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Appendix A: Continuity of & and H

This section expands on the discussion of footnote 15 regarding the continuity of @ (Sec-
tion 3.1) and H (equation 3). Generally, these functions are not jointly continuous at points
where one or more oy, =0 and (1 —t)n =0, because it is not ensured that
lim (1—t)nlog(o,) =0
(Hmo( )nlog(osia)

1 1

As an example, consider the sequence ((1 —t)n, O'Sm)n = (Ev e—n), for which the above expres-
sion is constant and does not approach 0 as would be required for continuity. Intuitively,
the example requires o to decrease much faster than (1 — ¢)n. However, the following will
show this can not occur in the equilibrium sets (i.e. the zero set of H) used by the algo-
rithm. The reason is that in equilibrium, o, is bounded from below by a function of
(1 —1t)n which ensures convergence to 0. Thus, one could construct a domain that includes
all equilibria while also ensuring joint continuity of 4 and H .

The following argument establishes existence of said bound. Clearly, only sequences where
0sia — 0 are potentially problematic. For each such action a, there must be another action

a’ € Ay of the same agent (s,7) that converges to a number strictly greater than 0. Consider

then the equation

HV ’ V.t HV V.t — - sia’ sia
sia (U; ) )_ sm(0-7 ) ) _ Uﬁi(alao-s,—h‘/i)_U;(a,o's7-i,‘/;)+(1—t)?7 (l/_ _ 1% ) —0

O sia/ O sia O sia/ O sia

derived from equation (3b) which must hold for all points in H~'(0). Rearranging terms

yields
o o Vsia
sua 0;‘1 (alvas,—i,‘/i)_U;i (a,05,-i,Vi) + Vsial
(17t)77 Osial

Here, v,;, and v, are positive constants. By assumption, o, /4 0 so that ==« is bounded.
) ) O il

sia

Because V,; are bounded in equilibrium (see Proposition 2), U, are also bounded for all
o,V tin equilibrium. In addition, the fact that o, goes to 0, while o, does not, implies
Ut(d,o,.,V;)—Ul(a,0,.4V;) >0 for (1—t)n sufficiently small (action a’ must be at least
as good as action a in equilibrium; compare proofs of Propositions 7 and 10). Therefore,

for small (1 —t)n it holds that M > Ul (d 0,4, V;) — U(a, 04, V;) > 0 for some M > 0.
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with

Using all of the preceding, one can bound o,;, by two expressions of the form —
(1—=t)n

+r
q>0,r> 0. Because

1
lim (1—t)nlog | ——— | =0
(=00 il T

for all g > 0,7 > 0, the sandwich theorem then gives
lim (1—t)nlog(og,) =0
(H)n\o( )nlog(osia)

as claimed.

Appendix B: Derivation of the Homotopy Function H
This section provides the proof of Proposition 1, which states that the zero set of H(o, V', t)
coincides with the set of equilibria of the auxiliary stochastic games G. To this end, we
derive the homotopy function H from the maximization problems stated in equation (2).
H =0 corresponds to the problems’ first order conditions, which are not only necessary,
but due to concavity also sufficient for an equilibrium.

The Lagrangeans corresponding to the maximization problems stated in equation (2) are
given by

L= Vi | = Vi al() + 033 o) Vs

s'eS
+(1- t)nz Vsia 10g(0sia) ] + Bi { Z%m - 1]
a€Ay; a€Ag;

where ay;, Bs; # 0 are the Lagrange multipliers of the two constraints (2b) and (2c). Since
the logarithmic penalty terms are strictly concave in o and all other terms are linear in
o, the Karush-Kuhn-Tucker conditions are both necessary and sufficient. For each agent
(s,i) € Sx I, they consist of the two constraints, as well as one equation for each action
a€ Ag:

oLy

aO-Sia

NVsia

Osia

oy [a;m, o) +6, 3 6@, Vi (1— 1)

s'eS

Multiplying each of these equations by the corresponding o;, and summing up over a € Ag;

yields
g |: azi(asia Us,-i) + 52 Z &ies’ (Usia Us,—i) ‘/;975’1 + (1 - t)77 Z Vsia:| + ﬁsi Z Osiq = 0
s'eS aeAsi GGAsi
N\ -~ 7 e

