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The online supplement of this paper contains five sections. Section A provides all multiplications

of cone inequalities from Table 1 that are from the literature. In Section B, we describe the number

of additional inequalities one would obtain when applying full RPT, i.e., the total additional conic

inequalities resulting from the multiplication of all pairwise multiplications of the constraints in

the two cones, including multiplications of all inequalities in the same cone. Section C presents

the full formulations obtained when multiplying all constraints in the optimization problems used

in the numerical experiments. Section D describes the problem instances used for the numerical

experiment in Section 6.1. Finally, Section E provides, for each case studied, an example showing

that incorporating the resulting constraints lead to a strict improvement in the optimal objective

value.

A. Multiplication of cone inequalities from the literature

In this appendix, we provide all multiplications of cone inequalities from Table 1 that are from the

literature.
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A.1. Case 1 in Table 1: (L) × (L)

Consider two linear inequalities

b1 −a⊤
1 x≥ 0 and b2 −a⊤

2 x≥ 0.

Multiplying the two linear inequalities yields 1 additional linear inequality (Sherali and Alamed-

dine 1992):

(b1 −a⊤
1 x)(b2 −a⊤

2 x)≥ 0 ⇐⇒ b1b2 − b1a
⊤
2 x− b2a

⊤
1 x+a⊤

1 xx
⊤a2 ≥ 0

=⇒ b1b2 − b1a
⊤
2 x− b2a

⊤
1 x+a⊤

1 Ua2 ≥ 0.

A.2. Case 2 in Table 1: (L) × (Q)

Consider one linear inequality and one conic quadratic inequality

b1 −a⊤
1 x≥ 0 and b2 −a⊤

2 x≥
∥∥Dx+d

∥∥.
Multiplying the linear inequality with both sides of the conic quadratic inequality yields 1 addi-

tional conic quadratic inequality (Sturm and Zhang (2003)) :

(b1 −a⊤
1 x)

∥∥Dx+d
∥∥≤ (b1 −a⊤

1 x)(b2 −a⊤
2 x)

⇐⇒
∥∥(b1 −a⊤

1 x)(Dx+d)
∥∥≤ (b1 −a⊤

1 x)(b2 −a⊤
2 x)

=⇒
∥∥b1Dx+ b1d−DUa1 −a⊤

1 xd
∥∥≤ b1b2 − b1a

⊤
2 x− b2a

⊤
1 x+a⊤

1 Ua2.

A.3. Case 5 in Table 1: (L) × (S)

Consider one linear inequality and one LMI respectively

b1 −a⊤
1 x≥ 0 and A(x)⪰ 0.

We apply RPT to the multiplication of these inequalities, and obtain 1 additional LMI:

(b1 −a⊤
1 x)A(x)⪰ 0

⇐⇒ (b1 −a⊤
1 x)A0 +(b1 −a⊤

1 x)A1x1 + · · ·+(b1 −a⊤
1 x)Anxxnx ⪰ 0

=⇒ (b1 −a⊤
1 x)A0 +(b1x1 −a⊤

1 u1)A1 + · · ·+(b1xnx −a⊤
1 unx)Anx ⪰ 0.
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A.4. Case 6 in Table 1: (Q) × (Q)

Consider two conic quadratic inequalities

b1 −a⊤
1 x≥

∥∥D1x+p1

∥∥ and b2 −a⊤
2 x≥

∥∥D2x+p2

∥∥. (O-1)

We multiply the LHS of the first conic quadratic inequality with both sides of the second conic

quadratic inequality and the LHS of the second conic quadratic inequality with both sides of the

first conic quadratic inequality to obtain 2 additional conic quadratic inequalities, see Appendix

A.2. Moreover, we multiply the LHSs and RHSs of the conic quadratic inequalities with each other

and obtain 1 additional conic quadratic inequality:

(b1 −a⊤
1 x)(b2 −a⊤

2 x)≥
∥∥D1x+p1

∥∥∥∥D2x+p2

∥∥ (O-2)

⇐⇒ b1b2 − b1a
⊤
2 x− b2a

⊤
1 x+a⊤

1 xx
⊤a2 ≥

∥∥(D1x+p1)(D2x+p2)
⊤
∥∥
F

(O-3)

=⇒ b1b2 − b1a
⊤
2 x− b2a

⊤
1 x+a⊤

1 Ua2 ≥
∥∥D1UD⊤

2 +p1x
⊤D⊤ +Dxp⊤

2 +p1p
⊤
2

∥∥
F
. (O-4)

This is Case 6(i) in Table 1.

In the literature also two LMIs are proposed. First observe that the two conic quadratic inequal-

ities (O-1) can be written as

b1 −a⊤
1 x≥

∥∥D1x+p1

∥∥ ⇐⇒
[
b1 −a⊤

1 x (D1x+p1)
⊤

D1x+p1 (b1 −a⊤
1 x)I

]
⪰ 0

and

b2 −a⊤
2 x≥

∥∥D2x+p2

∥∥ ⇐⇒
[
b2 −a⊤

2 x (D2x+p2)
⊤

D2x+p2 (b2 −a⊤
2 x)I

]
⪰ 0.

We now assume that, without loss of generality, the matrices D1 and D2 are of the same size.

Indeed, suppose that D1 has less rows than D2, then we can extend matrix D1 by zero rows or by

copying scaled versions of some of the original rows. Using the fact that the Kronecker product of

two positive semidefinite matrices is also positive semidefinite (Horn and Johnson 1991, Theorem

4.2.12) and linearizing each element of the product, we obtain[
b1 −a⊤

1 x (D1x+p1)
⊤

D1x+p1 (b1 −a⊤
1 x)I

]
⊗
[
b2 −a⊤

2 x (D2x+p2)
⊤

D2x+p2 (b2 −a⊤
2 x)I

]
⪰ 0

=⇒



α γ⊤

γ αI
δ1 η⊤

1

η1 δ1I
· · · δr η⊤

r

ηr δrI
δ1 η⊤

1

η1 δ1I
α γ⊤

γ αI
...

. . .

δr η⊤
r

ηr δrI
α γ⊤

γ αI


⪰ 0,
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where

α= b1b2 − b2a
⊤
1 x− b1a

⊤
2 x+ a⊤

1 Ua2

γ = b1(D2x+p2)− (a⊤
1 x)p2 −D2Ua1

δi = b2(d
⊤
1ix)+ p1i(b2 −a⊤

2 x)−d⊤
1iUa1, i∈ [r]

ηi = (d⊤
1ix+ p1i)p2 + p1iD2x+D2Ud1i, i∈ [r]

and d1i and d2i denote the i-th row of D1 and D2, respectively. This is Case 6(ii) in Table 1.

Another LMI is proposed by Jiang and Li (2019), using the Hadamard product instead of the

Kronecker product. It follows for the Hadamard product that[
b1 −a⊤

1 x (D1x+p1)
⊤

D1x+p1 (b1 −a⊤
1 x)I

]
◦
[
b2 −a⊤

2 x (D2x+p2)
⊤

D2x+p2 (b2 −a⊤
2 x)I

]
⪰ 0,

which implies [
α β⊤

β αI

]
⪰ 0, (O-5)

where

α= b1b2 − b2a
⊤
1 x− b1a

⊤
2 x+ a⊤

1 Ua2 (O-6)

βi = d1iUd1i + p1ip2i + p2id1ix+ p1id2ix, i∈ [r] (O-7)

and d1i and d2i is the i-th row of D1 and D2, respectively. Notice that the matrix in the LHS of

(O-5) has an arrow structure, and hence LMI (O-5) is equivalent to the following conic quadratic

inequality:

∥β∥2 ≤ α. (O-8)

It can easily be verified that (O-8) is a weaker inequality than (O-4). This is Case 6(iii) in Table 1.

A.5. Case 9 in Table 1: (Q) × (S)

Consider one conic quadratic inequality and one LMI

b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ and A(x)⪰ 0. (O-9)

First observe that the conic quadratic inequality can be formulated as an LMI (Anstreicher 2017):

b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ ⇐⇒

[
b2 −a⊤

2 x (Dx+p)⊤

Dx+p (b2 −a⊤
2 x)I

]
⪰ 0.
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We now multiply these inequalities. Using the fact that the Kronecker product of two positive

semidefinite matrices is also positive semidefinite (Horn and Johnson 1991, Theorem 4.2.12), we

obtain 1 additional LMI:

(
b2 −a⊤

2 x−
∥∥Dx+p

∥∥)A(x)⪰ 0 =⇒
[
b2 −a⊤

2 x (Dx+p)⊤

Dx+p (b2 −a⊤
2 x)I

]
⊗A(x)⪰ 0

⇐⇒


(b2 −a⊤

2 x)A(x) (d⊤
1 x+p1)A(x) · · · (d⊤

r x+pr)A(x)
(d⊤1 x+p1)A(x) (b2 −a⊤

2 x)A(x)
...

. . .
(d⊤r x+pr)A(x) (b2 −a⊤

2 x)A(x)

⪰ 0

=⇒


A(b2x−Ua2) A(p1x+Ud1) · · · A(prx+Udr)
A(p1x+Ud1) A(b2x−Ua2)

...
. . .

