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Online Supplements EC.1, EC.2, and EC.3 provide the algorithm statements and statistical
validity proofs for the three restart procedures, namely Restart™ ?, Restart™™, and Restart™",
that we compared with RF. We give the algorithmic statement and proof of Recycle® in Online
Supplement EC.4. We discuss the existence and uniqueness of the algorithm parameter 7 in Online
Supplement EC.5. Online Supplement EC.6 proves Lemma 1 for ¢ = oo. We also provide a discussion
about the implementation parameters for systems when multiple constraints are present in Online
Supplement EC.7, and a discussion about the comparison between our proposed procedures and

alternative procedures in Online Supplement EC.8.

EC.1. Algorithm Statement and Proof of Statistical Validity for the
Restart”™ Procedure

In this section, we provide the full description of the Restart?™°

procedure and discuss its statistical
validity. The full description of Restart?? is presented in Algorithm S.1.

Notice that Restart™ ! performs feasibility check for each combination of thresholds and each
combination has one threshold on each constraint. Thus, unlike RF, RecycleB, and Restart™™,

Restart? ! has only one way of setting the implementation parameter 3, for all £=1,...,s.

We now show the statistical validity of the Restart™ ? by proving the following theorem.

THEOREM 1. Procedure Restart™™" guarantees PCD >1 — q.
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Algorithm S.1 Procedure Restart”*

[Setup:] Choose confidence level 1 — a, tolerance level €, and thresholds {qe,qe2; - -, qeq, } for
constraint £ =1,...,s. Choose the value of ¢ and set © = {1,2,...,k}. Set D =[[,_,d, and
formulate threshold vectors ¢V, ¢®,...,q®), where d=1,..., D, as discussed in Section 3. Set
n such that g(n) =3, where

5 [1—(1—a)/*P)]/s  when systems are independent,
N [1—(1—a)P]/(ks) when systems are dependent.

for each system i € © do
for d=1,...,D do
[Initialization:]

e Set r; =ng and ON={1,...,s}.

e Obtain n, observations Yz‘f), YD YD for €€ ON.

e Compute the sample variance of Yl%),}/z%g, ,Ylg,i)o as S%,(ng) for £ € ON.
[Feasibility Check:]
for /€ ON do

Ity (v, Y9 gDy > R(n,eg,n, S2.(ng)), set 24 =0 and ON = ON\{/};

Else if Z (Y VD — g\ < —R(ri; 0,1, 5%(no)), set Z& =1 and ON = ON\{¢}.
end for

[Stopping Condition:}
If ON =0, return Z D for ¢ = 1,...,s. Otherwise, set r; =r; + 1, take one additional
observation Ym_ for € € ON and go to [Feasibility Check].
end for
end for

Proof. We let q¥ = (qu), ,qY), where d =1,...,D, denote the dth combination of the
thresholds. Then for one particular threshold vector q(¥, we have the probability of correct decision

for system i as
Pr (i, CD(al’ )>1—Z/3@, (1)

where the inequality holds due to the Bonferroni inequality and Lemma 1. Restart”? performs
feasibility check for each combination of thresholds independently. We then consider the cases when
systems are simulated independently or with correlation.

If the systems are simulated independently, then equation (1) yields
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=1—-a.
If the systems are simulated with CRN, then the Bonferroni inequality and Lemma 1 yields

PCD =Pr (md LN N5_,CDy(qy ) HPr( i1 Mi=1 CDie(CJ§d)))
H[ szcm g ]= [ Z
H( Z a)l/D]/(k5)>:1a. O

d=1

1 (=1

EC.2. Algorithm Statement and Proof of Statistical Validity for the
Restart™ Procedure

sum

In this section, we provide the full description of the Restart™" procedure and discuss its statistical
validity. Restart™™ is motivated by the following considerations (relative to Restart™?). Restart™™
makes feasibility decisions iteratively for each threshold value of each constraint, while Restart®
may make multiple decisions for each such threshold value (because Restart”*? determines feasi-
bility for each combination of threshold values of all constraints). Therefore, Restart™" usually

tP°¢ and thus usually needs fewer observations compared with

performs fewer restarts than Restar
Restart”™ . The full description of Restart™™ is provided in Algorithm S.2.