=1
:Vstii(lit)n Z Vsia [log(gsia)*l}
a€Ag;
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and thus
Bsi - t
T Vi + (- t)ﬁz Vsia [log(asia) - 1}
asz CLEASZ'
Replacing B <t in the first order conditions gf;" =0 gives the following necessary and suffi-

cient condltlons for all agents (s,7) € SxI:

0=~V +ig(a,o.) +5Z¢s»s a,05.4) Vy;

s'eS

+ (1 — t)n(VSia i Z Vgia! [10g(03z'a’) - 1}) VaeA,

sia
CLIEASZ'

which characterize the set of stationary equilibria of the game G
The homotopy function H is obtained by multiplying the right hand sides of the former

set of equations by the corresponding oy;,, and then collecting all conditions for all agents.

Appendix C: The Starting Point (¢°, V")

C.1. Existence and Uniqueness

This section provides the proof of Proposition 3, which states that the auxiliary stochastic
game G always has a unique equilibrium (g, V). At t = 0, players maximize solely against
their prior p.;, so that strategic interaction is completely absent. Formally, each player faces
a discounted Markov decision problem with finite state space S, action spaces A(Ay;), and

state transition functions ¢° ,(0s;) = ¢s.s (Fsi, Ps.i)- Instantaneous utilities are given by:

0 A(Ay) — {—co}UR

S

Og; — usi(asi7 ps,—i) + n Z Vsia 1Og(asia)
aGASi

For the purpose of proving existence, it is helpful to set log(0):=—o00 and take the extended
real line {—oo} UR as range for 4, as indicated above. Note that still 4 < 0o, so that total
expected discounted utilities are always well-defined. Denote as U% (o) total utility under

o; and beginning in state s, so that one obtains in vector notation:
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A A

U(0:) = (U%(0), Ul (0s),...) | = (I—6:8(,)) (o)

7

Any solution to the Markov decision problem of player ¢ must then satisfy

Vi= max U%(oy) Vse S
0i€ X, cg A(Asi)
Because U 9. X,egA(Asi) = {—o0} UR is upper semi-continuous over a compact domain,
the respective version of the extreme value theorem guarantees that this maximum exists
(Bourbaki 1966, Ch. IV, § 6, Theorem 3, p. 361). Moreover it must be that V;; > —oo,
because an arbitrary interior strategy guarantees some finite total discounted utility in
every state, giving a lower bound for the maximized values. Thus there exists a unique
0

vector V0 € RI¥! of state values for each player. Given this vector, optimal strategies o

are the solutions to

O'SZ = argmax {usi(asi7 ps;i) + 51 Z ¢s»s/ (asi; ps,fi) ‘/591 + n Z Vsia log(asia) }

70 €A(A) = e

Because the first two terms are linear in o;, while the logarithmic term is strictly concave,
optimal strategies are also unique.

C.2. Computation

0

To compute initial values V? and strategies o, one can use standard value function iter-

ation on the Bellman equation

‘/;(ik—i_l) =max |:u8i(o-8i7 ps,—i) + 57, Z ¢s»s’ (o'sia ps,—i) ‘/5(/];) + n Z Vsiq log(asia):|

Osq s'es GEAsi
=: I%?;X |:Usz (Usz) +n Z Vsiq log(asza):|

CLGASZ'

where k counts iterations and U* is simply a shorthand for the first two terms: The lin-
ear part of instantaneous utility plus expected discounted future value under the current
estimate V®), Introducing a multiplier ~,; for the constraint Za Osia = 1, necessary and
sufficient first order conditions for each (s,7) are then

aUk st sia sia
St (0- ) + nv — Uk 4+ nv = Vi va c Asi

aasia O sia O sia
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Dropping indices s, i, and k, and labeling the strategies o1, ...,on with N =|A|, the above
implies

Ul—}—ﬂ:Un—F% forn=1,...,N
o

and thus

VTL
On = T U, Tu
n o1

Plugging into the constraint gives an equation only in oy:

