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EC.1. Definitions related to parameterized complexity and treewidth

EC.1.1. Tree decompositions and treewidth

A tree decomposition of a graph G = (V, E) is a pair D = (T,B), where T is a tree and
B={X"]|we V[T|} is a collection of subsets of V, called bags, such that:

* UweV[T] X =V,
e for every edge {i,j} € F, there is a w € V[T] such that {i,j} C X%, and

e for every {z,y,z} C V[T] such that z lies on the unique path between z and y in T,
X*NXY C X~

We call the vertices of T' vertices of D and the sets in B bags of D. The width of a tree
decomposition D = (T, B) is max,cyr) |[X"| — 1. The treewidth of a graph G, denoted by
tw(G), is the smallest integer ¢ such that there exists a tree decomposition of G of width at
most ¢t. Let us now recall the definition of a nice tree decomposition, which will make the
presentation of the algorithm used to proof Theorem 1 much simpler.

Let D = (T, B) be a rooted tree decomposition of G' (meaning that 7" has a special vertex
r called the root). As T is rooted, we naturally define an ancestor relation among bags, and
say that X' is a descendant of X™ if the vertex set of the unique simple path in T from 7
to w’ contains w. In particular, every vertex w is a descendant of itself. For every w € V[T,
we define G = G[U{X™ | X" is a descendant of X in T'}].

Such a rooted decomposition is called a nice tree decomposition of G if the following
conditions hold:

o X" =10.

e Every vertex of T has at most two children in 7.

e For every leaf £ € V[T, X* = (). Each such vertex ¢ is called a leaf vertex.
e If w € V[T has exactly one child w’, then either

— X¥ = X% U{i} for some i € X*'. Each such vertex is called an introduce vertez.

— X = X%\ {i} for some i € X*'. Each such vertex is called a forget vertex.



e If w € VI[T] has exactly two children wy and wg, then X% = X2 = X"&._ Each such
vertex w is called a join vertex.

We recall that one of the key property of such a nice decomposition is that for any w € V[T,
X" is a separator of G. This implies in particular that, in a join vertex, there is no edge
{i,7} € G* such that i € V]G] \ X* and j € V[G¥?] \ X™.

Given a tree decomposition of a graph G of width ¢ and z vertices, it is possible to
transform it in polynomial time into a nice one of width ¢ and xt vertices (Kloks| 1994]).
Moreover, it is possible (Bodlaender et al.| (2013])) to compute a tree decomposition of width
tw' = O(tw(G)) and O(n) vertices in time O(c™(n), where n = |V|. By using these two
results, we can compute in time O(c"(%)n) a nice tree decomposition of width O(tw(G))
with O(tw(G)n) vertices.

EC.1.2. Parameterized complexity

We refer the reader to|Downey and Fellows| (2013)), |[Cygan et al.| (2015]) for basic background
on parameterized complexity, and we recall here only some basic definitions. A parameterized
problem is a language L C YX* x N, where ¥ is some fixed alphabet. For an instance
I = (z,k) € ¥*xN, k is called the parameter. Given a classical (non-parameterized) decision
problem L. C ¥* and a function x : ¥* — N, we denote by L./k = {(z,x(x)} | € L.} the
associated parameterized problem.

A parameterized problem L is fized-parameter tractable (FPT) if there exists an algo-
rithm A, a computable function f, and a constant ¢ such that given an instance I = (z, k),
A (called an FPT algorithm) correctly decides whether I € L in time bounded by f(k)-|I]°.
For instance, the VERTEX COVER problem parameterized by the size of the solution is FPT.

Within parameterized problems, the W-hierarchy may be seen as the parameterized
equivalent to the class NP of classical decision problems. Without entering into details
(see Downey and Fellows (2013)), Cygan et al.| (2015) for the formal definitions), a parame-
terized problem being WW[1]-hard can be seen as a strong evidence that this problem is not
FPT. The canonical example of W][1]-hard problem is INDEPENDENT SET parameterized
by the size of the solution.

The most common way to transfer W[1]-hardness is via parameterized reductions. A
parameterized reduction from a parameterized problem L; to a parameterized problem L, is
an algorithm that, given an instance (z, k) of L;, outputs an instance (', k') of Ly such that

e (r,k) is a yes-instance of L; if and only if (2/, k") is a yes-instance of Lo,
e k' < g(k) for some computable function g, and

e the running time is bounded by f(k) - [2|°®M) for some computable function f.

If L; is W[1]-hard and there is a parameterized reduction from L; to Lo, then Lo is W[1]-hard
as well.

