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Appendix A: Example: optimal timed route

Assume that the node sequence S is (0,u,v,n+1). S; and S, are the timed routes of S with the
minimal carbon emissions, i.e., c¢g, = cs,. The departure time of node u in S, is earlier than that
in Sy (i.e., t, <t?), and the departure time of node v in S; is later than that in Sy (i.e., t! >t2).
For simplicity, let S; be ((0,t0), (u,tl =1),(v,t} =5),(n+1)) and Sy be ((0,t0), (u,t? =2), (v, t? =
4),(n+1)). Figure EC.1 shows the details of the two timed routes S; and S.

S, =((0,,), (u,t, =1),(v,1, =5),(n +1))

IS, =((0,2,), (u,t2 =2),(v,t; =4),(n+1))

} S, = ((0,2,), (u, 1} =1),(v, 2% =4),(n+1))
|
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Figure EC.1 Timed routes S1 and S2 associated with node sequence (0,u,v,n+ 1)

In Figure EC.1, there are two TD arcs of arc (u,v): TD arc 1 ((u,tl =1),(v,t*)) and TD arc 2
((u,82=2), (v,82)).

In the TDGVRPTW, the first-in-first-out (FIFO) property is used. Thus, leaving a node earlier
guarantees that the vehicle will arrive earlier at destination (Ichoua et al. 2003, Desaulniers et al.
2014). And the arrival time ¢* of v in TD arc 1 with departure time ¢} =1 must be not later than
the arrival time t‘;l with ¢2 = 2. That is to say t% < t,‘j/.

For S,, the departure time of v in S, is t2 = 4. For S, since t* < tgl, the departure time of v in .S;
can also be 2 =4, as shown in the gray line in the middle part of Figure EC.1. Therefore, another
timed route S3 = ((0,%), (u,t.), (v,t2),(n + 1)) must exist. S3 has the same carbon emissions as
that of S; and S,. For S3, each node has the earliest departure time of the node in Sy, S, and Ss.
Thus, S5 is the optimal timed route because S3 has the earliest time to return to the depot of all
timed routes with the minimal carbon emissions.

The optimal timed route S5 can be obtained using lexicographical order as follows.

Step 1: Obtain the timed routes with the earliest departure time of u, i.e., S; and S;. S, can be

eliminated.
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Step 2: Obtain the timed routes with the earliest departure time of v, i.e., S3. S; can be elimi-
nated.
In all the timed routes with the same carbon emissions, the timed route with the earliest depar-

ture time of each node has the earliest time to return to the depot.

Appendix B: Proof of Theorem 1

Proof. Let S, = ((0,t0), (i1, i,); - (5,87, )5 (ks iy ), - (i, 82.), (n 4 1)) be the optimal timed
route of the node sequence S = (0,41,...,%;,%,...,i,,n+ 1). Assume that at least one TD arc in
S, is the dominated TD arc.

According to this assumption, ((ij,t;j),(ik,t?;)) € A;
Let((ij,ti;), (ix, 17, ) € A
Ciji (t;j), where at least one inequality is strict.

Let S, = ((0,%0), (71,ti,)s -+ (45, 8i;), (s i), - -+ (2580, ), (n + 1)) be the timed route with node

sequence S. The carbon emissions cg, of S, are equal to co;, (to) + ...+ Ciji, (tij) +.. i na(ts,).

i is the dominated TD arc of S ..
be the non-dominated TD arc; therefore, t; < t;j and ¢, (tij) <

In addition, the carbon emissions Cs of S,/ are equal to co;, (to) + ... +cijiy (t;j) +.ooot i (t).
There are two discussion cases:

Case 1: ¢;;, (tij) < Cijiy, (t;J) Ciji (tij) < Ciji, (t;j), Cs, < Cs - Thus, S/ is a non-optimal timed
route. However, this contradicts the assumption that S . is the optimal timed route.

Case 2: ¢; i, (ti;) = ciji, (t;J) Cijig (ti;) = Ciiy, (t;j), so ¢, = cs . However, t;, < t;j, ((ij,t,ij), (i, t5)))
contains all possible extension. Thus, ((;,%,), (ix,tf, )) is retained and ((ij,t;j), (ir,t{))) is elimi-
nated.

These two cases are exhaustive. The assumption that the optimal timed route is composed of
the dominated TD arcs in Case 1 leads to a contradiction, and the dominated TD arc can be
replaced by the non-dominated TD arc in Case 2. Thus, the optimal timed route is composed of
non-dominated TD arcs.
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Appendix C: Slope of the function

Proof. Let t; € [W,,W,] be the departure time of node i € V where W, and W, are adjacent
breakpoints, k =1,2,...,m. Evidently, for the situation in which the vehicle speed on arc (i,j) € A
changes from vy, to vy, (e.g., t; € [le’ W] in Figure 2), the vehicle must travel at speed v, until
it reaches the breakpoint where vehicle speed changes from vy to vy and the traveling distance
is dj,. From there, the vehicle must travel at speed v, for the remainder of its trip to reach node
J, and traveling distance is dy4,. Thus, di + dx+1 = d;; where dj, is the traveling distance at which
the vehicle speed is vy.

Let t, € [W,, W] and At =t, —t; . Therefore, the slope of the function of [W,, Wj] is equal to

! 3
cij(ti)—cij(ti) _ 'Yfﬁ{[vz(dk*At”k)+vz+1(dk+1+At”k]*(”%dk+vz+1dk+1)} _ f,B(’U 2 _ 3)
At - At — r}/ kvk_,’_l Uk .
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General case of carbon emissions function of arc (3, j)

Appendix D: Proof of Theorem 2

Departure time

Proof. Because the carbon emissions functions of ((4,t;), (j,t})) are independent of or increasing

with the departure time, there are two cases for discussion:

Case 1: The carbon emissions functions of ((i,%;),(j,t7)) are independent of the departure time.

According to the definition of non-dominated TD arc (see Definition 5), the TD arc with the

earliest departure time ¢; = ed,;; is the only non-dominated TD arc.

Case 2: The carbon emissions functions of ((i,%;), (j,t})) increase with the departure time. The

TD arc with the earliest departure time has the lowest carbon emissions. According to the definition

of non-dominated TD arc (see Definition 5), the TD arc with the earliest departure time ed;; is

the only non-dominated TD arc.



ecd e-companion to Liu et al.: BCP for the TDGVRPTW

Case 1 and Case 2 contain all situations. Thus, for an arbitrary (i,j) € A, the TD arc with
the earliest departure time is the only non-dominated TD arc if the carbon emissions functions of
((4,t:),(j,t7)) are independent of or increasing with the departure time (e.g.,[ed;;,ld;;] N [le’ Wil =
0).

O

Appendix E: Proof of Theorem 3

Proof. Because the carbon emissions functions of ((i,t;),(j,t])) decrease with the departure
time, each TD arc in this type has an earlier departure time, but more carbon emissions. According
to the definition of non-dominated TD arc (see Definition 5), each TD arc whose carbon emissions
functions decrease with departure time (e.g., t; € [ed,;,1d;;] O [W,, W;] # () is a non-dominated TD
arc.
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