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Appendix A: Proof of Lemmas
A.1. Proof of Lemma 2
If F=T]7,(1—exp(—or)) for some constant g > 0, then we have

log F = Zlog(l—exp(—gr)). (1)
r=1
Because the Taylor series for function log (1 —z) is —x —z?/2— /3 — -, we can rewrite Equation

(1) = _Zzexp —o7r)

r=1 y=1

_ _Zzexp —or)

v—lr 1

_ _Z exp (— )

<y 1—exp(— v)

z— D
1797

where the inequality holds because exp (—gy) /(1 —exp (—gv)) <1/(g7v) for any gy > 0. It con-
cludes the proof. [
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A.2. Proof of Lemma 3

By the Chernoff bound, for any positive constant x> 0, we have
E[exp (52)] 1,
P(Z>d) < ———£ = ——Kk*—rd | . 2
(Z2=d)< exp (kd) exp 2& m (2)
Letting xk = d, Equation (2) yields,

d2
P(Z >d) <exp <—2> . O

Appendix B: Proof of Propositions
B.1. Proof of Proposition 1

We prove Proposition 1 in a similar way to that of Theorem 2. We show that if the sample allocation
rule N, = Lm (%)T N J is used and ¢ > 3, for any positive constant 1} > 2¢?* and 1Z parameter
§> 0, the PGS of the FBKT procedure is lower bounded for all k > 2. We first let k = 2108241,
Notice that the procedure can select the best alternative in logzl% rounds. For 1 <r <log, k, we
let (, denote the index of the alternative with the largest mean among the alternatives that are
still in contention at the beginning of round r, i.e., j¢, = max;cz, it;, and ¢, denote the index of
the alternative that competes with alternative (,. in round r. To ease the notation, we set (., = ¢

for r =log, k+1, where  is the index of the alternative which is finally selected by the procedure.
We also let,

5:\/2<¢—1>—¢a< ¢ )55
' Vo 2(0-1)) 7

for r > 1. It can be verified that if ¢ >3, 6§, >0 for » > 1 and Ziilér =J. For 1 <r <log, l;:,
we let Q) = {pu¢, — pe; < 6, U{pe, — piep > 6, and X7 > )_(g', }, and Q¢ denote the complement of
event Q. i.e., Q= {uc, — pie; > 0, and X7 < X[, }. Then, we can bound the PGS of the FBKT

procedure as follows,

logs k
pas = () e - . <5)
r=1
log k
> P {2}
r=1
logs k
:P(QQ)HP(Q; /17"'7 ;ﬂ—l)
r=2

logy k

~(-#(@) T 0-#(e:

@) (3)

where the first inequality holds because if the mean difference between alternatives (. and (,; is

less than ¢, for 1 <r <log, 12:, the mean difference between alternative ¢ and alternative k is less
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than >~ 6, = ¢, and the second inequality holds because event Q! implies event {s, —pic, ., < 0,}.

Notice that based on the analysis used in Equation (9) in the proof of Theorem 2, we can conclude

e b (26-DY)
errhmez)—l)( 5 )J

Then, we can rewrite Equation (3) as follows,

(3) = (1—P(/.L<1 —/Lq >51 and XC11 <Xli>> X

logy k

H (1 —IP’(MCT — pi¢er > 0, and XZT <)_(T1,n

/ !
1y =Zr—1
r=2

—Xl —|—X1 +,U — / —

¢1 ¢! G 'uC1 ey — Het

= 1-P /.LC _MCI >(51 and L > \/Nlil X
( ( 1 ' Uclq/vwl T¢¢

logy k _XT + XT + _
Cr ¢ T MG T e M, — el
1 =P p¢, — per > 6, and - e >N, ———=
H ( ( O-C’I‘C';‘/ T

r=2 O—CTQ’"

1 01
Z (1 —P (IU’Cl — Hq > (51 and Z Z \‘WJ O_uppm“)) X

loggl; "
m 2(p—1) o,
H (1—IP’<;L<T—,uC¢>5T andZ>\/rLl¢(¢_l)< 5 > Jaupper

> i;u» (ZZ wzJ ;j;)) X
HlA T -

logQI; =
M 2(¢p—1) 5,
T (- (7 it () T2
where the last equality holds because event {Z > \/r n, (2(¢p—1) /¢)’"/(4¢(¢_ 1))]6,/Gupper} is

independent of events {Q],..., Q. ,}. Then, applying Lemma 3 to Equation (4), we have,

