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Appendix A: Proof of Lemmas

A.1. Proof of Lemma 2

If F =
∏∞

r=1 (1− exp (−ϱr)) for some constant ϱ> 0, then we have

logF =
∞∑
r=1

log (1− exp (−ϱr)) . (1)

Because the Taylor series for function log (1−x) is −x−x2/2−x3/3−· · · , we can rewrite Equation

(1) as,

(1) = −
∞∑
r=1

∞∑
γ=1

exp (−ϱγr)

γ

= −
∞∑
γ=1

∞∑
r=1

exp (−ϱγr)

γ

= −
∞∑
γ=1

1

γ

exp (−ϱγ)

1− exp (−ϱγ)

≥ −
∞∑
γ=1

1

γ

1

ϱγ
=−1

ϱ

∞∑
γ=1

1

γ2
=−π2

6ϱ
,

where the inequality holds because exp (−ϱγ)/ (1− exp (−ϱγ)) ≤ 1/ (ϱγ) for any ϱγ > 0. It con-

cludes the proof. □
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A.2. Proof of Lemma 3

By the Chernoff bound, for any positive constant κ> 0, we have

P (Z ≥ d)≤ E [exp (κZ)]

exp (κd)
= exp

(
−1

2
κ2 −κd

)
. (2)

Letting κ= d, Equation (2) yields,

P (Z ≥ d)≤ exp

(
−d2

2

)
. □

Appendix B: Proof of Propositions

B.1. Proof of Proposition 1

We prove Proposition 1 in a similar way to that of Theorem 2. We show that if the sample allocation

rule Nr =
⌊

r
ϕ(ϕ−1)

(
ϕ−1
ϕ

)r

N
⌋
is used and ϕ≥ 3, for any positive constant η′

1 ≥ 2ϕ2 and IZ parameter

δ > 0, the PGS of the FBKT procedure is lower bounded for all k ≥ 2. We first let k̂ = 2⌈log2 k⌉.

Notice that the procedure can select the best alternative in log2 k̂ rounds. For 1≤ r ≤ log2 k̂, we

let ζr denote the index of the alternative with the largest mean among the alternatives that are

still in contention at the beginning of round r, i.e., µζr =maxi∈Ir µi, and ζ ′r denote the index of

the alternative that competes with alternative ζr in round r. To ease the notation, we set ζr = φ

for r= log2 k̂+1, where φ is the index of the alternative which is finally selected by the procedure.

We also let,

δr =

√
2 (ϕ− 1)−

√
ϕ√

ϕ

(
ϕ

2 (ϕ− 1)

) r
2

δ,

for r ≥ 1. It can be verified that if ϕ ≥ 3, δr > 0 for r ≥ 1 and
∑∞

r=1 δr = δ. For 1 ≤ r ≤ log2 k̂,

we let Q′
r = {µζr − µζ′r ≤ δr} ∪ {µζr − µζ′r > δr and X̄r

ζr
≥ X̄r

ζ′r
}, and Q′c

r denote the complement of

event Q′
r, i.e., Q

′c
r = {µζr − µζ′r > δr and X̄r

ζr
< X̄r

ζ′r
}. Then, we can bound the PGS of the FBKT

procedure as follows,

PGS ≥ P

log2 k̂⋂
r=1

{
µζr −µζr+1

≤ δr
}

≥ P

log2 k̂⋂
r=1

{Q′
r}


= P (Q′

1)

log2 k̂∏
r=2

P
(
Q′

r

∣∣Q′
1, . . . ,Q′

r−1

)
=
(
1−P

(
Q

′c
1

)) log2 k̂∏
r=2

(
1−P

(
Q

′c
r

∣∣∣Q′
1, . . . ,Q′

r−1

))
, (3)

where the first inequality holds because if the mean difference between alternatives ζr and ζr+1 is

less than δr for 1≤ r ≤ log2 k̂, the mean difference between alternative φ and alternative k is less
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than
∑∞

r=1 δr = δ, and the second inequality holds because eventQ′
r implies event {µζr −µζr+1

≤ δr}.

Notice that based on the analysis used in Equation (9) in the proof of Theorem 2, we can conclude

that,

Nr ≥ r

⌊
η′
1

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
.

