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The online supplement of this paper contains five sections. Section [A] provides all multiplications
of cone inequalities from Table 1 that are from the literature. In Section B, we describe the number
of additional inequalities one would obtain when applying full RPT, i.e., the total additional conic
inequalities resulting from the multiplication of all pairwise multiplications of the constraints in
the two cones, including multiplications of all inequalities in the same cone. Section C presents
the full formulations obtained when multiplying all constraints in the optimization problems used
in the numerical experiments. Section D describes the problem instances used for the numerical
experiment in Section 6.1. Finally, Section E provides, for each case studied, an example showing
that incorporating the resulting constraints lead to a strict improvement in the optimal objective

value.

A. Multiplication of cone inequalities from the literature

In this appendix, we provide all multiplications of cone inequalities from Table 1 that are from the

literature.
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A.1. Case 1 in Table 1: (L) x (L)

Consider two linear inequalities
bl—alTxZO and bz—a;azzo.

Multiplying the two linear inequalities yields 1 additional linear inequality (Sherali and Alamed-
dine [1992):

(b —a;z)(by—a,x) >0 < biby —ba, x —ba x+a xx a, >0

= b1by — bla;m — bgalT:c + alTUag >0.

A.2. Case 2 in Table 1: (L) x (Q)

Consider one linear inequality and one conic quadratic inequality
b, —alTa: >0 and by —a;x > “Dw+d‘|.

Multiplying the linear inequality with both sides of the conic quadratic inequality yields 1 addi-

tional conic quadratic inequality (Sturm and Zhang (2003)) :

(b1 —aj z)||Dz+d| < (b1 — a) z) (b, — a, =)
= H(bl - alT:L')(Da:ﬁLd)H <(by—a; z)(by—a,x)

— Hlea: +bd—DUa,; — alTa:dH <bby— bla;m — bzalTac + alTUa2.

A.3. Case 5 in Table 1: (L) x (S)

Consider one linear inequality and one LMI respectively
bi—ajz>0 and A(z)>0.
We apply RPT to the multiplication of these inequalities, and obtain 1 additional LMI:

(b —a]x)A(x) =0
— (b — achc)Ao + (b — alTa:)Alwl + (b — alTa:)Anxxnx =0

— (bl — aIiIZ)AO + (511’1 — alTul)Al + 4 (blxnz — aIUnZ)Anz i 0.
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A.4. Case 6 in Table 1: (Q) x (Q)
Consider two conic quadratic inequalities
by —a x> HD1CI3 +p1H and by, —a, x> HDQ:E +p2H. (O-1)

We multiply the LHS of the first conic quadratic inequality with both sides of the second conic
quadratic inequality and the LHS of the second conic quadratic inequality with both sides of the
first conic quadratic inequality to obtain 2 additional conic quadratic inequalities, see Appendix
Moreover, we multiply the LHSs and RHSs of the conic quadratic inequalities with each other

and obtain 1 additional conic quadratic inequality:

(by —a x)(by —a, x) > HDlsc +p1|| HDgsc +p2|| (0-2)
= bb—bajz—baz+azx a>|[(Diz+p)(Dyx+ps)' ||, (0-3)
(0-4)

=  biby — bla;a: — bgalTac + alTUaQ > HDlUDQT +pix' DT + Dacp2T +p1p;rHF.

This is Case 6(i) in Table 1.
In the literature also two LMIs are proposed. First observe that the two conic quadratic inequal-

ities (O-1)) can be written as

e bh—ajz (Dixz+p,)’
bi—aj x> |Diz+p| = [D1$_|_p1 (by —a]x)I =0

and
by—a,x (Dyx+py)T"

> 0.
D,z + p, (bg—a;w)l} =0

bg—a;wz HDQa:—l-sz <— [

We now assume that, without loss of generality, the matrices D; and D, are of the same size.
Indeed, suppose that D; has less rows than D,, then we can extend matrix D, by zero rows or by
copying scaled versions of some of the original rows. Using the fact that the Kronecker product of
two positive semidefinite matrices is also positive semidefinite (Horn and Johnson!||1991, Theorem

4.2.12) and linearizing each element of the product, we obtain

bi—alz (Diz+p:)’ 2 by—ayx (Dyx+ps)’ 0
Dix+p, (by—ax)I Dyx+p;, (by—ajx)I |~
fay" &m{ 6 n/]
~y ol 1 011 7, 0.1
o n avy’
— 7’1 61[ ’Y OZI t O7
o, m} ay’
(7 0,1 v al |
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where

o = b1b2 — bga;rm — bla;raj + CLIUCLQ
v =b(Dex+ ps) — (aiw)Pz —DyUa,
51’ = bg(leliB) +p11(b2 — a;w) — leanl, 7 € [T]
;= (lech +p1)p2 +p1iDox + DUdy;, i€ r]
and dy; and do; denote the i-th row of D; and Dy, respectively. This is Case 6(ii) in Table 1.

Another LMI is proposed by Jiang and Li (2019), using the Hadamard product instead of the
Kronecker product. It follows for the Hadamard product that

by—a/x (Dixz+p;)" o bo—a,x (Dyx+ps)" “0
Dix+p, (by—ax)I Dyx+py, (by—a,x)I |~
which implies
a B’
|:,6 CkI:| t 07 (0_5)
where
o = blbg — bgalTa: — bla;rilf + QIU(IQ (0-6)
Bi = dy;Udy; + prip2i + p2idiix + pridsx, i€ [r] (O-7)

and d; and ds; is the i-th row of D; and D,, respectively. Notice that the matrix in the LHS of
(O-5) has an arrow structure, and hence LMI (O-5]) is equivalent to the following conic quadratic

inequality:
18]z < o (0-8)

It can easily be verified that is a weaker inequality than (O-4)). This is Case 6(iii) in Table 1.

A.5. Case 9 in Table 1: (Q) x (S)

Consider one conic quadratic inequality and one LMI
b,—a,x>|Dx+p| and A(z)=0. (0-9)

First observe that the conic quadratic inequality can be formulated as an LMI (Anstreicher [2017):

bo—ayx (Dz+p)' |

by—aje>||Detpl| <= | 20 0 e |
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We now multiply these inequalities. Using the fact that the Kronecker product of two positive
semidefinite matrices is also positive semidefinite (Horn and Johnson||1991, Theorem 4.2.12), we

obtain 1 additional LMI:

by—a,x (Dx+p)’

(b:—ajx— ||Dz+pl||) A(x) =0 = Da+p (bs—alz) ® A(z) =0
(b —ay z)A(z) (diz+p1)A(z) - (dz+p,)A(T)
(diz+p1)A(z) (b —a;z)A(z)
— . =0
(d x +p,)A(z) (b, —a; @) A()
A(bsx —Uas) A(px+Ud,) --- A(p,x+Ud,)
A(plm + Udl) A(me — Ua2)
. =0, (0-10)

A(p,x+Ud,) A(bsx —Uas,)
where d; is the i-th row of D. We could also directly multiply the LHS of the conic quadratic
inequality with the LMI and obtain 1 additional LMI:

Albsz — Uay) = 0,
which is also implied by (O-10].

A.6. Case 12 in Table 1: (P) x (S)

Consider one power cone inequality and one LMI

xl?“‘

We multiply the nonnegativity constraints of the power cone with the LMI and obtain m additional

LMIs:
zAlx) -0 =  A(u;) =0, i€ [m].

