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Appendix A: Kriging

Kriging was developed by Danie Gerhardus Krige empirically to evaluate mineral resources (Krige, 1951); his
work was later formalised by Matheron (1963) and has been expanded on by many scientists. Jones (2001)
presents a gentle introduction to Kriging and some of its basic uses; the standard derivation can be seen in
Sacks et al. (1989) among others. Kriging is a method developed for (single-source) EBB problems, however
it can be applied to Bf-EBB problems by working only with the function fh. Therefore, in this formulation,
fh is simply denoted by f .

The formulation given by Kriging assumes the function samples made so far at locations x1, . . . ,xn are
realisations of random normal variables Y (x1), . . . , Y (xn) with mean µ and variance σ2. Further, the errors
are correlated based on the distance between variables, that is

Corr(Y (xi), Y (xj)) = exp

{
−

d∑
k=1

θk∥xk
i − xk

j ∥pk

}

thus, the multivariate random variable Y = [Y (x1) . . . Y (xn)] has the distribution Y ∼ N(1µ, σ2R), with

Ri,j = exp
{
−
∑d

k=1 θk∥xk
i − xk

j ∥pk

}
. Note this has the hyperparameters µ, σ2, θ1, . . . , θd, p1, . . . , pd. The

values θk and pk give an indication of the effect of moving along any of the dimensions (i.e changing the
value of a single variable). The constant θk represents how the correlation changes with distance: small
values mean there is no correlation even for close points in the kth dimension, but large values indicate even
relatively distant sample points (in the kth dimension) are correlated. The constant pk allows the technique
to model from smooth functions (pk = 2) to rough, non-differentiable ones (pk → 0).

In order to fit the model to the data, the log density function of Y is maximised, which after simplification
leads to the auxiliary optimisation problem

max
θ1,...,θd,p1,...,pd

−n

2
log(σ̂2)− 1

2
log(|R|)

with

µ̂ =
1TR−1y

1TR−11

σ̂2 =
(y − 1µ̂)TR−1(y − 1µ̂)

n
y = [f(x1), . . . , f(xn)]
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Note this problem cannot be solved analytically and thus the tuning of these hyperparameters is an auxiliary
problem that must be solved. Once the model has been trained, for a given sample point x Kriging provides
the most likely objective function s(x) and the variance of the estimate v2(x). These are given by

s(x) = µ̂+ rTR−1(y − 1µ̂)

v2(x) = σ̂2

[
1− rTR−1r+

(1− 1TR−1r)2

1TR−11

]

where

r =

Corr(Y (x), Y (x1))
. . .

Corr(Y (x), Y (xn))



Thus, Kriging thinks of the objective function predictor as being a realisation of Y (x) ∼ N(s(x), v2(x)).
This allows the asking of questions such as what is the uncertainty or what is the expected improvement at
a sample point, among others.

Appendix B: Co-Kriging

Kennedy and O’Hagan (2000) present a technique to use multiple information sources combined with Gaus-
sian processes for global optimisation. This technique can be adapted to Kriging (Forrester et al., 2007),
producing a new technique known as Co-Kriging. Similarly to Kriging, the idea behind Co-Kriging is to
model the responses of the cheap objective function fl at sample points Xl = (xl

1,x
l
2, . . . ,x

l
nl
) and the

responses of the expensive objective function fh at sample points Xh = (xh
1 ,x

h
2 , . . . ,x

h
nh

) as the realisation
of a multivariate random variable:

Y = (Yl(Xl),Yh(Xh)) = (Yl(x
l
1), . . . , Yl(x

l
nl
), Yh(x

h
1 ), . . . , Yh(x

h
nh

))

The multivariate random variable Yl(Xl), that is the response of the cheap objective function, is treated as
a multivariate normal random variable with distribution N(µl, σ

2
l Rl). On the other hand, the multivariate

random variable Yh(Xh), that is the response of the expensive objective function, is represented by a scaling
of ρ of the response of the cheap expensive function Yl(Xl) plus a new Gaussian process Yb which models
the difference between the cheap and expensive objective functions, that is

Yh(Xh) = ρYl(Xh) +Yb(Xh)

The random variableYb is also treated as a multivariate normal random variable with distributionN(µb, σ
2
bRb).