A(prx+Udr) A(b2x−Ua2)

⪰ 0, (O-10)

where di is the i-th row of D. We could also directly multiply the LHS of the conic quadratic

inequality with the LMI and obtain 1 additional LMI:

A(b2x−Ua2)⪰ 0,

which is also implied by (O-10).

A.6. Case 12 in Table 1: (P) × (S)

Consider one power cone inequality and one LMI
m∏
i=1

xαi
i ≥

√√√√ nx∑
i=m+1

x2
i

x1, · · · , xm ≥ 0

and A(x)⪰ 0.

We multiply the nonnegativity constraints of the power cone with the LMI and obtain m additional

LMIs:

xiA(x)⪰ 0 =⇒ A(ui)⪰ 0, i∈ [m].

A.7. Case 15 in Table 1: (S) × (S)

Consider two LMIs {
A(x)⪰ 0
B(x)⪰ 0.

If A(x) and B(x) are of different sizes, it follows from (Horn and Johnson 1991, Theorem 4.2.12)

that the Kronecker product of A(x) and B(x) is positive semidefinite, that is A(x)⊗B(x)⪰ 0.

Notice that each element in the Kronecker product is the multiplication of two affine functions of
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x. After linearizing the quadratic terms in A(x)⊗B(x) with the matrix C(x,U), which is linear

in both x and U , we obtain Case 15(i) of Table 1. If A(x) and B(x) are of the same size, it follows

from the Schur Product Theorem (Schur 1911, Horn and Johnson 1991, Theorem 5.2.1) that the

Hadamard product of A(x) and B(x) is positive semidefinite, that is A(x)◦B(x)⪰ 0. Notice that

each element in the Hadamard product is the multiplication of two affine functions of x. After

linearizing the quadratic terms in A(x) ◦B(x) with the matrix D(x,U), which is linear in both

x and U , we obtain Case 15(ii) of Table 1.

B. Full RPT

In this appendix, we describe the number of additional inequalities one would obtain when applying

full RPT, i.e., the total additional conic inequalities resulting from the multiplication of all pairwise

multiplications of the constraints in the two cones, including multiplications of all inequalities in

the same cone.

Case 1 in Table O-1. Multiplying each linear inequality with itself yields 2 additional linear

inequalities. Hence, with full RPT we would obtain in total 3 additional linear inequalities.

Case 2 in Table O-1. Multiplying the linear inequality with itself yields 1 additional linear

inequality, see Case 1 in Appendix A.1. Multiplying the conic quadratic inequality with itself yields

2 additional conic quadratic inequalities, see Case 6 in Appendix A.4. Hence, with full RPT we

would obtain 1 additional linear inequality and 3 additional conic quadratic inequalities.

Case 3(i) and 3(ii) in Table O-1. Multiplying the linear inequality with itself and the non-

negativity constraints of the power cone with themselves yields 1 +m(m+1)/2 additional linear

inequalities, see Case 1 in Appendix A.1. Multiplying the power cone inequality with the nonnega-

tivity constraints yields m additional power cone inequalities for Case 3(i) and
∑m+1

i=2 |Vi| additional

power cone inequalities for Case 3(ii), see Case 3 in Section 3.2. Multiplying the power cone inequal-

ity with itself yields 1 additional power cone inequality for Case 3(i) and |Vm+2| additional power

cone inequalities for Case 3(ii), see Case 10 in Section 3.4. Hence, with full RPT we would obtain in

total m+1+m(m+1)/2 additional linear inequalities and m+2 additional power cone inequalities

for Case 3(i), while we would obtain in total
∑m+2

i=1 |Vi| additional power cone inequalities for Case

3(ii).

Case 4 in Table O-1. Multiplying the linear inequality with itself and the nonnegativity con-

straint of the exponential cone with itself yields 2 additional linear inequalities, see Case 1 in

Appendix A.1. Multiplying the nonnegativity constraint of the exponential cone with the exponen-

tial cone inequality and the exponential cone inequality with itself yields 3 additional exponential
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cone inequalities, see Case 13 in Section 4.5. Hence, with full RPT we would obtain in total 3

additional linear inequalities and 4 additional exponential cone inequalities.

Case 5 in Table O-1. Multiplying the linear inequality with itself yields 1 additional linear

inequality, see Case 1 in Appendix A.1. Multiplying the LMI with itself yields 1 additional LMI,

see Case 15 in Appendix A.7. Hence, with full RPT we would obtain 1 additional linear inequality

and 2 additional LMIs.

Case 6(i) in Table O-1. We can further multiply both quadratic inequalities with themselves to

obtain 4 additional quadratic inequalities, see Case 6(i) in Appendix A.4. Hence, with full RPT

we would obtain in total 7 additional quadratic inequalities.

Case 6(ii) and 6(iii) in Table O-1. We can multiply both quadratic inequalities with themselves

as explained in Appendix A.4 for Case 6(ii) and 6(iii) to obtain 2 additional LMIs. Hence, with

full RPT we would obtain in total 3 additional LMIs.

Case 7(i) and 7(ii) in Table O-1. Multiplying the conic quadratic inequality with itself yields

2 additional conic quadratic inequalities, see Case 6 in Appendix A.4. Multiplying the nonnega-

tivity constraints with each other yields m(m+ 1)/2 additional linear inequalities, see Case 1 in

Appendix A.1. Further, multiplying the nonnegativity constraints with the power cone inequality

yields m additional power cone inequalities for Case 7(i) and
∑m+2

i=3 |Vi| additional power cone

inequalities for Case 7(ii), see Case 3 in Section 3.2. Multiplying the power cone inequality with

itself yields 1 additional power cone inequality for Case 7(i) and |Vm+3| additional power cone

inequalities for Case 7(ii), see Case 10 in Section 3.4. Hence, with full RPT, we would obtain

m(m+1)/2 additional linear inequalities, m+2 additional conic quadratic inequalities, and m+3

additional power cone inequalities for Case 7(i), while we would obtain
∑m+3

i=1 |Vi| additional power

cone inequalities for Case 7(ii).

Case 8(i) in Table O-1. Multiplying the conic quadratic inequality with itself yields 2 additional

conic quadratic inequalities, see Case 6 in Appendix A.4. Multiplying the nonnegativity constraint

with itself and the exponential cone inequality yields 1 additional linear inequality, see Case 1 in

Appendix A.1, and 1 additional exponential cone inequality, see Case 4 in Section 4.2. Multiplying

the exponential cone inequality with itself yields 2 additional exponential cone inequalities, see

Case 13 in Section 4.5. Hence, with full RPT we would obtain 1 additional linear inequality, 4

additional conic quadratic inequalities, and 4 additional exponential cone inequalities.

Case 8(ii) in Table O-1. We obtain 1 additional conic quadratic inequality and 1 additional

exponential cone inequality from the multiplication of the derived linear inequality with the conic
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quadratic inequality and the exponential cone inequality, respectively. The remaining possible

constraint multiplications are redundant by Lemma 1. Hence, together with the inequalities in 8(i)

in Table O-1, with full RPT we obtain in total 1 additional linear inequality, 5 additional conic

quadratic inequalities and 5 additional exponential cone inequalities.

Case 8(iii) in Table O-1. In addition to the inequalities from Case 8(ii), we also obtain 2

additional conic quadratic inequalities and 1 additional exponential cone inequality from the mul-

tiplication of the derived conic quadratic inequality with the conic quadratic inequality and the

exponential cone inequality, respectively. The remaining possible constraint multiplications are

redundant by Lemma 1. Hence, in this case, with full RPT we would obtain in total 1 addi-

tional linear inequality, 7 additional conic quadratic inequalities, and 6 additional exponential cone

inequalities.

Case 9 in Table O-1. Multiplying the conic quadratic inequality with itself yields 2 additional

conic quadratic inequalities, see Case 6 in Appendix A.4. Further, multiplying the LMI with itself

yields 1 additional LMI, see Case 15 in Appendix A.7. Hence, with full RPT we would obtain in

total 2 additional conic quadratic inequalities and 2 additional LMIs.

Case 10(i) and 10(ii) in Table O-1. Multiplying the nonnegativity constraints of each cone with

themselves and the power cone inequality of the same cone, results in m1(m1+1)/2+m2(m2+1)/2

additional linear inequalities, see Case 1 in Appendix A.1, and m1 +m2 additional power cone

inequalities for Case 10(i) and
∑2m1+2m2+1

i=m1+m2+2 |Vi| additional power cone inequalities for Case 10(ii),

see Case 3 in Section 3.2. Moreover, multiplying each power cone inequality with itself yields 2

additional power cone inequalities for Case 10(i) and |V2m1+2m2+2| + |V2m1+2m2+3| additional power

cone inequalities for Case 10(ii), see Case 10 in Section 3.4. Hence, with full RPT we would obtain

in total m1(m1 + 1)/2 +m2(m2 + 1)/2 +m1m2 additional linear inequalities and 2m1 + 2m2 + 3

additional power cone inequalities for Case 10(i), while we would obtain
∑2m1+2m2+3

i=1 |Vi| additional

power cone inequalities for Case 10(ii).

