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Appendix A: Additional Examples of Operator-Valued Kernels

There are other types of operator-valued kernels that can also be considered as covariance functions for the FFGP, such
as multiplication operators and composite operators, which have the following forms:
Multiplication operator: Tyy(¢) =k, (1)y(z), and K(x;,x;) = k(x;,x;)Ty,

where k, a positive kernel and &, a positive real function.

v(x;)’
where C:p is the adjoint operator of Cy. ¥ (x;) and ¥ (x;) are maps of Q, into itself. More details can be seen in

Section 5.4 of [Kadri et al.|(2016).

Composition operator: C,: f+— fop,and K(x;,x;) = Cy(x,)C

Appendix B: Computations of Eigenvalues and Eigenfunctions of T'y

According to Lemma 1, we have

Exponential kernel: Tyv(t) = fOt exp” =7y y(s)ds + /tl exp~ /Ty (s)ds = By ().

It is easy to know that v is differentiable because the middle of the above equation is differentiable. Then, the
first-order derivative of Bv(¢) to ¢ is Bv'(t) = —leexp‘t“y fol exp®/ v (s)ds + TLyexp’/Ty ftl exp~*/™v(s)ds. Note also
that 7, (0) = v(0) and 7,v"(1) = —v(1). Similarly, the second-order derivative of Sv(¢) to ¢ is also differentiable. It is
given by ,Bryz,v”(t) = (B - 27,)v(t). According to Keener| (2018)), we have v(¢) = Asin(ut) + Bcos(ut) when 8 < 27y,

27,

From the above conditions, we obtain §8; = T and v;(t) = yp;cos(p;t) +sin(y;t). And p; > 0 is the i-th solution

>
of the equation 2coty = Tyu — 1/(7ypu) fori > 1y

Wiener kernel: Tyv(t) = fot v(s)ds + /11 Tt—yv(s)ds =pBv(t).

We have v(0) = 0. The derivative of Bv(¢) to t is Bv'(¢) = /t] Tiyv(s)a’s. We deduce that v/(1) =0, and v’ is
differentiable. Then we have v’ () = —%v(r). The general solution is v(#) = Asin(ut) + Bcos(ut). From boundary

conditions, we have u = \/m = % + (i — 1)7. Then, we obtain 3; = m and v;(f) =sin (2"2—_17”).
Appendix C: Computations of conditional scalar-valued operator-variance

Under Assumption 2, the conditional covariance operator Var [ f(x0) |Y] in (4) is positive and a trace class,
and its corresponding s*(xo,xo) is finite. Then f(x() defines a measure on Y (i.e. a Y-valued random vari-
able) (Owhadi| 2023). From Definition 2 and Lemma 1, we have that sz(xg,xo) = 22 (K (x0,X0)vi,vi) =
2y { (K (x0,X0)Vi, Vi) — <K(x0)T (K+2/cLy)”" K(xo)v,-,vi>} = 0252, {Iii - i}, Vag € XP. For the first

item, we have I;; = <Z‘]’.°=1 kx(xg,xo)ﬁj <vj,v,~>vj,vi> =ky (xo,xg),Bi. For the second item, we have K(xg)v; =
-1
ke (x0) 257, By (vi,v7) vy = e (ko) v Then, thereis (K+ 1y ) K(xo)vi = £, 5 irar (Ka(x0)Brvisz;) 2.
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ﬂl
J=l ajBi+a/o?

-1
K(xo)T (K+41y) K(xo)vi =kx(x0))T I3, B (X" aviovi)vi =" l—sz(xo)W W jkx(xo)v;. Thus,
0'2 J Jj= a;Bi+d/o

Bi
hi=3"_, Wk;(xo)ijjkx(xo). In summary,

Since z = w ® v, we have (K+§Iy) K(xo)v; = X kT(xo)w,;w;v;. Then we obtain

%(x0, =w(si=m 2B |k (x0, —nka Twiwlk, ) A0
$2(x0,%0) Zl ;Uﬂ[ (%0, %0) ;a,-ﬁ,-+ Taake 0wl k(o) (A0)

Appendix D: The Algorithm and Computational Complexity

Algorithm A1 Parameter estimation for training FFGP

Input: Training data X and Y, pre-specific basis space g, initialized @g = {bo, 0'3, Tx0, Ty0, A0}
Initialize: b «— by, 0% — O'g, Ty € Tx0, Ty < Tyo, 4 < Ao.

