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Appendix A: Proof of Lemma 1

The framework of the proof was first proposed in Luo and Tseng (1993) and also applied in Hong and Luo
(2017) and requires “locally upper Lipschitzian” property of polyhedral multifunction for the map induced
by KKT conditions— see also Stephen M. (1981), Walkup and Wets (1969), Stephen M. (1973), Mangasarian
and Shiau (1987), Hoffman (1952). However, due to the presence of the conic constraints in (28), the resulting
multifunction is not polyhedral anymore. Indeed, Walkup and Wets (1969) showed that having a polyhedral
graph is a necessary condition for the upper Lipschitzian property of the multifunction. The following proof
uses the specific structure of this problem to establish the dual error bound condition.

For any y € R™ and y* € Y*, considering the KKT conditions (29), we have

ly =y 113 =MTM(x*(y) —x*(y")) + p(x*(y) —x' (y)) — p(x*(y") = x" (y"))II3
=V p(Mx*(y)) = Ve p(Mx*(y7)) + Ve (Ex(y)) — Ve b (Ex(y™)) 13
<V p(Mx3(y)) = Vi d(Mx*(y*)) 15+ | V<o (Ex(y)) — Vit (Ex(y™) 3,

where the first equality follows from (29b), the second equality follows from the definition of ¢(-) and ()
(defined below (25)), the third inequality follows from the triangle inequality. Hence, using (26) and (27),
we have

ly = y*lI5 < L3I Mx*(y) — Mx*(y*) |5 + L[| Ex(y) — Ex(y") |- (34)
Next, consider

[Mx*(y) — Mx*(y*)|5 + ol Ex(y) — Ex(y*)]l3

= (MTMx*(y) - M"Mx*(y*),x*(y) = x*(y")) + p(E" Ex(y) - M Mx(y"),x(y) —x(y"))

= (Vd(Mx3(y)) = Vdp(Mx*(y")), x(y) = x(y")) + (Va0 (Ex(y)) = Vi (Ex(y")), x(y) = x(y"))
= (Vil(x(y)) = Vil (x(y")), x(y) = x(y"))

= (Val(x(y)) = Vi l(x(y"), X" (y) = x' (y*)) + (Ve l(x(y)) = Vi l(x(y")), x*(y) = x*(y"))
=3 (Y, x(¥) = Vit LX) XLy () = XLy (7))

geg

+3° (Via,, Ux()) — Yz

3(9)
geg

=D (wabty(¥) = Vi) = Wabtg (¥°) + 370X} () (¥) =X}y (¥))

geg

+Y (Vi) = Y50 X (V) =Xy (V)

geg

9)

(x(y")), %2 (v) = X (v))
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where the second and third equalities follow from the definitions of ¢, ¥, and ¢, in the forth and fifth
equalities the gradient is expanded over each x' and x?, and the last equality follows from (29a),(29b).
Rearranging the terms in the last line above and using x;, (y*) =x7,,(y") Vg € G, we get

1M (y) — Mx?(y™)|I5 + pll Ex(y) — Ex(y)lI3

=Y (woby(y) = wopt, (y7): % () (V) = X}y (V) + D (F500) = Yito): X000 (V) = X)) ()

g€ 9g€g

(35)

For all g € G, we have

(Watty (y) = Wabty (¥7), %) (¥) = X5() (¥"))

T

= Wotty(¥) X4y (V) = Wekty (¥") () (¥) = Wokty (¥) "X (¥) + wohty (y) ") (¥7)

= _wg(sg/wg))‘ - wgl“l’g (y*)Tle'(g)(y) - wg”g (Y)ijl'(g) (y*) - wg(sg/wg))‘
< wy [l (V) 12116y ) N1z + wg L, () 12116y (Y )l 2 — 2554

<0,

where the second equality follows from (29¢) and (29f), the third inequality uses Cauchy-Schwarz inequality,
and the last inequality follows from (29c), (29d), and (29¢). Hence, we have

IMx2(y) = Mx>(y*")[I3 + pl Ex(y) — Ex(y")13 < ¥it) = ¥ie) Xoio)¥) — X}y (7)) (36)
geG
<[y =y Vg, (¥)ll, (37)

where (36) uses nonpositivity of the first term in (35) (shown above), and (37) follows from Cauchy-Schwarz
inequality and the fact that Vg,(y) =x'(y) — x*(y) — see e.g. Hong and Luo (2017) - Lemma 2.1. Finally,
using (37) and (34), we get