/ /
IERERE] r—1
/ /
1y =r—1

w2 1T (oo (- st (45 | 520))
(525) ()

logy k I
_ m 2(p—1) 2oy
i e wa— ) < 5 > J 202
V20-1)—V¢ ’ "
>log2k - . 77,1 <2(¢_1)>7‘ < NS ) (2(;11)) (52
o 1 P 8¢> ((b_ 1) ¢ 20-121171767’




4 Hong et al.: Solving Large-Scale Fized-Budget RS Problems

I N L SO S
H(l p( SUprer<¢ W) )) (5)

where the second inequality holds because if a > 1, then |a| > a/2. Applying Lemma 2 to Equation
(5), it yields,

T2 pper®” (¢ —1)
377&52(\/% CENE
Therefore, if N/k > nj, the PGS of the FBKT procedure is lower bounded by
exp(—4n202, .. /(30,62(1/¢ — 1/1/2¢ (¢ — 1))?)). It concludes the proof. [

Appendix C: Proof of Theorems
C.1. Proof of Theorem 3

Let R = [log, k/m]. We first show that if ¢ >2 and N/ = [¢(¢7;1) (%) %J forr=1,2,...,R and

N/ = bil (%)T %J for = R+ 1, the FBKT®" procedure can stop before Ny 4+ N observations

are used. It can be checked that

e N ¢—1\"N  R+1(¢-1\""'N
Yy (%) wra (%) 4
N
m

(5) >exp | —

S () oS () S S (5]

For the third term in Equation (6), we have,
(b_l TE_OO T+R (25_1 T+Rg
> (%%) m—;w_n( o)
¢— ¢—1\" —(o—1\"
(%) [ (%) “@(U]
(251) wio-n+rE-1)
R

<z"3 2
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Plugging the results in Equations (7) and (8) into Equation (6) yields,

R+1 [ r R+1 r
, 6—1\"N R+1[é—1 6—1\" N
SN Ge 1)( 5 ) m+¢—1<¢) m_r;qﬁ 1) ( 5 ) m

N+(R+1)N<¢—1>R_N(¢—1>R_NR <¢— )R
m ¢m ¢ m\ ¢ om \ ¢

N N /[é R+1
T m(¢>
N

<

(9)

3

The results stated in Equation (9) suggests that if the sample allocation rule listed in Theorem
3 is used, processor s for s =1,2,...,m simulates fewer than |Zf|ny + N/m observations during
the entire selection process. Notice that sets Z{,Z,...,Z{" are mutually exclusive and U™ Z; = K.
It implies that the total number of observations simulated by all processors is upper bounded
by Y7, 1Z;|no + N/m < Ny + N. Therefore, we can conclude that the FBIT®" procedure stops

before all Ny + N observations are used. Then, we prove the first part of Theorem 3.

Proof of Part (1) Given that Assumptions 2 and 3 hold, we aim to show that for any positive
constant 7, > 2¢?, if ¢ > 2 and N/k > n,, the PCS of the FBKTS" procedure can be lower
bounded. To prove this, we first let k' =28 Notice that the FBKTS* procedure equally allocates
k alternatives to m processors. Each processor handles the selection of at most [k/m] alternatives,
and can identify the local best alternative in R rounds. For 1 <r < R and s=1,2,...,m, at
the beginning of round r in processor s, there are at most k /271 alternatives that are still in
contention, i.e., |Z*| < k! /2771, Let s, denote the processor where alternative k is assigned and k,
denote the alternative that competes with alternative k£ in round r in processor s;. For 1 <r < R,
we define &, as the event that alternative k eliminates alternative k, in round r in processor sy,
ie, & ={X;>X; }. For r=R+1, we define & as the event that alternative k eliminates all
other alternatives in Zy;,q, i.e., {X,f“ > MaX;e7,,, .\ {k} X,-R“}. For 1 <r<R+1, we let £ be the

complement of event &,. Then, we can write the PCS of the FBKT®™ procedure as follows,

