‘c SLT | CG+SLTPricing| RLT Appg:“:‘;’aﬁm
(n-h) LB/BFS|  LB/BFS LB/BFS LB/BFS |LB/BFS| LB/BFS |LB/BFS| LB/BFS
403 | 55376 | 0.85 075 0.62 0.82 0.65 0.76 0.78 0.76
40-4 | 472348| 068 0.70 0.64 0.64 0.32 0.69 0.41 0.50
40-6 | 23518.1| 029 0.62 0.22 0.22 0.15 0.60 0.25 0.27
40-8 | 27886.8| 0.16 0.29 0.17 0.17 0.13 0.29 0.17 0.20
50-3 | 65385.1| 0.91 0.81 0.82 0.77 0.66 0.76 0.83 0.80
50-4 | 705729 057 0.6 0.70 0.66 0.29 0.63 0.54 0.58
50-6 | 627558 | 0.4 0.63 0.65 0.23 0.14 0.51 0.17 0.25
50-8 |530242| 0.16 0.63 0.66 0.32 0.13 0.35 0.14 0.18
50-14 | 262889 | 0.12 0.17 0.03 0.16 0.12 0.16 0.10 0.14

Figure 9  Comparing methods in terms of obtaining BFS

(a) AQSAP methods (b) MOT methods
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C.2. Upper bound for QSAP
Akin to the heuristic in AQSAP and MOT, we use all of the entered columns in the QSAP-RMP to build our IP model
to obtain a valid UB for QSAP. However, instead of solving the IP version of the last RMP directly, we solve an
RMP with a slightly different objective function. In this model, we build a new quadratic cost function to reflect the
interaction between each pair of stars (columns) of the RMP as below:
Qs,s =0, if s and s’ have ¢ or j in common
Qs,s' =D ccajesr ey, Otherwise
Therefore, the alternative model to solve is:
min - Y CAADY Y Queds st (30—32) (58)
ses SES s'>s€S
Through the new definition of the quadratic costs, we discard many impossible interactions among the stars from
the beginning. This leads to reaching the same feasible solutions as with the previously mentioned heuristic in a much
shorter time. Nonetheless, even with this reformulation the obtained feasible solutions are not promising. We do not
report the details on the UB of the QSAP, but we would like to provide some remarks to direct future research on this

topic:
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Table 8 QSAP - 20% out-of-star quadratic matrix density — Comparing different methods — None of the
methods stops within the time limit

Installlwe sps | BQP | CG+BQPPricing leé'lf{fggigc C&"T}II,‘;:’crl'lftg‘c SLT | CG+SLTPricing| RLT Appg:;;’aﬁon
(n-h) LB/BFS|  LB/BFS LB/BFS LB/BFS |LB/BFS| LB/BFS |LB/BFS| LB/BFS
403 (595141 085 0.71 0.65 0.76 0.74 0.71 0.82 0.80
40-4 | 53056.6| 0.70 0.62 0.50 0.50 0.27 0.61 0.42 0.50
40-6 | 28760 | 027 0.53 0.29 0.29 0.14 0.50 0.24 0.26
40-8 | 39915 | 0.14 0.19 0.11 0.11 0.10 0.21 0.13 0.16
40-14 | 287853 | 0.10 0.18 0.17 0.10 0.10 0.19 0.10 0.12
50-4 | 779012 0.74 0.63 0.64 0.60 0.36 0.56 0.68 0.65
50-6 | 749312| 0.9 0.53 0.55 0.22 0.14 0.33 0.18 0.23
50-8 | 702307 | 0.15 0.48 0.49 0.23 0.11 0.27 0.13 0.15
50-14 |27759.7| 0.12 0.17 0.01 0 0.12 0.15 0.11 0.14

REMARK 6. GUROBI methods, and in particular BQP, attain the BFS in the vast majority of the cases in the QSAP
data sets. However, as the tables in Appendix B suggest, it could not find the best LB and close the optimality gap for
many instances of the problems, while CG methods can prove optimality in many instances of adjacent-only problems.