Iy =y [13 < max{L3, L2/} (I1Mx2(y) = Mx2(y") |3 + pll Ex(y) - Ex(y")3) (38)
<max{L3, L7 /p}ly = ¥"|I2lIVg,(¥)ll2- (39)
Hence, we have
dist(y,Y™) < ly —y"|| < max{L3, L}/ o}V g, ()l (40)
and the existence of 7, follows.
Appendix B: Proof of Lemma 2

Before proceeding with the proof of the boundedness of the iterates, we show the existence of a finite saddle
point by the following argument. Consider

- 1
min {F(xl,xz)z)\ngHx;(g)2+2|Mx2—b|§+gx1—xz||§, s.t. xlzxz}. (41)

x1,x2eRn
g€eg

The above problem is equivalent to (8) whose objective function is coercive and continuous.
By Weierstrass’s Theorem (see e.g. Bertsekas (1999)), we have certain finite optimal solution
to (41) (x'*,x%>*), ie. F* = infu_yecpn F(x',x?) = F(x"*,x>*). Especially, x"* = x>*. Consider

L,(x',x%y) = F(x',x?) 4+ (y,x' —=x?) and the corresponding dual function g,(y). First, we have
2
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L,(x"*,x2*y) = F(x"*,x>*), for Vy. By strong duality (see e.g. Prop. 5.2.1 in Bertsekas (1999)),

P
we know there is no duality gap. Furthermore, there exists at least one Lagrange multiplier y*, i.e.
F* =infu e L,(x!, x%y*) = g,(y*). We conclude (x*,x%*;y) is a finite saddle point.

The idea for the proof of boundedness of the iterates is similar to Theorem 5.1 in Glowinski (1984);
however, we do not have the strong convexity assumption. Given a finite saddle point ((x'*,x?*);y*), define

KLk & xbk _ xlx g2k & g2k 2+ gk & gk y* where x'* = x>*. Establishing the boundedness of the

sequence is equivalent to showing that the sequence {||¥"*||3 + ap||x**|3 + a(p — a)||x"* — x>*||3}22, is

non-increasing. From the convexity of the augmented Lagrangian function (10) in x', we have

(v 4 (" —x2),x" = x ) Ay xd )l = A S I [l > 0, (42)

geY 9€g

Furthermore, from the convexity of the augmented Lagrangian (10) in x2?, we have
(MT(Mx*>* =b) —y" + p(x>* —x""), x> —x>") > 0,vx". (43)
From the fact that L,(x"*,x**;y*) < L,(x',x%;y*),Vx",x?, we have
Y =y +axb —x>"). (44)

Similar to the arguments for (42)-(44), from (13)-(15), we have

1,k+1 2,k k 1 1 Jk+1 1 1,k+1
<p(Xj(g) = X)) T Y500 Xite) ~ Xj(o) > + Awg[[x g |2 — Awg [[%5755 12 2 0, Vg € G, Vx5, (45)
<MT (MXQ,k+1 _ b) 4 p(x2,k+1 _ xl,k+1) _ yk’ X2 2 k+1> > 0 VX (46)
1,k4+1 2, k41
Yt =Yt =X, Veeg. (47)

Since j(g)Nj(g) =0 for all g,g € G such that g # g, from (45) and (47), we have:
(p(x"FTT —xPF) +y* xt —xPE) 4 Ang||x;(g) Il — )\ngHx}&’;)Jrl 2 >0, vx', (48)
geg 9geg
yk+1 _ yk + a(xl,k+1 . x2,k+1). (49)
Setting x! =x**1 in (42), and x! =x* in (48) and adding them, we get
<_}""k: + p(i‘(2,k‘ _ il,k+1)7)"‘(1,k+l> 2 0 (50)
Similarly, setting x? = x2**1 in (43), and x? =x2* in (46) and adding them, we get

<MTM)~(2,IC+1 _ yk _ p(il,k—&-l _ iQ’k+l), _}22,16+1> Z 0 (51)