We show the statistical validity of the Restart®™™ procedure based on the following theorem.
THEOREM 2. Procedure Restart™™ guarantees PCD>1—«

Proof. For the Restart™™ procedure, as we restart a feasibility check for each system, each
constraint, and each threshold value, the CDq;g(qéd)) events are independent from CDM( ) for all
£=1,...,sand d # d’'. We prove the theorem based on whether systems are simulated independently
or with correlation.

If the systems are simulated independently, then with 3, from the first choice (i) of Algorithm S.2,

Lemma 1 yields

k
PCD =Pr ( 1 Mp—q ﬂd . q(d);éNC Die( ) H H Pr (CDM(QE[DD
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Algorithm S.2 Procedure Restart™"
[Setup:] Choose confidence level 1 — «, tolerance level ¢,, and thresholds {q.1, g, ..,que} for
constraint £ =1,...,s. Choose the value of ¢ and set © = {1,2,...,k}. Set D=3, , d, and
formulate threshold vectors g¢*,¢®,...,q®), where d=1,...,D, as dlscussed in Section 3. For
{=1,...,s, set n, such that g(n,) = ,, where either
(i)

— /1 —a, when systems are independent,
pe { (1— *%/1—a)/k, when systems are dependent,
or
(ii)
— “Q/f when systems are independent,

Pe= { (1— ¥1—a)/k, when systems are dependent.

for each system i € © do
for each threshold d=1,...,D do

[Initialization:]

e Set r;=ngand ON={/=1,.. .,s|q(d) ;é NC}

e Obtain n, observations Y%), Yi%), . Ywn for £ € ON.

e Compute the sample variance of Yi%)71/;%)» ,Yzﬁi)o as S%,(ng) for £ € ON.
[Feasibility Check:]
for /€ ON do

550 Vi = ) = R(ris e, e, Siya(no), return Z = 0;

Else if Z (Y; 12? - qu)) < —R(rs; €0,m0, S7a(no)), return Zz(zd) =1
Else, set r; = r; +1, take one additional observation an) and go to [Feasibility Check].
end for

end for
end for

"

[ a-8)= H (1—54)21_[ (1—B0)"

=1, ,qed)7éNC

(1-(1-"YT—a)“=T[[[ VI-a=1-a

=1 i=14=1

vV
—- 19

1

~

(3

With 3, from the second choice (ii) of Algorithm S.2, Lemma 1 yields

k D s

PCD — P <ﬂk VPP, 0 e CDa <q§d>)> =IIII II Pr(coe(d))

i=1d=1 Zzl,q§d>7£NC

>TII 10 1—@=HH<1—ﬁe)=HH(1—(1—km>)

i=1d=1 €:17q§d) #£NC
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If the systems are simulated with CRN, then with 3, from the first choice (i) of Algorithm S.2,

the Bonferroni inequality yield and Lemma 1 yield

w

l_D[ <1 - zk:Pr(ICDw(qéd)))>

_ (d)
PCD_Pr< eV lmD . (d);éNCC (g, >
4

=1, qu);éNC i=1

s D k s dy s
>1] H (1—2@):1_[1_[[<1—(1—Sd{/l—a))zH\S/l—a:l—oz

= 1d 1,q ;éNC i=1 {=1m=1 =1

With 5, from the second choice (ii) of Algorithm S.2, the Bonferroni inequality and Lemma 1 yield

k
PCD = Pr (m?—l Nt mz:l,qéd)yﬁNC CDif( QEd) ) > H H (1 - ZPT(ICDie(ngd))))

Lim1gP2ne i=1

z[D[ H <1—§;Bg>=ﬁ<1—2&>=ﬂ< (1—’€/ﬂ)>

d=1 41 4 NG d=1
:(D\/l—a)Dzl—a. ]