1. while b, 02, 7, 7y, A not converge do

2 Eigendecomposition K. Let a; € R be the j-th eigenvalue, and let w ; € R" be the j-th eigenvector,
j=1,---,n

3: Eigendecomposition Ty. Let 8; € R be the i-th eigenvalue, and v; € Y be the i-th eigenfunction.
Select m by (16).

4: Update b by (20) and o2, 7, 7y, A by (19) with the L-BFGS method.

5: end while

REMARK 1. Denote that N,,. is the computational complexity of approximating L? norm by numerical methods,
and O (n®) is the computational complexity of obtaining the eigenvalues and eigenfunctions of K, where 2 < w < 2.376
(Williams|[2012). We denote the computational complexity of Ty feature decomposition as 1 because of the closed
forms of eigenvalues and eigenfunctions. Then, the computational complexity of updating b is O(N,,.n’m). When
updating other p + 3 hyperparameters o2, T, 7y, A, the computational complexity of computing the derivatives of the
likelihood function with respect to them is O (N,.n’m + (p + 3)mn). We use the L-BFGS algorithm to optimize the
likelihood, the number of iterations is O (log(n)) (Bottou[2010). Then the computational complexity of Algorithm [AT]
is O (log(n) (Nemn® +n® + (p + 3)mn)).

REMARK 2. When using the FRGD algorithm to select x*, for any initial function, the computational complexity of
the derivative of L(x) with respect to x is O (chm2n2 + pnz) and the computational complexity of updating L, (x)

is O (N2,.m?n?). Therefore, the computational complexity of Algorithm [A2]for one time is O (N2,.mn* + pn?).
Appendix E: Computation of Proposition 1

From (22), there is L, (xo) = |lu + ko(xo)T Zj Mijwivi =y *12 + Z;”lo'zﬁl[k (x0,x0) -

l”lmk (x0)Tw; wTkx(xo)] = Li(xg) + Lz(xo) For Li(xg), it is easy to derive that L;(x() =
= y*II1? + ke (x0)T X% zizl ey (x0) — 2k 5 (x0)T X% 2 (e — y*, v;), where z; = Y/j1mijw;isannx 1 vector. Then,
according to the chain rule, we have DL |y,= (Dk |xO)T dL‘ . Here dL‘ —22 [zizl-Tkx(xo) -2 (,u—y*,vi>] is an

n X 1 vector. Similar to L, the Fréchet derivative of L, at x is g» (xo).
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Algorithm A2 Functional robust parameter design via FRGD

Input: The FFGP estimator f,,, the corresponding SVOC 52, and step size ¥, maximum number of
iterations /, number of starting points Nj.
Initialize: {x;.{O} eXP,i=1,--- ,Ns} randomly.

1: foreachie {1:N;}do

2 Update L; = Ly, (#) in 22).

3: while L; has not converged and 1 </ <[ do

4: Update flﬁ{l} :)?l.{l_l} —¥DL,y, |x, (J?i{l_l}).
5: end while

i

6: Compute L; = Ly, (J?{l}).
7: end for

8: Compute i* = argmin {L;}.
ie{l:Ng}
{

9: Output: the optimal parameter £, = J?l.*} and the corresponding loss value L, (£)).