Adding the left-hand-sides of (50) to (51) and rearranging the terms, we have,

/\

S/ Lk+l _ 52, k+1> +p< il,k+17§(1,k+1> +p< 1,k+1 2,k+1,)~(2,k+1> - ‘|M)~(2,k+1”§
:< ~k FLk+L _ 2,k+1> _|_p<)~(2,k gLk L g2kl g2k )~C1,k+1>
b

p<X1 Jk+1 2,k+1)’}~{2,k+1> _ ||M)~(2,k:+1 ||§

Hence, we have
p<)~(2,k _)~<2,k+1’)~(1,k+1> L[ MRZEFL2 g g2 - g2 > <)~(1,k+1 _ i?,k+17}~,k> . (52)

3
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From (49), we have the following two inequalities:

SlLk+1 5(2,k+1)

yk+1 +5/,k — a(gl,k«kl _ i27k+1) + ka

Taking the inner product of the left terms together and the right terms together, we obtain

T2 = 195117 = o [[% ™0 = %254 4 20 (%14 — %25 §F) (53)

<Oé(Oé 2p)||X1 Jk+1 ~2,k+1H2 2a||Mx2 k+1||2_|_2ap< 2,k 2,k+17}~(1,k+1> (54)

where the inequality uses (52). Next, we will upper bound (%X2* — x2*+1 xLk+1) Setting x? = x2* in (46),
we have

(MT(Mx>H — b 4 p(x2FH1 — b 1) gk 2k 52041y > (55)

Setting k+ 1 in (46) to k, and x? =x2* 1 we have
<MT(MX2,k _ b) —|—p(X2’k _ Xl,k) _ yk_l,X2’k+1 _ X2,k> Z O (56)

Adding (55) and (56), we have

k—1 2,k+1 7X2’k>

<yk —yRlx _ p”XQ,k—H _ X2,k||§ +p <X1,k+1 xR X2,k>

(57)
> | M (x> = x5 > 0.
From (49), we have y* — y*~! = a(x"* —x**). Using it in (57) and rearranging terms, we obtain
p (XL xh 2ATL 2 5 ol 2l 2|2 (kg2 2kl 2k
Adding and subtracting x!* and x** into each argument in (B) as needed, we have
P <)~(1,k+1 — LR RBIFL L RRRY > I R2R|2 g (g1 g2k g2l g2k (58)
The term (x2# —x2*+1 xLE+1) can be transformed as following:
(R2F — g2 gAY
= (R RBAL ZIAEL gLk gk g2k g2k
— < 2,k ~2 Jk+1 )'*(1 k+1 il,k> 4 <)~(2,k _ i?,k-‘,—l,il,k _ 5(2,k> + <)~(2,k _ >~C2,k+17}~(2,k>
- - - - - - - - 1 - - -
— <X2,k _ X2,k+1’xl,k+1 _ Xl,k> + <X2,k _ X2’k+1,X1’k _ X2,k> + §(||X2 k||2 || 2,k+1 ||2 + || 2,k 2,k+1||§>
1
< LR — R ) 4 (1 D) (g g )
(59)
where the last inequality follows from (58). Combining (53) and (59) and rearranging the terms, we obtain
15815 + cp &2 HHIS + a(p — e[| = %255 = (7512 + | %2 ]13)

< Oép”Xl Jk+1 5(2’k+1H§720&||M)~{2’k+1||§7OtpH)~(2’k7)22’k+1|‘§+204(p701) <)~(2,k75~(2,k+1,)~{1,k7)~(2,k>

By upper bounding the last term in (60) by the identity 2 (a,b) < ||la||2 + ||b||%, we get
T3 + apl xS + alp — a) R =G — (7712 + ap| 22413 + alp — a) |21 — %*F|[3)

1,k4+1 _ 2,k+1||§_2a”M)~(2,k+1”§_ ~2,k+1||§§0.

< —ap||x x> —x
We have shown that the sequence {|ly*||z2 + apl|x®*|]2 + a(p — o)||x"* — x2*||2}52, is non-
increasing. Once the initial point and saddle point are fixed, which are not related to «, then
{1913+ apl%>* 13 +alp— a) %+ —%2*|3}52, is bounded by [|§°(13 4 p?[%2°[3 + & [|X"* — %2°||3. We con-

cluded that the sequence {x"*}, {x**} and {y*} generated by (15) is uniformly bounded for any 0 < a < p.
4



Supplementary material for Zhang, Liu, and Davanloo Tajbakhsh: A first-order optimization

algorithm for statistical learning with hierarchical sparsity structure, INFORMS Journal on Computing

Appendix C: Proof of Lemma 3

The proof extends the analysis of Tseng (2010) and Zhang et al. (2013). Since both works discuss primal
methods, there are mainly two new ingredients in our proof: 1) dealing with the dual variable y, and 2)
splitting x into x' and x2, where neither step is trivial.