EC.3. Algorithm Statement and Proof of Statistical Validity for the
Restart™ Procedure

max

In this section, we provide the full description of the Restart™ procedure and discuss its statistical
validity. Restart™®* performs feasibility checks for each threshold vector which is formed by choos-
ing one threshold from each constraint in a pre-defined order. Once the feasibility of all thresholds
on some constraints is determined, the threshold vector is formed based on the thresholds from
the remaining constraints by omitting the constraints whose thresholds have all received feasibility
decisions. The procedure terminates when all the thresholds on all the constraints have received
their feasibility decisions. Therefore, Restart™* requires max,—; _,d, restarts and performs bet-

max

ter compared with Restart’™? and Restart™™. Similar to Restart™°?, each restart of Restart

max

involves one threshold on each remaining constraint. Therefore, Restart only has one way of
setting the implementation parameter 8; where d =1...,d. The full description of Restart™* is

provided in Algorithm S.3.

We show the statistical validity of the Restart™ procedure in the following theorem.

THEOREM 3. Procedure Restart™ guarantees PCD > 1 — «



Zhou et al.: Finding Feasible Systems for Subjective Constraints Using Recycled Observations
6 Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!)

Algorithm S.3 Procedure Restart™"*

[Setup:] Choose confidence level 1 — «, tolerance level €, and thresholds {ge1,qe2;--.,qea,} for
constraint £ =1,...,s. Choose the value of ¢ and set © ={1,2,...,k}. Set D =max,—; __sd, and
formulate threshold vectors gV, q®,...,q'P), where d=1,..., D, as discussed in Section 3. For
d=1,...,D, set ng such that g(n,) = B4, where
5, = (1-*"¥1-a)/>,_Z(d>d), when systems are independent, )
T (- ¥1-a)/(kX;_,Z(d; >d)), when systems are dependent.

for each system i € © do
for d=1,...,D do
[Initialization:]
e Set r;=mng and ON={/=1,...,s|¢\” #NC}.
e Obtain n, observations Y;El), YZ%), ,YZEZ(,? for £ € ON.

e Compute the sample variance of ngl),Yz%S), ..,K%)O as S7,(ng) for £ € ON.
[Feasibility Check:]
for /€ ON do

IS (VD — i) > R(ry; €0,ma, S24(n0)), set ZP =0 and ON = ON\ {¢};

Else if Z (Yﬂg é ) < —R(ri;€0,m4,52%,(no)), set 2 =1 and ON = ON\{¢}.

end for
[Stopping Condition:]
If ON = (), return Zz) for £ =1,...,s. Otherwise, set r; = r; + 1, take one additional
observation Yzér) and go to [Fea51b111ty Check].
end for
end for

Proof. For the Restart™ procedure, as we restart a feasibility check for D threshold vectors,
the CD;(¢\") events are independent for all CD;,(q\" ) where d’ # d when i,/ are fixed. We prove
the theorem based on whether systems are simulated independently or with correlation.

If the systems are simulated independently, then the Bonferroni inequality yields

D k s
PCD =Pr (md 1 mk 1 Myy d[>dCDzé(Qéd))) = HH (1 — ZI(d@ >d) -Pr(ICDM(qéd)))>

(1—ZId5>d ) ﬁﬁ(l— S 1_va1_0‘>
l-—a=1-a.

va >d) -
(e =) e T dy > d)

S ﬁ“,’:]m
:j” uz»

Y
Il
Il
s

14

If the systems are simulated with CRN, then the Bonferroni inequality yields

PCD = Pr (05):1 Ny, M=1,4,>aCDie qe ) > H (1 - ZZI dy > d) Pr(ICDy(q (d)))>

m=1 i=1 (=1

D s D F S 1-Y1—a
ZH( ZZ (dy > d)B >=H<1—ZZI<d42d)'kz;lgwjzd))

d=1 i=1 (=1 d=1 i=1 (=1
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EC.4. Algorithm Statement and Proof of Statistical Validity for the
RecycleB Procedure

We discuss the statistical validity of the Recycle® procedure in this section. The full description of
Recycle® is provided in Algorithm S.4. The Recycle? procedure is essentially the same as the RF

procedure except that 3, is defined differently.