EC.2. Computing the objective function on small treewidth graphs

Throughout this section, we consider the graph G = (V, E) and denote by wx the vector u
restricted to components u; such that ¢ € X, for any X C V.
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EC.2.1. Definition of the auxiliary problem

In this section we consider that we are given a fixed input of ADVERSARIAL, and a nice tree
decomposition D = (T, B) of G. Given w € V[T, we denote U" = X,cy(gu)ld;. Let us define
the following maximization problem IT. An input of II is a pair (w, f) where w € V[T], and
f is a function from X* to M such that for any i € X", f(i) € U;. An output is a vector
u € U™ such that for any i € X u; = f(i), which we denote by u = (w, f). The objective
is to maximize c¢(u, G*). We denote by OPT(w, f) the optimal value for instance (w, f). As
usual in DP algorithms, to simplify the presentation we will define an algorithm A that given
an input (w, f) only computes the value OPT(w, f). This algorithm could be easily modified
to get an associated optimal solution.

EC.2.2. Join case

Let w be a join vertex with children w” and w®. Given two vectors uX € U*" and u? € Y»",
such that for any i € X*, ul = uf, we define u = u’ o u® by u; = uk for any i € V|G""],
and u; = uf for any i € V[G*"]. Observe that u is well defined as for i € X*, uF = uX.

Lemma 1. Let (w, f) be an input of I such that w is a join vertex with children w' and

w®. For any u € U, u 't (w, f) if and only if there exists u”, u'® such that the following
conditions hold:

o ut bk (wh, f)
o ult - (wh, f)

o u=ulou®

Proof. We obtain the = direction by defining u” = wyguwe] (resp. u™ = wjyges]). In the
« direction, observe that u” o u'® is well defined as for any i € XV, uf = uf = f(i), and
u b (w, f) is also immediate. O

Lemma 2. Let (w, f) be an input of IT such that w is a join vertex with children w’ and w®.
Then, oPT(w, f) = opT(w”, f)+orT(wk, f)—d™), where d™f) = Yijexe giyenc WS (@), f(4))-

Proof. Let us start with the < inequality. Let u such that c(u, G¥) = oPT(w, f). Let u”
and uf as defined by Lemma [l Observe that c(u, G*) = c(u, G¥) + c(u, G¥R) — df) as
edges inside X are counted twice in the first two terms. We have c(u, G¥%) = c(ul, G¥r),
and c(u®, G¥t) < OPT(w”, f) as u” + (w”, f), and same properties hold for the right side.
This implies OPT(w, f) < oPT(wk, f) + oPT(w¥, f) — d™/.

Let us now turn to the other inequality. Let v’ such that c(u®, G¥t) = oPT(w’, f), ult
such that c(uff, G¥?) = opT(w?, f), and u = ul o u®. According to Lemma , u 'k (w, f),
and again c(u, G¥) = c(u”, G¥t) + c(u®, G*7) — d™F) implying the desired inequality. [J

We are now ready to define the DP algorithm A in the join case. Given an input (w, f)
of II such that w is a join vertex with children w’ and w®, A(w, f) returns A(w’, f) +
A(w®, f) —d®@9. Tt follows from induction and using Lemma 2 that A(w, f) = oPT(w, f).



EC.2.3. Introduce case

Given any input (w, f) of Il and X C X", we denote by f|x function f restricted to X. The
following two lemmas are easily verified.

Lemma 3. Let (w, f) be an input of I such that w is an introduce vertex with children w’.
Let i be such that X® = X" U {i}. For anyu € U™, u 't (w, f) if and only if the following
conditions hold:

® Uygw = (w,7f|Xw’)
o u; = f(1)

Lemma 4. Let (w, f) be an input of Il such that w is an introduce vertex with children
w'. Let i be such that X¥ = X* U {i}. Then, oPT(w, f) = OPT(w/, fixw) + d@wd) where

D =3 exn gigpenia AU @, ().

We are now ready to define the DP algorithm A in the introduce case. Given an input
(w, f) of IT such that w is an introduce vertex with children w’, where X* = X' U{i}, A(w, f)
returns A(w’, fixuw) + d®wf) Using Lemma {4| and induction, we obtain that A(w, f) =
opPT(w, f).

EC.2.4. Forget case

Let (w, f) be an input of II such that w is a forget vertex with children w’. Let i such that
X = X* U {i}. For any € M, we denote f the function from X*' to M such that
f@2)(5) = f(4) for any j # 4, and f@®) (i) = z. We obtain the following lemma.

Lemma 5. Let (w, f) be an input of Il such that w is a forget vertex with children w'. Let
i be such that X¥' = XY U {i}. For any u € U”, ut (w, f) if and only if u b (w', fO&u)),

Lemma 6. Let (w, f) be an input of Il such that w is a forget vertex with children w'. Let
i be such that X*" = X U {i}. Then, OPT(w, f) = max,ey, OPT(w', f:)).