Given y, note that X(y) can be written as (X!(y),X2(y)). For a fixed y, and for any sequence
{(x** x?k;y) : x?F € X2(y) 0, we define

rl!k é @xl Lp(x1’k7x27k; y)a (62)
r2,k A @szP(Xl’k,XQ’k;y) _ MT(MXQ,k _ b) —y + p(XZ,k _ Xl’k), (63)
§F & ||x*F —x2F||y, where x* £ argmin ||[x** — x?||,, (64)
x2eX2(y)

' £ argmin L, (x*, %% y), (65)

x1

X2k _ g2k
ut 2 5 (66)
Note that
V(o xiy) = xl - proys, s (- y - plx! - x2) (67
: ~ 1 -
=x! —argmin AN w,djip [l + 31 - (' —y +p(x" = x)3 (68)
d geg
. 1
—argminA 3wy )~ + 14—y~ plx ) (69)
geg

where the second equality follows from the definition of the proximal operator and the third equality uses

the transformation d £ x! — d. Furthermore, for any group g € G, we have

X . 1
(Vlep(XlaXQ% Y))j(g) = ar;g min /\ngdj(g) - le'(g) ll2+ B ||dj(g) —Yite) — P(le-(g) - X?(g))”g (70)
i(9)
- Xj(g)» i 1%y = Yite) = P(Xj(g) = X5 ll2 < Ay, (71)
’yngl(g) + (1 =7) (¥ + p(le.(g) - x?(g))), otherwise.

where v, = Aw, /[1xj(9) = ¥ig) — P(X}(,) — X5,))ll2- Note that the two cases from the soft-thresholding

operator in (71) yield x; ) at the boundary [|x,) —¥;(s) — P(X] ) = X3(,))ll2 = Awg, i.e., Vo1 L, (x',x%y) (g

is continuous in (x!,x?,y).
To prove this lemma, we will first prove that it suffices to show that there exists 0 <7 < 400 and ¢ >0
such that
dist(x?, X3(y)) < 7| VL, (x', %% y) 2, (72)
for all (x',x2;y) such that |V, L,(x",x%;y)|l2 <. Second, we will show (72).
Assume (72) holds. Given (x!,x2;y), pick (x!'*,x%*) € X(y), such that dist(x?,x%*) = dist(x2, X2(y)),
and x"* such that it satisfies the optimality condition (74). Recall that
6x2Lp(X17x2;Y):MT(MX2_b)_Y+p(x2_Xl)' (73)
Hence, from the optimality condition, we have
Ve L, (xV*,x2%y) = MT(Mx** —b) —y + p(x>* —x"*) =0 (74)
5)
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Subtracting (74) from (73) and rearranging the terms, we obtain

xl—xl’*:(%MTM+I)(X2—X2’*) ;szL (x', x%y). (75)

Thus,
dist(x,X(y))Qéllxl— B (=213 (76)
<II(= MTMH)(X —-x’ )||2+||% L, (x', x*y) |5+ [1x* —x*7|3. (77)

Upper bounding ||x? —x**||3 in (77) with (72), we have (31).

Next, we will show (72) by contradiction. Suppose (72) does not hold, then there exists a sequence

{(xF, x?F;y) : x?* € X2(y) }eso satisfying
VL, (x5* %25 y)||/6% =0, and ||V, L,(x"", x> y)|l — 0. (78)

Note that
[ |

V2

where r’* and r?* are defined in (62) and (63), respectively. Hence, using the left inequality in (79), (78)

< NIVaLy (x5, x> 5y )| < [let* )+ [l (79)

implies

[ + [r

{r'*} =0, {r**}—0, { MH} (80)

We will show that (80) does not hold. Since (x*,x?*) is in a compact set, by passing to a subsequence if
necessary, we can assume that {(x** x?*) — (x',%?)}. Since {r'*} — 0, and {r**} — 0, then by the right
inequality in (79), V,L,(x"*,x%*,y) — 0. Furthermore, since V,L,(x',x2;y) is continuous, this implies
V.L,(z',#%y) = 0. It further implies that (X',%%) € X(y). Hence 6* < [|x** —%?|| = 0, as k — 00, so that
{x**} = x%. And based on (75), we have