Then, we prove Proposition 1. According to the chain rule, we have Dky, [x,= %Drx, |x,- For the Gaussian

. dk dk v/2
kernel in (7), drx’j_ dr;i =Dk (x0,%;) |x,= Wmo(rxi), here

mo(ry,) = r;i_l [VK v (\/ﬂrxi) +ry, DK, (\/Erx,. )] . DK, means the derivative operator of the modified Bessel function

= —2r,exp {—rii}. For the Matérn kernel in (8),

K, at ry,. Now we compute the Fréchet derivative Dr, |,, here r,, : X” — R is a functional. Since the dual space of

L? is equivalent to itself, Dry, |x,€ X”. We first consider the case p = 1. Define Dry, |y, (h) = <h, % > Then we
[rx; (x0+h) —ry; (Xo+h) =Drx; |x, (h)|

. _ _ Ixi=xoll
prove H}111”11_1)0 T =0, where ry; (xo) = ===
Iy, (x0 + h) = 1y, (0 + h) = Dro Ly (W] |llxo = xillll 2 +x0 = xil = llxo = xill> = (B xo = x7)|
Il T[]

_ lixo = xillll +x0 — x| = {h +x0 — xi, X0 — ;)|

Tl {0 = xi |

[llx0 = 112117+ x0 = x; 11> = (b +x0 — X1, %0 — ;)7

“rellBll - lixo = xill (llxo —x: | 1A+ xo — x| (h +x0 — X7, X0 — X;))
— <X0—Xi,XO—Xi> <h’h>_<h’x0_xi>2
TellAll - llxo = x|l (llxo — x| 172+ x0 — x; || <P+ x0 — X4, X0 — X))

Then we have
I (o + ) = 1y (X0 + 1) = Drag [y (W] _ o 0 =x1, 00 = 1) (o ) = (o —xi)?

Il —0 [I7]] 1| —0 27| - llxo — xi1?
oo = 52 Pl = Chaxo = x0) { gl 0 = 1)
lAll—0 27 |lxo — x; ||

Assume ||xg —x;|| > 0 is bounded, the denominator of the above equation is bounded. The first term of the numerator

of the above equation converges to 0 when || || — 0. According to the Cauchy-Schwarz inequality, <ﬁ, X0 — x,~> <|lxo—
‘rxi (x0+h)_rxi (x0+h)_Drxi |x0 (h)| =0

x;|| is bounded. And (%, xo — x;) converges to 0 when || z|| — 0. Then we have ||}lli”m() Tl

X0)=xi(8) ‘\where s € Q,. By extending it to p > 1,

T llxi=xoll >

we have Dry, |, (s) = 228)=%i() By taking it into Dk, |5, proves that (25) and (26).

T llxi—x0l *

Since Dry,; |x, at xo is a function in X, there follows Dr, |, (s) =



Huang, Xu, Gao, and Zhang: Function-on-Function Gaussian Process with Application in Robust Design
4 Article submitted to INFORMS Journal on Computing

Appendix F: Proof of Theorem 1

Proof.  According to Definition 4, for Vxo € X” we have

MSPE(/) = E [||f(xo) —f(xo)Hz} -E [Hf(xo) - Fwo) + Flxo) - f(xo)||2]

7o)~ Feeo|[ | + 26 [[[(Feeo) - Fxo)) (Fxo) - £

=E||l/(x0) - fxo)|| +E
> MSPE(/) + 28 [ (F(x0) = 7x0)) (Fxo) - £x0)) || 2 MSPEC).

Appendix G: Proof of Corollary 1

Without loss of generality, we consider g =0 and 7, = 1,, in the following proofs.

Proof.  Since Ty is a trace class, then 3> | 8; < co. According to (15), the trace of Var [ f(x) | Y] is

S | R
251—0' Zﬁ kx(x0,X0) ;ajﬁ,-hl/azk)‘(x(’) wiw ; kx(xo)

=1

~

00 [ n w wT n /l 2 w WT
2 e /o s
— i |k ,x0)— > ki(x k- (x0) + ko (x et |
o ;ﬁ «(x0.%0) ; (o) 'k (x0) ;—%ﬁiwgz (o)~ ke (xo)
Denote A =diag(ay,- - ,@,), here diag(a) is the diagonal matrix consisting of elements of a. Then we have

(e8]

i5i§022ﬁi
i=1

i=1

(o)
SO’ZZﬂi
i=1

/o2

mkx(X)TWA_lekx(x)
minfPi

kx(x,x) =k (x)TWAT'WTk (x) +

/o

ey 1o o 0K (x0) " (o) |

k*(x0,x0) +

here @i, > 0 is the minimum eigenvalue of K. For k., it can define the unique functional input GP g*(-) (Sung et al.
2024). Given inputs data X, the conditional covariance at new input xg is k*(xo) = k (x0,%0) — kx(xg)TKglkx (x0),
satisfying 0 < k*(x¢) < 1. Then we have 3,52, 6; <302 Y2, Bi <30°C, and each 6; > 0.