It is assumed that Yl and Yb are independent. Thus the following correlation measures are given for Yl

and Yh:
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Corr(Yl(Xl),Yl(Xl)) = σ2
l Rl(Xl,Xl)

Corr(Yh(Xh),Yl(Xl)) = ρσ2
l Rl(Xh,Xl)

Corr(Yh(Xh),Yh(Xh)) = ρ2σ2
l Rl(Xh,Xh) + σ2

bRb(Xh,Xh)

where

Rl(Xl,Xl)i,j = exp

{
−

d∑
k=1

θlk∥(xl
i)k − (xl

j)k∥p
l
k

}
1 ≤ i, j ≤ nl

Rl(Xh,Xl)i,j = exp

{
−

d∑
k=1

θlk∥(xh
i )k − (xl

j)k∥p
l
k

}
1 ≤ i ≤ nh 1 ≤ j ≤ nl

Rl(Xh,Xh)i,j = exp

{
−

d∑
k=1

θlk∥(xh
i )k − (xh

j )k∥p
l
k

}
1 ≤ i, j ≤ nh

Rb(Xh,Xh)i,j = exp

{
−

d∑
k=1

θbk∥(xh
i )k − (xh

j )k∥p
b
k

}
1 ≤ i, j ≤ nh

In order to fit the model to the data, the log density function of Yl is maximised, which after simplification
(Forrester et al., 2007) leads to the auxiliary optimisation problem

max
µl,σ2

l ,θ
l
1,...,θ

l
d,p

l
1,...,p

l
d

−nl

2
log(σ̂2

l )−
1

2
log(|det(Rl(Xl,Xl))|)

where

µ̂l =
1TRl(Xl,Xl)

−1Yl

1TRl(Xl,Xl)−11

σ̂2
l =

(Yl − 1µ̂l)
TRl(Xl,Xl)

−1(Yl − 1µ̂l)

nl

Yl = (fl(x
l
1), . . . , fl(x

l
nl
))

As is the case with Kriging, this problem cannot be solved analytically and is an auxiliary optimisation
problem which must be solved. In order to calculate the parameters associated with Yb, first b is defined:

b = Yh − ρYl(Xh)

where Yh = (fh(x
h
1 ), . . . , fh(x

h
nh

)), and Yl(Xh)i is fl(x
h
i ) if the point has already been evaluated, and

otherwise it is ŷ(xh
i ) = µ̂l + rTl Rl(Xl,Xl)

−1(Yl − 1µ̂l), with rl = (Rl(x,x
l
1), . . . , Rl(x,x

l
nl
)). That is, if a

point has not been evaluated by fl yet, its Kriging predictor of the cheap model is used instead. A second
auxiliary problem is solved to find a second set of hyperparameters, using the log density function of Yb:
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max
ρ,θb

1,...,θ
b
d,p

b
1,...,p

b
d

−nh

2
log(σ̂2

b )−
1

2
log(|det(Rb(Xh,Xh))|)

where

µ̂b =
1TRb(Xh,Xh)

−1b

1TRb(Xh,Xh)−11

σ̂2
b =

(b− 1µ̂b)
TRb(Xh,Xh)

−1(b− 1µ̂b)

nh

Finally, the Co-Kriging predictor is given by

sh(x) = µ̂+ cTC−1(y − 1µ̂)

with C =

[
σ̂2
l Rl(Xl,Xl) ρ̂σ̂2

l Rl(Xl,Xh)
ρ̂σ̂2

l Rl(Xh,Xl) ρ̂2σ̂2
l Rl(Xh,Xh) + σ̂2

bRb(Xh,Xh)

]

c =

[
ρ̂σ̂2

l Rl(Xl,x)
ρ̂2σ̂2

l Rl(Xh,x) + σ̂2
bRb(Xh,x)

]

µ̂ =
1TC−1y

1TC−11

An estimated mean-square error can also be extracted for the predictor, which is given by

v2(x) = ρ̂2σ̂2
l + σ̂2

b − cTC−1c

The overall algorithm presented by Forrester consists of creating a large set of sample points for the cheap
objective function, and then choose a subset of those points to sample the expensive objective function. It
then chooses the next sample point by treating the value at a particular point as the realisation of a normal
random variable ∼ N(sh(x), v

2(x)). The chosen sample point is evaluated both by the cheap and expensive
objective functions, the models are fitted again, and the next sample point is chosen.
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