{xhF) — %t (81)

Next, we claim there exists x > 0 such that,
[x%F — 2| < k|| Mx>F — Mx>*||, Vk (82)

Again, we argue (82) by contraction. Suppose (82) does not hold, then by passing to a subsequence if

necessary, we caln assuime
{ H]\4X2JC _ Mi{Q,kH }
[ =]

—0. (83)

This implies that {Mu*} — 0, where u* is defined in (66). Note that |[u*|| =1, we can assume u* —u+#0
(by further passing to a subsequence if necessary); hence, we have Mu =0 by continuity. Combining (73)
and (80), we have

MT(Mx** —b) =y + p(x** —x"*) = o(d).

Furthermore,

MT(Mz** —b) —y+p(z** —z"*) =0.
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Subtracting the above two equalities and using (83), we get

x2F g2k = xbF _gbF 4 0(5y). (84)
Thus,
B 1‘ X2,k _ 5(2,k 1. Xl,k _ il’k
u= 11im ——— = l1In

Since u* — @ # 0, we have (u”*, @) > 0 for k sufficiently large. Select &k such that (u* @) >0 and let

k

lI>

X3P 2 PP 4oetn (85)

for some € > 0. We can show that for € > 0 sufficiently small
x*F e X(y), (86)

whose proof is relegated to Appendix D. Now, assume %%* € X2(y*) for ¢ > 0 sufficiently small. This leads

to the following contradiction:
[x2F — %2y = [|x*F — x*F — el = 6 +€® — 2¢ <uk, ﬁ> < 6" (87)

for e sufficiently small, which contradicts the definition of X** in (64). So (82) holds.
By (69), we have
0Dy w,lrjhy = x5 o+ (@ —y = p(x"* —x*)), (88)

geg

which is the optimal condition to
ri* ¢ argmin)\ngde(g) - le-{’;) ll2 + <r11k —y = p(xF — X2, d> ' (89)
g€g
From (89), we have

MY gl = xj a4 (2 =y = p(aF = xPH) et
g€eg

(90)
< /\ZwQHXLkHQ + <r1,k —y— p(xl,k _ X2,k),xl,k _ il’k> ]
geg
From Vi L,(X"*,%2¥%;y) =0, we have
. _ 1 1 -
0= argmmAnglldj(g) - le'(g) |2 + §Hd —Y- P(Xl - X2)H§- (91)
geg
Similar to (88), we have
0€XD Y will% 5 [l + (—y — p(x** —x*4)), (92)
geg
which is the optimal condition to
0¢c argmin)\ngde(g) - i;i’;) o+ (—y — p(x"* —x>*),d). (93)
geG
From (93), we have
AD S wlI%55) 2
" e _ 1k (94)
<AY wglleghy =1k o+ (—y = p(xE - %) =Rt ).

geg
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Adding (90) and (94), and using (63), we obtain
(KR p2E plRY VT M (x2F - g2R) xbE gLk

(95)
< (pDE R xR gV (VT M (x2F — 2k) pEY
From (63), we have
1 1
xbF—xbE = (S MTM +1)(x*F —x2*) — =2k, (96)
p P
Defining A = %MTM + I and using (96) in (95) and rearranging the terms, we obtain
1
<r1,k 2k ek 4 r2,k> + <MTM(X2,k CRER) AP - x2,k)>
g . (97)
S <r1,k —|—I‘2’k,A(X2’k _ i2’k)> 4 <MTM(X2,k _ iQ’k),rl’k T r2,k> .
p
Let us consider term by term. We have
1 1 1
(i L > e et = 4+ D (98)
p p p
Next, using (82), we have
1
(MTM(x** —x28), A(x®F —x7)) = = || MTM (x** —x*F) |3+ | M (x** —x**)]13 (99)
P
> K2 x** — x5, (100)
Denote the largest eigenvalue of matrix A by L;, we have
<r1,k +I‘2’k,A(X2’k 75{2,k)> S LIHrl,k +I‘2’k||2HX2’k 7)7(2’16”2. (101)
Denote Lo £ maxq = || Md|,
1 1
<MTM(X2,k _ iZ,k),rl,k 4 r2,k> S L§||r1’k 4 *I‘Q’kHQHXZk _ 5(2,1@”2' (102)
p p
Combining the four inequalities above, we have
1 1
A b el PR L P e (L P (; + 1) [ e |2
(103)