Appendix H: Proof of Theorem 2

Proof.  From the proof of Corollary 1, we have

N ¢ /o2
MSPE( f) = s%(x0,x0) < 02 | — k. (x0) K (x0) ko (x0) + kT (x0, x
() =5*(xo.x0) <7 ;ﬁ [amm/s,-waz (x0) Ko (x0) ™ ks (x0) + k* (0. x0)
- A)o?
2 L
<o Bi [2 +k (xo,xo)] . (A1)
; ' AminPi + /1/0—2
First, we prove the first term of (4). Under Assumption 4, we have { = ﬁ < bn~°. Then we have Z;’il = (/2,‘ =
i W <X m According Assumption 1, when k, is the exponential kernel, we have §; =
1+27T§,y;42’ and h(u) =2cosu/sing — Ty +1/(1yu) =0 for i > 1 and p > 0. Since the cos/sin function is periodic with
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period 7 and h(u) € (+00, —c0) is monotonically decreasing in each period, we have yu; € ((i — 1)x,ix) and 8; < i~2.

Therefore, when k&, is the exponential kernel or the Wiener kernel, there exists 71,72 >0, s.t. 71 <3, /i -2 < 15. Then,

(o8]

> LB 1 © 1 b © 1 _
Z < Z - = - di= - - di
AminPi + ¢ =1 (@min/b)ne +i% /1) 1 (@min/b)nc +i% /1) @min® J1 14 bi% [ (T1@minn©)

i=1
bty /2
_ / bty /oo 1 dit = leﬂzn—c/Z_ [bT] arctan( aminn )"n_C/Q
Aminh€ J | thn(,» L+u? damin QXmin ncl?

Xmin

2
Ao <cin¢?,

That is, there exists a constant ¢, s.t. 20- Z;";l ﬁim <

Second, we prove the second term of . From Corollary 1, g* is functional input GP (FIGP) with mean 0 and
covariance function ky(+,-) (Sung et al.|2024). Then k* (x) represents the conditional covariance of g*(x) given data
g* =g*(x1), -+ ,2"(x,). And we have k*(x) = E[g*(x) —g*(x)]? Here g*(x) = k,(x)TK;!g* is the posterior
mean function under FIGP with covariance k. Next we prove E [g*(x) — g*(x)]2 —0asn— oo,

Sung et al.| (2024)) proves the result when x is a function, i.e., p = 1. Now we refer to the proof process in|Sung et al.
(2024) and expand the case when p > 1. We introduce the following Lemmas, which can be found in Lemma 2 and
Definition 1 of |Sung et al.|(2024), Theorem 11.8, and Theorem 11.9 of [Wendland| (2004).

LEMMA A1. Let ¥ be a Matérn kernel function, and A; > A, > --- > 0 be its eigenvalues. Then, A =< k=2"/4,

LEMMA A2. A set Q c R is said to satisfy an interior cone condition if there exists an angle w € (0,7/2) and a
radius ¥ > 0 such that for every € Q, a unit vector &(¢) exists such that the cone C(¢,£(1), w,x) := {t+ni: F R4, ||f]| =
1L, #T¢(t) > cos(w),n € [0, 1]} is contained in Q.

LEMMA A3. Let [ € Ny and 7 (Rd) be the set of d-variate polynomials with absolute degree no more than /.