Then, we can rewrite Equation (3) as follows,

(3) =
(
1−P

(
µζ1 −µζ′1

> δ1 and X̄1
ζ1
< X̄1

ζ′1

))
×

log2 k̂∏
r=2

(
1−P

(
µζr −µζ′r > δr and X̄r

ζr
< X̄r

ζ′r

∣∣∣Q′
1, . . . ,Q′

r−1

))
=

(
1−P

(
µζ1 −µζ′1

> δ1 and
−X̄1

ζ1
+ X̄1

ζ′1
+µζ1 −µζ′1

σζ1ζ
′
1
/
√
N1

>
√

N1

µζ1 −µζ′1

σζ1ζ
′
1

))
×

log2 k̂∏
r=2

(
1−P

(
µζr −µζ′r > δr and

−X̄r
ζr
+ X̄r

ζ′r
+µζr −µζ′r

σζrζ′r/
√
Nr

>
√

Nr

µζr −µζ′r

σζrζ′r

∣∣∣∣∣Q′
1, . . . ,Q′

r−1

))

≥

(
1−P

(
µζ1 −µζ′1

> δ1 and Z ≥

√⌊
η′
1

2ϕ2

⌋
δ1

σupper

))
×

log2 k̂∏
r=2

(
1−P

(
µζr −µζ′r > δr and Z >

√
r

⌊
η′
1

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δr

σupper

∣∣∣∣∣Q′
1, . . . ,Q′

r−1

))

≥

(
1−P

(
Z ≥

√⌊
η′
1

2ϕ2

⌋
δ1

σupper

))
×

log2 k̂∏
r=2

(
1−P

(
Z >

√
r

⌊
η′
1

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δr

σupper

∣∣∣∣∣Q′
1, . . . ,Q′

r−1

))

=

log2 k̂∏
r=1

(
1−P

(
Z >

√
r

⌊
η′
1

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δr

σupper

))
, (4)

where the last equality holds because event {Z >
√

r ⌊η′
1 (2 (ϕ− 1)/ϕ)

r
/ (4ϕ (ϕ− 1))⌋δr/σupper} is

independent of events {Q′
1, . . . ,Q′

r−1}. Then, applying Lemma 3 to Equation (4), we have,

(4) ≥
log2 k̂∏
r=1

(
1− exp

(
−r

⌊
η′
1

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δ2r

2σ2
upper

))

=

log2 k̂∏
r=1

1− exp

−r

⌊
η′
1

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋ (√
2(ϕ−1)−

√
ϕ

√
ϕ

)2 (
ϕ

2(ϕ−1)

)r

δ2

2σ2
upper




≥
log2 k̂∏
r=1

1− exp

−r
η′
1

8ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r

(√
2(ϕ−1)−

√
ϕ

√
ϕ

)2 (
ϕ

2(ϕ−1)

)r

δ2

2σ2
upper



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=

log2 k̂∏
r=1

1− exp

−r
η′
1δ

2

8σ2
upper

(
1

ϕ
− 1√

2ϕ (ϕ− 1)

)2
 , (5)

where the second inequality holds because if a≥ 1, then ⌊a⌋ ≥ a/2. Applying Lemma 2 to Equation

(5), it yields,

(5)≥ exp

−
8π2σ2

upperϕ
3 (ϕ− 1)

3η′
1δ

2

(√
2ϕ (ϕ− 1)−ϕ

)2

 .

Therefore, if N/k ≥ η′
1, the PGS of the FBKT procedure is lower bounded by

exp(−4π2σ2
upper/(3η

′
1δ

2(1/ϕ− 1/
√
2ϕ (ϕ− 1))2)). It concludes the proof. □

Appendix C: Proof of Theorems

C.1. Proof of Theorem 3

Let R= ⌈log2 k/m⌉. We first show that if ϕ≥ 2 and N ′
r =
⌊

r
ϕ(ϕ−1)

(
ϕ−1
ϕ

)r
N
m

⌋
for r= 1,2, . . . ,R and

N ′
r =
⌊

r
ϕ−1

(
ϕ−1
ϕ

)r
N
m

⌋
for r=R+1, the FBKT S+ procedure can stop before N0 +N observations

are used. It can be checked that

R+1∑
r=1

N ′
r ≤

R∑
r=1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
+

R+1

ϕ− 1

(
ϕ− 1

ϕ

)R+1
N

m

=
∞∑
r=1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
+

R+1

ϕ− 1

(
ϕ− 1

ϕ

)R+1
N

m
−

∞∑
r=R+1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
.