Algorithm S.4 Procedure Recycle®

[Setup:] Choose confidence level 1 — «, tolerance level ¢, and thresholds {qﬂ,q@g, .. .,que} for
constraint £ =1,2,...,s. Also, choose the value of ¢ and set © ={1,2,...,k}. For =1,...,s, set
ne such that g(n,) = B¢, where (3 satisfies (1), and either
(i) Be=pB/(s-dy) for £=1,....s, or
(i) Be=p/D and D=3,  d,for {=1,...,s.
for each system 7€ © do
[Initialization:]
e Obtain ng observations Yis,Yie, ..., Yig,, for £=1,2,...,s.
e Compute SZ%(ng) for £=1,2,... s.
e Set r; =ng,ON={1,2,...,s}, and ON,={1,2,...,d,} for £=1,2,...,s.
[Feasibility Check:]
for /€ ON do
for m € ON, do
If Z;;l(Ywn — Qem) > R(ri5€0,m0,5%(n0)), set Zig,, =0 and ON, = ON\{m}.
Y (Yien — qem) < —R(r35€0,m0, Si(n0)), set Zip, =1 and ON, = ON\{m}.
end for
If ON, =0, set ON=ON\ {¢}.
end for
[Stopping Condition:]
If ON =0, return Z,,, for {=1,2,....,s and m=1,2,...,d,. Otherwise, set r; =r; + 1, take
one additional observation Yj,,, for £ € ON, and go to [Feasibility Check].
end for

We now show the statistical validity of the Recycle® procedure in the following theorem.
THEOREM 4. Procedure Recycle® gquarantees PCD >1 — a.

Proof. We prove the theorem based on whether systems are simulated independently or with
correlation.

If the systems are simulated independently (i.e., no CRN), then the Bonferroni inequality yields

k s dp
PCD =Pr (mf_l ns_, N&_, CDM(qgm)> >TL11-Y.> Pr(ICDi(gem)) |-
i=1 /=1 m=1
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With S, from the first choice (i) of Algorithm S.4, Lemma 1 and equation (1) yield

PCDZ}i(l_iiﬁ‘) _ﬁ(l—iiﬁ@)

(=1 m=1 i=1 =1 m=1
k s
ST (-3 0) T
=1 /=1 =1
k

PCDzﬁ(1—iig>
QUG RDE I
=[la-p=I[0-(-0-a")=1-0a

If the systems are simulated with correlation, then the Bonferroni inequality yields
k s dp
PCD = Pr (mfl My N2, CDig(qgm)> >1-) Y > Pr(ICDu(gem))-

i=1 ¢=1 m=1

If B3, is set based on the first choice (i), then Lemma 1 and equation (1) yield

k s dy k s dp ﬁ
R S 3 SRS 3) 3 o
i=1 =1 m=1 i=1 =1 m=1
k s B k

=1-k8=1-k(a/k)=1-a.

If 5, is set based on the second choice (ii), then Lemma 1 and equation (1) yield

k s dp k s dy ,8
PCD21—2225F1_ZZZB
i=1 £=1 m=1 i=1 £=1 m=1

Ei(E

i=1

=1-kf=1-k(a/k)=1—a. O
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EC.5. The Existence of 7,
In this section, we show the existence of a unique solution of 7, to g(n,) = B¢. As our experimental
results are based on the cases when ¢ =1 and ¢ = oo, we only discuss these two cases in this section.

When ¢=1, we have
1

Q(W) — 5 (1 + 27]@)7(71071)/2 '

Then we have

ag(nﬂ) — _ (no - 1) (1 + 2/’7@)7(710«%1)/2 < 07

87’]@ 2

for all ), > 0. We also know that lim,,_,.. g(1,) =0 and ¢(0) = 5. Therefore, g(1,) = 5, has a unique
solution n, = $ ((28,)~%/(m0~1 —1) for all 5, € (0, 3.
When ¢ = oo, we use f(x) to denote the probability density function of a chi-squared distribution

with ng — 1 degrees of freedom. Then, by taking derivative with respect to 7,, we have

0 A f(z)
67729(77”) O, /0 1+ exp(2n,x)
(o fl@
a /0 e 1+ exp(2n,x) &
L[ i,
o (1+ exp(2mac))2

2Xa01 exp(2mxiol)]

(1+exp(2nex2, 1))

<0.