R+1 R

PCS =P ((]5) EN[PENE . &) P(Ernilér,. . ER). (10)
r=2

For 1 <r < R, we establish a lower bound for the sampling budget that should be allocated each

alternative in round r in processor s; as follows,

N/
-/\/;Sk - \‘ Sk J
27|

B Mr— 1) (ﬁlymgfkd
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[ (55 2
B Lb(asr— 1) <2(¢¢_ D) QZZJ
=" hqﬁ(f— ) <2(¢¢_ D) J | -

where the first inequality holds because N > nok and |Z5+| < % /277! for 1 <r < R. The second

inequality holds because by the definition of &/, k&’ < 2k/m. Notice that n, > 2¢® ensures that A/**
is a positive integer no less than r. Then, based on the results listed in Equation (11), we can write

the first two terms in Equation (10) as follows,

PE)[[PE e, .. Em)

r=2
R
=(1-PEN) QP& E0)
r=2
R
=(1-P(XL>X)[[Q-P (X} > X[|&, ..., 6))
r=2
X — X — . + 1y —
—[1-p |k ’;kkl‘““ i o JNTFER Z Hr ) )
g
" _
X’I“ _X’r‘_ + . _
H 1_P kor- ’;kk,.lum ,Uk> NTkM Eryei Ery
r=2 N’ik Ty

- <1 - (Z |55 a(s)) f[ (1 h <Z i \/T o (™% UH o
(1w (2| ) (12 (2 [ 2o on))

where the first inequality holds due to Equation (11) and Assumptions 2 and 3. The second inequal-
ity holds due to the fact that [2(¢p—1)/¢]" >2(¢—1)/¢ when r > 2 and ¢ > 2. Because event

{Z > \/r|n2/ (2¢>2)J5/aupper} is independent of events {&;,...,&,-1}, Equation (12) yields

(12) = 1}__1 (1 ~-P (Z “A\" {;;J aufp>)

)
r=1 ﬂzo’ippw upper
= P (3 7/ (26%)] 52)
4¢27T20-12Lpper
( 31202 >’

55))

(12)
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where the first inequality holds due to Lemma 1, and the second last inequality holds due to Lemma
2.
R+
For processor s =1,2,...,m, Np,, = % (%) zJ observations are generated for the local
best alternative in round R+ 1. Let XiRH be the sample mean of alternative i € Zy;,,q;, calculated

based on these Ny, observations. Then, we can write the third term in Equation (10) as follow,

51,...,SR>

U (X <X e, 6

ieIfinal\{k}

R R _ i _ i
—1-p| { k i e U N L A PR

. Ok N, Ok
i€T i\ (K} kil VR4 g

U {X§+1_Xf+1_ﬂk+ui< N _Mk“‘/%} £ e
R+1 yen s
iezfinal\{k} O-kz/\/m Ofeq

KR XRH s
1_IP> k 7 - z< N}/%+17 517...78R
ieImei\{k} { Jki/\/m FUUWET
-5
> 1—(m—1)]P’<Z< P — 51,...,5R>
\/T—Flo-upper
-5
_ 1—(m—1)]p(2< N )
\/Tﬂo—upper
N 62
> 1= (m—1)exp <_R+1>7 "

2
20—upper

P(ER+1’81,...,5R) = ]P7 <X}§+1 > max XiR+1

ieIfinal\{k}

Y
—
|
=

v
—_
|
|

v

where the last equality holds because event {Z < —6,/Np,,/0upper} is independent of events
&i,...,Er} and the last inequality holds due to Lemma 3. For Nj_,, we have,
R+1
N | BEL(6-1\"'N
R+1 — ¢ -1 ¢ m

ot )k (01
- me-) o
B (log2 % + 1) ok (2 (¢ — 1)>10g2 k/m+2 mJ
B 4k

v

m(¢—1) ¢

(10g2 % + 1) M2 (2 (p—1) > logg k/m+2
> .
— 8(¢—1) &

Plugging the results in Equation (15) into Equation (14) yields,
Np, +162>

(15)

2
20upper

> 1= (m—1)exp <_ (log2 % + 1) 1202 (2 (¢p— 1))10g2 k/m+1) | 16)

P(Eril€rs... ER) 21— (m—1)exp <—

8a2 & 10}

upper
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Therefore, with the results listed in Equations (13) and (16), we can rewrite Equation (10) as,

R
PCS =P (&) [[P(E1Er, ... &) P (Eralér, ... ER)

r=2

‘2ol L2 2 . logg k/m+1
oo (55 (o (RS (1)),

upper

It concludes the proof of part (1).