REMARK 7. Interestingly, we observe that in the cases where CG methods terminate within the time limit, the
obtained UB is fairly close to the BFS provided by GUROBI. In the contrast, when the CG methods reach the three-
hour time limit, they suggest a weak UB, while their associated LB is still better than GUROBI in a relevant subset of

instances.
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Table 10 QSAP - 25% out-of-star quadratic matrix density — Comparing different methods — None of the
methods stops within the time limit
Installlwe sps | BQP | CG+BQPPricing leé'lf{fggigc C&"T}II,‘;‘I’;'IS;;‘C SLT | CG+SLTPricing| RLT Appg:;;’aﬁon

(n-h) LB/BFS LB/BFS LB/BFS LB/BFS | LB/BFS LB/BFS LB/BFS LB/BFS
40-3 657843 0.96 0.66 0.58 0.69 0.86 0.64 0.85 0.82
40-4 597439 0.72 0.56 0.42 0.42 0.34 0.55 0.45 0.50
40-6 |32330.7| 03 0.47 0.26 0.26 0.15 0.44 0.25 0.31
40-8 | 47935.6| 0.13 0.19 0.15 0.33 0.09 0.17 0.11 0.16
50-6 |77643.1| 0.3 0.51 0.52 0.23 0.17 0.39 0.22 0.26
50-8 |74816.2| 0.14 0.46 0.44 0.24 0.11 0.25 0.11 0.16
50-14 |27759.7| 0.13 0.16 0.01 0 0.13 0.13 0.12 0.16
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Table 12  Data association on the MOT16-09 data set — Comparing GUROBI and CG — None of the methods
stops within the time limit
Instance BFS BQP CG+BQPPricing SLT CG+SLTPricing RLT CG+RLTPricing
(T -h-d) LB LB/BFS| LB LB/BFS| LB LB/BFS| LB LB/BFS| LB LB/BFS| LB LB/BFS
9.35-4 [-1790.8| -5601.5 3.13 | -5377.9 3 -6569.6  3.67 | -42302 236 |[-20263 1.13 [-1792.1 1.00
9-35-5 |-1974.7| -6624.1  3.35 NA NA | -7740.1  3.92 | -50854 258 |-23584 1.19 |-19889 1.01
9-35-6 |-2065.4 | -7647.6 3.7 NA NA | -8519.1 412 | -5134.7 249 |-25354 123 |-21504 1.04
10-35-4 | -1971.7 | -6472 3.28 NA NA | -7357.6 373 | -5469.1 277 |-22882 1.16 |-2073.7 1.05
10-35-5 | -2150.6 | -8116.3  3.77 NA NA | -8663.3 4.03 | -5700.6 2.65 |-2665.1 1.24 |-2346.1 1.09
10-35-6 | -2405.1 | -9273.5  3.86 NA NA | -97928 4.07 | -6824.3 2.84 |-29885 1.24 |-2621.2 1.09
10-35-7 | -2569.7 | -10134.5  3.94 NA NA |-10681.3 4.16 | -75449 294 |-3252.3 127 |-28333 1.10
11-35-4 | -2167.5| -7494.8 346 | -6969.1 322 | -8306.2 3.83 | -5996.4 277 |-26504 122 |-2412.8 111
11-35-6 | -2687 |-10773.8 4.01 | -88494 329 |-110984 4.13 -8436 3.14 |-34409 128 |-30745 1.14
11-35-9 |-3141.3|-12752.7 4.06 | -9512.7 3.03 |-13306.3 424 | -94968 3.02 |-4107.9 131 |-3540.1 1.13
12-40-4 | -2467.1 | -8257 335 | -8606.6 349 | 9107.1 3.69 | -81683 331 |-29157 118 |-28624 1.16
12-40-6 | -3044.7 | -11709.1 3.85 |-10676.2 3.51 |-12016.3 3.95 |-10281.8 3.38 |-3762.6 124 |-35202 1.16




