
Appendix A: Convergence Proof for Full Client Participation Under Convex Condition

A.1. Proof of Lemmas

Proof of Lemma 1. In section 4.2, we have θ̄t+1 = θ̄t − ηtgt, then∥∥θt+1 − θ∗
∥∥2 = ∥∥θt − ηtgt − θ∗

∥∥2 = ∥∥θt − θ∗ − ηtgt + ηtgt − ηtgt
∥∥2

= ||θt − θ∗ − ηtgt||2︸ ︷︷ ︸
A1

+η2
t ||gt − gt||2︸ ︷︷ ︸

A2

+2ηt⟨θt − θ∗ − ηtgt, gt − gt⟩︸ ︷︷ ︸
A3

. (A.1)

First, we bound the term A1 as follows: A1 = ||θt−θ∗−ηtgt||2 = ||θt−θ∗||2+η2
t ||gt||2︸ ︷︷ ︸

B1

−2ηt⟨θt − θ∗, gt⟩︸ ︷︷ ︸
B2

. To further

bound the term B1, we have:

B1 = η2
t ||gt||2 = η2

t

∥∥∥∥∥
K∑

k=1

φt,k∇ℓk(θt,k)

∥∥∥∥∥
2

(a1)

≤ η2
t

K∑
k=1

φt,k ∥∇ℓk(θt,k)∥2
(a2)

≤ 2Lη2
t

K∑
k=1

φt,k [ℓk(θt,k)− ℓ∗k] . (A.2)

where (a1) is the Cauchy–Schwarz inequality
∥∥∑N

i=1
ai ∗ bi

∥∥2 ≤∑N

i=1
ai

2 ∗
∑N

i=1
bi

2. (a2) is due to the L-smoothness

property of ℓk(·): ∥∇ℓk(θt,k)−∇ℓ∗k∥
2 ≤ 2L [ℓk(θt,k)− ℓ∗k]. To further bound the term B2, we have:

B2 = 2ηt⟨θt − θ∗, gt⟩= 2ηt

〈
θt − θ∗,

K∑
k=1

φt,k∇ℓk(θt,k)

〉
= 2ηt

K∑
k=1

φt,k

〈
θt − θt,k + θt,k − θ∗,∇ℓk(θt,k)

〉
= 2ηt

K∑
k=1

φt,k

〈
θt − θt,k,∇ℓk(θt,k)

〉
︸ ︷︷ ︸

C1

+2ηt

K∑
k=1

φt,k ⟨θt,k − θ∗,∇ℓk(θt,k)⟩︸ ︷︷ ︸
C2

.
(A.3)

To further bound the term C1, we get:

−C1 =−2ηt

K∑
k=1

φt,k

〈
θt − θt,k,∇ℓk(θt,k)

〉 (a3)

≤
K∑

k=1

φt,k

∥∥θt − θt,k
∥∥2 + η2

t

K∑
k=1

φt,k ∥∇ℓk(θt,k)∥2

(a4)

≤
K∑

k=1

φt,k

∥∥θt − θt,k
∥∥2 +2Lη2

t

K∑
k=1

φt,k [ℓk(θt,k)− ℓ∗k] ,

(A.4)

where (a3) is an inequality: 2⟨a, b⟩ ≤ λ||a||2 + 1
λ
||b||2, λ > 0, so −2

〈
θt − θt,k,∇ℓk(θt,k)

〉
≤ λ

∥∥θt − θt,k
∥∥2 +

1
λ
∥∇ℓk(θt,k)∥2 and λ= 1

ηt
> 0, (a4) is the property of L-smoothness: ∥∇ℓk(θt,k)−∇ℓ∗k∥

2 ≤ 2L [ℓk(θt,k)− ℓ∗k].