(6)

For the first term in Equation (6), we have,

∞∑
r=1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
= ϕ

[
∞∑
r=1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
−

∞∑
r=1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r+1
N

m

]

= ϕ

[
N

ϕ (ϕ− 1)m

∞∑
r=1

(
ϕ− 1

ϕ

)r
]

=
N

m
. (7)

For the third term in Equation (6), we have,

∞∑
r=R+1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
=

∞∑
r=1

r+R

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r+R
N

m

=
N

ϕ (ϕ− 1)m

(
ϕ− 1

ϕ

)R
[

∞∑
r=1

r

(
ϕ− 1

ϕ

)r

+R
∞∑
r=1

(
ϕ− 1

ϕ

)r
]

=
N

ϕ (ϕ− 1)m

(
ϕ− 1

ϕ

)R

[ϕ (ϕ− 1)+R (ϕ− 1)]

=
N

m

(
ϕ− 1

ϕ

)R

+
NR

ϕm

(
ϕ− 1

ϕ

)R

. (8)
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Plugging the results in Equations (7) and (8) into Equation (6) yields,

R+1∑
r=1

N ′
r ≤

∞∑
r=1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m
+

R+1

ϕ− 1

(
ϕ− 1

ϕ

)R+1
N

m
−

∞∑
r=R+1

r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m

=
N

m
+

(R+1)N

ϕm

(
ϕ− 1

ϕ

)R

− N

m

(
ϕ− 1

ϕ

)R

− NR

ϕm

(
ϕ− 1

ϕ

)R

=
N

m
− N

m

(
ϕ− 1

ϕ

)R+1

≤ N

m
. (9)

The results stated in Equation (9) suggests that if the sample allocation rule listed in Theorem

3 is used, processor s for s = 1,2, . . . ,m simulates fewer than |Is
1 |n0 +N/m observations during

the entire selection process. Notice that sets I1
1 ,I2

1 , . . . ,Im
1 are mutually exclusive and ∪m

s=1Is
1 =K.

It implies that the total number of observations simulated by all processors is upper bounded

by
∑m

s=1 |Is
1 |n0 +N/m≤N0 +N . Therefore, we can conclude that the FBKT S+ procedure stops

before all N0 +N observations are used. Then, we prove the first part of Theorem 3.

Proof of Part (1) Given that Assumptions 2 and 3 hold, we aim to show that for any positive

constant η2 ≥ 2ϕ2, if ϕ ≥ 2 and N/k ≥ η2, the PCS of the FBKT S+ procedure can be lower

bounded. To prove this, we first let k̂′ = 2R. Notice that the FBKT S+ procedure equally allocates

k alternatives to m processors. Each processor handles the selection of at most ⌈k/m⌉ alternatives,

and can identify the local best alternative in R rounds. For 1 ≤ r ≤ R and s = 1,2, . . . ,m, at

the beginning of round r in processor s, there are at most k̂′/2r−1 alternatives that are still in

contention, i.e., |Is
r | ≤ k̂′/2r−1. Let sk denote the processor where alternative k is assigned and kr

denote the alternative that competes with alternative k in round r in processor sk. For 1≤ r≤R,

we define Er as the event that alternative k eliminates alternative kr in round r in processor sk,

i.e., Er =
{
X̄r

k ≥ X̄r
kr

}
. For r = R+ 1, we define Er as the event that alternative k eliminates all

other alternatives in Ifinal, i.e., {X̄R+1
k ≥maxi∈Ifinal\{k} X̄

R+1
i }. For 1≤ r≤R+1, we let Ec

r be the

complement of event Er. Then, we can write the PCS of the FBKT S+ procedure as follows,

PCS = P

(
R+1⋂
r=1

Er

)
= P (E1)

R∏
r=2

P (Er|E1, . . . ,Er−1)P (ER+1|E1, . . . ,ER) . (10)

For 1≤ r ≤R, we establish a lower bound for the sampling budget that should be allocated each

alternative in round r in processor sk as follows,

N sk
r =

⌊
N ′

r

|Isk
r |

⌋
=

⌊
r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
N

m |Isk
r |

⌋
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≥

⌊
r

ϕ (ϕ− 1)