A.7. Case 15 in Table 1: (S) x (S)

Consider two LMIs

If A(x) and B(x) are of different sizes, it follows from (Horn and Johnson (1991 Theorem 4.2.12)
that the Kronecker product of A(x) and B(x) is positive semidefinite, that is A(x) ® B(x) = 0.

Notice that each element in the Kronecker product is the multiplication of two affine functions of
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x. After linearizing the quadratic terms in A(x) ® B(x) with the matrix C(x,U), which is linear
in both & and U, we obtain Case 15(i) of Table 1. If A(x) and B(x) are of the same size, it follows
from the Schur Product Theorem (Schur| 1911, Horn and Johnson! 1991, Theorem 5.2.1) that the
Hadamard product of A(x) and B(x) is positive semidefinite, that is A(x)o B(x) > 0. Notice that
each element in the Hadamard product is the multiplication of two affine functions of x. After
linearizing the quadratic terms in A(x) o B(x) with the matrix D(x,U), which is linear in both
x and U, we obtain Case 15(ii) of Table 1.

B. Full RPT

In this appendix, we describe the number of additional inequalities one would obtain when applying
full RPT, i.e., the total additional conic inequalities resulting from the multiplication of all pairwise
multiplications of the constraints in the two cones, including multiplications of all inequalities in

the same cone.

Case 1 in Table Multiplying each linear inequality with itself yields 2 additional linear

inequalities. Hence, with full RPT we would obtain in total & additional linear inequalities.

Case 2 in Table Multiplying the linear inequality with itself yields 1 additional linear
inequality, see Case 1 in Appendix Multiplying the conic quadratic inequality with itself yields
2 additional conic quadratic inequalities, see Case 6 in Appendix Hence, with full RPT we

would obtain 1 additional linear inequality and 3 additional conic quadratic inequalities.

Case 3(i) and 3(ii) in Table Multiplying the linear inequality with itself and the non-
negativity constraints of the power cone with themselves yields 1+ m(m + 1)/2 additional linear
inequalities, see Case 1 in Appendix Multiplying the power cone inequality with the nonnega-
tivity constraints yields m additional power cone inequalities for Case 3(i) and Y75 |V;| additional
power cone inequalities for Case 3(ii), see Case 3 in Section 3.2. Multiplying the power cone inequal-
ity with itself yields 1 additional power cone inequality for Case 3(i) and |V,, 2| additional power
cone inequalities for Case 3(ii), see Case 10 in Section 3.4. Hence, with full RPT we would obtain in
total m+1+4+m(m+1)/2 additional linear inequalities and m+2 additional power cone inequalities

for Case 3(i), while we would obtain in total 314> |Vi| additional power cone inequalities for Case

Case 4 in Table Multiplying the linear inequality with itself and the nonnegativity con-
straint of the exponential cone with itself yields 2 additional linear inequalities, see Case 1 in

Appendix[A71] Multiplying the nonnegativity constraint of the exponential cone with the exponen-

tial cone inequality and the exponential cone inequality with itself yields 3 additional exponential
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cone inequalities, see Case 13 in Section 4.5. Hence, with full RPT we would obtain in total 3

additional linear inequalities and 4 additional exponential cone inequalities.

Case 5 in Table Multiplying the linear inequality with itself yields 1 additional linear
inequality, see Case 1 in Appendix Multiplying the LMI with itself yields 1 additional LMI,
see Case 15 in Appendix [A.7 Hence, with full RPT we would obtain 1 additional linear inequality
and 2 additional LMIs.

Case 6(i) in Table We can further multiply both quadratic inequalities with themselves to
obtain 4 additional quadratic inequalities, see Case 6(i) in Appendix Hence, with full RPT

we would obtain in total 7 additional quadratic inequalities.

Case 6(ii) and 6(iii) in Table We can multiply both quadratic inequalities with themselves
as explained in Appendix for Case 6(ii) and 6(iii) to obtain 2 additional LMIs. Hence, with
full RPT we would obtain in total 3 additional LMIs.

Case 7(i) and 7(ii) in Table Multiplying the conic quadratic inequality with itself yields
2 additional conic quadratic inequalities, see Case 6 in Appendix [A.4] Multiplying the nonnega-
tivity constraints with each other yields m(m + 1)/2 additional linear inequalities, see Case 1 in
Appendix Further, multiplying the nonnegativity constraints with the power cone inequality
yields m additional power cone inequalities for Case 7(i) and 3.7£*(V;| additional power cone
inequalities for Case 7(ii), see Case 3 in Section 3.2. Multiplying the power cone inequality with
itself yields 1 additional power cone inequality for Case 7(i) and |V,,. 3| additional power cone
inequalities for Case 7(ii), see Case 10 in Section 3.4. Hence, with full RPT, we would obtain
m(m—+1)/2 additional linear inequalities, m + 2 additional conic quadratic inequalities, and m+ 3
m+3

additional power cone inequalities for Case 7(i), while we would obtain ) ,_\" |V;| additional power

cone inequalities for Case 7(ii).

Case 8(i) in Table Multiplying the conic quadratic inequality with itself yields 2 additional
conic quadratic inequalities, see Case 6 in Appendix Multiplying the nonnegativity constraint
with itself and the exponential cone inequality yields 1 additional linear inequality, see Case 1 in
Appendix [ATT] and 1 additional exponential cone inequality, see Case 4 in Section 4.2. Multiplying
the exponential cone inequality with itself yields 2 additional exponential cone inequalities, see
Case 13 in Section 4.5. Hence, with full RPT we would obtain I additional linear inequality, 4

additional conic quadratic inequalities, and 4 additional exponential cone inequalities.

Case 8(ii) in Table We obtain 1 additional conic quadratic inequality and 1 additional

exponential cone inequality from the multiplication of the derived linear inequality with the conic
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quadratic inequality and the exponential cone inequality, respectively. The remaining possible
constraint multiplications are redundant by Lemma 1. Hence, together with the inequalities in 8(i)
in Table with full RPT we obtain in total I additional linear inequality, 5 additional conic

quadratic inequalities and 5 additional exponential cone inequalities.

Case 8(iii) in Table In addition to the inequalities from Case 8(ii), we also obtain 2
additional conic quadratic inequalities and 1 additional exponential cone inequality from the mul-
tiplication of the derived conic quadratic inequality with the conic quadratic inequality and the
exponential cone inequality, respectively. The remaining possible constraint multiplications are
redundant by Lemma 1. Hence, in this case, with full RPT we would obtain in total 1 addi-
tional linear inequality, 7 additional conic quadratic inequalities, and 6 additional exponential cone

inequalities.

Case 9 in Table Multiplying the conic quadratic inequality with itself yields 2 additional
conic quadratic inequalities, see Case 6 in Appendix [A.4] Further, multiplying the LMI with itself
yields 1 additional LMI, see Case 15 in Appendix Hence, with full RPT we would obtain in

total 2 additional conic quadratic inequalities and 2 additional LMIs.

Case 10(i) and 10(ii) in Table Multiplying the nonnegativity constraints of each cone with
themselves and the power cone inequality of the same cone, results in mq(m;+1)/2+ma(me+1)/2

additional linear inequalities, see Case 1 in Appendix and m; + m, additional power cone

2m1+2mo+1
i=m1+mo+2

inequalities for Case 10(i) and ) |V;| additional power cone inequalities for Case 10(ii),
see Case 3 in Section 3.2. Moreover, multiplying each power cone inequality with itself yields 2
additional power cone inequalities for Case 10(i) and |Vo,, 1omy+2| + [Vam, +2msy+3| additional power
cone inequalities for Case 10(ii), see Case 10 in Section 3.4. Hence, with full RPT we would obtain
in total my(my +1)/2 + ma(ma + 1)/2 + mymy additional linear inequalities and 2m, + 2mq + 3
additional power cone inequalities for Case 10(i), while we would obtain S°-" ™3 |V)| additional

power cone inequalities for Case 10(ii).