N
Vn
fo) =) gmrm—1=0
n=1 n +U_1

If N=1, then oy =1. If N > 1, order strategies such that U; — U, > 0 for all n, without
loss of generality. The following shows that the equation then always has a unique solution
o1 € (0,1). First, f is continuous and monotonously increasing on the open unit interval:

N

2
f/(o_ ) — n-vivn >0
! ; [(Ul—Un)O'l—f’T/I/l}Q

Secondly, behavior at the boundaries of (0,1) is given by

lim f(o;) = —1

o1—0
N " N "
M Sl = 2 e T Lm0
By application of the intermediate value theorem, there exists a unique solution for o; in
the unit interval (0,1), which can be found by standard root-finding algorithms. All other
o, are then also uniquely determined by the first order conditions. Plugging the optimal

policy into the Bellman equation yields the next value iterate V**1_ Starting from an

arbitrary V(¥ e.g. the zero vector, this process can be repeated until V' has converged.

Appendix D: Jacobian of H

The Jacobian matrix of H (o, V,v,n,t) is

J: [07 1]|A| w RIS*II RLI_‘H % [O, OO) % [0, 1] —s RIAIFIS®I] R|A|+|S><I|+|A|+2’
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oHY, OHY, ~OHY ~OHY OHY

00 1141 OV OVgri1 .0 on ot

st al s’ st al

J(o,V,v,nt) =
OHZ, OHJ7, O0HZ O0HZ, OHZ
Bas/l/a/ OVyryr 8I/S/l/a/ on ot

with

_‘/;1+u (CL O, 2 +6 Z(bs»s” a,o, z) s

s"es if S/:S,i/:i
+ (1 - t)77 (Vsia + Z Vsia” [log(asia”) - 1}) and a' =a
a”EAsi
(1—1t) Tsia if ' =s,i' =1
OHY, (o, V —U)Wsia——
sza(a- Vs, ) — O sia’ and CL/ 7é a
aO'S/i/a/
t0ia |:usz'(asi7 as,i’7as,—{i,i’}) ifs'=s
+0; Z &;5/, (asiv Qs ity o-s,f{i,i’}) Vs”,z} and ¢’ #i
SIIES
0 else
\
4

Tsia <5i<2_57;5/(a, Os.i) — 1> ifi’=4iand s =s
aHSZa(U V V’ n? ) —
a‘/slz'l o Osia 5i¢l;es’ (CE, O-S,—i) if i/ =1 and 8/ 7& S

0 if i £

\

;

(1— t)n(l + Ogia [log(asm) — 1]) if =s,9=iand d =a

OHY,(o,V,v,n,t)
a]/sli/a/ - (1 - t)no-sia [log(o-sia) - ]-] lf SI =S, 'L'I = 'L and CL/ # a
0 if s#sori #i
\
oH 1%
S’La(Uan yV, 1], ) — (]_ — t) (Vsia -+ Ogia Z Vgia! [IOg(Usia’) —_ 1])

a,EASi

OHY (o, V
sza(aat Vs, ) = Osiq (Usi(a, O's,—i) - usi(a'7 pS,-i)

+ 51 Z |:¢s>s’ (a'; a's,—i) - ¢Sésl (a7 ps,—i)j| V;%)

s'eS

-1 (Vsia + Osiq Z Vsia/ [log(asia’) - 1} )

a/EASi
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OHZ(o,V,v,n,t) 1 ifss=sand =1
8Us’i’a’ N

0 else

0Hy(o,V,v,nt) O0HY(o,V,v,nt) O0HZ(o,V,v,nt) O0H(o,V,v,n,t)

= =0
6‘/5/1'/ 8V3/i/a/ 87’] ot

Appendix E: Regularity: Parametrized Sard’s Theorem, Full Rank of Jacobian

This section provides the proofs for Proposition 4 and Lemma 8.1. To that end, we will
show that a generalization of Sard’s theorem, known as parametrized Sard’s theorem,
applies to H. This proves that for generic v, 0 is a regular value of H.