(
ϕ− 1

ϕ

)r
η2k

m k̂′
2r−1

⌋

=

⌊
r

ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r
η2k

2mk̂′

⌋
≥ r

⌊
η2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
, (11)

where the first inequality holds because N ≥ η2k and |Isk
r | ≤ k̂′/2r−1 for 1 ≤ r ≤ R. The second

inequality holds because by the definition of k̂′, k̂′ < 2k/m. Notice that η2 ≥ 2ϕ2 ensures that N sk
r

is a positive integer no less than r. Then, based on the results listed in Equation (11), we can write

the first two terms in Equation (10) as follows,

P (E1)
R∏

r=2

P (Er|E1, . . . ,Er−1)

= (1−P (Ec
1))

R∏
r=2

(1−P (Ec
r |E1, . . . ,Er−1))

=
(
1−P

(
X̄1

k1
> X̄1

k

)) R∏
r=2

(
1−P

(
X̄r

kr
> X̄r

k

∣∣E1, . . . ,Er−1

))
=

1−P

X̄1
k1
− X̄1

k −µk1 +µk
σkk1√
N sk

1

>
√

N sk
1

µk −µk1

σkk1

×

R∏
r=2

1−P

X̄r
kr
− X̄r

k −µkr +µk
σkkr√
N sk

r

>
√

N sk
r

µk −µkr

σkkr

∣∣∣∣∣∣E1, . . . ,Er−1


≥

(
1−P

(
Z >

√⌊
η2
2ϕ2

⌋
δ

σupper

))
R∏

r=2

(
1−P

(
Z >

√
r

⌊
η2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δ

σupper

∣∣∣∣∣E1, . . .Er−1

))

≥

(
1−P

(
Z >

√⌊
η2
2ϕ2

⌋
δ

σupper

))
R∏

r=2

(
1−P

(
Z >

√
r

⌊
η2
2ϕ2

⌋
δ

σupper

∣∣∣∣∣E1, . . .Er−1

))
, (12)

where the first inequality holds due to Equation (11) and Assumptions 2 and 3. The second inequal-

ity holds due to the fact that [2 (ϕ− 1)/ϕ]
r ≥ 2 (ϕ− 1)/ϕ when r ≥ 2 and ϕ ≥ 2. Because event{

Z >
√

r ⌊η2/ (2ϕ2)⌋δ/σupper

}
is independent of events {E1, . . . ,Er−1}, Equation (12) yields

(12) =
R∏

r=1

(
1−P

(
Z >

√
r

⌊
η2
2ϕ2

⌋
δ

σupper

))

≥
∞∏
r=1

(
1− exp

(
−⌊η2/ (2ϕ2)⌋ δ2

2σ2
upper

r

))
≥ exp

(
−

π2σ2
upper

3 ⌊η2/ (2ϕ2)⌋ δ2

)
≥ exp

(
−
4ϕ2π2σ2

upper

3η2δ2

)
, (13)
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where the first inequality holds due to Lemma 1, and the second last inequality holds due to Lemma

2.

For processor s= 1,2, . . . ,m, N ′
R+1 =

⌊
R+1
ϕ−1

(
ϕ−1
ϕ

)R+1
N
m

⌋
observations are generated for the local

best alternative in round R+1. Let X̄R+1
i be the sample mean of alternative i∈ Ifinal, calculated

based on these N ′
R+1 observations. Then, we can write the third term in Equation (10) as follow,

P (ER+1|E1, . . . ,ER) = P
(
X̄R+1

k > max
i∈Ifinal\{k}

X̄R+1
i

∣∣∣∣E1, . . . ,ER

)

≥ 1−P

 ⋃
i∈Ifinal\{k}

{
X̄R+1

k < X̄R+1
i

}∣∣∣∣∣∣E1, . . . ,ER


= 1−P

 ⋃
i∈Ifinal\{k}

{
X̄R+1

k − X̄R+1
i −µk +µi

σki/
√
N ′

R+1

<
√

N ′
R+1

−µk +µi

σki

}∣∣∣∣∣∣E1, . . . ,ER


≥ 1−P

 ⋃
i∈Ifinal\{k}

{
X̄R+1

k − X̄R+1
i −µk +µi

σki/
√
N ′

R+1

<
√

N ′
R+1

−µk +µi

σki

}∣∣∣∣∣∣E1, . . . ,ER


≥ 1−P

 ⋃
i∈Ifinal\{k}

{
X̄R+1

k − X̄R+1
i −µk +µi

σki/
√
N ′

R+1

<
√

N ′
R+1

−δ

σupper

}∣∣∣∣∣∣E1, . . . ,ER


≥ 1− (m− 1)P

(
Z <

√
N ′

R+1

−δ

σupper

∣∣∣∣E1, . . . ,ER

)
= 1− (m− 1)P

(
Z <

√
N ′

R+1

−δ

σupper

)
≥ 1− (m− 1) exp

(
−
N ′

R+1δ
2

2σ2
upper

)
, (14)

where the last equality holds because event {Z < −δ
√
N ′

R+1/σupper} is independent of events

{E1, . . . ,ER} and the last inequality holds due to Lemma 3. For N ′
R+1, we have,