B 272
Suppose Q C R is bounded and satisfies an interior cone condition. Define C; =2, Cg= %, c3= cig’
where w and t are defined in Lemma Then for all T, = {¢,---,¢,} C Q with hy, o < c3 and every ¢ € Q there

exist numbers i1 (¢), - -+ , i, (¢) with (1) X7_, i (¢)q (t;) = q(¢) forall g € m; (R9), (2) i |ii;(6)| < C7,(3)ii; (1) =0,
if |t - ]| > Cshr, 0

LEMMA A4. Suppose @ = r(||-]2) € C*(RY) is positive definite. Let Q be a compact region satisfy-
ing an interior cone condition. Then for ht, o < ho, ®(t,8) = 2X}_ ;@ (t.¢;) + X}, Ti_, djiar® (¢, te) <
(1+C7)> maxo<s<2Cyh, o [¢(5) = p (s?)|, where p € )2/ (R), hr, .0 = f;lg 1rgnji2n [l =],

We first provide a characterization of the function class X”. Since @ is a positive definite function, we can apply
Mercer’s theorem to @ and obtain @ (s,s’) = Z‘]’f’:l Ao, jdj(s)p; (s"), 5,8 €Qy, where dgp,1 > Ap2 >--- >0 are the
eigenvalues and {¢y } ; ;y are the eigenfunctions of N (Q,), and the summation is uniformly and absolutely convergent.
Because x = (x,- -+ ,x,)T € XP C [No(Q4)]”, by Theorem 10.29 of Wendland| (2004), for each element x; € X of x,
the summation is ||x||fN¢(Q)J,, =37, ||xl-||fv¢(9) =30 2% /l&)?j (xi, ¢j>2 <p.

Define a map & : XP — W between the function class X” and the set W = {a =(ag, - ,an, - )T : Z"-"_l /lg,i.az. <

izl p} €l (BP) as h(x) = (hi (1), hp(xp)). where hi(xi) = (Gcird) - (v ) o).
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It can be verified that ||x;|| = ||#; (x;)||2 and ||x]|| = ||2(x)||2, here || - ||» is the Euclidean norm. Therefore, we can
define a new positive definite function K on W which satisfies Vx,x’ € X?, K, (a,a’) =y (|la—a’||,) = ¢ (Jlx —x'||) =
ky (x,x’). Here a= h(x) and a’ = h (x’). Define a) = h (x;). For any u,, = (uy,--- ,u,)" € R", it follows that

2

n n n

E g*(x)—Zujg*(xj) =k, (x,x) - ZZuJ (x,x;) ZZujukkx(xj,xk)
j=1 j=1 k=1
002w ([Ja=a )+ 3 S e (a7 -a ).
= i=1 k=1
T

Let b; = ( /) .. af,f))) b= (ag,- ,ano) al) = ( ;ﬁll’a%lz’”')’ and a; = (@py+1,@ngs2, -+ ), Where ng

will be determined later. Then a/) = (b7, (a(j )) )T and a= (b”,aZ)". Denote d and d; are the ngp vector of the
matrix vec operator on the band b ;. Applying Lemma . we obtain that for some i}, )" io1tjq (d;) =q(d), forall g €
7 (R™P) 2?21 |uj(d)| < Cs, and iij(d) =0, if ||d—d]-||2 > C7hg, q,, when hg, o <c3, where B, ={d,,---,d,}.
Note that Cg and c3 depend on the interior cone condition and /. In particular, they change as the dimension of d and
the degree / of polynomials p in change.

Since a,al’) € W, it follows that a < \/K and al/) < \/K Define a set Xy = H"OP [0 \/K] It can be verified

that d,d; € Xp. Set w =n1/6 and t = /Ao n,p /2. It can be verified that the interior cone condition is satisfied. Then

VAa.n
Cs =482 and c3 = Y252

And then we have
Bt 0) -0 <00 -2 Y0 (fa-a )+ 3 S s a4 -4
=1 /

j=11=1

N
N

( 0) - 22“/¢ ( |b b/“z) + £ k:]ﬁjﬂklp (“b bk”z))

e[-2 20 o (s - (ml)) 2 S (o (a2 =a ] (I -wuk))

mia
=L +1.