Case 11(i) in Table O-1. Multiplying the nonnegativity constraints of the power cone with

themselves and the power cone inequality yields m(m+1)/2 additional linear inequalities and m

additional power cone inequalities, see Case 1 in Appendix A.1 and Case 3 in Section 3.2 respec-

tively. Multiplying the power cone inequality with itself yields 1 additional power cone inequality,

see Case 10 in Section 3.4. Also, multiplying the nonnegativity constraint of the exponential cone

with itself and the exponential cone inequality and multiplying the exponential cone inequality with

itself yields 1 linear and 3 additional new exponential cone inequalities, see Case 13 in Section 4.5.
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Hence, with full RPT we would obtain in total (m+ 1)(m+ 2)/2 additional linear inequalities,

m+3 additional exponential cone inequalities and m+3 additional power cone inequalities.

Case 11(ii) in Table O-1. We obtain 1 additional exponential cone inequality and 1 additional

power cone inequality from the multiplication of the derived linear inequality with the exponential

cone inequality and power cone inequality, respectively. The remaining possible constraint multi-

plications are redundant by Lemma 1. Hence, together with the inequalities in 11(i) in Table O-1,

with full RPT we obtain in total (m+1)(m+2)/2 additional linear inequalities, m+4 additional

exponential cone inequalities and m+4 additional power cone inequalities.

Case 11(iii) in Table O-1. In addition to the inequalities from Case 11(ii), we obtain 1 additional

exponential cone inequality and 2 additional power cone inequalities from the multiplication of the

derived conic quadratic inequality with the exponential cone inequality and the power cone inequal-

ity, respectively. The remaining possible constraint multiplications are redundant by Lemma 1.

Hence, together with the inequalities in 11(ii) in Table O-1, with full RPT we obtain in total

(m+1)(m+2)/2 additional linear inequalities, m+5 additional exponential cone inequalities, and

m+6 additional power cone inequalities.

Case 12 in Table O-1. Multiplying the nonnegativity constraints with themselves and the power

cone inequality yields m(m+1)/2 additional linear inequalities, see Case 1 in Appendix A.1 and m

additional power cone inequalities, see Case 3 in Section 3.2 Multiplying the power cone inequality

with itself yields 1 additional power cone inequality, see Case 10 in Section 3.4. Moreover, mul-

tiplying the LMI with itself yields 1 additional LMI, see Case 15 in Appendix A.7. Hence, with

full RPT we obtain in total m(m+1)/2 additional linear inequalities, m+1 additional power cone

inequalities, and m+1 additional LMIs.

Case 13(i) in Table O-1. Multiplying the nonnegativity constraint of each exponential cone

with itself and the exponential cone inequality of the same exponential cone yields 2 additional

linear inequalities, see Case 1 in Appendix A.1, and 2 additional exponential cone inequalities, see

Case 4 in Section 4.2. Multiplying the LHS of each exponential cone inequality with both sides of

the same exponential cone inequality yields 2 additional exponential cone inequalities, see Case 4

in Section 4.2. Moreover, multiplying the LHSs and RHSs of both inequalities yields 2 additional

exponential cone inequalities:{
x2
1 ≥ x2

2 exp (2x3x2/x
2
2)

x2
4 ≥ x2

5 exp (2x6x5/x
2
5)

=⇒
{
u11 ≥ u22 exp (2u23/u22)
u44 ≥ u55 exp (2u56/u55).

Hence, with full RPT we would obtain in total 3 additional linear inequalities and 11 additional

exponential cone inequalities.
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Case 13(ii) in Table O-1. We multiply each of the derived linear inequalities x1 ≥ x2 + x3

and x4 ≥ x5 + x6 with the exponential cone inequalities and obtain 4 additional exponential cone

inequalities. The remaining possible constraint multiplications are redundant by Lemma 1. Hence,

with full RPT we would obtain in total 3 additional linear inequalities and 15 additional exponential

cone inequalities.

Case 13(iii) in Table O-1.We multiply each of the derived linear and conic quadratic inequalities

with the exponential cone inequalities and obtain 8 additional exponential cone inequalities. The

remaining possible constraint multiplications are redundant by Lemma 1. Hence, with full RPT we

would obtain in total 3 additional linear inequalities and 19 additional exponential cone inequalities.

Case 13(iv) in Table O-1. We multiply the derived linear and conic quadratic inequalities

with the exponential cone inequalities and obtain 6 additional exponential cone inequalities. The

remaining possible constraint multiplications are redundant by Lemma 1. Hence, with full RPT we

would obtain in total 3 additional linear inequalities and 17 additional exponential cone inequalities.

Case 14(i) in Table O-1. Multiplying the exponential cone with itself, yields 1 additional linear

inequality and 3 additional exponential cone inequalities. Moreover, multiplying the LMI with itself

yields 1 additional LMI. Hence, with full RPT we would obtain 1 additional linear inequality, 3

additional exponential cone inequalities, and 3 additional LMIs.

Case 14(ii) in Table O-1. Multiplying the linear inequality resulting from the decomposition

of the exponential cone with itself, the nonnegativity constraint of the exponential cone, and the

exponential cone inequality gives 2 additional linear inequalities and 1 additional exponential cone

inequality. Hence, together with the inequalities in 14(i) in Table O-1 and the inequalities resulting

from multiplying this linear inequality with the LMI as explained in Section A.3, with full RPT

we obtain in total 3 additional linear inequalities, 4 additional exponential cone inequalities, and

4 additional LMIs.

Case 14(iii) in Table O-1.Multiplying the quadratic inequality resulting from the decomposition

of the exponential cone with itself, the nonnegativity constraint of the exponential cone, the linear

inequality resulting from the decomposition of the exponential cone, and the exponential cone

inequality gives 5 additional quadratic inequalities and 1 additional exponential cone inequality.

Hence, together with the inequalities in 14(ii) in Table O-1 and the inequalities resulting from

multiplying this quadratic inequality with the LMI as explained in Section A.5, with full RPT

we obtain in total 3 additional linear inequalities, 5 additional quadratic inequalities, 5 additional

exponential cone inequalities and 5 LMIs
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Case Cone-1 Cone-2 Full RPT

1 L L 3L

2 L Q L + 3Q

3 L P (i) (m+1+m(m+1)/2)L + (m+2)P

(ii) (m+1+m(m+1)/2)L +
∑m+2

i=1 |Vi|P
4 L E 3L + 4E

5 L S L + 2S

6 Q Q (i) 7Q
(ii) 3S
(iii) 3S

7 Q P (i) m(m+1)/2L + (m+2)Q + (m+3)P

(ii) m(m+1)/2L + (m+2)Q +
∑m+3

i=1 |Vi|P
8 Q E (i) L + 4Q + 4E

(ii) L + 5Q + 5E
(iii) L + 7Q + 6E

9 Q S 2Q + 2S

10 P P (i) (m1(m1 +1)/2+m2(m2 +1)/2+m1m2)L + (2m1 +2m2 +3)P

(ii) (m1(m1 +1)/2+m2(m2 +1)/2+m1m2)L +
∑2m1+2m2+3

i=1 |Vi|P
11 P E (i) ((m+1)(m+2)/2)L + (m+3)P + (m+3)E

(ii) ((m+1)(m+2)/2+1)L + (m+4)P + (m+4)E
(iii) ((m+1)(m+2)/2+2)L + 2Q + (m+6)P + (m+5)E

12 P S (m(m+1)/2)L + (m+1)P + (m+1)S

13 E E (i) 3L + 11E
(ii) 3L + 15E
(iii) 3L + 19E
(iv) 3L + 17E

14 E S (i) L + 3E + 3S
(ii) 3L + 4E + 4S
(iii) 3L + 5Q + 5E + 5S

15 S S (i) 3S
(ii) 3S

Table O-1 Results of multiplying the inequalities in two of the five basic cones as given in Section 2 when

applying full RPT.

Case 15(i) and 15(ii) in Table O-1. Multiplying the LMIs with itself, yields 2 additional LMIs,

hence with full RPT we would obtain in total 3 additional LMIs.