The second equality holds due to the fact that

0 [l
one 1+ exp(2n,x)

2z exp(2n,x) f(x)
1+ exp(2mx)]2

and [ 2xf(x)dr =2E[x? _,]=2(ny—1) < oo (Billingsley 1986). This means that g(7,) is decreas-
o Xio—1 gsley g(n

—owf(a exp(2n,z)
[1 + exp(2n,)]

5 <2xf(x), for x,m, >0,

ing when ¢ = oo. However, g(0) =1 and

lim g(n,) = lim _ @) a::/ lim Ldac:(),
100 n—o Jo 14+ exp(2n.x) o me—o 1+ exp(2n.x)

where the second equality holds due to bounded convergence theorem. Therefore, g(n,) = 5, has a
unique solution for all g, € (0,1]. Thus, a simple search method such as the bi-section search will

find the unique 7, value when ¢ = oco.
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EC.6. Proof of Lemma 1 for c=c
We prove Lemma 1 when ¢ = oo in this section. We first present the following lemma that is useful

for our proof.

LEMMA 1. (Karlin and Taylor 1975) (Theorem 7.5.2) Let {B(t,A,0% x):t>0} be a Brownian
motion process with drift A # 0, variance o2, and the starting point v when t =0. The probability

that the process reaches the level a > x before hitting —a < x is given by

exp(—2Ax/0?) — exp(2Aa/o?)
exp(—2Aa/0?) — exp(2Aa/o?)’

Pr{B(T,A,0%,z)=a} =

where T =min{t: B(t,A,0?,z) € (—a,a)}, i.e. the first time when the drifted Brownian motion hits

—a or a.

We now prove Lemma 1 when ¢ = oco.

Proof. Consider system ¢ and constraint ¢ with mean y;, and threshold value g, where m =
1,...,ds. Let €, be the fixed tolerance level and (—R, R) be the straight-line continuation region,
where R = (ng— 1)1,5%(no) /e

Assume system i is unacceptable with respect to constraint ¢ for threshold gy, i.€., Yir > qem + €4

Define T,; and T, as follows:

Ty=min{t € Z*,t > ng: B (t,yic — @em,03,,0) & (—R,R)} where Z" denotes the set of positive integers,

T.=min {t ERT,t>ny: B (t, Yie — Qom; o, 0) ¢ (—R, R)} where R™ denotes the set of positive real numbers.

That is we define T};/T. as the first integer/continuous passage time of the drifted Brownian motion

5126(”0)
n=1 n=1 il

ZE[Pr <B (TC,M",I,O> > Bt Pr (B (TC,Q,1,0> > B
Oir Oi¢ Oi¢ Oi¢

The first inequality holds because of the fact that the sample mean Yj, (np) and sample variance

B (t,Yie — qem,05,0), respectively. Then we have

Pt (CD.u(g)) = Pr (Z(Yizn o) 2 R) —E [Pr (Z (Wf‘) > X

>E

SEZ(”O))

S2,(ng) of normal random variables are independent, and because observing at discrete time reduces

S?z(”O))] .
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the chance of error (Jennison et al. 1982). The second inequality holds due to the assumption that

Yie — Qem = €q-

We then have the following derivation,

[on

€ (n0 = 1)1eS7(n0)| o _ %
E|:PI'(B <Tc,a71,0>2 o |S ) —E o 1)S (n0) no—1)52 (n0) 3)
i 0L exp( 2n, 7) exp <2n5714)

%ie

2
1—exp <2n47(n0_1)§”(n0)>

%ie

2
due to Lemma 1. By the fact that W follows a y? distribution with ny — 1 degrees of

il

freedom, we have

[ 1 —exp(2nex7, 1)
(3) = E 2 2 2 2
L exp(—2nex5,-1) — exXP(2neXn, 1)
5 (1 —exp(2mex5,-1)) exp (27X, 1)
| (exp(=2nex3, 1) — exp(2nexz, 1)) ex(2mX7, 1)
B (1 —exp(2nexi,-1)) exp(2mxio_1)]
- 2
I 1— [exp(2nex3,-1)]
[ exp(2n,v2 1
_ g [P, ) ]zl—E[ _ }
| 1+ exp(2nexi, 1) 1+ exp(2nexa, 1)
00 1 1
=1 (np—1)/2-1 —:I;/Zd
/0 1+ exp(2nex)  200-D720((ng — 1)/2) " c
- 1 _/857

where the last equality holds because of the definition of g(-) in (2) and the fact that 7, is the
solution to g(n¢) = fs.
The above results also hold for y;, < gy, — €¢. Finally, Pr(CD;/(qom)) =1>1— 5, when ¢, — €, <