Case 11(i) in Table Multiplying the nonnegativity constraints of the power cone with
themselves and the power cone inequality yields m(m + 1)/2 additional linear inequalities and m
additional power cone inequalities, see Case 1 in Appendix and Case 3 in Section 3.2 respec-
tively. Multiplying the power cone inequality with itself yields 1 additional power cone inequality,
see Case 10 in Section 3.4. Also, multiplying the nonnegativity constraint of the exponential cone
with itself and the exponential cone inequality and multiplying the exponential cone inequality with

itself yields 1 linear and 3 additional new exponential cone inequalities, see Case 13 in Section 4.5.
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Hence, with full RPT we would obtain in total (m + 1)(m + 2)/2 additional linear inequalities,

m—+ 3 additional exponential cone inequalities and m + 3 additional power cone inequalities.

Case 11(ii) in Table We obtain 1 additional exponential cone inequality and 1 additional
power cone inequality from the multiplication of the derived linear inequality with the exponential
cone inequality and power cone inequality, respectively. The remaining possible constraint multi-
plications are redundant by Lemma 1. Hence, together with the inequalities in 11(i) in Table
with full RPT we obtain in total (m + 1)(m+2)/2 additional linear inequalities, m + 4 additional

exponential cone inequalities and m + 4 additional power cone inequalities.

Case 11(iii) in Table In addition to the inequalities from Case 11(ii), we obtain 1 additional
exponential cone inequality and 2 additional power cone inequalities from the multiplication of the
derived conic quadratic inequality with the exponential cone inequality and the power cone inequal-
ity, respectively. The remaining possible constraint multiplications are redundant by Lemma 1.
Hence, together with the inequalities in 11(ii) in Table with full RPT we obtain in total
(m+1)(m+2)/2 additional linear inequalities, m+5 additional exponential cone inequalities, and

m—+6 additional power cone inequalities.

Case 12 in Table Multiplying the nonnegativity constraints with themselves and the power
cone inequality yields m(m+1)/2 additional linear inequalities, see Case 1 in Appendix[A.1and m
additional power cone inequalities, see Case 3 in Section 3.2 Multiplying the power cone inequality
with itself yields 1 additional power cone inequality, see Case 10 in Section 3.4. Moreover, mul-
tiplying the LMI with itself yields 1 additional LMI, see Case 15 in Appendix [A.7] Hence, with
full RPT we obtain in total m(m+1)/2 additional linear inequalities, m+ 1 additional power cone

inequalities, and m + 1 additional LMIs.

Case 13(i) in Table Multiplying the nonnegativity constraint of each exponential cone
with itself and the exponential cone inequality of the same exponential cone yields 2 additional
linear inequalities, see Case 1 in Appendix and 2 additional exponential cone inequalities, see
Case 4 in Section 4.2. Multiplying the LHS of each exponential cone inequality with both sides of
the same exponential cone inequality yields 2 additional exponential cone inequalities, see Case 4
in Section 4.2. Moreover, multiplying the LHSs and RHSs of both inequalities yields 2 additional

exponential cone inequalities:

2?2 > 12 exp (2w37/23) N U1 > Ugg eXP (2usg3 /Usg)
x3 > x2exp (2wxs5/22) Uy > Uss €XP (2use/Uss ) -

Hence, with full RPT we would obtain in total & additional linear inequalities and 11 additional

exponential cone inequalities.
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Case 13(ii) in Table We multiply each of the derived linear inequalities x; > xo + x3
and x4 > x5 + x4 with the exponential cone inequalities and obtain 4 additional exponential cone
inequalities. The remaining possible constraint multiplications are redundant by Lemma 1. Hence,
with full RPT we would obtain in total & additional linear inequalities and 15 additional exponential

cone inequalities.

Case 13(iii) in Table We multiply each of the derived linear and conic quadratic inequalities
with the exponential cone inequalities and obtain 8 additional exponential cone inequalities. The
remaining possible constraint multiplications are redundant by Lemma 1. Hence, with full RPT we

would obtain in total & additional linear inequalities and 19 additional exponential cone inequalities.

Case 13(iv) in Table We multiply the derived linear and conic quadratic inequalities
with the exponential cone inequalities and obtain 6 additional exponential cone inequalities. The
remaining possible constraint multiplications are redundant by Lemma 1. Hence, with full RPT we

would obtain in total & additional linear inequalities and 17 additional exponential cone inequalities.

Case 14(i) in Table Multiplying the exponential cone with itself, yields 1 additional linear
inequality and 3 additional exponential cone inequalities. Moreover, multiplying the LMI with itself
yields 1 additional LMI. Hence, with full RPT we would obtain 1 additional linear inequality, 3

additional exponential cone inequalities, and 3 additional LMIs.

Case 14(ii) in Table Multiplying the linear inequality resulting from the decomposition
of the exponential cone with itself, the nonnegativity constraint of the exponential cone, and the
exponential cone inequality gives 2 additional linear inequalities and 1 additional exponential cone
inequality. Hence, together with the inequalities in 14(i) in Table and the inequalities resulting
from multiplying this linear inequality with the LMI as explained in Section with full RPT
we obtain in total 8 additional linear inequalities, 4 additional exponential cone inequalities, and

4 additional LMIs.

Case 14(iii) in Table Multiplying the quadratic inequality resulting from the decomposition
of the exponential cone with itself, the nonnegativity constraint of the exponential cone, the linear
inequality resulting from the decomposition of the exponential cone, and the exponential cone
inequality gives 5 additional quadratic inequalities and 1 additional exponential cone inequality.
Hence, together with the inequalities in 14(ii) in Table and the inequalities resulting from
multiplying this quadratic inequality with the LMI as explained in Section with full RPT
we obtain in total & additional linear inequalities, 5 additional quadratic inequalities, 5 additional

exponential cone inequalities and 5 LMIs
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Case Cone-1 Cone-2 Full RPT

1 L L 3L
2 L Q L+ 3Q
3 L P (1) (m+1+m(m—|—1)/2)L+(m—l—2)P
(ii) (m+1+m(m+1)/2)L + "2 V[P
4 L 3L + 4E
L S L+ 2S
6 Q Q (i) 7Q
(ii) 38
(iii) 3S
7 Q p (i) m(m+1)/2L + (m+2)Q + (m+3)P
(ii) m(m+1)/2L + (m+2)Q + S (V[P
8 Q E (i L +4Q + 4E
(ii) L + 5Q + 5E
(iii) L + 7Q + 6B
9 Q S 2Q + 28
(i) (ma(my +1)/2 +ma(my +1)/2 +mymy)L + S22 [y p
11 P E (1) ((m+ 1)(m—|—2)/2)L + (m+3)P + (m+3)E
(i) ((m+ 1) (m+2)/2+ DL + (m+4)P + (m+4)E
(ifi) (m+1)(m+2)/2+2)L + 2Q + (m+6)P + (m+5)E
12 P S (m(m+1)/2)L + (m+1)P 4+ (m+1)S
13 E (i L+ 11E
(ii 3L + 15E
(iii) 3L + 19E
(iV) 3L + 17E
14 E S (i) L + 3E + 3S
(i) 3L + 4E + 4S
(iii) 3L + 5Q + 5E + 5S
15 S S (1) 3S
(ii) 3S
Table O-1 Results of multiplying the inequalities in two of the five basic cones as given in Section 2 when

applying full RPT.