C. RPT formulations of numerical experiments

In this section, we include the formulations obtained when multiplying all constraints in the prob-

lems encountered in the numerical experiments.
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C.1. RPT formulation of Section 6.1

We linearize xx⊤ with X, zz⊤ with Z, xz⊤ with V , xt⊤ with W and zt⊤ with Q. When mul-

tiplying the constraints in Problem (38), without any additions, we obtain the following problem:

min
x,z,X,
V ,Z

Tr(A0X)+ b⊤0 x+ c0 (O-11a)

s.t.

nx∑
i=1

zi ≤ 1, (O-11b)

exp(−xi − a)≤ zi, i∈ [nx], (O-11c)
nx∑
i=1

ti ≤ β, (O-11d)

exp(xi)≤ ti, i∈ [nx], (O-11e)(
1−

nx∑
j=1

zj

)
exp

(
−xi −α+

∑nx
j=1 Vij +α

∑nx
j=1 zj

1−
∑nx

j=1 zj

)
≤ zi −

nx∑
j=1

Zij i∈ [nx], (O-11f)

β−
nx∑
j=1

tj −β

nx∑
j=1

zj +

nx∑
i,j=1

Qij ≥ 0, (O-11g)(
1−

nx∑
j=1

zj

)
exp

(
xi −

∑nx
j=1 Vij

1−
∑nx

j=1 zj

)
≤ ti −

nx∑
j=1

Qji, i∈ [nx], (O-11h)

nx∑
i,j=1

Zij − 2

nx∑
i=1

zi +1≥ 0, (O-11i)(
β−

nx∑
j=1

tj

)
exp

(
−βxi −αβ+

∑nx
j=1Wij +α

∑nx
j=1 tj

β−
∑nx

j=1 tj

)
≤ ziβ−

nx∑
j=1

Qij , i∈ [nx], (O-11j)(
β−

nx∑
j=1

tj

)
exp

(
βxi −

∑nx
j=1Wij

β−
∑nx

j=1 tj

)
≤ βti −

nx∑
j=1

Tij , i∈ [nx], (O-11k)

nx∑
i,j=1

Tij − 2

nx∑
j=1

tj +β2 ≥ 0, (O-11l)

zj exp

(
Vij

zj

)
≤Qji, i, j ∈ [nx], (O-11m)

exp(−xi −xj − 2α)≤Zij , i≤ j ∈ [nx], (O-11n)

exp (−xi − a+xj)≤Qij , i, j ∈ [nx], (O-11o)

zj exp

(
−Vij − azj

zj

)
≤Zij , i, j ∈ [nx], (O-11p)

tj exp

(
−Wij − atj

tj

)
≤Qij , i, j ∈ [nx], (O-11q)

tj exp

(
Wij

tj

)
≤ Tij , i, j ∈ [nx], (O-11r)

exp (xi +xj)≤ Tij , i≤ j ∈ [nx]. (O-11s)

Further, from the decomposition of the exponential cone we obtain the following additional con-

straints:

−xi −α+1≤ zi, i∈ [nx], (O-12a)

xi +1≤ ti, i∈ [nx], (O-12b)

zi −
nx∑
j=1

Zij +xi +α− 1−
nx∑
j=1

Vij −α

nx∑
j=1

zj +

nx∑
j=1

zj ≥ 0, i∈ [nx], (O-12c)
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(zj +xj +α− 1) exp

(
−Vij −Xij −αxi +xi −α(zj +xj +α− 1)

zj +xj +α− 1

)
≤Zij +Vji +αzi − zi, i, j ∈ [nx], (O-12d)

(zj +xj +α− 1) exp

(
Vij +Xij +αxi −xi

zj +xj +α− 1

)
≤Qji +Wji +αti − ti, i, j ∈ [nx], (O-12e)

(α− 1)(zj +xj +α− 1)+Zij +Vji +(α− 1)zi +Vij +Xij +(α− 1)xi ≥ 0, i, j ∈ [nx], (O-12f)

ti −
nx∑
j=1

Qji −xi +

nx∑
j=1

Vij − 1+

nx∑
j=1

zj ≥ 0, i∈ [nx], (O-12g)

(tj −xj − 1) exp

(
−Wij −αtj +Xij +α(xj +1)+xi

tj −xj − 1

)
≤Qij −Vji − zi, i, j ∈ [nx], (O-12h)

(tj −xj − 1) exp

(
Wij −Xij −xi

tj −xj − 1

)
≤ Tij −Qji − ti, i, j ∈ [nx], (O-12i)

Tij −Wij − tj −Wji +Xij +xj − ti +xi +1≥ 0, i, j ∈ [nx], (O-12j)

Qji +Wji +αti − ti −Vij −Xij −αxi +xi − zj −xj −α+1≥ 0, i, j ∈ [nx], (O-12k)

βzj −
∑
i

Qji +βxj −
∑
i

Wji −α
∑
i

ti +αβ−β+
∑
i

ti ≥ 0, j ∈ [nx], (O-12l)

βtj −
∑
i

Tij −βxj +
∑
i

Wji −β+
∑
i

ti ≥ 0, j ∈ [nx]. (O-12m)

C.2. RPT formulation of Section 6.2

We linearize rr⊤, tt⊤, rt⊤ with R,T and V respectively. We multiply all constraints in prob-

lem (40) to obtain the following problem:

max
r,t,R,
T ,V

r⊤Ar+ b⊤r+ d (O-13a)

s.t. c⊤r≤W, (O-13b)

β⊤
l r≥ ηl, l ∈L\ {m},

(O-13c)∑
k

tk =
1

ρ
(β⊤

mr− ηm), (O-13d)

t
1/q
k (

1

ρ
(β⊤

mr− ηm))
1−1/q ≥ rk, k ∈K,

(O-13e)

β⊤
l Rk ≥ ηlrk, l ∈L\ {m}, k ∈K,

(O-13f)(
β⊤

l Vk − ηltk
) 1

q

(
1

ρ

(
β⊤

1 Rβl − ηlβ
⊤
1 r− η1β

⊤
l r+ η1ηl

))1−1/q

≥β⊤
l Rk − ηlrk, l ∈L\ {m}, k ∈K,

(O-13g)

c⊤Rk ≤Wrk, k ∈K,
(O-13h)

W 2 − 2Wc⊤r+ c⊤Rc≥ 0, (O-13i)

Wβ⊤
l r+ ηlc

⊤r− c⊤Rβl −Wηl ≥ 0, l ∈L\ {m},
(O-13j)(

Wtk − c⊤Vk

) 1
q

(
1

ρ

(
Wβ⊤

mr−Wηm + ηmc
⊤r− c⊤Rβm

))1−1/q
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≥Wrk − c⊤Rk k ∈K,
(O-13k)∑

k

Vk =
1

ρ
(Rβm − ηmr), (O-13l)

∑
k

Tk =
1

ρ
(V ⊤βm − ηmt), (O-13m)

V
1/q

k
′
k
(
1

ρ
(β⊤

mRk
′ − ηmrk′ ))

1−1/q ≥Rkk
′ , k, k

′
∈K,

(O-13n)

T θ11

kk
′

(
1

ρ

(
β⊤

mVk − ηmtk
))θ12 (1

ρ

(
β⊤

mVk
′ − ηmtk′

))θ21

·(
1

ρ2
(
β⊤

mRβm − 2ηmβ
⊤
mr+ η2

m

))θ22

≥Rkk
′ , k, k

′
∈K,

(O-13o)

r,R≥ 0, (O-13p) R V r
V ⊤ T t
r⊤ t⊤ 1

⪰ 0. (O-13q)

For the multiplication of the power cone constraints we generate a feasible θ that satisfies the

following:

θ11 + θ21 = 1/q, θ12 + θ22 = 1− 1/q,

θ11 + θ12 = 1/q, θ21 + θ22 = 1− 1/q.

D. Data generation of Section 6.1

In problem instance 1 the objective is defined as f(x) =− 1
2

∑20

i=1(xi+5)2 and in problem instance

2 it is defined as f(x) =− 1
2

∑20

i=1(xi + 7)2. In problem instances 3, 4, 5, and 6, the matrix A0 is

generated as L⊤L, where L∈Rn×n, with Lij ∼ [0,1], and further b0 = 0, c0 = 0. We summarize all

parameters describing each instance in Table O-2.

Instance nx α β
1 5 2 20
2 5 2 20
3 10 2 3
4 20 3 4
5 50 3 4
6 100 13 20

Table O-2 Problem (37) parameters for each instance. nx refers to the number of variables and α,β to the

constraint parameters.
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E. Value of constraint multiplications: examples

In this appendix, we demonstrate that the additional constraints obtained from multiplying part

of one cone inequality with part of the other cone inequality can outperform all other potential

constraints derived from different pairwise multiplications of parts of two out of the five basic cone

inequalities. In particular, for each case we have found an example demonstrating that incorporating

the resulting constraints leads to a strict improvement in the optimal objective value.

Remark O-1. In all convex relaxations discussed in the examples in this appendix we consider

the additional inequalities uii ≥ 0, where uii linearizes the product term x2
i for i∈ [nx].

Product with a power cone inequality

E.1. Case 3: (L) × (P)

The following example demonstrates that the additional constraints resulting from multiplying the

linear with the power cone inequality as discussed in Section 3.2 can outperform all other potential

constraints derived from different pairwise multiplications of parts of two out of the five basic cone

inequalities.

Example O-1. We consider the following example

min
x

x1x3 (O-14a)

s.t. x3 ≥ 5, (O-14b)

x0.5
1 x0.5

2 ≥ x1 +x2, (O-14c)

x1, x2 ≥ 0. (O-14d)

We obtain the following RPT relaxation

min
x,U

u13 (O-15a)

(O-14b)− (O-14d),

u33 − 10x3 +25≥ 0, (O-15b)

(u13 − 5x1)
0.5(u23 − 5x2)

0.5 ≥ u13 +u23 − 5x1 − 5x2, (O-15c)

ui3 − 5xi ≥ 0, i∈ [2], (O-15d)

u0.5
i1 u0.5

i2 ≥ ui1 +ui2, i∈ [2], (O-15e)

u0.5
11 u

0.5
22 ≥ u11 +2u12 +u22, (O-15f)

u11, u12, u22 ≥ 0, (O-15g)
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with optimal objective value 0.00. The most valuable additional constraints in this case are (O-15c),

(O-15d), which result from the multiplication of the linear inequality (O-14b) with the power cone

inequalities (O-14c) and (O-14d), as without these multiplications we get an optimal objective

value of −∞. □

We refer to Example 1 demonstrating that the additional constraints derived from the best refor-

mulation (Case 3(ii)) can outperform all other possible additional constraints.