The first term can be bounded by Lemma which gives I

IA

9maxo<s<2Cyhg, o |V (5) —q (s?)]
9max05s5m|w(s)—q(s2)|, for some g € m|;/2)(R), provided hp, o < c3. Since ||dj—d||2 < Hbj—b”2
||a—a(j)||2 = Hx —x]-”, we have hp, o < hx xr so hg, o < c3 holds.

A
IA

Next, we consider bounding /; with a Matérn kernel function ¢. Lemma implies that A ; =< j ~21/d_ By the

expansion of modified Bessel function (Abramowitz and Stegun|(1948)), y can be written as ¥ (r) = ,E {) err? + ey(r),

where e, (r) = er? logr + O (r?) for v=1,2,- -, or ey (r) = er® + O (r*l"]*D) for otherwise.
Therefore, we can take ¢ (32) =— IE"%) ers*. For makaW |z,b(s) q(s | we can obtain that it is less than
Co(nop) 2"/ 10g(nop) when v=2,---, or Cio(nop)~2"""/¢ for otherwise.

Then we have

I <

Clll’l(;ZVVl/d IOgl’lo, V= 2, s
otherwise.

=2vvi/d
Cian e,

It remains to bound I,. For a Matérn kernel function ¥, it can be verified that for all 51, s5 € [0, s], [ (s1) —¢ (s2)] <

C13|s1 — $2|?*°, where v = min(v, 1). From S7.9 of |Sung et al.| (2024), we have |I>| < C}3 (4C7 +2C3) (pA@ ng+1)™ <
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Ci3 (4C7 +2C3) p"on(;ZV”V‘/d. Because nazwl/d logng < nazvlv‘]/d logng and logng > 1, then we have E(g*(x) —
gx(x))?< C14n(;2y1 "0/ 0 .

Since it is known that a unit ball of Ng(L,) has a covering number N (6, X, || - [|1..) < Cisexp (C166~4/ ("1+4/2)),
Consider p-dimensional independent N (), the covering number is Cysexp (Ci6(5/p) P4/ 1+4/2)) "here we set
6=Con, ~2ni/d /4 and ng = | C3(log n) 1 +4/2/21p | >
e. That implies n > exp(((e+1)/C3)2P/1+d/2)) = Ny As n — oo, we have E(g*(xo)—8*(x0))* <

(vi+d/2) v
Cy(logn)™ Spa loglogn — 0. Therefore, as n — oo, it follows that

. Therefore, according to Assumption 4, we have hx xr < Czn

(e8]

MSPE(f(x0)) <o )" Bi |2

i=1

A/o?
AminPi + /1/0—2

(vi+d/2)vy

+ Cy4(logn)”— P4 loglogn — 0. (AD)

+ kL(xo,xo) < Cll’l_c/2

(vl +d/2)v0

The convergence rate is O (n_"/ 24+ (logn)™— pd loglogn)

Appendix I: Prove of Theorem 3

<

Proof. From (17), we can obtain that [ f.(x0) — f(xo)l = ”Z;”mHZ" 177,<jkx(x0)ijv,-|
PO |Z'Ll nijkx(xo)ijL here 7;; = W (Y Loy, wiv; > According to Appendix @ when k, is the

exponential kernel, we have §8; = 275 2;42’ and h(u) =2cosu/sinp — Ty + 1/(tyu) =0 for i > 1 and p > 0. Since the
cos/sin function is periodic with perlod 7 and h(u) € (+00, —c0) is monotonically decreasing in each period, we have
ui € ((i—Dm,in) and B; < Hr%z(%lﬂ Therefore, when k, is the Exponential kernel or the Wiener Kernel, there exists
a constant Cy7, such that 1 < Ci7 and ; < Ci7(i—1)7%, i >1. And |n;;| < Ci5(i — 1) 72| (Y = Lopt, wjvi ) |.