Case 15(i) and 15(ii) in Table Multiplying the LMIs with itself, yields 2 additional LMIs,

hence with full RPT we would obtain in total 3 additional LMIs.

C. RPT formulations of numerical experiments

In this section, we include the formulations obtained when multiplying all constraints in the prob-

lems encountered in the numerical experiments.
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C.1. RPT formulation of Section 6.1

We linearize " with X, zz" with Z, 2" with V, t" with W and 2t" with Q. When mul-
tiplying the constraints in Problem (38), without any additions, we obtain the following problem:

migl( Tr (Ao X) +bgw+c0 (O-11a)
iz
sty z<l1, (O-11b)
i=1
exp(—z; —a) < z;, i € [ng), (O-11¢)
=1
exp(z;) < t;, i€ [ng], (O-11e)
- —mi—a+ i Vig+ad itz — .
(I—ZZJ) exp ( -5 SZl’—ZZ»L'j 1€ [nz), (O-11f)
7j=1 J= Jj=1
B= t;=BY zi+ Y Q>0 (O-11g)
j=1 j=1 ij=1
S wi =25 Vi S :
j=1 J= j=1
S Zy—23 m+120, (O-11i)
i,j=1 i=1
o —Bxi —af+3 00 Wi +ad ' o
B=D 1 |exp R R By i€, (0-11)
= 5‘2;’:1 tj j=1
N Ti— > Wi N
B=> t; | exp ﬁ—fﬁlj <Bti—Yy Ty, i€[n.],  (O-11k)
= B=22721t =
Z Tij*Qth +/3220, (0'111)
i,j=1 j=1
Vi .
Zj €Xp 7 < Qji, L] € [nZL (O_llm)
J
exp(—x; — z; — 2a) < Zij, 1< j € [nal, (O-11n)
exp (—xi —a+;) < Qij, 1,5 € [na], (O-110)
2jexp (_VZJ> < Z, ij€lnl,  (0-11p)
J
o () <, il (0-11q)
J
tjexp (V:J> < Ty, i,5 € [nal, (O-11r)
J
exp (z; +x;) < Tjj, 1< j € [ng]. (O-11s)

Further, from the decomposition of the exponential cone we obtain the following additional con-

straints:
—xi—a+1<z, i € [ng], (0O-12a)
i+ 1<t;, 1€ [’I’Lx], (O—lQb)

ng

Zi—ZZij +z; +a—1—ZVi]-—asz—|—sz >0, i € [ng], (0-12c)
j=1 j=1 j=1 j=1
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(zj +=; +a71)exp(

(z5 +z; +a—1)exp<

7‘/1']'7Xij704x7;+1'i704(2j+mj +0471)
zi+zj+a—1

Vij + X5 + o —mi
<Qji+Wji+at; —ti,
Zj+ZL'j+Oé—1 _Q]@"‘ ji T at; i

) < Zij+ Vji + az; — zi,

(a=D(zj+zj+a—-1)+Zij+Vji+ (a—1)zi + Vij + Xij + (o — 1)z; >0,

Ny

Ny Ny

ti_ZjS—$i+Z‘/ij_1+sz >0,
j=1 j=1 j=1

(tj —z; —1)exp (

(tj —xzj—1)exp (

—Wij —atj + Xij +a(l’j + 1) +x;
tj — Ty —1

”ij _4{1] — T4
_— <Ti'— ‘i—ti,
tjfl'jfl )7 J QJ

)SQij_Vji_Zh

Tij— Wiy —t; — Wi+ Xy +x; —ti+ 2 +120,

Qji +Wji + at;

—ti—‘/ij—Xij—Oz:lJi—F:Z‘i—Zj—l'j—Oé—‘—le,

Bzj— Y Qji+Bri—Y Wii—a)y titaB—B+Y >0,
ﬁtj*ZTij*ﬁijrZWji*/BJthiZOy

C.2. RPT formulation of Section 6.2

i,§ € [nz], (0-12d)

i, € [ng], (0-12e)
i,j € [ng], (O-12f)

1€ [ng], (0-12g)

i,j € [na], (O-12h)

i,j € [ng], (0-12i)
i,j € [ng], (0-12j)
i,j € [na], (O-12k)
j€lnz], (0O-121)

j € [nz]. (O-12m)

We linearize rr', tt7, rt" with R, T and V respectively. We multiply all constraints in prob-

lem (40) to obtain the following problem:

max

rt,R,
TV

s.t.

rTAr+b'r+d
c'r<Ww,
ﬂl—rr Z M,
1

Ztk = 7(/6;17‘ - nm)a

A P

1
tllc/q(;(/g;;r - nm))l_l/q > Tk,
B Ry > miry,
1 /1]
(,Bl—r‘/k - Wztk) ! (,0 (,BlTRﬂz —mB{r—mBr+ 771771))
> B Ry — nirs,

CTR]€ S W?“k,

W?—2We'r+c " Re>0,
WgB'r+me'r—c RB —Wn >0,

Q=

(Wtk — CT‘/k) ;

1-1/q

1-1/q
( (W/B;Lrwnm_{'nchrcTRﬂm))

(O-13a)

(0-13b)

Le L\{m},
(O-13c)

(0-13d)

ke,
(O-13e)

le L\{m}, ke K,

(O-13t)

le L\{m}, ke,

(0-13g)

ke,
(O-13h)

(O-13i)

Le L\ {m},
(0-13))
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ZWTk—CTRk kEIC,
(0—131{)
1
Z ‘/k — ; R/Bm - nmr)a (0_131)
1
ZTk—; (VT B — 1hmt), (O-13m)
1/Q( (B;Rk’ 77m""k'))1 1/q > Rkk" k’kl c /C,
(O-13n)
) 1 . 012 1 . 021
T ( (B Vi —nmtk)> <p (B Vi —nmtk/)> :
022 ,
< (I@TRﬁmZUm,@mr—I—nm)> >R, k.k e,
(0-130)
TaRZ 07 (O_l3p)
R Vr
VT Tt > 0. (O—l3q)
Tt

For the multiplication of the power cone constraints we generate a feasible 0 that satisfies the

following;:

011+ 021=1/q, O12+6:=1—1/g,

011+ 612=1/q, 01 +0:0=1—1/q.

D. Data generation of Section 6.1

1

—3 L201($Z +5)? and in problem instance

In problem instance 1 the objective is defined as f(x) =

2 it is defined as f(x) = —1 S22

2 =1

(z; +7)%. In problem instances 3, 4, 5, and 6, the matrix A, is
generated as LT L, where L € R"*", with L;; ~[0,1], and further by =0, ¢y = 0. We summarize all
parameters describing each instance in Table

Instance n, o S
1 5 2 20
2 5 2 20
3 10 2 3
4 20 3 4
5 50 3 4
6 100 13 20

Table O-2 Problem (37) parameters for each instance. n, refers to the number of variables and «, 8 to the

constraint parameters.
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E. Value of constraint multiplications: examples

In this appendix, we demonstrate that the additional constraints obtained from multiplying part
of one cone inequality with part of the other cone inequality can outperform all other potential
constraints derived from different pairwise multiplications of parts of two out of the five basic cone
inequalities. In particular, for each case we have found an example demonstrating that incorporating

the resulting constraints leads to a strict improvement in the optimal objective value.