E.2. Case 7: (Q) × (P)

In Table O-3 we give an overview of the constraint multiplications as discussed Section 3.3. More-

over, in this section we provide examples demonstrating that these additional constraints can

outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.

Case Constraints 1 Constraints 2 Example

7(i)

1. b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ m1∏

i=1

xα1i
i ≥

√√√√ nx∑
i=m1+1

x2
i O-2

2. b2 −a⊤
2 x≥ 0

m1∏
i=1

xα1i
i ≥

√√√√ nx∑
i=m1+1

x2
i O-3

3. b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ xi ≥ 0, i∈ [m] O-4

7(ii) Best reformulation 1

Table O-3 Overview of the constraint multiplications for Case 7 as discussed in Section 3.3.

Example O-2. Consider the following example

min
x

x3x4 (O-16a)

s.t. 3x1 ≥ ∥diag(a)x∥, (O-16b)

x0.5
1 x0.5

2 ≥ |x3|, (O-16c)

x1, x2 ≥ 0, (O-16d)

x1 exp(x1)≤ 5, (O-16e)

x1 exp(x2)≤ 5, (O-16f)
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where a= (1,0,0,1)⊤. We obtain the following RPT relaxation

min
x,U

u34 (O-17a)

s.t. (O-16b)− (O-16d),

x1 exp

(
u11

x1

)
≤ 5, (O-17b)

x1 exp

(
u12

x1

)
≤ 5, (O-17c)

9u11 ≥
∥∥diag(a)Udiag(a)⊤

∥∥
F
, (O-17d)

u0.5
11 u

0.5
12 ≥ |u13|, (O-17e)

u0.5
12 u

0.5
22 ≥ |u23|, (O-17f)

u0.5
11 u

0.5
22 ≥ |u33|, (O-17g)

3u1i ≥
∥∥diag(a)ui

∥∥, i∈ [2], (O-17h)

(3u11)
0.5(3u12)

0.5 ≥
∥∥diag(a)u3

∥∥, (O-17i)

u11, u12, u22 ≥ 0, (O-17j)

with optimal objective value −5.52. The most valuable additional constraint multiplication is

(O-17i), which results from the multiplication of the quadratic inequality (O-16b) with the power

cone inequality (O-16c). Without this constraint we get an optimal objective value of −∞.

□

Example O-3. Consider the following example

min
x

x3x4 (O-18a)

s.t. 3x3 ≥ ∥diag(a)x∥, (O-18b)

x0.5
1 x0.5

2 ≥ |x4|, (O-18c)

x1 exp(x3)≤ 5, (O-18d)

x2 exp(x3)≤ 5, (O-18e)

x1, x2 ≥ 0, (O-18f)

where a= (1,1,0,0)⊤. We obtain the following RPT relaxation

min
x,U

u34 (O-19a)

s.t. (O-18b)− (O-18c), (O-18f)

x1 exp

(
u13

x1

)
≤ 5, (O-19b)
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x2 exp

(
u23

x2

)
≤ 5, (O-19c)

3u33 ≥
∥∥diag(a)u3

∥∥, (O-19d)

9u33 ≥
∥∥diag(a)Udiag(a)⊤

∥∥
F
, (O-19e)

u0.5
1i u

0.5
2i ≥ |ui4|, i∈ [2], (O-19f)

u0.5
11 u

0.5
22 ≥ |u44|, (O-19g)∥∥diag(a)ui

∥∥≤ 3ui3, i∈ [2], (O-19h)

(3u13)
0.5(3u23)

0.5 ≥ |3u34|, (O-19i)

(3u13)
0.5(3u23)

0.5 ≥
∥∥diag(a)u4

∥∥, (O-19j)

u11, u12, u22 ≥ 0, (O-19k)

with optimal objective value -1.84. The most valuable constraint multiplication in this case is

(O-19i), which results from the multiplication of the LHS of the conic quadratic inequality (O-18b)

with the power cone inequality (O-18c). Without this constraint we would obtain an optimal

objective value of −∞. □

Example O-4. Consider the following example

min
x

x1x3 (O-20a)

s.t. x1 exp(x1)≤ 5, (O-20b)

x2 exp(x2)≤ 5, (O-20c)

3x2 ≥
∥∥diag(a)x∥∥, (O-20d)

x0.5
1 x0.5

2 ≥ 2x2, (O-20e)

x1, x2 ≥ 0, (O-20f)

where a= (0,1,1)⊤. We obtain the following RPT relaxation

min
x,U

u13 (O-21a)

s.t. (O-20d)− (O-20f)

x1 exp

(
u11

x1

)
≤ 5, (O-21b)

x2 exp

(
u22

x2

)
≤ 5, (O-21c)

3ui2 ≥
∥∥diag(a)ui

∥∥, i∈ [2], (O-21d)∥∥diag(a)Udiag(a)⊤
∥∥
F
≤ 9u22, (O-21e)

u0.5
i1 u0.5

i2 ≥ 2ui2, i∈ [2], (O-21f)
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u11, u12, u22 ≥ 0, (O-21g)

u0.5
11 u

0.5
22 ≥ 4u22, (O-21h)

(3u12)
0.5(3u22)

0.5 ≥
∥∥2diag(a)u2

∥∥, (O-21i)

with optimal objective value -1.30. The most valuable constraint multiplications in this case are

(O-21d), as without this constraint we would obtain an optimal objective value of −∞, and (O-21f)

& (O-21g), as without these constraints we would also obtain an optimal objective value of −∞.

(O-21d) results from the multiplication of the conic quadratic inequality (O-20d) with the nonneg-

ativity constraints of the power cone (O-20f). (O-21f) & (O-21g) result from the multiplications of

the nonnegativity constraints (O-20f) with the power cone inequalities (O-20d) and (O-20f). □

E.3. Case 10: (P) × (P)

In Table O-4 we give an overview of the constraints multiplications discussed in Section 3.4. More-

over, in this section we provide examples demonstrating that these additional constraints can

outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.

Case Constraints 1 Constraints 2 Example

10(i)

1.

m1∏
i=1

xα1i
i ≥

√√√√ nx∑
i=m1+1

x2
i

m2∏
j=1

x
α2j

σ(j) ≥

√√√√ nx∑
j=m2+1

x2
σ(j) O-5

2. xi ≥ 0, i∈ [m1]


m2∏
j=1

x
α2j

σ(j) ≥

√√√√ nx∑
j=m2+1

x2
σ(j)

xσ(j) ≥ 0, j ∈ [m2],

O-6 / O-7 / O-8

3.


m1∏
i=1

xα1i
i ≥

√√√√ nx∑
i=m1+1

x2
i

xi ≥ 0, i∈ [m1]

xσ(j) ≥ 0, j ∈ [m2] O-6 / O-7 / O-8

10(ii) Best reformulation 1

Table O-4 Overview of the constraint multiplications for Case 10 as discussed in Section 3.4.
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Example O-5. Consider the following example

min
x

x1 exp(x1) (O-22a)

s.t. x1x1 ≥ 10, (O-22b)

x2x2 ≥ 5, (O-22c)

x3x3 ≥ 10, (O-22d)

x2 exp(x1)≤ 25, (O-22e)

x0.5
1 x0.5

2 ≥ x3, (O-22f)

x1, x2 ≥ 0, (O-22g)

x3 ≥ 0. (O-22h)

We obtain the following RPT relaxation

min
x,U

x1 exp

(
u11

x1

)
(O-23a)

s.t. u11 ≥ 10, (O-23b)

u22 ≥ 5, (O-23c)

u33 ≥ 10, (O-23d)

x2 exp

(
u22

x2

)
≤ 25, (O-23e)

(O-22f)− (O-22h)

u0.5
i1 u0.5

i2 ≥ ui3, i∈ [2], (O-23f)

u0.5
11 u

0.5
22 ≥ u33, (O-23g)

u0.5
13 u

0.5
23 ≥ u33, (O-23h)

u11, u12, u22 ≥ 0, (O-23i)

u13, u23 ≥ 0, (O-23j)

u33 ≥ 0, (O-23k)

with optimal objective value 29.56.