Yie < Qem + €. Hence, when ¢ = oo, Lemma 1 follows. [

EC.7. Implementation Parameters for Systems with Multiple
Constraints

In this section, we provide a numerical example and a discussion about the performance of
RF,Recycle®, and Restart™™ as a function of the two different ways of setting the implementation

parameters 3, (see Section 4.2). As Restart”? and Restart™ only have one way of setting the
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implementation parameter, we omit them in this section. We use R}"l,Recyclef, and Restart]™
to denote the versions of the procedures that set the parameters (i,..., s based on choice (i), and
use RF;,Recycles | and Restart;™ to denote the corresponding procedures with choice (ii) in each
algorithm.
We first test the performance of the four procedures applied to four configurations. We consider

a single system with two constraints, where the first constraint has one fixed threshold and the
second constraint has two thresholds. In all the configurations shown below, we choose y = (0,0)
and € = 0.1. The observations of the two constraints are independent standard normal random
variables.

Configuration 1: Set ¢ 1 = —¢€,¢21 = —¢, and ¢z 2 =€.

Configuration 2: Set ¢; 1 = —¢€,¢21 = —2¢, and ¢y 2 = 2e.

Configuration 3: Set ¢1 1 = —¢€,¢21 = —4¢, and ¢z 2 =4e.

Configuration 4: Set ¢, 1 = —4€,¢21 = —€, and ¢z 2 =€.
One may notice that the mean performance of the first constraint is at the boundary of the unac-
ceptable region in the first three configurations, which is a “most difficult” case for one constraint
with a single threshold. Configuration 1 sets the mean performance of the second constraint at
either the boundary of the unacceptable region (gz;) or the boundary of the desirable region
(g2.2), while Configurations 2 and 3 set the mean performance further from the boundaries of the
unacceptable (desirable) region. Configuration 4 has the same (difficult) thresholds on the second
constraint as in Configuration 1 but sets the mean performance of the first constraint far from
the boundary of the unacceptable region. Notice that the performance of RF and Recycle® are
expected to be identical as d, <2, where £ =1,2. Table 1 shows the estimated PCD and OBS of
the RF,Recycle®, and Restart™™ procedures under triangular-shaped continuation regions for all
configurations.

We see that under both choices (i) and (ii), all the procedures guarantee statistical validity of

all configurations. Choice (i) requires more observations than choice (ii) under Configurations 1
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Table 1 Average number of observations and observed PCD (reported in parentheses)
for implementation parameters (i) and (ii)

| RF1(Recyclel) RF,(Recycley) | Restart]"™ Restart3"™

Configuration 1 408.5 396.1 833.3 815.4
8 (0.954) (0.954) (0.953)  (0.953)
Configuration 2 285.6 303.3 596.9 602.2
8 (0.977) (0.983) 0.975)  (0.983)
Configuration 3 2424 276.6 435.1 456.1
cnstatio (0.976) (0.984) 0.977)  (0.984)
. 385.5 352.4 679.9 635.8

Configuration 4
(0.977) (0.968) 0.977)  (0.968)

and 4 for all three procedures, while choice (i) requires fewer observations than choice (ii) under
Configurations 2 and 3.