REMARK O-1. In all convex relaxations discussed in the examples in this appendix we consider

the additional inequalities u;; > 0, where u;; linearizes the product term z? for i € [n,].

Product with a power cone inequality
E.1. Case 3: (L) x (P)

The following example demonstrates that the additional constraints resulting from multiplying the
linear with the power cone inequality as discussed in Section 3.2 can outperform all other potential
constraints derived from different pairwise multiplications of parts of two out of the five basic cone

inequalities.

ExaMpPLE O-1. We consider the following example

mwin xT1x3 (O-14a)
s.t. x3>5, (O-14b)
22°x0% > o) + @, (O-14c¢)
z1,%2 > 0. (0-144)
We obtain the following RPT relaxation
rgin U3 (O-15a)
(O-141) — (O-144),
Uy — 1023 +25 > 0, (O-15b)
(15 — 51)%% (g — 52)°® > U1s + Ugs — 51y — 5Ty, (O-15c¢)
Uig — 52 > 0, i 2, (0-15d)
ud;Puds’ > i + s, i€ 2], (O-15¢)
ufPuds > ugy + 2z + U, (0-15¢)
U1, Uta, Uz > 0, (O-15g)
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with optimal objective value 0.00. The most valuable additional constraints in this case are (O-15d]),
(O-15d)), which result from the multiplication of the linear inequality (O-14b|) with the power cone
inequalities (O-14c) and (O-14d)), as without these multiplications we get an optimal objective

value of —oo. O

We refer to Example 1 demonstrating that the additional constraints derived from the best refor-

mulation (Case 3(ii)) can outperform all other possible additional constraints.

E.2. Case 7: (Q) x (P)

In Table we give an overview of the constraint multiplications as discussed Section 3.3. More-
over, in this section we provide examples demonstrating that these additional constraints can
outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.

Case Constraints 1 Constraints 2 Example

mi ng
1. b2—a2Ta:2HD:c+pH foimz Z @2 0-2
=1

i=mi1+1

mi Ng
2. by—a, x>0 H:z:f‘“ > Z x? 0-3
i=1 \ i=my+1
3. by—ajx>||Dx+p| x>0, i€ [m 0-4
7(ii)  Best reformulation 1

Table O-3 Overview of the constraint multiplications for Case 7 as discussed in Section 3.3.

ExaMpPLE O-2. Consider the following example

mmin T3y (O-16a)
s.t. 3z, > ||diag(a)z|], (O-16b)
200295 > |s), (O-16¢)
21,3 >0, (0-16d)
zrexp(xy) <5, (O-16e)
x1exp(za) <5, (O-16f)
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where a = (1,0,0,1)". We obtain the following RPT relaxation
I;l,ll}l U34 (O-l?a)
s.t.  (O-16b) — (O-16d),
Z1 exXp <u11> <5, (O-17Db)
€1
U1z
x1exp () <5, (O-17c
Z1

Yuqp > Hdiag(a)Udiag(a)THF,
uiyuly > Jugs),
uly ugy > |ugs),

0.5, 0

Uy “225 > |ussl,

3uy; > Hdiag(a)ui

)

(3u11)*° (Bu2)™® > Hdiag(a)u3

I

Up1, Uiz, Uz > 0,

i€[2],

with optimal objective value —5.52. The most valuable additional constraint multiplication is

(O-17il), which results from the multiplication of the quadratic inequality (O-16b]) with the power
cone inequality (O-16¢). Without this constraint we get an optimal objective value of —oc.

ExaMpPLE O-3. Consider the following example

mmin T3Ty

s.t. 3ws > ||diag(a)z|,
205095 > |z,
x; exp(xs) <5,
Tyexp(xs) <5,

Z1,%2 >0,

where a = (1,1,0,0)". We obtain the following RPT relaxation

min U34
z,U

s.t.

(O-18B) — (0-18d), (O-18%)

U
T1exp (;) <5,
1
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U
To€XPp (f) <5,
2

3usz > Hdiag(a)u3 ;

Jus; > ||diag(a)Udiag(a)"|| .,
ulPud® > Jul,

ufPudy > |ugyl,

Jaiae(a)u| < 3us.
(3u13)°® (Buag)™® > |3uzl,

(3u13) %" (Bugs) ™ > Hdiag(a)u4

I

Uy, Uiz, Uz > 0,

i€ (2],

1€ 2],

with optimal objective value -1.84. The most valuable constraint multiplication in this case is

(O-19i)), which results from the multiplication of the LHS of the conic quadratic inequality (O-18bj)
with the power cone inequality (O-18c). Without this constraint we would obtain an optimal

objective value of —oo.

ExampLE O-4. Consider the following example

min T3
€T
s.t. xiexp(z) <5,
xoexp(zq) <5,
3xq > Hdiag(a)a:”,
1:?'5373'5 Z 2$2’

T1,T2 ZO,

where a = (0,1,1)". We obtain the following RPT relaxation

min U3
x, U

s.t.

(0-20d) — (O-20)

U

T exp <11> <5,
Zy
U

To€Xp <22> 9,
T2

IN

|diag(a)Udiag(a) || . < uas,

0.5,.0.5
(O A TN
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U1, U2, Uz > 0, (0-21g)
W05 > dugy, (O-21h)
(3U12)0'5(3U22)0'5 > H2d1ag(a)u2 ”, (0'211)

with optimal objective value -1.30. The most valuable constraint multiplications in this case are
, as without this constraint we would obtain an optimal objective value of —oo, and
& , as without these constraints we would also obtain an optimal objective value of —oo.
(O-21d)) results from the multiplication of the conic quadratic inequality with the nonneg-
ativity constraints of the power cone (O-20f). (O-211) & (O-21g)) result from the multiplications of
the nonnegativity constraints with the power cone inequalities (O-20d) and (O-20f). O

E.3. Case 10: (P) x (P)

In Table[O-4] we give an overview of the constraints multiplications discussed in Section 3.4. More-
over, in this section we provide examples demonstrating that these additional constraints can
outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.

Case Constraints 1 Constraints 2 Example

m2 Ny
L =t = > = 0-5
Jj=1 Jj=ma+1
m2 Ny
) :L‘QQJ: 2 1'3_ ]
10(G) 2 220, i€m] ]Ul o) j_%ﬂ @ |o-6//0-7/ |0-8
Lo (j) > 07 ] € [mZ]v
3. To(j) >0, J € [m] 0-6(/ |0-7/ |O-8
10(ii) Best reformulation 1

Table O-4 Overview of the constraint multiplications for Case 10 as discussed in Section 3.4.
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ExaMpPLE O-5. Consider the following example

mmin x1exp(z1) (0-22a
s.t. x> 10, (0-22b
Toly > 5, (0-22¢
r3x5 > 10, (0-22d

xoexp(zy) < 25,

22°20% > a4, 0O-22f
Ty, L9 >0, (0-22¢g
5> 0. (0-22h
We obtain the following RPT relaxation

min x; exp <u11> (0-23a)

©,U 1
s.t. wupp > 10, (0-23Db)
Ugg > 5, (0-23¢)
gz > 10, (0-23d)
Zg €XP <u22> <25, (O-23e)

M)

(O-22f) — (O-22hl)

ugPuls’ > g, ie2, (0-23f)
uiy Uy’ > ugs, (0-23g)
udPudy > ugs, (O-23h)
U1, U2, Uz > 0, (0-23i)
Uyg, Uz > 0, (0-23j)
s3> 0, (0-23k)

with optimal objective value 29.56.