N ′
R+1 =

⌊
R+1

ϕ− 1

(
ϕ− 1

ϕ

)R+1
N

m

⌋

≥

⌊(
log2

k
m
+1
)
η2k

m (ϕ− 1)

(
ϕ− 1

ϕ

)log2 k/m+2
⌋

=

⌊(
log2

k
m
+1
)
η2k

m (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)log2 k/m+2
m

4k

⌋

≥
(
log2

k
m
+1
)
η2

8 (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)log2 k/m+2

. (15)

Plugging the results in Equation (15) into Equation (14) yields,

P (ER+1|E1, . . . ,ER) ≥ 1− (m− 1) exp

(
−
N ′

R+1δ
2

2σ2
upper

)
≥ 1− (m− 1) exp

(
−
(
log2

k
m
+1
)
η2δ

2

8σ2
upperϕ

(
2 (ϕ− 1)

ϕ

)log2 k/m+1
)
. (16)
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Therefore, with the results listed in Equations (13) and (16), we can rewrite Equation (10) as,

PCS = P (E1)
R∏

r=2

P (Er|E1, . . . ,Er−1)P (ER+1|E1, . . . ,ER)

≥ exp

(
−
4ϕ2π2σ2

upper

3η2δ2

)(
1− (m− 1) exp

(
−
(
log2

k
m
+1
)
η2δ

2

8σ2
upperϕ

(
2 (ϕ− 1)

ϕ

)log2 k/m+1
))

.

It concludes the proof of part (1).

Proof of Part (2) Given that Assumptions 3 holds, we aim to show that for any positive

constant η′
2 ≥ 2ϕ2 and IZ parameter δ, if ϕ≥ 3 and N/k≥ η′

2, the PGS of the FBKT S+ procedure

can be lower bounded. To prove this, we first let k̂′ = 2R, and

δr =

√
2 (ϕ− 1)−

√
ϕ√

ϕ

(
ϕ

2 (ϕ− 1)

) r
2

δ,

for r≥ 1. Because ϕ≥ 3, δr > 0 for r≥ 1 and
∑∞

r=1 δr = δ. Notice that, each processor can identify

the local best alternative in R rounds and the procedure selects the final output in round R+1. For

1≤ r ≤R, we let ρr = argmaxi∈∪m
s=1I

r
s
µi, and define sr as the processor that contains alternative

ρr. For r=R+1, we let ρr = argmaxi∈Ifinal
µi. To ease the notation, we let ρr = φ for r=R+2,

where φ is the index of the alternative which is finally selected by the procedure. For 1≤ r ≤R,

we further define event E ′
r = {µρr − µρ′r ≤ δr} ∪ {µρr − µρ′r > δr and X̄r

ρr
≥ X̄r

ρ′r
}, where ρ′r is the

index of the alternative that competes with alternative ρr in processor sr. For r = R + 1, we

define event E ′
r = ∩i∈Ifinal\{ρr}

{
{µρr −µi ≤ δr}∪ {µρr −µi > δr and X̄r

ρr
≥ X̄r

i }
}
. By letting E ′c

r be

the complement of event E ′
r for 1≤ r ≤R+1, we can bound the PGS of the FBKT S+ procedure

as follows,

PGS ≥ P

(
R+1⋂
r=1

{
µρr −µρr+1

≤ δr
})

≥ P

(
R+1⋂
r=1

{E ′
r}

)
= P (E ′

1)

R∏
r=2

P
(
E ′
r

∣∣E ′
1, . . . ,E ′

r−1

)
P
(
E ′
R+1

∣∣E ′
1, . . . ,E ′

R

)
,

(17)

where the first inequality holds because as long as the mean difference between alternatives ρr and