Then, in order to further bound the term C2, we obtain:

−C2 =−2ηt

K∑
k=1

φt,k ⟨θt,k − θ∗,∇ℓk(θt,k)⟩
(a5)

≤ −2ηt

K∑
k=1

{φt,k [ℓk(θt,k)− ℓk(θ
∗)]}−µηt

K∑
k=1

φt,k ∥θt,k − θ∗∥2 ,

(A.5)

where (a5) is the µ− strong convexity of ℓk(θt,k) : −⟨x− y,∇ℓk(x)⟩ ≤− (ℓk(x)− ℓk(y))− µ

2
∥x− y∥2

.

With the above results of the term C1 and C2, we have:

B2 =C1 +C2 ≥−

{
K∑

k=1

φt,k

∥∥θt − θt,k
∥∥2 +2Lη2

t

K∑
k=1

φt,k [ℓk(θt,k)− ℓ∗k]

}

−

{
−2ηt

K∑
k=1

{φt,k[ℓk(θt,k)− ℓk(θ
∗)]}−µηt

K∑
k=1

φt,k ∥θt,k − θ∗∥2
}
.

(A.6)

1



Author: Formatting Instructions for INFORMS Author Styles
2 Article submitted to Any INFORMS Journal

By combining B1,B2, we have:

A1 =≤ ||θt − θ∗||2 +2Lη2
t

K∑
k=1

φt,k [ℓk(θt,k)− ℓ∗k] +

{
K∑

k=1

φt,k

∥∥θt − θt,k
∥∥2 +2Lη2

t

K∑
k=1

φt,k[ℓk(θt,k)− ℓ∗k]

}

+

{
−2ηt

K∑
k=1

{φt,k[ℓk(θt,k)− ℓk(θ
∗)]}−µηt

K∑
k=1

φt,k ∥θt,k − θ∗∥2
}

= (1−µηt)||θt − θ∗||2 +4Lη2
t

K∑
k=1

φt,k[ℓk(θt,k)− ℓ∗k]− 2ηt

K∑
k=1

φt,k[ℓk(θt,k)− ℓk(θ
∗)]︸ ︷︷ ︸

D

+

K∑
k=1

φt,k

∥∥θt − θt,k
∥∥2 .

Now, to further bound the term D, we have: D = 2ηt(2Lηt − 1)

K∑
k=1

φt,k[ℓk(θt,k)− ℓk(θ
∗)]︸ ︷︷ ︸

E

+4Lη2
t [ℓ(θ

∗) −

∑K

k=1
φt,kℓ

∗
k]. Next, let’s define Q= ℓ(θ∗)−

∑K

k=1
φt,kℓ

∗
k. Consequently, we can express D as follows:

D= 2ηt(2Lηt − 1)

K∑
k=1

φt,k[ℓk(θt,k)− ℓk(θ
∗)]︸ ︷︷ ︸

E

+4Lη2
tQ. (A.7)

Then, to further bound the term E.

E =

K∑
k=1

φt,k[ℓk(θt,k)− ℓk(θt)+ ℓk(θt)− ℓk(θ
∗)] =

K∑
k=1

φt,k[ℓk(θt,k)− ℓk(θt)] +

K∑
k=1

φt,k[ℓk(θt)− ℓk(θ
∗)]

(a6)

≥
K∑

k=1

φt,k

〈
∇ℓk(θt), θt,k − θt

〉
+ [ℓ(θt)− ℓ(θ∗)]

(a7)

≥ −ηt
2

K∑
k=1

φt,k

∥∥∇ℓk(θt)
∥∥2 − 1

2ηt

K∑
k=1

φt,k

∥∥θt,k − θt
∥∥2 + [ℓ(θt)− ℓ(θ∗)]

(a8)

≥ −Lηt

K∑
k=1

φt,k(ℓk(θt)− ℓ∗k)−
1

2ηt

K∑
k=1

φt,k

∥∥θt,k − θt
∥∥2 + [ℓ(θt)− ℓ(θ∗)].