1 _
< (Lafet* oo + Ly et + ;rz”“llz) R P

Denote b= Ly [[r"* +-x2*|[o + L3 [[rh* 4 Sr2*]|5, ¢ 2 [[eb* 54 L[> * (|3 — (2 +1) [ "*||2[[r>*| 2. Using quadratic

formula, (103) implies
b+ vb% —4r?c
2rK2 '

Note that the right-hand-side of (104) is O(||r™*|| 4 |[r**||), so (104) contradicts (80), which says

[[x3* —x¥]|, <

(104)

I+ [ = o2 — %24,

So far, we have shown that for a fixed y, there exist 7 and § satisfying (31) and the inequality below it,
accordingly. From (70) and (63), we know V, L,(x",x%y) is continuous in y. Since X(y) is characterized by
@pr(xl,XQ;y) =0, so dist(x,X(y)) is also continuous in y, which implies that we can define a continuous
mapping from y to 7 and §. Note that from the above proof, we know that for any y, 7 is finite, i.e., 7 < o0,
and § > 0. Hence, since y is in a compact set, we can find 7 2 sup{7} < oo and § = inf{§} > 0. This finishes

the proof of the lemma.
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Appendix D: Proof of the inclusion (86) in Lemma 3
The following proof is inspired by Tseng (2010) and Zhang et al. (2013). Denote t* =y + p(x* — x>*). Note

that if we write (10) as a function of x? and z £ x* — x2, then the last term is strongly convex in z. This
implies that the value of t £y + p(x' —x?) is unique for V(x!,x?) € X(y). Recall the definition in (65) and
(85), we will show (86) is equivalent to

0 € Aw, [|(X1F + €tt) ;)| + (), V9 (105)

From the optimality condition of (10), we know x** € X?(y) is equivalent to

0=MT(MX“ b) (v +p(x! —%2)),

is satisfied for some x*. From (85), we have

M2 = M%? (107)
since Mu = 0. So the second equality of (106) holds if and only if x! = %! + en.? Since
0=MT(Mx** —b) — (y + p(x! —%2)) holds by definitions (65) and (64), (106) is equivalent to

0c Aazwg”i}(g) +et +(y +px' —%2))i0) V- (108)
geg
Using t to replace (y + p(x! —%?)), we have (105).
Based on (80) and (83), we have
th—t=M"M(x** —x*F) —r?* = o(5"). (109)

By further passing to a subsequence if necessary, we can assume that, for each g € G, either

|t —t5 oy ll2 < Awy, Yk, or,

i(9)

CxEE j(g)||2 > A\w,, and le,&’;) #0, Vk, or,

ile)
) <L
3. ||xj(g) — tf(g)Hg > Aw,, and xj(’;) =0, Vk,
is true. We will show that in any of the three above cases, @,y is a certain multiple of t;,) and then (105)
is satisfied.

1. In this case, from (71), we know

<LE gLk Lk gLk gLk
Xi9) ~ Xilw) — lim it9) ~ Xile) — lim 7(9) (110)

Uj(p) = lim oF Pt ok o ok

k—o0
where the last equation comes from (80). Suppose that @;(,) # 0. (Otherwise, x** = x**.) Then Xl ” )70
for all k sufficiently large. From the optimality condition for (10), we have

0= w _“9) +500, (111)
” J(9)||2

for k sufficiently large. By continuity, we have @, is a positive multiple of t;,). Furthermore, ijl.{;) is

a negative multiple of t;,). Therefore, for e sufficiently small, (105) is satisfied.

2In fact, from our discussion on the uniqueness of y + p(x' —x?) for V(x*,x?) € X(y), we can also conclude that
x! must be X! + en.
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2. In this case, since we assumed )_cjl.&];) #0 Vk, (111) is always satisfied. It implies