The most valuable constraint multiplication is (O-23g), resulting from the multiplication of the

power cone inequality (O-22f) with itself. Without this constraint we would obtain an optimal

objective value of 27.18. □

Example O-6. Consider the following example

min
x

x1x3 (O-24a)
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s.t. x1x2 ≥ 1, (O-24b)

x2x3 ≥ 1, (O-24c)

x3x3 ≥ 5, (O-24d)

x0.5
1 x0.5

2 ≥ x3, (O-24e)

x1, x2 ≥ 0, (O-24f)

x3 ≥ exp(x2). (O-24g)

We obtain the following RPT relaxation

min
x,U

u13 (O-25a)

s.t. u12 ≥ 1, (O-25b)

u23 ≥ 1, (O-25c)

u33 ≥ 5, (O-25d)

(O-24e)− (O-24g),

u11, u22, u12 ≥ 0, (O-25e)

u0.5
i1 u0.5

i2 ≥ ui3, i∈ [2], (O-25f)

u0.5
11 u

0.5
22 ≥ u33, (O-25g)

u33 ≥ x3 exp

(
u23

x3

)
, (O-25h)

u33 ≥ exp(2x2), (O-25i)

xi exp

(
ui2

xi

)
≤ ui3, i∈ [2], (O-25j)

u0.5
13 u

0.5
23 ≥ u33, (O-25k)

with optimal objective value 13.65.

The most valuable additional constraints in this case are (O-25e) - (O-25f), (O-25j), and (O-25k).

Without these constraints we would obtain an optimal objective value of 13.59, 13.59, and 9.07

respectively. (O-25e) - (O-25f) result from the multiplication of the nonnegativity constraints

(O-24f) of the power cone inequality with themselves and the power cone inequality (O-24e).

(O-25j) results from the multiplication of the nonnegativity constraints (O-24f) of the power cone

inequality with the exponential cone inequality (O-24g). (O-25k) results from the multiplication of

the power cone inequality (O-24e) with the LHS of the exponential cone inequality (O-24g). □

Example O-7. Consider the following example

min
x

x3x4 (O-26a)
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s.t. x0.5
1 x0.5

2 ≥ ∥diag(a)x∥, (O-26b)

x1, x2 ≥ 0, (O-26c)

x2 +x3 ≥ exp(x1 +x2), (O-26d)

(x1 +x2) exp(xi)≤ 5, i∈ [4]. (O-26e)

where a= (0,1,0,1)⊤. We obtain the following RPT relaxation

min
x,U

u34 (O-27a)

s.t. (O-26b)− (O-26d),

(x1 +x2) exp

(
u1i +u2i

x1 +x2

)
≤ 5, i∈ [4], (O-27b)

u0.5
1i u

0.5
2i ≥

∥∥diag(a)ui

∥∥, i∈ [2], (O-27c)

u11, u12, u22 ≥ 0, (O-27d)

u0.5
11 u

0.5
22 ≥

∥∥diag(a)Udiag(a)⊤
∥∥
F
, (O-27e)

u22 +2u23 +u33 ≥ (x2 +x3) exp

(
u12 +u22 +u13 +u23

x2 +x3

)
, (O-27f)

u22 +2u23 +u33 ≥ exp(2x1 +2x2), (O-27g)

ui2 +ui3 ≥ xi exp

(
u1i +u2i

xi

)
, i∈ [2], (O-27h)

(u12 +u13)
0.5(u22 +u23)

0.5 ≥
∥∥diag(a)(u2 +u3)

∥∥, (O-27i)

x3 ≥ x1 +1+ y, (O-27j)

1+ y≥
∥∥(√2(x1 +x2), 1− y

)∥∥, (O-27k)

(u13 −u11 −x1 − z1)
0.5(u23 −u12 −x2 − z2)

0.5 ≥
∥∥diag(a)(u3 −u1 −x−z)

∥∥, (O-27l)

(x1 + z1)
0.5(x2 + z2)

0.5 ≥
∥∥diag(a) (x+z)

∥∥, (O-27m)

(x1 + z1)
0.5(x2 + z2)

0.5 ≥
∥∥(√2(u12 +u22)

√
2(u14 +u24)

x2 − z2 x4 − z4

)∥∥, (O-27n)

u23 +u33 −u12 −u13 −x2 −x3 − z2 − z3 ≥

(x3 −x1 − 1− y) exp

(
u13 +u23 −u11 −u12 −x1 −x2 − z1 − z2

x3 −x1 − 1− y

)
, (O-27o)

x2 +x3 + z2 + z3 ≥ (1+ y) exp

(
x1 +x2 + z1 + z2

1+ y

)
, (O-27p)

with optimal objective value -0.65.

The most valuable additional constraints in this case are (O-27c)-(O-27d) and (O-27l)-(O-27n).

Without these constraints we would obtain an optimal objective value of −0.79 and −0.76 respec-

tively. (O-27c)-(O-27d) result from the multiplication of the nonnegativity constraints (O-26c) of

the power cone with the power cone inequalities (O-26b) and (O-26c). (O-27l)-(O-27n) result from

the multiplication of the additional inequalities (O-27j) and (O-27k) with the power cone inequality

(O-26b). □
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Example O-8. Consider the following example

min
x

x3x4 (O-28a)

s.t. x0.5
1 x0.5

2 ≥ |x3|, (O-28b)

x1, x2 ≥ 0. (O-28c)

x2 ≥ exp(−x4), (O-28d)

x2 exp(x1)≤ 5, (O-28e)

x2 exp(x2)≤ 10, (O-28f)

x1 exp(x4)≤ 10, (O-28g)

x2 exp(x4)≤ 10, (O-28h)

We obtain the following RPT relaxation

min
x,U

u34 (O-29a)

s.t. (O-28b)− (O-28d)

x2 exp

(
u12

x2

)
≤ 5, (O-29b)

x2 exp

(
u22

x2

)
≤ 10, (O-29c)

x1 exp

(
u14

x1

)
≤ 10, (O-29d)

x2 exp

(
u24

x2

)
≤ 10, (O-29e)

u0.5
1i u

0.5
2i ≥ |ui3|, i∈ [2], (O-29f)

u11, u12, u22 ≥ 0, (O-29g)

u0.5
11 u

0.5
22 ≥ |u33|, (O-29h)

u22 ≥ exp(−2x4), (O-29i)

ui2 ≥ xi exp

(
−ui4

xi

)
, i∈ [2], (O-29j)

x2 ≥−x4 +1, (O-29k)

(u12 +u14 −x1)
0.5(u22 +u24 −x2)

0.5 ≥ |u23 +u34 −x3|, (O-29l)

u22 +u24 −x2 ≥ (x2 +x4 − 1) exp

(
−u24 −u44 +x4

x2 +x4 − 1

)
, (O-29m)

with optimal objective value -8.43.

The most valuable additional constraints in this case are (O-29f) - (O-29g), and (O-29l). Without

these constraints we would obtain an optimal objective value of −∞ in both cases. (O-29f) -

(O-29g) result from the multiplication of the nonnegativity constraints (O-28c) with the power cone
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inequalities (O-28b) and (O-28c). (O-29l) results from the multiplication of inequality (O-29k),

resulting from the decomposition of the exponential cone, with the power cone inequality (O-28b).

hoi hoi hoi hoih ohi □

Product with an exponential cone inequality

E.4. Case 4: (L) × (E)

Example O-9 demonstrates that the additional constraints obtained from multiplying the linear

inequality with the exponential cone inequality as discussed in Section 4.2 can outperform all other

potential constraints derived from different pairwise multiplications of parts of two out of the five

basic cone inequalities.

Example O-9. Consider the following example

min
x

x1x3 (O-30a)

s.t. x2 exp(x1)≤ 5, (O-30b)

x1 ≥ 4, (O-30c)

x2 ≥ exp(−x3). (O-30d)

We obtain the following RPT relaxation

min
x,U

u13 (O-31a)

s.t. x2 exp

(
u12

x2

)
≤ 5, (O-31b)

(O-30c)− (O-30d),

u11 − 8x1 +16≥ 0, (O-31c)

u22 ≥ exp (−2x3) , (O-31d)

u22 ≥ x2 exp

(
−u23

x2

)
, (O-31e)

u12 − 4x2 ≥ (x1 − 4) exp

(
−u13 +4x3

x1 − 4

)
, (O-31f)

with optimal objective value 9.56. The most valuable additional constraint in this case is (O-30d),

resulting from the multiplication of the linear inequality (O-30c) with the exponential cone inequal-

ity (O-30d). Without this constraint we would obtain an optimal objective value of −∞.

□
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Case Constraints 1 Constraints 2 Example

8(i)

1. b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ x2 ≥ 0 O-10

2. b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ x1 ≥ 0 O-11

3. b2 −a⊤
2 x≥ 0 x1 ≥ x2 exp

(
x3

x2

)
O-12

8(ii) b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ x1 ≥ x2 +x3 O-13

8(iii) b2 −a⊤
2 x≥

∥∥Dx+p
∥∥ {

x1 ≥ x2 +x3 + y∥∥(√2x3, x2 − y)
∥∥
2
≤ x2 + y

O-12

Table O-5 Overview of the constraint multiplications for Case 8 as discussed in Section 4.3.

E.5. Case 8: (Q) × (E)

In Table O-5 we give an overview of the constraint multiplications discussed in Section 4.3. More-

over, in this section we provide examples demonstrating the value of each proposed multiplication.