Proof of Part (2) Given that Assumptions 3 holds, we aim to show that for any positive
constant 1), > 2¢? and 1Z parameter 0, if ¢ >3 and N/k > 7}, the PGS of the FBKT®* procedure
can be lower bounded. To prove this, we first let k= 28 and

5 \/2<¢—1>—¢$< ¢ >55
' Vé 2(0-1)) 7

for r > 1. Because ¢ >3, 6, >0 for r >1 and Y- | &, = 4. Notice that, each processor can identify

the local best alternative in R rounds and the procedure selects the final output in round R+ 1. For
1<r <R, welet p. =arg MaX;cym 77 fhi, and define s, as the processor that contains alternative

pr. For r= R+ 1, we let p, = argmax oy M- To ease the notation, we let p, =¢ for r= R+ 2,

€T i
where ¢ is the index of the alternative vifhich is finally selected by the procedure. For 1 <r < R,
we further define event & = {u,, — . <6,} U{p,, — py >0, and X7 > )_(;,T}, where p! is the
index of the alternative that competes with alternative p, in processor s,. For r = R + 1, we
define event & = Nicz,,,.\ (pr} {{up, — i < 6,3 U{p,, —p; > 6, and X, > X7}}. By letting £ be

the complement of event £ for 1 <r < R+ 1, we can bound the PGS of the FBKT®T procedure

as follows,
R+1 R+1 R

PGS > P (ﬂ (bt = 10,4, sar}> > (ﬂ {51}) —PE) (€ &) B (Enl€l-.. ER).,
r=1 r=1 r=2

(17)

where the first inequality holds because as long as the mean difference between alternatives p, and
priy1 18 less than 4, for 1 <r < R+ 1 the mean difference between alternatives k and ¢ is less than
> e, 0, =0, and the second inequality holds because event £ implies event {u,, — i, ,, <0d,} for

1 <r <R+ 1. Notice that following the same arguments used in the analysis in Equation (11), we

vz g (P5) | 1)

Because 7, > 2¢*, N*" is a positive integer no less than r. Then, based on the results stated in

can conclude that

Equation (18), we can rewrite the first two terms in Equation (17) as follows,

pen]]P e

r=2

£l &)
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(12 () TL (- B (et

(1—]P’<up1 — Wy, > 01 and X'pll <X;,1>) X

5;,...,5;71))

=

(1 —-P (,um — . >0, and X < X;/T

2

ﬁ
||

\Y

=X X — Hpy — My
=|1-P| pu,, —p,y >0, and e at = Ls N2 T X
( ( " . Up1p’1/\//\T ' v
i =X, + X7+ o, — 1y Hor — Hp;
L=P| pp, — o > 9, and or br - D> N e E
g ( ( ’ ’ O'pr/T/ V NﬁT UPTPIT ' !
[l )
2(1—P<Mp1_ﬂp’1>51andZ> \‘;;JO' ! ))X
upper
R r
775 2 (¢_ 1) 57“ 1 /
1-P ,ur—u;>5randZ>\/r{ ( &€
E < < P P 4¢ (¢ - 1) QS O upper ! !
R "
1-P| Z> —= 1-P(Z>4/r &€
- < ( \‘2¢2J Uupper)) E < < \/ 4¢ ((ﬁ— 1) ¢ O upper ! 1
77/2 2 (¢ — 1) > TJ 67“ I ’
— 1-P|Z>|r g8 ), 19
Tl_[l ( ( \/ \fkb (¢—1) < ¢ Tupper | ' 19)
where the last inequality holds because event {Z > /1 [15/(46(¢ —1))(2(¢ — 1)/0)" |6,/ Tupper } 18
independent of events {&;,...,& _;}. Then, applying Lemmas 2 and 3 to Equation (19), we have,
R r
1) 2(¢—1) 5,
19) > 1—exp (—r { <
( ) Tl_Il ( 4¢) (¢ - 1) ¢ 20—’3]71)67‘
N A ( s )ng
NG 1)