ti0) — X{y
ilg i(9)
ti(p) = Ay — 20 (112)
||tj(g) *Xj(g)H2
From (71), we have
1,k
Pl Aw, <Lk (”Xj (g)_tf@))lh_)‘wg)tk :
I ; . j
Filo = ij k(g)_tf(g)||2 ie) ||Xj (9) - j(g)||2 i
1,k k
Awg <Lk k k k ”XJ' (9) — tJ(Q))H27)\wg T k
X \9 i(g) 112 XJ(g) j(g) 2
Awyé k )‘U’g 1.k T - k
Hxl,k —t || uj(g) ||X ” (X](g)itj(g))+tj(g)+o(5 )
i(g) — Vilg) 2 i(g) j(g) 2
)\wg(Sk X Aw, )\wg - 1k X
IR - Bl g~ T~ @ ) )
ig) ~ Vilg) 112 i9) T gy 112 ile) J(g) 2
_ Aw,0* u’?()
[0 = %i(5) — 0wy +0(0M)ll2
Aw Aw _
+ (= - - - - )((0) = X;(5)) +0(8%)
650 = %jimll2 [0 — X5, — 0Fuk,) +o(6) 2~

where the second equality comes from (84) and (109). The forth equality follows from (112). Finally,

1

we use (84) and (109) in the last equality. From the Taylor expansion of | - ||3° and given that

Vallxllz" = —x/|x|[3, we have
- 1k ;
1 _ 1 <tj(9) Xy T —o* uJ(g) +0(6k)>
7 % LF ~F _1k - 7
[£500) = Xj(g) — 0"y H0(0M)[l2 [1t0) =%, ll2 1t5¢) — %505 13
+o(|| = 6" ufy) +0(d")|12)
1 <tj(g) 75 us >
_ e+ ) J(g) i(9) +o(5h).
[t5(9) = X;(g) ll2 1£5¢9) _Xj(g)||2

Using this back in the last equation for rjl.&';) and rearranging the terms, we have

- _1.k
pLk )\wg(Sk & Awg <tj(g) 7Xj(g)’6 u](g)> .
T T IS TR (C) s —1.k 13 (tJ(O) )"’0(5 )
”tj(g) _Xj(g)||2 ||tj(g) _Xj(_q)||2

Aw, 6" < J(g)’(S uJ(9)> f~( )
Wiig) ~ o) 00"):

1500) — J(g)||2 18500 — %5100 I

Ty —xlF
where the second equality uses (112). Multiplying both sides by w and using (80),(81) and
1t;(o)|l2 = Aw, (from (112)) yields in the limit

(50 B0)) ¢ (113)

0=1u,, — = i(q)-
O Wl

Thus 1, is a nonzero multiple of t;,). In this case, since we assume ijl.&';) # 0, from (111), we know

)’(1.&’“) is a negative multiple of t;(,). So (105) is satisfied for e sufficiently small.

10
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3. In this case, we assume )_(]1.{;) = 0,Vk, from (81), we have x!

o) = 0. We also assume that

|~ —t¥ 2 > Aw, for all &, this implies [[t;(,)/|2 > Aw,. From the optimality condition for (10) for

i(9)

x! we have

0 =1t;(g) + Aw,J||0|2,

which implies ||t [|2 < Aw,. Thus ||t;(, |2 = Aw,. Then (71) implies

Aw Aw Aw
1,k g 1.k g g k
r x4 (= — )tk
50 = [ (g) = e @ emlz I g) —thg @
1,
Aw, Ky Awg < J(g)’ty(g) Xj(9) 7tj(9)>t
= i(9)
nfﬂquwuﬂ@ [P /(o
o )
+O(||tj(g) j k(g) —tll2)
r 1,k
Aw, 1,k Aw, <tj(g)’xj(g)>

x5 () — 65, 0 Gl
where the second equality uses Taylor expansion similar to the case 2. The third equality follows from
(109) and {x};* )} = 0. Dividing both sides by " yield in the limit (113), where it uses

50— g+ 20y g,

Since we assume ||x;&’;) —t¥ ) ll2 > Aw, for all k, we have the following equality from (70)

R
o ](9) j(9) k
0=dw, i ol —th . (114)
ie) ~ Ki(a) 112
1k
Suppose ;4 7 0. Then u;?(g) = fs(,j’) 0(5 ) +£0, for k sufficiently large. It implies that x ( ) #0, for k

sufficiently large. Hence,

(t500), Wy(e)) = lim (£, uf,))

k——+4oo

«LE pLk Lk XLk
— pLk J(g) A J(g) J(g) i(g)
kirfm< O T e I o
itg) J(g)

1,k s
< Tilg) j<g>> R

Aw
= lim g ( )
k—+o0 ||r X;EI;)HQ ok ok
1.k 1,k
Aw X
— lim 9 ( i(9) i(9) _Hul? I2)
koo I ;<l;) _ _Sin I <‘Sk Hx J(g)H2 i)
oo llz I s 2
= —)\wg||uj(g)||2 <0,
1,k

where the second equality is based on (114) and lim,_, ;. u® ) = =limy_, o 2 %

5k , the third equahty is

)

l Jk
based on ““” — 0 (by (80)), the forth equality is based on x .&g) # 0 and limy, , oo u¥ ) =limy 4o f;g)
1 k

and, the fifth equality is based on r. ( y — 0 and J(” — 0 (by (80)). Finally, combined with (113), we

obtain U;(,) is a negative multiplier of t;(,). Since X}, =0 in this case, (105) is satisfied.