The error of f,, can be written as

1fon (x0) = F (x0)l < Z Zm,k (x0)"wj| < Cis Z (=D |k x(xo)TZw, TNY =L

i=m+1|j=1 i=m+1

<Cis Z (i = 1) Jlex(xo)” Zw,A WY = 1,pll| < Cigen Z (i = 1) e (x0) " WAT WY = 1 pe]l]

i=m+1 j=1 i=m+1

Note that k. (x0) TWA'WT||(Y = 1,00)|| = ||k x (x0) TWAT'WT(Y = 1,,)u||. And k(x0)TWAT'WT(Y —1,,u) € Y,
then |k (x0) TWA'WT||Y = 1,,u|| < C\. Therefore, || fn(x0) — f(x0)ll < CisCray T2, — )72 < Cs(m — 1)1,
The bound of the error of truncated mean is Cs(m — 1)~! with the convergence rate O(m~!). Similarly, the error of
§2 (x0,x0) follows that |52, (x,x0) — s> (x0,X0)| = X521 6 <302 X5, . Bi < c2(m —1)~'. The bound of the error
of truncated SVOC is c2(m — 1) ™! with the convergence rate is O (m ™).

Appendix J: Prove of Theorem 4

Proof. Denote Lo(-) = ||f(-) — y*||>, we will prove the result through three steps. First, we prove that L,,(x) —
Lo(x), n,m — co,¥x € XP. From Theorem 2 and Theorem 3, it is easy to prove the result. Then, we prove that
mingexp Ly, (x) — mineexr Lo(x), n,m — co. Referring to the proof idea in Han and Ouyang| (2021), we replace
minimum with infimum for proof. Since L,,(x) converges to Lo(x), there exists € > 0, N € N, such that Vn > N,
|L,,(x) — Lo(x)| < €. This gives Lo(x) — € < L,,(x) < Lo(x) + €. Choose §g = 1/n, pick up xo such that Ly(xg) <
infLg(x) + 1/n. Then, we have L,,(xg) < Lo(xg) + € < infLo(x) + 1/n + €. Since infL,,(x) < L,,(xg), we have
infL,,(x) < Lo(xg) < infLo(x) + 1/n + €. By taking limits, we have lim infL,,(x) <infLy(x) if both of them

n,m—oo

are finite. On the other hand, pick up x¢ such that L,,(x¢) < infL,,(x) + 1/n. Since infLy(xg) — € < L,,(x0) and
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infLg(x) < Lo(xp), we have infLo(x) — € < L,;,(xo) <infL,,(x) + 1/n. Therefore, we have ”llllnw infL,,(x) =infLy(x).
Finally, we prove that n’lll—I>I}>o Lo(®5,) = Lo(x*). We have obtained that mh_r)rcl>o Ly (%)) = Lo(%}) and nll_r)I{l)o L (%)) =
Lo(x*). Then there exists €; >0, 2 >0, Ny € N, and N, € N, such that Vrn > Ny, Vim > Ny, |L,,(£),) — Lo(®},)| < €1,
|Lim(£,) = Lo(x™)| < €2. Then, |Lo(£,) — Lo(x™)| < [Lo(£},) = L (£))| + |Lu (£7,) — Lo(x™)| < €1 + €2

In summary, we have lim Ly(£),) = Lo(x™).
Appendix K: Additional information in the Case Study

Background: Three-dimensional (3D) printing prototypes have been widely used to simulate organ shapes in medical
applications due to their ability to provide accurate simulations at acceptable prices and time costs. Currently, the state-
of-the-art approach involves embedding metamaterial structures to simulate the mechanical properties of biological
tissues (Wang et al.|2016). Therefore, optimizing the structure of these metamaterials to ensure that the mechanical
properties of the printed tissues closely match those of real biological tissues is an urgent challenge in the medical
engineering field, i.e., robust parameter design. However, due to the complex functional nature of metamaterial
structures, this adjusted optimization process can take days or even weeks to complete, significantly limiting the
medical applicability of tissue simulation prototypes (Chen et al.|[2021). To address this challenge, it is crucial to
develop a cost-effective and accurate surrogate model that simulates the relationship between metamaterial structure and
mechanical properties based on true observations. In this context, we focus on 3D printed human aortic valve tissue in
this section. As shown in Figure[AT] the various sine wave curves represent the shapes of sinusoidal metamaterials and
can be regarded as functional inputs to be designed. Their corresponding stress-strain curves describe the mechanical
characteristics of the printed aortic valves and can be regarded as functional output. The goal is to learn how the wave
curves influence the mechanical characteristics. Consequently, it can select the wave curve parameters such that the
mechanical characteristics can fit a desired curve and be insensitive to variations in the wave curves caused by printing

noises.