Proof. Observe first that G* = G*'. Let us start with the < inequality. Let u such that
c(u, G*) = opT(w, f). Notice that c(u,G*) = c(u,G*"). By Lemma , u = (w', fOu)))
implying c(u, G*") < oPT(w', f(4)) < max,ey, OPT(w', f(47).

Let us now turn to the other inequality. Let x* € U; maximizing the right side. Let
u such that c(u, G*") = oPT(w’, f**7)). Notice that as u - (w’, f&*)) u; = 2*, and thus
u b (v, f&")). According to Lemma , u b (w, f), implying that c(u, G*') = c(u, G*) <
opPT(w, f). O

We are now ready to define the DP algorithm A in the forget case. Given an input (w, f)
of IT such that w is a forget vertex with children w’, where X*' = X* U {i}, A(w, f) returns
max,ey, A(w’, f&). It follows by induction and using Lemma@ that A(w, f) = oPT(w, f).



EC.2.5. Putting pieces together

Theorem 1. ADVERSARIAL /tw + o is FPT. More precisely, we can compute an optimal
solution of ADVERSARIAL in time O(ntwo®®™), where n = |V|, tw = tw(G), and o =
maXx;cy 0j.

Proof. Given an input (M, d, G,U) of ADVERSARIAL, we start (see Section[EC.1.1)) by com-
puting in time O(c*(@n) a nice tree decomposition of width O(tw(G)) with N = O(ntw(G))
vertices. Remember that this nice tree decomposition is rooted on a vertex r such that
X" = (). Then, we output A(r,0). Notice that as X" = (), the second parameter (the func-
tion from X" to M) is defined nowhere and denoted (). As A solves II optimaly, we have
A(r,0) = opT(r, D). Moreover, as G" = G, we have OPT(r, ) = ¢(G).

Let us now consider the running time of A. Given a tree decomposition with N vertices
(in the tree of bags) and of width ¢, the size of the DP table is O(Ng?), the time to compute
one entry is dominated by the forget case where the branching is in O(o), implying a running
time in O(No'™). Plugging the corresponding values, we get the claimed running time. [J

EC.3. Compact formulation for the Steiner Tree Problem

We extend next the construction from Section 3.3 to trees, albeit this involves logical con-
straints. We consider more particularly the case of the Steiner Tree Problem where a set
of terminals 7" C V is given and any feasible solution is a Steiner tree connecting the ter-
minals of T'. We further assume that r is a given arbitrary root in 7" and that any x € X
describes an directed tree from 7 to the set of terminals 7"\ {r}. In particular, this in-
volves that the edges are directed, so variables z;; and xj; now denote the two directed
edges (i,7) and (j,4) obtained from {4, j}, leading to the directed set of edges Ebdir - Simi-
larly, we introduce the incoming and outgoing stars of i as 0~ ( { J ‘ g, 1) Eb"d"} and
ot (1) =4y ! i,j) € E¥"} | respectively.

Then extending the optimization variable z to any node in V', we obtain the following
formulation

min  w
st. w>2F VEkelo)] (EC.1)
k .
28> Z xwg[%i( u;, j)—i—z) Vie V., k € [oy] (EC.2)
jeot (i
xGX,ZZO. (EC.3)

To linearize the maxima in the right-hand-side of (EC.2), we introduce variables ZJ; such
that
ZE > d(uf,ub) + 25, VL€ [oy]

i 7] 3’

and replace (E with

> Y wyZl, Vi€ V\Ty kL€ loy) (EC.4)

75
JEOT ()
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Figure 1: Small instances inspired by the format instance from SteinLib, 7" contains the
larger nodes.

The right-hand-side of constraints can be further linearized with the help of additional

variables ij and logical constralnts

We illustrate and compare the above formulation on small artificial instances built upon
the format instance which includes 7 vertices and 9 edges (the instance is available at http:
//steinlib.zib.de/format.php). To get larger instances from the format instance, we
remove the central terminal and add layered copies of the instance. Figure [I| depicts the
original structure of the format instance and that obtained by adding one copy. We denote
as format(x) the instance with k copies of the original graph.
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Figure 2: STP: Average solution times in seconds on instances format (k) for each algorithm
when varying one of the parameters.

The results presented on Figure [2| underline that compact can hardly solve large in-
stances, as the solution times increase significantly with x. They also illustrate that cons is
much slower than exact on these small artificial instances.