To give an intuitive idea of this result, suppose one picked v such that the solution set to
H|, = 0 contained singularities; then these singularities must be unstable and disappear
with probability 1 when using a slightly perturbed vector v + € instead. In consequence, it
is sufficient to pick an appropriately randomized v to ensure regularity. (For the purpose
of numerical computation of equilibria, this may not even be necessary. In our experi-
ence, simply setting all vy, to 1 poses no problem for numerical continuation. The only
singularities that we then encountered in extensive testing were transversal bifurcations.
These are unproblematic from a numerical perspective, as the path can simply be con-
tinued across such points. We failed to create genuinely problematic singularities such as

higher-dimensional subsets contained in the solution set.)

We now turn to proving regularity. Parametrized Sard’s theorem (Chow et al. 1978,
Theorem 2.1, p. 891) reads:

Let Y CR™, V CR? be open and let H:Y xV — RP be C", r > max{0,m — p}. If

0 € R? is a regular value of H, i.e. if the Jacobian J satisfies rank (J(y,v)) = p for all

(y,v) € H1(0), then for almost every v €V, 0 is a regular value of H,(-) = H(v,").
The theorem applies to H on Y. First, H is smooth (C*), so that the differentiability
requirement is met. Second, take v € V := ]R|>AO| (or an arbitrary open subset thereof). Third,
while Y is itself not open as required, one can easily extend it to an open domain ) for

H(o,V ,t), for example by setting

V:=(0,1+4e) 4 x RS> x (—¢,1)
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for some ¢ > 0. Finally, the following will show that the Jacobian J has full rank on

(Y xV)NnH~0).
The Jacobian J of H is written out in Appendix D. It has the following block structure:

8HY.,  9HY. 8HY. ~oHY

sia sia sia sia
00101 OV OVgrir g ot
J(o,V,v,it) =
OHG o 0 0
T 1211

s'i'a

For detailed contents of the blocks, again refer to Appendix D. To establish full row rank,

first consider the block

OHZ (o, V,v,t)

c R|S>d|><|A|
80—5’i’a’

whose rows clearly are independent. Next, consider the block

Bl,l 0

y
oH _ c RIAIXIA

sia(07 V7 v, t)
61/5/7;/(1/

0 Bisin

which is itself comprised of quadratic blocks By;. If an agent (s,7) has only a single action,

then B,; = (0): These cases will be covered later. If otherwise |Ay;| > 2, then

1+ Usil(log Ogil — 1) 031’2(108;031'2 - 1) e O-Si|Asi|(1OgO-si\Asi‘ - 1)
By =(1—1t)n si1(log ‘O'Sil —1) 1+o0ga(logosz—1) . Osija,,(log ‘O'Si\Asi\ —1)
Usﬂ(logasil —1) O'sig(lOgO'Siz—l) 1+Usi\Asi\(log0'si|Asi\ —1)

After subtracting the first row from each other row, one obtains the following arrowhead

matrix:
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1+0s1(logosi —1)|os2(logoge —1) ... 0gja,,|(logoga, — 1)
—1 1 0
=(1-1t)n
—1 0 1

Because G is invertible, the determinant of each such block can be computed using the

Schur complement:

det(By;) = (1 —t)n det (G) det (D — EG™'F)

|Asi‘
:<1—t)?7 1+0311(10g05i1—1)—2—03ik(10g05ik—1)
k=2
|Asi|
= (1 - t)77 Z Osik logasik <0
k=1

The inequality follows from ¢ € [0,1), n > 0, and o, € (0,1). The blocks By; taken together
thus provide a basis for all rows that do not correspond to singleton actions.

OHY (

To complete the proof for these, we use 0@ Vl) Note that all entries are zero for

OV
1 # 14, so that one can treat players separately. Fix any i and consider only those rows
and columns corresponding to a state in which ¢ has only a single action, enumerated as

S1,82,...,5,. In these cases, 04, =1, so that the resulting submatrix is

51'5551951 —1 51‘@_551%52 cee 5i§581+8n
_ 0iPspsy  Oieyrsy — 1
61(}51—1’”: 1¥ 59581 1¥Ws9389
62'&571951 s 6i§£snesn —1
We have §; < 1, and because ¢; is part of a transition matrix, all entries are between 0

and 1, with row sums less or equal to 1. This implies H(SZ@HOO < 1 in maximum absolute

row sum norm. Therefore, the above matrix is invertible, with

[e=]

For each player, this gives a basis for the rows corresponding to singleton action sets.