Example O-10. Consider the following example

min
x

x1x3 (O-32a)

s.t. 3x2 ≥ ∥diag(a)x∥ , (O-32b)

x3 exp

(
−x2

x3

)
≤ 5, (O-32c)

x3 ≥ 0, (O-32d)

x3 exp(x2)≤ 10, (O-32e)

where a= (1,1,0)⊤. We obtain the following RPT relaxation

min
x,U

u13 (O-33a)

s.t. (O-32b)− (O-32d), (O-33b)

x3 exp

(
u23

x3

)
≤ 10, (O-33c)

9u22 ≥ ∥3diag(a)u2∥ , (O-33d)

9u22 ≥
∥∥diag(a)Udiag(a)⊤

∥∥
F
, (O-33e)

u33 exp

(
−2u23

u33

)
≤ 25, (O-33f)

u33 exp

(
−u23

u33

)
≤ 5x3, (O-33g)
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3u23 ≥ ∥diag(a)u3∥ , (O-33h)

u23 exp

(
−u22

u23

)
≤ 5x2, (O-33i)

u33 ≥ 0, (O-33j)

with optimal objective value -10.41.

The most valuable additional constraint in this case is (O-33h), resulting from the multiplica-

tion of the conic quadratic inequality (O-32b) with the nonnegativity constraint (O-32d) of the

exponential cone inequality. Without this constraint we would obtain an optimal objective value

of −∞. □

Example O-11. Consider the following example

min
x

x1x3 (O-34a)

s.t. 3x1 ≥ ∥diag(a)x∥ , (O-34b)

x3 ≥ exp(x1), (O-34c)

x2x3 ≥ 3, (O-34d)

where a= (1,1,0)⊤. We obtain the following RPT relaxation

min
x,U

u13 (O-35a)

s.t. (O-34b)− (O-34c) (O-35b)

u23 ≥ 3, (O-35c)

9u11 ≥ ∥3diag(a)u1∥ , (O-35d)

9u11 ≥
∥∥diag(a)Udiag(a)⊤

∥∥
F
, (O-35e)

u33 ≥ exp(2x1), (O-35f)

u33 ≥ x3 exp

(
u13

x3

)
, (O-35g)

3u13 ≥ ∥diag(a)u3∥ , (O-35h)

u13 ≥ x1 exp

(
u11

x1

)
, (O-35i)

with objective value 1.06. observe that The most valuable additional constraint in this case is

(O-35h), which results from the multiplication of the conic quadratic inequality (O-34b) with

the LHS of the exponential cone inequality (O-34c). Without this constraint we would obtain an

optimal objective value of 0.00. djioij iope ioj dklj □
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Example O-12. Consider the following example

min
x

x3x4 (O-36a)

s.t. x1 +x2 ≥ ∥diag(a)x∥, (O-36b)

x2 +x3 ≥ exp(x1 +x2), (O-36c)

(x1 +x2) exp(xi)≤ 5, i∈ [4]. (O-36d)

where a= (0,1,0,1)⊤. We obtain the following RPT relaxation

min
x,U

u34 (O-37a)

s.t. (O-36b)− (O-36c),

(x1 +x2) exp

(
u1i +u2i

x1 +x2

)
≤ 5, i∈ [4], (O-37b)∥∥diag(a)(u1 +u2)

∥∥≤ u11 +2u12 +u22, (O-37c)∥∥diag(a)Udiag(a)⊤
∥∥
F
≤ u11 +2u12 +u22, (O-37d)∥∥diag(a)(u2 +u3)

∥∥≤ u12 +u22 +u13 +u23, (O-37e)

(x2 +x3) exp

(
u12 +u22 +u13 +u23

x2 +x3

)
≤ u22 +2u23 +u33, (O-37f)

exp(2x1 +2x2)≤ u22 +2u23 +u33, (O-37g)

(x1 +x2) exp

(
u11 +2u12 +u22

x1 +x2

)
≤ u12 +u22 +u13 +u23, (O-37h)

x3 ≥ x1 +1+ y, (O-37i)∥∥(√2(x1 +x2), 1− y
)∥∥≤ 1+ y, (O-37j)∥∥diag(a) (u3 −u1 −x−z)

∥∥≤ u13 +u23 −u11 −u12 −x1 −x2 − z1 − z2, (O-37k)∥∥(√2(u11 +2u12 +u22), x1 +x2 − z1 − z2

)∥∥≤ x1 +x2 + z1 + z2, (O-37l)∥∥diag(a) (x+z)
∥∥≤ x1 +x2 + z1 + z2, (O-37m)∥∥(√2(u12 +u22)
√
2(u14 +u24)

x2 − z2 x4 − z4

)∥∥≤ x1 +x2 + z1 + z2, (O-37n)

(x3 −x1 − 1− y) exp

(
u13 +u23 −u11 −u12 −x1 −x2 − z1 − z2

x3 −x1 − 1− y

)
≤ u23 +u33 −u12 −u13 −x2 −x3 − z2 − z3, (O-37o)

(1+ y) exp

(
x1 +x2 + z1 + z2

1+ y

)
≤ x2 +x3 + z2 + z3, (O-37p)

with optimal objective value -2.52.

Some of the most valuable additional constraints in this case are (O-37h) and (O-37k)-(O-37n).

Without these constraints the optimal objective value would be −2.58 and −2.90 respectively.

(O-37h) results from the multiplication of the exponential cone inequality (O-36c) with the LHS of
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the quadratic inequality (O-36b). (O-37k)-(O-37n) result from the multiplication of the inequalities

(O-29i) and (O-29j), resulting from the multiplication of the decomposition of the exponential cone,

with the conic quadratic inequality (O-36b). □

Example O-13. Consider the following example

min
x

x1x3 (O-38a)

s.t. x2 exp(xi)≤ 5, i∈ [3], (O-38b)

2x2 ≥
∥∥diag(a)x∥∥, (O-38c)

x2 ≥ exp(−x3). (O-38d)

We obtain the following RPT relaxation

min
x,U

u13 (O-39a)

s.t. x2 exp

(
ui2

x2

)
≤ 5, i∈ [3], (O-39b)

(O-38c)− (O-38d),

2u22 ≥
∥∥diag(a)u2

∥∥, (O-39c)

4u22 ≥
∥∥diag(a)Udiag(a)⊤

∥∥
F
, (O-39d)

x2 exp

(
−u23

x2

)
≤ u22, (O-39e)

exp(−2x3)≤ u22, (O-39f)

x2 ≥ 1−x3, (O-39g)

2u22 − 2x2 +2u23 ≥
∥∥diag(a) (u2 −x+u3)

∥∥, (O-39h)

(x2 − 1+x3) exp

(
−u23 +x3 −u33

x2 − 1+x3

)
≤ u22 −x2 +u23, (O-39i)

with optimal objective value -8.21.

The most valuable additional constraint in this case is (O-39h), resulting from the multiplication

of the conic quadratic inequality (O-38c) with the additional inequality (O-39g) resulting from

the decomposition of the exponential cone inequality. Without this constraint we would obtain an

optimal objective value of −∞. hoi hoi hoi □

E.6. Case 11: (P) × (E)

In Table O-6 we give an overview of the constraint multiplications discussed in Section 4.4. More-

over, in this section we provide examples demonstrating that these additional constraints can

outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.



Bertsimas et al.: Cone Product Reformulation for Global Optimization
29

Case Constraints 1 Constraints 2 Example

11(i)

1. x1, · · · , xm ≥ 0

x1 ≥ x2 exp

(
x3

x2

)
x2 ≥ 0

O-6

2.
m∏
i=1

xαi
i ≥

√√√√ nx∑
i=m+1

x2
i x2 ≥ 0 O-14

3.
m∏
i=1

xαi
i ≥

√√√√ nx∑
i=m+1

x2
i x1 ≥ 0 O-6

11(ii)
1.

m∏
i=1

xαi
i ≥

√√√√ nx∑
i=m+1

x2
i x1 ≥ x2 +x3 O-8

2. x1, · · · , xm ≥ 0 x1 ≥ x2 +x3 Redundant by Lemma 1

11(iii)

1.
m∏
i=1

xαi
i ≥

√√√√ nx∑
i=m+1

x2
i

{
x1 ≥ x2 +x3 + y∥∥(√2x3, x2 − y)

∥∥
2
≤ x2 + y

O-7

2. x1, · · · , xm ≥ 0

{
x1 ≥ x2 +x3 + y∥∥(√2x3, x2 − y)

∥∥
2
≤ x2 + y

Redundant by Lemma 1

Table O-6 Overview of the constraint multiplications for Case 11 as discussed in Section 4.4.