The most valuable constraint multiplication is , resulting from the multiplication of the
power cone inequality with itself. Without this constraint we would obtain an optimal
objective value of 27.18. |

ExaMPLE O-6. Consider the following example

min  x;x3 (0-24a)
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s.t. x> 1,
Toxz > 1,
T3T3 > 9,
$(1).5$(2).5 > 24,

T1,T2 Z 07

z3 > exp(z2).

We obtain the following RPT relaxation

min
z,U

s.t.

U13
U12 Z ]-7
Ugz > 1,

Uzz > 5,

(O-24€]) — (O-24g),

Uiy, U2, Utz > 0,

Uy Ujy = Uiz, ie[2],

us3 > exp(2xs),

T; exp <Q§2> < U3, i€(2],

0.5,,0.5
U13 U23 Z Usz3z,

with optimal objective value 13.65.

The most valuable additional constraints in this case are (O-25¢)) - (O-251)), (O-25j), and (O-25k]).

Without these constraints we would obtain an optimal objective value of 13.59, 13.59, and 9.07

respectively. (O-25¢) - (O-25f) result from the multiplication of the nonnegativity constraints

(O-24f) of the power cone inequality with themselves and the power cone inequality (O-24e€)).
(O-25j) results from the multiplication of the nonnegativity constraints ((O-24f)) of the power cone
inequality with the exponential cone inequality (O-24g)). (O-25kl) results from the multiplication of

the power cone inequality ((O-24€) with the LHS of the exponential cone inequality (O-24g). O

ExampLE O-7. Consider the following example

min T3y
x

(O-26a)
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s.t. 29250 > ||diag(a)x||,
x1,T9 2 0,
To + x3 > exp(x) + 2),
(x1+x2)exp(x;) <5, i€l4].
where a = (0,1,0,1)". We obtain the following RPT relaxation
filgl U34
s.t. (O-26b) — (O-26d)),
(21 + 22) exp (W> <5, i€l[4],

T+ X2
u;|l, 16[2},

WS > | diag(a)

Uy, U2, Uz 2> 0,

ulPudy > ||diag(a)Udiag(a HF,

Uio + Ugo + Uz + U
Uo9 + 2U23 + Us3 Z (332 + x3> exp ( 12 22 13 23) s

To+ T3
U929 + 21,L23 + Us3 Z GXp(Z.’L'l + 2%2),

Uiz + Uz > T; €XP (W) , 1€]2],
(w12 + u1z) ™" (uas + usz) ™" > Hdiag(a)(u2 +ug) H7
32w +1+y,

(13 — Uy — 21 — 21)" (Ugg — Uy — Ty — 29)5 > Hdiag(a)(ug —u; —x— z)!

(@14 21)% (22 + 25)"° > || diag(a) (z + 2) ||,
\/§(U12+U22) V2(ura + Ugs > H

0.5 0.5
(214 21)"" (22 + 22) ZH
To — 22 Ty — 24
Uz + Ugg — Urg — U3 — Ty — L3 — 22 — 23 >

U1z + Ugz — Urp — Uiz — L1 — T2 — 21 — 22

(x3—x1—1—y)exp<

r3—x1—1—y
x1+$2+21+22>
14y ’

Tot+ T3+ 23+ 23 > (1+y)exp(

with optimal objective value -0.65.

The most valuable additional constraints in this case are (O-27c|)-(0-27d) and (O-271)-(O-27n)).

Without these constraints we would obtain an optimal objective value of —0.79 and —0.76 respec-
tively. (0-27¢)-(0O-27d)) result from the multiplication of the nonnegativity constraints ((O-26¢|) of

the power cone with the power cone inequalities (O-26b)) and (O-26c). (O-271)-(O-27n) result from

the multiplication of the additional inequalities (O-27j)) and (O-27k|) with the power cone inequality

(O-26).

O
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ExaMpPLE O-8. Consider the following example

mgn XT3Ty (0-28a)

st ¥y > g, (O-28b)

1,22 > 0. (0-28c¢)

To > exp(—xy), (0-28d)

xoexp(z;) <5, (0-28e)

xoexp(zq) <10, (O-28f)

xyexp(zy) <10, (0-28g)

xoexp(zy) <10, (O-28h)

We obtain the following RPT relaxation

min Us34
xz, U

st. (0-28D) — (O-23d)

Ui, U2, Uz > 0,
0.5,,0.5

ujy Uy > |ussl,

Ugo > exp(—214),

—Uiq
Ujp > T €XP )
€

Ty > —T4+1,

(19 +urg — 21)"° (U2 + Uzg — T9)*° > |tgs + uzs — 23,

U22+U24—$22($2+$4—1)6XP<

with optimal objective value -8.43.

—Ug — Ugq + X4

$2+(If4—1

The most valuable additional constraints in this case are (0-29f)) - (0-29g)), and (O-291)). Without
these constraints we would obtain an optimal objective value of —oo in both cases. (0-29f) -

(0-29g)) result from the multiplication of the nonnegativity constraints (O-28¢]) with the power cone
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inequalities (O-28b)) and (0O-28c). (O-291) results from the multiplication of inequality (O-29k]),
resulting from the decomposition of the exponential cone, with the power cone inequality (O-28b)).
O

Product with an exponential cone inequality

E.4. Case 4: (L) x (E)

Example demonstrates that the additional constraints obtained from multiplying the linear
inequality with the exponential cone inequality as discussed in Section 4.2 can outperform all other

potential constraints derived from different pairwise multiplications of parts of two out of the five

basic cone inequalities.

ExampLE O-9. Consider the following example

mwin T1X3 (0-30a)
s.t. xgexp(zy) <5, (O-30b)
x> 4, (0-30c)
To > exp(—x3). (0-30d)

We obtain the following RPT relaxation

min - w3 (O-31a)
s.t.  xgexp <u12> <5, (O-31b)
T2
(O-30d)) — (O-30d]),
U1 — 81’1 + 16 2 0, (0-31(3)
Ugs > exp (—2x3), (0-31d)
Ugg > To €XP <—u23> , (O-31e)
)
— 4
Urp — 4y > (21 —4) exp <w> ) (O-31f)
=

with optimal objective value 9.56. The most valuable additional constraint in this case is (0-30d)),
resulting from the multiplication of the linear inequality (O-30c]) with the exponential cone inequal-
ity (O-30d)). Without this constraint we would obtain an optimal objective value of —oo.

O
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Case Constraints 1 Constraints 2 Example
1. by—ajxz>|Dz+p| 2,>0 0-10
T
8(1) 2. by—a, x> HDm—I—pH x>0 i 0O-11
3. by—ajx>0 T1 > Ty exp <3> 0-12
T2
8(il) by—a,x> HD:c—i—pH 1> Ty + 5 0-13

0-12

8(iii) bQ_GJmZHDw“‘PH {x12x2+x3+y

H(\/iﬂfenxz —y)H2 <oty

Table O-5 Overview of the constraint multiplications for Case 8 as discussed in Section 4.3.

E.5. Case 8: (Q) x (E)

In Table we give an overview of the constraint multiplications discussed in Section 4.3. More-

over, in this section we provide examples demonstrating the value of each proposed multiplication.