In Configuration 1, since all the thresholds for both constraints are considered as “most difficult”,
assigning error evenly to each feasibility check, which follows choice (ii), is plausible. However, as
Configuration 2 has a “difficult” threshold on the first constraint but “easy” thresholds on the
second constraint, allocating more error to the threshold for the first constraint and less error to
the threshold for the second constraint, which follows choice (i), is beneficial. Configuration 3 has
even “easier” thresholds on the second constraint, suggesting that choice (i) is more beneficial for
all three procedures. In these cases, choosing between (i) and (ii) depends on the difficulty of the
feasibility checks. Although Configuration 4 has the same number of thresholds as the other three
configurations, it has an “easy” threshold on the first constraint but two “difficult” thresholds on
the second constraint. Choice (ii) allows more error allocation to the second constraint and less
error allocation to the first constraint, which performs better than choice (i).

It is clear that the total number of required observations depends on the difficulty of the feasibility
checks and the number of thresholds on each constraint. Of course, the decision maker may not
have the information about the mean configuration before she performs feasibility check. Thus it

is difficult to predict in advance whether (i) or (ii) will result in better performance.
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EC.8. Comparison between Restart’?, Restart™™, and the other
Procedures

In this section, we compare the performance of Restart”™ ® and Restart™™ with the other pro-
cedures. Based on the decriptions shown in Appendix EC.1 for Restart™ ?, EC.2 for Restart™™
and EC.3 for Restart™, the number of “restarts” depends highly on the number of thresholds
on each constraint. As Restart?? performs feasibility checks for each combination of thresholds
of all constraints, it requires [[,_, d, “restarts” to determine feasibility for one system, whereas
Restart™™ performs feasibility checks independently for each system, each constraint, and each
threshold, and hence requires ZZ:1 d, “restarts” for one system. On the other hand, Restart™*
performs feasibility check by restarting independently for threshold vectors that contain thresholds
from all constraints with thresholds that have not yet received feasibility decisions until the feasi-
bility of each threshold on each constraint is determined. This requires max,—; . d, “restarts” for
one system.

We consider three configurations of a single system with two constraints and independent stan-
dard normal observations. The first configuration has one threshold on the first constraint and two
thresholds on the second constraints. The second configuration has two thresholds on both con-
straints, and the third configuration has two thresholds on the first constraint and four thresholds
on the second constraint. In all configurations, we set y = (0,0) and e =0.1. More specifically, we
have

Configuration 1 (C1): ¢* = (—¢),q* = (—¢,€).
Configuration 2 (C2): ¢* = (—¢,€),q* = (—¢,¢).
Configuration 3 (C3): ¢' = (—e¢,¢€),q* = (—1.25¢, —¢, €, 1.25¢).
The experimental results for the average number of observations and observed PCD for
RF,Recycle®, Restart™™, Restart™ and Restart?°? under triangular-shaped continuation regions
are shown in Table 2.
We can easily see that Configuration 1 has two combinations of thresholds, while Configurations

tprod

2 and 3 have four and eight combinations, respectively. This means that Restar needs to
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Table 2 Average number of observations and observed PCD (reported in parentheses) for
Restart?**?, Restart®*™ and the other procedures

‘ RF; RF2 ‘ Recycle! Recycles ‘ Restart™** ‘ Restart]"™ Restarty™™ ‘ Restart”™¢

op| 4085 3961 | 4085 396.1 622.7 833.3 815.4 765.4
(0.954) (0.954) | (0.954)  (0.954) | (0.953) (0.953) (0.953) (0.953)
(| 466.6 4666 | 4666  466.6 766.3 1201.1 1201.1 1871.0
(0.954) (0.954) | (0.954)  (0.954) | (0.954) (0.954) (0.954) (0.954)
g 4672 4672 | 5234 5247 1476.8 1981.9 1953.2 4315.2
(0.953) (0.953) | (0.965)  (0.969) | (0.964) (0.960) (0.964) (0.962)

perform two, four, and eight restarts to conclude feasibility checks for Configuration 1, 2, and 3,

sum

respectively. However, Restart performs three, four, and six restarts as it performs feasibility

check independently for each system, constraint, and threshold. One the other hand, Restart™"*
performs two restarts for Configurations 1 and 2, and performs four restarts for Configuration
3. One may notice that when Y, d, is smaller than [],_, d,, Restart™" is likely to perform

better than Restart”™?. As max,_;, s dy is always smaller than >, , d, and [[,_, ds, Restart™" is

superior compared with Restart®™®® and Restart®™™.
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