Since all rows of J are covered now, the proof is complete.



ecl0 e-companion to Eibelshduser, Klockmann, Poensgen, and von Schenk: The Logarithmic Stochastic Tracing Procedure

Note that all preceding arguments apply just as well if one considers n as an argument of
H, rather than a fixed parameter, provided 1 > 0. The Jacobian J (o, V,v,1n,t) likewise has
full row rank for all (o, V,t,n) € Y x (0,00). Application of parametrized Sard’s theorem
implies that for generic v, the zero set of H (o, V', n,t) is a smooth, 2-dimensional manifold
in the interior of Y x (0,00). This proves Lemma 8.2, which in turn is part of the proof of

Proposition 8.

Appendix F: ODE Representation of L"

Here we give an explicit representation of the curve L", parametrized in arc length. This
is done in the form of an ordinary differential equation (ODE); for a general discussion of
the results used here, see e.g. Zangwill and Garcia (1981).

To simplify notation for this purpose, we collect all the variables o4;,, Vi, and ¢ in a vector
x € RN where N = |A|+|S x I|. Similarly, enumerate the components of H as Hy, ..., Hy.
The Jacobian of H with respect to @ is then a matrix J of dimensions N x (N +1). We
denote by .J,, the square submatrix obtained by dropping the nth column from .J.

By a well known application of the implicit function theorem, one can traverse any
solution path contained in H~'(0) by means of a system of ordinary differential equations
constructed from J, provided that J is of full rank N along this path. This system is given
by N + 1 equations

G = (—1)" det (J,n(a:)>

Note that & is simply a tangent vector of the path in point . For a detailed exposition
and deductions, see Zangwill and Garcia (1981, equation 2.1.2, p. 26).

Since 0 is a regular value of H |y, this applies to all paths contained in Z, and in particular
to the distinguished path starting at (o V?,0) =: % All points on this path can be
represented as the solution (S) to an initial value problem, given by x(0) := z°, and

— 0 s T (8) s
()= ”i/o ()]

where the sign before the integral is chosen such that ¢ initially increases. The vector field

is normalized, so that the curve is parametrized in arc length, and S simply represents

distance traveled along the curve.
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This ODE can be used to compute the distinguished equilibrium numerically. Finding
a stationary equilibrium of some game G is generally a hard task, as it involves solving a
high-dimensional system of nonlinear equations. Standard methods to do so require a good
initial guess, which will usually not be available. Homotopy methods such as the present
one circumvent this problem: By construction, the starting point is easy to compute. All
that is left to do then is to calculate a sequence of points along the distinguished path, a
task that is much easier, because each such step can start from a solution that is very close
by. In effect, the global task of finding an equilibrium of G is transformed into a sequence
of local tasks.

Note that the prior vector can be chosen freely, for example as the centroid or some other
focal strategy. Alternatively, one can perform the procedure on a collection of priors, e.g.
by constructing a grid over the prior space. The procedure will potentially find different
equilibria for different priors, which allows to assess the respective sizes of the basins of

attraction of different equilibria.

Appendix G: Timings

G.1. Timings for Non-Generic Randomized Games

Here, we report timings for randomized non-generic games, to complement the timings of
similar, but generic games in Section 6. General procedures and the computer used where
as described there, except for the following changes. Values of u were drawn from a discrete
uniform distribution with support {0,0.1,...,1}. For each action profile as in any state,
the vector of probabilities for the resulting states, (qﬁsésl(as),qﬁsw(as), ...,gbm‘s‘(as)), was
created using a uniform multinomial distribution with 2|S| trials; this vector was then
normalized so that the result sums to 1. To obtain generic (vy,), values were drawn from
a uniform distribution over the interval [0.75,1.25].