11
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Appendix E: Proof of Theorem 1

From Lemmas 2.4 and 2.5 in Hong and Luo (2017), we have the following two identities, respectively:

L(x";y") = L(x" 1 y*) = pllx* —x" 12, (115)
IVL"5y9)| < offx® = x"1), (116)

where o = v/2(max{1+ | M [ M], p} +1).
Lemma 2 in our paper establishes the uniform boundedness of iterates {(x*,y*)}, based on which the

compactness condition of Lemma 3 is satisfied. Lemma 3 quantifies the primal error bound with the proximal

gradient of the Lagrangian function as
%" = %*[| <7 [ VL(x"5 y*) || < ol —xF1, (117)

where X" = argming ) [|X —x*|| and the second inequality comes from (116).
In Lemma 1, we show

dist(y,Y™) <74l Vg, (y)l|2; (118)

where 7, = max{||M*||?,2p} as shown in the proof of Lemma 1. Based on the dual error bound (118) and

following Lemma 3.1 in Hong and Luo (2017), we have

AL <7V, (yh) P = X =242, (119)

Ay <l =x P 4 ¢t = =P <+ o) [ = (120)

where x1* and x2* represent the upper half and lower half of the vector x*, correspondingly, 7/ =72 /p, and

3v/2

<:2A+T(0_1)’ (121)
(’:2A+%+§(a—l), (122)

where A= [ M7 |M] +vZp.
Following Lemmas 3.2 and 3.3 in Hong and Luo (2017), we have
AR AR < (xR - xR T (xR — %2R, (123)
AI; _ A’;:l < Oé”Xl’k 7x2,kH2 7’}/||Xk+1 7Xk||2 _ Oz(Xl’k 7X2,k)T(i1,k 7)7{2’]6), (124)

where A’; and A% are primal and dual optimality gaps at iteration k (defined in the statement of Theorem 1),

« is the stepsize, and in (124), we have used (115). Adding (123) and (124), we have

[AG+ AN = [AFTH + AT SaflxtF = x®F2 =y = x| = 2a(xh - xPP)T (%M - %20 (125)
— OéHXl’k _X2,k —Xl’k +i2’k||2 _ aHil,k —i2’k||2 _ p”XkJrl _Xk||2 (126)
< (2a7)0% = p)|Ix*T = x| — aflx"t - x|, (127)

where the last inequality comes from (117) and the Cauchy-Schwarz inequality.

12
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Assuming that the stepsize a is chosen sufficient small such that 0 < a < 56—, and substituting (119) and
P

(120) into (127), we have

p— 20[7'502 e QO
— A —A 128
6_,_5/7?02 P Td ( )

p72OLT302 a}[
£+£/Tp0'2 Do

[AG+A]- AT +A,71 <

< —min{

Al + AP (129)

Therefore, we have
1

0<[AF+ A%< +1[A’;*1+Affl], (130)
<(

p—2a7502 o
<+</7_12) 02 ) !

to zero Q-linearly.

where A = min{ } > 0. Therefore, [AF+A%] < (537)"[AJ+AY], implying that A¥ and A} converges

Appendix F: Reference list of some parameters used in the analysis

e )\: Check Equation (4)

e p: Check Equation (10)

e «: Check Equation (15)

e 7,;: Check Lemma 1, and Equation (40) in the online supplement

e 7,: Check Lemma 3, and Equation (77) in the online supplement

e §: Check Lemma 3, and Equation (72) in the online supplement

e o: Check Theorem 1, and Equation (116) in the online supplement
e (: Check Theorem 1, and Equation (121) in the online supplement
e (’: Check Theorem 1, and Equation (122) in the online supplement

e 7': Check Theorem 1, and Equation (119) in the online supplement
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