ρr+1 is less than δr for 1≤ r≤R+1 the mean difference between alternatives k and φ is less than∑∞
r=1 δr = δ, and the second inequality holds because event E ′

r implies event {µρr −µρr+1
≤ δr} for

1≤ r≤R+1. Notice that following the same arguments used in the analysis in Equation (11), we

can conclude that

N sr
r ≥ r

⌊
η′
2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
. (18)

Because η′
2 ≥ 2ϕ2, N sr

r is a positive integer no less than r. Then, based on the results stated in

Equation (18), we can rewrite the first two terms in Equation (17) as follows,

P (E ′
1)

R∏
r=2

P
(
E ′
r

∣∣E ′
1, . . . ,E ′

r−1

)
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=
(
1−P

(
E

′c
1

)) R∏
r=2

(
1−P

(
E

′c
r

∣∣∣E ′
1, . . . ,E ′

r−1

))
=
(
1−P

(
µρ1 −µρ′1

> δ1 and X̄1
ρ1
< X̄1

ρ′1

))
×

R∏
r=2

(
1−P

(
µρr −µρ′r > δr and X̄r

ρr
< X̄r

ρ′r

∣∣∣E ′
1, . . . ,E ′

r−1

))
=

(
1−P

(
µρ1 −µρ′1

> δ1 and
−X̄1

ρ1
+ X̄1

ρ′1
+µρ1 −µρ′1

σρ1ρ
′
1
/
√

N s1
1

>
√

N s1
1

µρ1 −µρ′1

σρ1ρ
′
1

))
×

R∏
r=2

(
1−P

(
µρr −µρ′r > δr and

−X̄r
ρr
+ X̄r

ρ′r
+µρr −µρ′r

σρrρ′r/
√

N sr
r

>
√

N sr
r

µρr −µρ′r

σρrρ′r

∣∣∣∣∣E ′
1, . . . ,E ′

r−1

))

≥

(
1−P

(
µρ1 −µρ′1

> δ1 and Z >

√⌊
η′
2

2ϕ2

⌋
δ1

σupper

))
×

R∏
r=2

(
1−P

(
µρr −µρ′r > δr and Z >

√
r

⌊
η′
2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δr

σupper

∣∣∣∣∣E ′
1, . . . ,E ′

r−1

))

≥

(
1−P

(
Z >

√⌊
η′
2

2ϕ2

⌋
δ1

σupper

))
R∏

r=2

(
1−P

(
Z >

√
r

⌊
η′
2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δr

σupper

∣∣∣∣∣E ′
1, . . . ,E ′

r−1

))

=
R∏

r=1

(
1−P

(
Z >

√
r

⌊
η′
2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δr

σupper

∣∣∣∣∣E ′
1, . . . ,E ′

r−1

))
, (19)

where the last inequality holds because event {Z >
√
r ⌊η′

2/(4ϕ(ϕ− 1))(2(ϕ− 1)/ϕ)r⌋δr/σupper} is

independent of events {E ′
1, . . . ,E ′

r−1}. Then, applying Lemmas 2 and 3 to Equation (19), we have,

(19) ≥
R∏

r=1

(
1− exp

(
−r

⌊
η′
2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋
δ2r

2σ2
upper

))

=
∞∏
r=1

1− exp

−r

⌊
η′
2

4ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r⌋ (√
2(ϕ−1)−

√
ϕ

√
ϕ

)2 (
ϕ

2(ϕ−1)

)r

δ2

2σ2
upper




≥
log2 k̂∏
r=1

1− exp

−r
η′
2

8ϕ (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)r

(√
2(ϕ−1)−

√
ϕ

√
ϕ

)2 (
ϕ

2(ϕ−1)

)r

δ2

2σ2
upper




=

log2 k̂∏
r=1

1− exp

−r
η′
2δ

2

8σ2
upper

(
1

ϕ
− 1√

2ϕ (ϕ− 1)

)2


≥ exp

−
8π2σ2

upperϕ
3 (ϕ− 1)

3η′
2δ

2

(√
2ϕ (ϕ− 1)−ϕ

)2

 , (20)

where the first inequality holds due to Lemma 3, the second inequality holds because if a≥ 1, then

⌊a⌋ ≥ a/2, and the third inequality holds due to Lemma 2.
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For processor s= 1,2, . . . ,m, N ′
R+1 =