ExaMpPLE O-10. Consider the following example

min  x;x3 (0-32a)
s.t. 3z > ||diag(a)x||, (0-32b)
T3exp <_I2> <5, (0-32¢)
]
23>0, (0-32d)
zzexp(zs) <10, (0-32¢)
where a = (1,1,0)". We obtain the following RPT relaxation
IEILITI U13 (O-S?)&)
st. (0-325) — (0-324), (0-33b)
3 eXp (“23) <10, (0-33¢)
T3

uqs > [|3diag(a)us||, (0-33d)
gy > Hdiag(a)Udiag(a)THF, (0-33e)

-2
Ug3 €XP < u23> <25, (0-33f)

Uss

U33

U33 €XP <_UQ3> < 5z3, (0-33g)
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3ugs > [|diag(a)usl|,

—u
Ua3 €XP < 22) < 5xq,

U23

uzz > 0,

with optimal objective value -10.41.

(0-33h)
(0-33i)
(0-33j)

The most valuable additional constraint in this case is (O-33h)), resulting from the multiplica-
tion of the conic quadratic inequality (O-32b]) with the nonnegativity constraint (O-32d|) of the

exponential cone inequality. Without this constraint we would obtain an optimal objective value

of —oo.
ExaMpPLE O-11. Consider the following example

min  x;x3
s.t. 3z, > ||diag(a)z|,
Ty > eXp(xl)v

TaT3 > 3,
where a = (1,1,0)". We obtain the following RPT relaxation

min U13
z,U

s.t. (0-345) — (0-34d)

U23 Z 37

9u11 2 H3d1ag(a,)u1|| N

9uy; > || diag(a)Udiag(a)7]| .,

us3 > exp(2x1),

U3
Usgz 2> Tzexp | — |,
€3

3us > ||diag(a)us]|,

Uy
Uz > Trexp | — |,
Z1

g

with objective value 1.06. observe that The most valuable additional constraint in this case is
(O-35h)), which results from the multiplication of the conic quadratic inequality (0O-34b)) with
the LHS of the exponential cone inequality (O-34c). Without this constraint we would obtain an

optimal objective value of 0.00.

O
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ExaMpLE O-12. Consider the following example
min  z3ry (O-36a)
s.t. x4+ xe > ||diag(a)x||, (0-36D)
Zo+ w3 > exp(z + x2), (O-36¢)
((L’l + fEQ) exp( ) < 5 1€ [4] (O—36d)
where a = (0,1,0,1)". We obtain the following RPT relaxation
min - usy (O-37a)
z,U
s.t. ({O-36b]) — (O-36d),
U4 + (5% .
= 2)< 4 -37b
(a;1+x2)exp<xl+x2>_5, i€ 4], (0-3
Hdiag a)(u; +u, H < Uty + 2Ui9 + Uga, (0-37c
|diag(a)Udiag(a) || . < w11 + 2u12 + s, (0-37d
Hdlag G,) (U2 —+ us H < U719 + Uoo + U3 + U23, (0-376
(x2 +x3)ex <u12 Tl s ¥ u23> < Ugg + 2Usg + Us3, (O-37f
To+ T3

exp(2x1 + 2x5) < ugo + 2uss + uss,
U11 + 2Up2 + Ugg
T1+ 22

(a:1+x2)exp< ) < Upg + Ugg + Uiz + Uss,

T3>+ 1+,

| (V@i +22), 1-y) [ <14y,

|diag(a) (s — wy — @ — 2) || < s +tzs — ury — urp — 21 — T2 — 21 — 22,
H<¢ﬂuu+2m2+un%x1+x2—zy—@)H§$1+xy+a+w%
|diag(a) (z + 2) || < @1+ 2 + 21 + 22,

H( (12 4 U22) V2(t1s + uas)

H <.T1 + Xy + 21 + 29,
T2 — 22 Ty — 24 )

(avg—xl—l—y)exp(
< Uz + Ugz — Upp — U3 — Lo — L3z — 22 — 23,

T1+ X2+ 21+ 22
1+y)ex
(1+y) p( 1y

U13 + U2z — U] — U2 — L1 — T2 — 21 — 22
wg—xl—l—y

> §$2+$3+22+Z3,

with optimal objective value -2.52.

Some of the most valuable additional constraints in this case are (O-37h|) and (O-37k])-(O-37n).

Without these constraints the optimal objective value would be —2.58 and —2.90 respectively.

(O-37h)) results from the multiplication of the exponential cone inequality (O-36¢]) with the LHS of
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the quadratic inequality (O-36b)). (O-37k])-(O-37n|) result from the multiplication of the inequalities

(O-291) and (0-29j)), resulting from the multiplication of the decomposition of the exponential cone,
with the conic quadratic inequality (O-36b]). g

ExaMpLE O-13. Consider the following example

min T1T3
x

(
s.t. xgexp(z;) <5, i€ (3], (0-38b

229 > Hdiag(a)ac

) (0—380
To > exp(—x3). (0-38d

We obtain the following RPT relaxation
I:il,ll}l U13 (0-393)

s.t.  Tpexp (“) <5,i€(3], (0-39b)

T2

(0-38¢) — (O-334),

Uy > Hdiag(a)ugH, (0-39¢)
Augy > Hdiag(a)Udiag(a)THF, (0-39d)
To eXp (_u23 > < Usg, (0-39¢)
T2
exp(—2z3) < usg, (0-39f)
Ty > 1— s, (0-39g)
2oy — 2X9 + U9z > Hdiag(a) (ug — x +us) | , (0-39h)
—U3 + T3 —U ;
(xg— 1+x3) exp ( ;1;‘223—13—1‘3 33) S’U,QQ —.’L'Q+U23, (0-391)

with optimal objective value -8.21.

The most valuable additional constraint in this case is , resulting from the multiplication
of the conic quadratic inequality with the additional inequality resulting from
the decomposition of the exponential cone inequality. Without this constraint we would obtain an

optimal objective value of —oc. U

E.6. Case 11: (P) x (E)

In Table we give an overview of the constraint multiplications discussed in Section 4.4. More-
over, in this section we provide examples demonstrating that these additional constraints can
outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.
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Case Constraints 1 Constraints 2 Example
> 3
L@y, @, >0 =2 XA 0-6
To Z 0
11(1) 2. fo” > Z x? x>0 0O-14
i=1 \ i=m—+1
3 H:L‘f”z Z x? x>0 0O-6
1=1 i=m-+1
1. T Z i) + I3 0O-8
11(ii)
2. T > X9+ X3 Redundant by Lemma 1
Ty > To+ a3+ Yy
1. O-7
{ [(V223, 22 —y)||, <2 +y
11(iii)
Ty > To+ a3+ y
2.z, 25, >0 Redundant by Lemma 1
' - {H(ﬁv’vs»wz—wﬂzéxz+y Y
Table O-6 Overview of the constraint multiplications for Case 11 as discussed in Section 4.4.
ExaAMPLE O-14. Consider the following example
min  x;x3 (O-40a)
st xime >1, (O-40Db)
Toxz > 1, (0-40c¢)
29250 > ay, (0-40d)
5> x3exp <@> , (O-40¢)
T3
X1,T2 Z 07 (O—40f)
x3 >0 (O-40g)
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We obtain the following RPT relaxation

min (O-41a)
S.t. Uio > ]., (O—41b)
U23 > ]., (0—4].(3)

(O-40d)) — (O-40g),

UG UGy > g, ic2, (0-41d)
Ut1, Urz2, Uz > 0, (O-41e)
ufugy > Ugs, (0-41f)
DTz > Usz €XP <UQS> ; (O-41g)
U3s
2
25 > ugz exp ( u23> , (O-41h)
U33
5a; > Ui exp <ui2> , ie[2], (0-41i
Ui3

U13,Ug3 > 0, (O'4lj

uf Uy > ugs, (O-41k

~— ~—  ~—

uzz >0, (O-411

with optimal objective value 0.27.