EC.4. Connection with the affine decision rules approximation from Zhen
et al.| (2021)

Notice first that, due to the convexity of the norm, the constraint

Yuel: Z Tijl|lwi — ujlls <w

{i,j}€E


http://steinlib.zib.de/format.php
http://steinlib.zib.de/format.php

is equivalent to
Yu € conv(U) : Z zijllu; — w2 < w.
{i,j}€E
Next, let us denote the unit ball of dimension p by WP, as well as W = X cgWP. Let us
also direct arbitrarily every edge in [E, leading to the set of directed edges E. Following the
same idea as (Zhen et al.|2021, Theorem 1), we obtain that the constraint

Yu € conv(U) : Z Tijl|w; — wjlls < w

(4,5)€E
is equivalent to
Yu € conv(U Z Tij wglgy)\(}pw (u —u;) <w (EC.5)
(i.§)€E
eYw e W, u € conv(U) : Z zigwi(u; — ug) < w (EC.6)
(i,§)€E
SVweW max{ Y oy U(ZA Z)\ > D M=1LVieV,A>0) <w
(i.§)€E k=1
(EC.7)
SYw € W : min Z,ui i > Z Tijw Z :16]111)]Z ub Vi e Vi ke lo)] p <w.
eV (i.§)€E ()R
(EC.8)

Observe that the left-hand side of can be interpreted as a two-stage robust opti-
mization problem without first-stage variables, with p playing the role of the second-stage
variables, and with w representing the uncertain parameters. This type of models being
notoriously difficult to solve to optimality, we follow (Zhen et al.[2021, Lemma 1) and seek
a heuristic solution by considering second-stage variables p that can be expressed as affine
decision rules

pi(w) = pig + Z sz"j’wi’jh (EC.9)
(#,5")€E
where 1) € R and p; ;7 € RP. Replacing (19) by with p substituted with the
right-hand side of , we obtain

min w

s.t. wzz u?+ Z ug:i,j,wi/j/ , YweWw

Y% (’i/,j/)EIE

p+ > phwey > | Y wgwl = > wwf | uf, VieVke[o]weW
(i',j')EE (i.5)€E (ji)€E

reX.



Dualizing the robust counstraints with respect to w € W yields

min  w (EC.10)
st. w> Z,u? + Z iij + s+ Z it i (EC.11)
eV (i,5)€R i'#4,j 9
P> 3 gl = pagilla+ D Mwjauf + pagile+ Y Nwiwplla, Vi€ Vk € [o]
(i,5)€E (j,i)€E (i ") ERid! 5!
(EC.12)
reX. (EC.13)

We discuss next how we can substantially reduce the number of affine multipliers in (EC.9)),
and consequently, in problem (EC.10)—(EC.13)). Let (@, z, i° i) denote an optimal solution
to (EC.10)—(EC.13). Observe that the optimal solution cost is equal to @ = max,ey @(u)
where

o) = D0 Mg — fuglla+ D N+ faglla+ Y iyl

1V (i) €E (ji)€E (i 5" EBsi£i! 5!
3 (s + s + Y fws|| (EC.14)
(i,5)€R V' F#i,j

2

Pisij + M5 + Z fhat ij
oy

(EC.15)

= > | &Eu — fiaggllz + 1E05 + faglla+ Y e agllz +
(i,5)€R i'#1,]

2

We are going to define a sequence of two new solutions, i’ and f”, such that the corre-
sponding values &'(u) and @”(u) are not greater than w(u) for each u € Y. First, we define
i’ by setting i, ,; = 0 for all (4, j) € E such that 7 ¢ {i,j} and [}, ;; = [z ;; otherwise, and
let @'(u) be the right-hand side of with u replaced by 1/. Observe that

Z ||/~/J;/7ij||2 + [j’;,ij + ﬂ;‘,z‘j + Z ﬂ;’,ij = Hﬂ;,l] + [L;}in2

i, i, 5
= |5 + Rl
<O Nwgglle + || + fgag + Y fiis||
] i #i,j )
which implies that
&' (u) < o(u), (EC.16)
for each u € U. Second, we define another solution i such that i}, = ji;,; and g}, =

—ji; 1, V(i,J) € E. Then, we denote as &”(u) the corresponding right-hand side of (EC.15).



Observe that for each u €¢ U

J)H(U) = Z (Himuz - ﬂ;/szQ + ||jijuj + ﬂ;/2]||2 + ”/1;/13 + ﬁ;(,inZ) (EC~17)
(i,5)€R

= > (l&gus — gl + Eguy — i) < @ (u). (EC.18)
(i,j) €k

From (EC.16) and (EC.18), we see that we can set fi;,; = 0 for all (7,j) € E such
that i' ¢ {¢,7} and fi;;; = —fi;45,V(i,7) € E without deteriorating the quality of the solution

returned by (EC.10)-(EC.13|). Thus, renaming the variables p; ;; as p;;, formulation (EC.10])—
(EC.13|) becomes

min w
st. w> Z,u?
iev
> Z l2ziyuf — pislla + Z |lzjiw; = pjills, VieV,uel
(i.j)EE (j.i)eE
re X,

and the equivalence with (14)—(17) follows by removing the dummy variable w, introducing
artificial variables to separate the norms into individual second-order cone constraints, and
renaming . as d;.
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