⌊
R+1
ϕ−1

(
ϕ−1
ϕ

)R+1
N
m

⌋
observations are generated for the local

best alternative in round R+1. Let X̄R+1
i be the sample mean of alternative i ∈ Ifinal calculated

based on these N ′
R+1 observations. Then, by letting I ′

final = Ifinal\{ρR+1}, we can write the third

term in Equation (17) as,

P
(
E ′
R+1

∣∣E ′
1, . . . ,E ′

R

)
= P

 ⋂
i∈I′

final

{
{µρR+1

−µi ≤ δR+1}∪ {µρR+1
−µi > δR+1 and X̄R+1

ρR+1
≥ X̄R+1

i }
}∣∣∣∣∣∣E ′

1, . . . ,E ′
R


= 1−P

 ⋃
i∈I′

final

{
µρR+1

−µi > δR+1 and X̄R+1
ρR+1

< X̄R+1
i

}∣∣∣∣∣∣E ′
1, . . . ,E ′

R


= 1−P

 ⋃
i∈I′

final

{
µρR+1

−µi > δR+1 and
−X̄R+1

ρR+1
+ X̄R+1

i +µρR+1
−µi

σρR+1i/
√

N ′
R+1

>
√

N ′
R+1

µρR+1
−µi

σρR+1i

}∣∣∣∣∣∣E ′
1, . . . ,E ′

R


≥ 1−P

 ⋃
i∈I′

final

{
µρR+1

−µi > δR+1 and
−X̄R+1

ρR+1
+ X̄R+1

i +µρR+1
−µi

σρR+1i/
√

N ′
R+1

>
√

N ′
R+1

δR+1

σupper

}∣∣∣∣∣∣E ′
1, . . . ,E ′

R


≥ 1−P

 ⋃
i∈I′

final

{
−X̄R+1

ρR+1
+ X̄R+1

i +µρR+1
−µi

σρR+1i/
√

N ′
R+1

>
√

N ′
R+1

δR+1

σupper

}∣∣∣∣∣∣E ′
1, . . . ,E ′

R


≥ 1− (m− 1)P

(
Z >

√
N ′

R+1

δR+1

σupper

∣∣∣∣E ′
1, . . . ,E ′

R

)
= 1− (m− 1)P

(
Z >

√
N ′

R+1

δR+1

σupper

)
≥ 1− (m− 1) exp

(
−
N ′

R+1δ
2
R+1

2σ2
upper

)
, (21)

where the second equality holds due to De Morgan’s Law, and the last inequality holds due to

Lemma 3. According the results listed in Equation (15), for N ′
R+1, we have,

N ′
R+1 ≥

(
log2

k
m
+1
)
η′
2

8 (ϕ− 1)

(
2 (ϕ− 1)

ϕ

)log2 k/m+2

. (22)

Plugging the results in Equation (22) into Equation (21), we have

P
(
E ′
R+1

∣∣E ′
1, . . . ,E ′

R

)
≥ 1− (m− 1) exp

(
−
N ′

R+1δ
2
R+1

2σ2
upper

)

≥ 1− (m− 1) exp

−

(log2 k
m+1)η′2

8(ϕ−1)

(
2(ϕ−1)

ϕ

)log2 k/m+2
(√

2(ϕ−1)−
√
ϕ

√
ϕ

)2 (
ϕ

2(ϕ−1)

)log2 k/m+2

δ2

2σ2
upper


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= 1− (m− 1) exp

−

(
log2

k
m
+1
)
η′
2

(
3ϕ− 2+2

√
2ϕ (ϕ− 1)

)
16σ2

upperϕ (ϕ− 1)
δ2

 . (23)

Therefore, with the results listed in Equations (20) and (23), we can rewrite Equation (17) as

PGS ≥ P (E ′
1)

R∏
r=2

P
(
E ′
r

∣∣E ′
1, . . . ,E ′

r−1

)
P
(
E ′
R+1

∣∣E ′
1, . . . ,E ′

R

)

≥ exp

−
8π2σ2

upperϕ
3 (ϕ− 1)

3η′
2δ

2

(√
2ϕ (ϕ− 1)−ϕ

)2


1− (m− 1) exp

−

(
log2

k
m
+1
)
η′
2

(
3ϕ− 2+2

√
2ϕ (ϕ− 1)

)
16σ2

upperϕ (ϕ− 1)
δ2

 .

It concludes the proof of part (2). □