Results are listed in Table G.1. In comparison to the timings for generic games in Table 1,
computation times are 11% slower on average (the difference is statistically significant with
p < 0.001, in a regression of logarithmized running time on game type, using fixed effects
for the respective game sizes). As for the generic games, less than 1% of all runs are initially

not successful when using a set of default path tracking parameters.
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Table G.1 Timings for Non-Generic Games

I
S| 1Al i
2 3 4 5
1 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
8 0:00 0:00 0:00 0:00 0:00 0:00 0:02 0:00
2 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
8 0:00 0:00 0:00 0:00 0:01 0:00 0:05 0:02
5 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:00 0:00 0:00 0:00 0:02 0:01
8 0:00 0:00 0:01 0:01 0:04 0:02 0:53 0:29
10 2 0:00 0:00 0:00 0:00 0:00 0:00 0:00 0:00
4 0:00 0:00 0:01 0:00 0:02 0:01 0:06 0:07
8 0:01 0:00 0:04 0:02 0:21 0:11 4:04 2:45
20 2 0:00 0:00 0:00 0:00 0:01 o:01 0:02 0:01
4 0:00 0:00 0:03 0:03 0:15 0:11 0:59 0:48
8 0:04 0:03 0:47 0:43 5:53 2:54 51:24 35:21
50 2 0:01 0:00 0:04 0:02 0:11 0:04 0:39 0:24
4 0:10 o0:07 1:45 1:35 12:30 9:57 57:50 29:02
8 2:42 2:28  1:03:38 33:57
100 2 0:05 0:01 0:29 0:19 3:00 4:09 11:53 8:42
4 1:57 1:42 33:17 26:03
8 55:40 48:32
200 2 0:34 0:11 6:47 6:21 52:59 41:24 6:40:27 4:01:59
4 50:39 35:59
400 2 5:06 1:59
800 2 49:14 22:34

Computation times to solve random non-generic games with |S| states, |I| players and
|As;i| actions for each player in each state. Listed are average times as well as standard
deviations (in small print) in m:ss or h:mm:ss. All timings under 15:00 are based on
100 independently drawn games of the respective size; all others on 10 runs per size.

G.2. Instructions for Replication

Both sets of timings can be replicated by following these steps:

1. Install the anaconda python distribution (anaconda.com), if you haven’t yet. Then
set up a virtual environment and install the required packages by running in a system
terminal:
conda create --name logtracing-env python=3.9

conda activate logtracing-env


anaconda.com
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conda install scipy numpy=1.23.5 cython=0.29.33 openpyxl matplotlib pandas
pip install sgamesolver==1.0.2

2. Download the files LogTracing Generic.xlsx and LogTracing NonGeneric.xslx
from the online supplement for this article. These files contain all the raw data from
the runs performed by us, for generic and non-generic games respectively. To repeat
all runs from either file, open it in Microsoft Excel or a compatible program and delete
all rows but the first from the sheet named Runs. (Each set of timings took about 2
weeks on the computer used by us.) To repeat computation only for specific games,
delete only the according rows from the sheet. Save the file and close Excel.

3. To start computation, open a system terminal and navigate to the location of the files.
Then run
conda activate logtracing-env
sgamesolver-timings FILENAME.xlsx
replacing the filename accordingly. The program will begin solving the games and keep
you updated about its progress. Every 5 minutes, all finished runs will be saved to the
Excel file; make sure that it is not opened in Excel while computation is in progress,
as this will lock writing access. Computations can be canceled by pressing CTRL+C at
any time. Restarting from the last save is possible by running the commands again.

4. You can check the new results in the Summary sheet, which is updated whenever the
file is saved. Note that the summary always includes all rows that appear in the Runs
sheet (e.g. those rows you left from our runs, or from your own previous sessions).
If you are interested in individual games only, check the according rows in the Runs
sheet directly. To obtain a latex table as used in this article, run
conda activate logtracing-env
sgamesolver-timings -1 FILENAME.xlsx
which will create or update a FILENAME. tex file in the current folder.
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