Figure A1 Left: Sine wave curves of input samples. Right: Stress-strain curves of output samples.

Data and setting: We have a total of 77 data samples, with 71 samples allocated to the training set, a collection
of 5 samples are utilized as the testing set, and the remaining data function used as the target input and output for
RPD. Datasets of training and testing observations can be referred from https://www.tandfonline.com/
doi/suppl/10.1080/00401706.2020.1801255?scroll=top|(Chenetal.2021). As showninFigure@

the various sinusoidal wave curves represent the shapes of metamaterials and can be regarded as functional inputs
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to be designed, which can be described and collected by three parameters: the amplitude A € [0, 1] mm, frequency

w € [0,0.8] mm~" and initial phase ¢ € [0, 2x]. It is expressed as
x(t) = Asin(2nwt + ¢).

The corresponding stress-strain curve of a given x(s) is achieved via finite element analysis (FEA). Here we consider
the strain from 0% to 15% with each curve collected as a 101-dimensional vector. To simplify the calculation,
we scale it to a 20-dimensional vector as the curve exhibits clear exponential properties. In line with [Chen et al.
(2021), we preprocess the data by dividing each observation by 10*. The random error can be set to extra small
values in this case since the physical data is generated via FEA. To exclude the influence of magnitude on the
prediction effect, we employ mean relative error (MRE) as the criteria to evaluate the performance of FFGP and
other baselines, i.e., MRE = % Zf\i 1 ”ﬂﬁc'f)(_—xf)(”x‘)”, where {x,-}l].\i | Tepresents the testing inputs. In addition, we use
the mean standard deviation (MSD) to measure the uncertainty of f(x). In particular, for FFGP and VFGP, we use
MSD; = # Zf.\i ] §fn(x;,xi), where {xi}f.\i | represents the testing inputs. For FVGP, VVGP, and SpeD-GP, we use
MSD, = W Zf\i ) j"’: | Var [ f (xi,2;) | Y]. For SCR, we use the bootstrap to qualify the uncertainty. According to
domain knowledge, (A, w, ¢) = (0.1236,1.0618,0.3029) gives the optimal input x*, and its corresponding output y*

can be emulated via FEA.

Appendix L: Additional Predicted Results in Numerical Simulations and Case Study

Based on the kernel selection results in Table 2, Figure gives the predicted curve for one sample of the testing

set with the corresponding 95% confidence interval when the sample size is 50. It can be seen that FFGP shows

Figure A2 The prediction using different estimators, together with their corresponding point-wise 95%-
credible intervals (in the shaded area) when n = 50.
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the best prediction performance. Its predicted output function almost approximates the true output everywhere. The
corresponding confidence interval covers the true curve. For other methods, VFGP is poorly predicted at the boundary
and has the largest variance. FVGP and VVGP have a good prediction performance. However, the predicted curve is
non-smooth because of the discretized output. As to SpeD-GP, its fitting performance is much more poor. This is, on
the one hand, because SpeD-GP also discretizes the output function into a vector. On the other hand, it indicates the
proposed spectral distance may not be appropriate for describing the input correlations.

Figure[A3]shows the emulated stress-strain curve for a test metamaterial structure and corresponding 95% confidence
intervals based on the results in Table 7 in the case study. It can be seen that FFGP has the best prediction results with

the narrowest confidence intervals. As to other baselines, their predicted outputs are quite far from the true ones.
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Figure A3  The prediction using different estimators, respectively, together with their corresponding point-
wise 95%-credible intervals (in the shaded area) in the case study.
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