T 7} 2(0—-1)\" 20~
“L | oo _T{4¢<¢——1)< s > J 202
. V2(¢—1)—VP ’ "

et 7} 2(¢—1) < Vo > (2(511)) o
> H l—exp| —r 2 < )

r—1 8¢ ((b - 1) ¢ 20124pper

logzlAc 2
_ D i R S
-l {tmew 730%mr<¢ \ﬂm0¢—n>

8 2 .2 3 -1
Z eXp _ ™ Uupper (¢ ) ’ (20)

2
31502 (V26 (6 1)~ 9)
where the first inequality holds due to Lemma 3, the second inequality holds because if @ > 1, then
|a] >a/2, and the third inequality holds due to Lemma 2.
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For processor s=1,2,..
best alternative in round R+ 1. Let X,
based on these Ny

term in Equation (17) as,

/
sy Npy =

li*i (

9-1
@

, observations. Then, by letting 7

R+1

N

inal

’"J observations are generated for the local
1 be the sample mean of alternative i € Ztina calculated

=Ztina\{Pr+1}, we can write the third

}5{,...,5;%

P(g}/%—i-l‘g{a agl/%)
=P ﬂ {{:U’PR-H — M S5R+1}U{MPR+1 2 >5R+1 and XRJrl XRJrl}} g{aag}/%
ZeI/fznal

=1-P U {,upRH—,ui>5R+1 and X! < XZ-R“} &l ER

Z462}1’77.(1.l

R+1 R+1

— _XPR++1 + X +MPR+1 B 'u’ , NpR+1 Hi
=1-P U Hppey — Hi > Ory1 and ~ Np————

ieI}. . UPR+1i/\/ R+1 Oppyri

_ X R+t +XR+1+/~LpR = 5
3 R+1

>1-P U {,upRH i > Op41 and PRAL oy & \/NII%HU &l &g

i€T), 0 Toni1i/ VNEs1 upper

R R+1
XPR-:_Il +X +'uPR+1 'u’ , 5R+1 / /

>1-P| | = Npo —2 5180 Eh

€T UPR+1i/ VAV R+1 Oupper

ORt1
VN

/ !
£l Eh
upper

)
/NII%HURH)

upper

)

where the second equality holds due to De Morgan’s Law, and the last inequality holds due to

21—(m—1)IP><Z>

:1—(m—1)]P’<Z>

Np. 0%
>1—(m—1)exp <—2R+R+

upper

Lemma 3. According the results listed in Equation (15), for N

(logy £ 4 1) nj (2(¢
8(¢—1) ¢

Plugging the results in Equation (22) into Equation (21), we have

Rre1> We have,

(22)

logy k/m+2
1
Nigpr > ') .

P (Exaa| €10 ER)

Np. 0%
>1—(m—1)exp <—R+21R+1>
2 upper
(10g2m+1)7]§ 2(6—1) logo k/m+2 /72((15_1)_\/a 2 logy k/m+2 9
506-1) ( 5 ) e <2<¢—1>>

>1—(m—1)exp
20-121171767”
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(logs 5 +1) 5 <3¢—2+2\/2¢(¢—1)> ,
=1—-(m—1)exp | — 1602 &(6—1) 0 ]. (23)

Therefore, with the results listed in Equations (20) and (23), we can rewrite Equation (17) as

R
PGS > P(E) [P (ElEL, .. & )P (Epiil&Ls- - ER)

r=2

802 perd® (6~ 1) (1 — (m—1)ex ( (logy £ +1) 13 (30— 2+2/26 (6 1)) 5))

2 5 — .
37}562 ( 2¢ (¢ — 1) — QS) 16O—upper¢ (¢ 1)

It concludes the proof of part (2). O

>exp | —