Example O-14. Consider the following example

min
x

x1x3 (O-40a)

s.t. x1x2 ≥ 1, (O-40b)

x2x3 ≥ 1, (O-40c)

x0.5
1 x0.5

2 ≥ x3, (O-40d)

5≥ x3 exp

(
x2

x3

)
, (O-40e)

x1, x2 ≥ 0, (O-40f)

x3 ≥ 0. (O-40g)
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We obtain the following RPT relaxation

min
x,U

u13 (O-41a)

s.t. u12 ≥ 1, (O-41b)

u23 ≥ 1, (O-41c)

(O-40d)− (O-40g),

u0.5
i1 u0.5

i2 ≥ ui3, i∈ [2], (O-41d)

u11, u12, u22 ≥ 0, (O-41e)

u0.5
11 u

0.5
22 ≥ u33, (O-41f)

5x3 ≥ u33 exp

(
u23

u33

)
, (O-41g)

25≥ u33 exp

(
2u23

u33

)
, (O-41h)

5xi ≥ ui3 exp

(
ui2

ui3

)
, i∈ [2], (O-41i)

u13, u23 ≥ 0, (O-41j)

u0.5
13 u

0.5
23 ≥ u33, (O-41k)

u33 ≥ 0, (O-41l)

with optimal objective value 0.27.

The most valuable additional constraints in this case are (O-41h), (O-41i) and (O-41j). Without

these constraints we would obtain an optimal objective of 0.05 and 0.05 respectively. (O-41h) results

from the multiplication of the exponential inequality (O-41g) with itself. (O-41i) and (O-41j) result

from the multiplication of the power cone inequalities (O-40d) and (O-40f) with the nonnegativity

constraint (O-40g) of the exponential cone inequality. □

E.7. Case 13: (E) × (E)

In Table O-7 we give an overview of the constraint multiplications as discussed in Section 4.5.

Moreover, in this section we provide examples demonstrating that these additional constraints can

outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.
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Case hoii Constraints 1 hoii Constraints 2 Example

13(i)

1. x1 ≥ x2 exp

(
x3

x2

)
x4 ≥ x5 exp

(
x6

x5

)
O-14

2. x1 ≥ x2 exp

(
x3

x2

)
x4 ≥ 0 O-15

3.

 x1 ≥ x2 exp

(
x3

x2

)
x2 ≥ 0

x5 ≥ 0 O-16

4. x1 ≥ 0 x4 ≥ x5 exp

(
x6

x5

)
O-15

5. x2 ≥ 0

 x4 ≥ x5 exp

(
x6

x5

)
x5 ≥ 0

O-16

13(ii)

1. x1 ≥ x2 +x3

 x4 ≥ x5 exp

(
x6

x5

)
x5 ≥ 0

O-17

2. x1 ≥ x2 +x3 x4 ≥ x5 +x6 Redundant by Lemma 1

3.

 x1 ≥ x2 exp

(
x3

x2

)
x2 ≥ 0

x4 ≥ x5 +x6 O-17

13(iii)

1.

{
x1 ≥ x2 +x3 + y1∥∥(√2x3, x2 − y1)

∥∥
2
≤ x2 + y1

x4 ≥ x5 exp
(

x6
x5

)
O-18

2.

{
x1 ≥ x2 +x3 + y1∥∥(√2x3, x2 − y1)

∥∥
2
≤ x2 + y1

x5 ≥ 0 Redundant by Lemma 1

3.

{
x1 ≥ x2 +x3 + y1∥∥(√2x3, x2 − y1)

∥∥
2
≤ x2 + y1

{
x4 ≥ x5 +x6 + y2∥∥(√2x6, x5 − y2)

∥∥
2
≤ x5 + y2

Redundant by Lemma 1

4. x1 ≥ x2 exp
(

x3
x2

) {
x4 ≥ x5 +x6 + y2∥∥(√2x6, x5 − y2)

∥∥
2
≤ x5 + y2

O-18

5. x2 ≥ 0

{
x4 ≥ x5 +x6 + y2∥∥(√2x6, x5 − y2)

∥∥
2
≤ x5 + y2

Redundant by Lemma 1

13(iv)

1. x1 ≥ x2 +x3

 x4 ≥ x5 exp

(
x6

x5

)
x5 ≥ 0

O-17

2. x1 ≥ x2 +x3

{
x4 ≥ x5 +x6 + y∥∥(√2x6, x5 − y)

∥∥
2
≤ x5 + y

Redundant by Lemma 1

3. x1 ≥ x2 exp
(

x3
x2

) {
x4 ≥ x5 +x6 + y∥∥(√2x6, x5 − y)

∥∥
2
≤ x5 + y

O-18

4. x2 ≥ 0

{
x4 ≥ x5 +x6 + y∥∥(√2x6, x5 − y)

∥∥
2
≤ x5 + y

Redundant by Lemma 1

Table O-7 Overview of the constraint multiplications for Case 13 as discussed in Section 4.5.
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Example O-15. Consider the following example

min
x

x1x2 (O-42a)

s.t. x1x3 ≥ 5, (O-42b)

x1 ≥ exp(x3), (O-42c)

x2 ≥ exp(x3). (O-42d)

We obtain the following RPT relaxation

min
x,U

u12 (O-43a)

s.t. u13 ≥ 5, (O-43b)

(O-42c)− (O-42d),

u11 ≥ x1 exp

(
u13

x1

)
, (O-43c)

u12 ≥ x2 exp

(
u23

x2

)
, (O-43d)

u12 ≥ x1 exp

(
u13

x1

)
, (O-43e)

u22 ≥ x2 exp

(
u23

x2

)
, (O-43f)

u11 ≥ exp (2x3) , (O-43g)

u22 ≥ exp (2x3) , (O-43h)

u12 ≥ exp (2x3) , (O-43i)

with optimal objective value 2.72. The most valuable additional constraints in this case are (O-43c) -

(O-43f), resulting from the multiplication of the LHS of inequality (O-42c) with itself and inequality

(O-42d) and the multiplication of the LHS of inequality (O-42d) with itself and inequality (O-42c).

Without these constraints we would obtain an optimal objective value of 0.00. □

Example O-16. Consider the following example

min
x

x1x3 (O-44a)

s.t. x1x2 ≥ 1, (O-44b)

x3 ≥ x1 exp

(
x2

x1

)
, (O-44c)

x1 ≥ 0. (O-44d)
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We obtain the following RPT relaxation

min
x,U

u13 (O-45a)

s.t. u12 ≥ 1, (O-45b)

(O-44c)− (O-44d),

u33 ≥ u13 exp

(
u23

u13

)
, (O-45c)

u33 ≥ u11 exp

(
2u12

u11

)
, (O-45d)

u13 ≥ u11 exp

(
u12

u11

)
, (O-45e)

u11 ≥ 0, (O-45f)

with optimal objective value 2.72.

The most valuable additional constraints in this case are (O-45e) & (O-45f), which result from

the multiplication of the nonnegativity constraint (O-44d) of the exponential cone inequality with

the exponential cone inequalities (O-44c) and (O-44d). Without these constraints we would obtain

an optimal objective value of 0.00. □

Example O-17. We consider the group of constraints resulting from the following multiplications

of constraints from numerical experiment 6.1:
(zj +xj + a− 1) exp (−xi − a) ≤ zi (zj +xj + a− 1) ,
(zj +xj + a− 1) exp (xi) ≤ ti (zj +xj + a− 1) ,
(tj −xj − 1) exp (−xi − a) ≤ zi (tj −xj − 1) ,
(tj −xj − 1) exp (xi) ≤ ti (tj −xj − 1)

 , (O-46)

which consists of all multiplications of a linear inequality derived from the decomposition of one of

the exponential cones with all other exponential cones. We list the values obtained when includ-

ing/excluding this group of constraints in Table O-8 for Instances 1 and 2.

Constraint Multiplication Without With
Instance 1 E × E -119.98 -102
Instance 2 E × E -191.27 -175.82

Table O-8 Comparison of the optimal values for Problem (38), with and without each of the proposed groups of

constraint multiplications, for Instance 1.

□
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Example O-18. Consider the following example

min
x

x1x3 (O-47a)

x1 ≥ x3, (O-47b)

x2 +x3 ≥ exp(x2), (O-47c)

x2 ≥ 0. (O-47d)

We obtain the following RPT relaxation

min
x,U

u13 (O-48a)

s.t. (O-47b)− (O-47d)

u12 ≥ u23, (O-48b)

u11 − 2u13 +u33 ≥ 0, (O-48c)

u22 +u23 ≥ x2 exp

(
u22

x2

)
, (O-48d)

u22 +2u23 +u33 ≥ exp(2x2), (O-48e)

u22 +2u23 +u33 ≥ (x2 +x3) exp

(
u22 +u23

x2 +x3

)
, (O-48f)

u12 −u23 +u13 −u33 ≥ (x1 −x3) exp

(
u12 −u23

x1 −x3

)
, (O-48g)

x3 ≥ 1+ y, (O-48h)∥∥(√2x2,1− y
)∥∥≤ 1+ y, (O-48i)

u23 +u33 −x2 −x3 − z2 − z3 ≥ (x3 − 1− y) exp

(
u23 −x2 − z2
x3 − 1− y

)
, (O-48j)

x2 +x3 + z2 + z3 ≥ (1+ y) exp

(
x2 + z2
1+ y

)
, (O-48k)

with optimal objective value 1.00.

The most valuable additional constraints in this case are (O-48j) & (O-48k), which result from

the multiplication of the inequalities (O-48h) and (O-48i) resulting from the decomposition of the

exponential cone with the exponential cone inequality (O-47c). Without these constraints we would

obtain an optimal objective value of 0.61. □
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