The most valuable additional constraints in this case are (O-41hl), (O-41i)) and (O-41j). Without

these constraints we would obtain an optimal objective of 0.05 and 0.05 respectively. (O-41h]) results
from the multiplication of the exponential inequality (O-41g)) with itself. (O-41i)) and (O-41j)) result
from the multiplication of the power cone inequalities (0-40d)) and (O-40f) with the nonnegativity

constraint ((0O-40g]) of the exponential cone inequality. O

E.7. Case 13: (E) x (E)

In Table we give an overview of the constraint multiplications as discussed in Section 4.5.
Moreover, in this section we provide examples demonstrating that these additional constraints can
outperform all other potential constraints derived from different pairwise multiplications of parts

of two out of the five basic cone inequalities.
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Case Constraints 1 Constraints 2 Example
1. x1>x2exp (E) T4 > Tsexp (x—(}) 0-14
T2 Ty
X3
2. x> x2exp | — x4 >0 O-15
T2
136 Ty > To €Xp (E)
@) 3. P x5 >0 0-16
T2 20
4. ;>0 T4 > X5 eXp (m—6> O-15
Ts5
> o
5. 22>0 T4 =T3P o 0-16
Is ZO
> o
1. T Z To + T3 Ta = L5 eXP Ts O-17
Is ZO
13(ii) 2. x> To+x3 T4 > x5+ To Redundant by Lemma 1
x3
> 3
3. 1 _IQBXp(mQ) :L‘4Z£C5+1‘6 O-17
T2 20
T1 > T2+ T3+ (
1. > i) 0-18
{ (V225,22 — 1), <z2+ 11 T = TP oy
Ty > T2+ T3+
2. >0 Redundant by L 1
{ (V223,22 —y1)||, S22+ 11 o= e
13(iii) T > xo+ T3+ Y1 Ty > Ts +Te+ Y2
3. 7 * Redundant by L 1
{||(\/§Is7-’22*y1)||2§$2+y1 { H(ﬂxﬁ,iﬁs*yz)HQSl% + Y2 edundant by Lemma
4. x> xhex (1—3) T4 2 T5 +To + Y2 0-18
C =T O, (V26,25 —y2) ||, <25+ 2
Ty 2> Ts +Te + Y2
5. >0 Redundant by L 1
T2 =~ {||(\/§I6,I5—y2)||2§£t5+y2 eaundaan y Lemma
> %
1. = 2 To + T3 T s eXP Is O-17
x5 >0
T4 > Ts+x6+Y
2. x1>To+x3 { ||(\fa:6,a:r —y ” <zs+ty Redundant by Lemma 1
13(iv)

3. T >xTpexp (z—z)

Ty 2> Ts5 + T +Y

O-18

||(vV2z6, 25 — ”2 <xzs+y
Ty > Ts+Te+Y
4. >0 Redundant by L 1
T2 =~ { ||(\/§x6,x5—y)”2§x5+y edundan Yy Lemma
Table O-7 Overview of the constraint multiplications for Case 13 as discussed in Section 4.5.
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ExaMpLE O-15. Consider the following example

mgn 122 (0-42a)
s.t. mxy>5, (0-42Db)
x1 > exp(x3), (O-42c)
xo > exp(x3). (0-42d)

We obtain the following RPT relaxation

min = (0-43a)
z,U
s.t. U13 Z 5, (O—43b)

(0-42d) — (O-42d),

Upy > Ty €xXp <u13> , (0-43c¢)

Ugg > T €XP <u23 , (0-43f)
w1y > exp (2x3) ,2 (0-43g)
U > exp (2x3), (O-43h)
w1z > exp (2x3), (O-43i)

with optimal objective value 2.72. The most valuable additional constraints in this case are (0-43c)) -
(O-431)), resulting from the multiplication of the LHS of inequality (O-42c|) with itself and inequality
(0-42d)) and the multiplication of the LHS of inequality (O-42dl) with itself and inequality (O-42c]).

Without these constraints we would obtain an optimal objective value of 0.00. U

ExampPLE O-16. Consider the following example

0O-44a,

min x;x3
xT

0-44b

~—~

s.t. T > 1,

T2
T3 > T €Xp (x> .
1

,IlZO

O-44c

—~
~—  ~—  ~—

0-44d

—
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We obtain the following RPT relaxation

min v (O-45a)
s.t. U > ]., (O—45b)

(0-44d) — (0-44d),
U33 Z U3 €Xp <u23> s (O-45C)

U13

2

Us3 > U171 €XP ( U12> ; (O—45d)

U1

Uq2
U3 = Upp €XP () ) (O-45e)

U1
U1 Z 0, (O-45f)

with optimal objective value 2.72.

The most valuable additional constraints in this case are (0-45¢) & (0O-45{)), which result from

the multiplication of the nonnegativity constraint (0O-44d)) of the exponential cone inequality with
the exponential cone inequalities (0-44c) and (O-44d). Without these constraints we would obtain

an optimal objective value of 0.00. U

ExXAMPLE O-17. We consider the group of constraints resulting from the following multiplications

of constraints from numerical experiment 6.1:

(zi+zj+a—1) exp(—x;—a) < z(zj+z;+a—1),
(zj+zj+a—1) exp(z;) < t;(z;+z;+a—1),
(tj —z;—1) exp(—2;—a) < z(t;—x;—1), ’
(tj—z;—1) exp(z;) < t;(t;—z;—1)

(0-46)

which consists of all multiplications of a linear inequality derived from the decomposition of one of
the exponential cones with all other exponential cones. We list the values obtained when includ-

ing/excluding this group of constraints in Table for Instances 1 and 2.

Constraint Multiplication Without With
Instance 1 EXE -119.98 -102
Instance 2 E x E -191.27  -175.82

Table O-8 Comparison of the optimal values for Problem (38), with and without each of the proposed groups of

constraint multiplications, for Instance 1.
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ExaMpLE O-18. Consider the following example

rnwin T1T3 (O-47a)
x> T3, (0-47Db)
To + x3 > exp(z2), (0-47c¢)
25> 0. (0-47d)

We obtain the following RPT relaxation

min ;3 (0-48a)
z,U

st. (0-47D) — (O-47d)

Uiy > Uz, (O-48b)
Uy — 2uy3 +uzz > 0, (0-48c¢)
Ugg + Uz > T2 €XP (zj;Z) N (O—48d)
2
U9 + 2U23 + usz3z > exp(2x2), (0—486)
Ugg + U
Uoo + 2Uoz + Usg > (22 + T3) €xXp <2223> ) (O-48f)
To + X3
Uy — U23
Uiy — Uz + Uz — Usz > (21 — x3)exp | ——— |, (0-48g)
Tr1 — T3
x3 > 14y, (0-48h)
| (Vaz1-y) | <1+, (0-48i)
Ugs 4+ Ugz — Ty — Ty — 20 — 23 > (T3 — 1 —y) exp (M) , (0-48j)
s—1—
To+
x2+x3+z2+232(1+y)exp< 12+;2>, (0-48k)

with optimal objective value 1.00.

The most valuable additional constraints in this case are (O-48;) & (0O-48k|), which result from
the multiplication of the inequalities (O-48h|) and (O-48i)) resulting from the decomposition of the
exponential cone with the exponential cone inequality (O-47c]). Without these constraints we would

obtain an optimal objective value of 0.61. |
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