(A.8)

Where (a6) is the convexity of ℓk, (a7) is an inequality 2⟨a, b⟩ ≤ λ||a||2 + 1
λ
||b||2, λ > 0, resulting in: −2⟨θt −

θt,k,∇ℓ(θt,k)⟩ ≤ λ||θt−θt,k||2+ 1
λ
||∇ℓ(θt,k)||2, λ= 1

ηt
> 0, (a8) signifies the use of the L-smoothness property. Then,

D≤ (1− 2Lηt)
K∑

k=1

φt,k

∥∥θt,k − θt
∥∥2 +2ηt(2Lηt − 1)(1−Lηt)[ℓ(θt)− ℓ(θ∗)] + 6Lη2

tQ− 4L2η3
tQ

≤ (1− 2Lηt)

K∑
k=1

φt,k

∥∥θt,k − θt
∥∥2 − 3

4
ηt[ℓ(θt)− ℓ(θ∗)] + 6Lη2

tQ− 4L2η3
tQ.

(A.9)

We have already defined Q= ℓ(θ∗)−
∑K

k=1
φt,kℓ

∗
k. Given that ηt ≤ 1

4L
, we have Lηt ≤ 1

4
and (2Lηt − 1)(1−Lηt)≤

− 3
8
. Now, we can obtain A1 as follows:

A1 = (1−µηt)
∥∥θt − θ∗

∥∥2 +(1− 2Lηt)

K∑
k=1

φt,k||θt,k − θt||2 −
3

4
ηt[ℓ(θt)− ℓ(θ∗)]

+ 6Lη2
tQ− 4L2η3

tQ+

K∑
k=1

φt,k

∥∥θt − θt,k
∥∥2

= (1−µηt)
∥∥θt − θ∗

∥∥2 +2(1−Lηt)

K∑
k=1

φt,k||θt − θt,k||2 −
3

4
ηt[ℓ(θt)− ℓ(θ∗)] + 6Lη2

tQ− 4L2η3
tQ.

(A.10)
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Hence,∥∥θt+1 − θ∗
∥∥2 =A1 +A2 +A3 = (1−µηt)

∥∥θt − θ∗
∥∥2 +2(1−Lηt)

K∑
k=1

φt,k

∥∥θt − θt,k
∥∥2 − 3

4
ηt[ℓ(θt)− ℓ(θ∗)]

+ 6Lη2
tQ− 4L2η3

tQ+ η2
t ||gt − gt||2 +2ηt

〈
θt − θ∗ − ηtgt, gt − gt

〉
.

Proof of Lemmas 2 Notice that gt and gtare defined in 4.2 and we have:

E∥gt − gt∥
2
=E

∥∥∥∥∥
K∑

k=1

φt,k∇ℓk(θt,k, ξ
k,i
t )−

K∑
k=1

φt,k∇ℓk(θt,k)

∥∥∥∥∥
2

=

K∑
k=1

φ2
t,kE

∥∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt,k)

∥∥2 = K∑
k=1

φ2
t,kσ

2
k.

(A.11)

The final step is due to the Assumption 3, which bounds the variance of the stochastic gradients for client k by σ2
k.

Proof of Lemmas 3. Each time client k receives the model parameters from the server, it performs local updates

for E steps before sending the locally updated model back to the server. Let t0 denote the starting time at which the

server sends the model parameters to client k for updating.

E

[
K∑

k=1

φt,k

∥∥θt − θt,k
∥∥2]= K∑

k=1

φt,kE
∥∥θt − θt,k

∥∥2 = K∑
k=1

φt,kE
∥∥(θt,k − θt0)− (θt − θt0)

∥∥2
(b1)

≤
K∑

k=1

φt,kE
∥∥θt,k − θt0

∥∥2 −∥∥E(θt − θt0)
∥∥2 ≤ K∑

k=1

φt,kE
∥∥θt,k − θt0

∥∥2
≤

K∑
k=1

φt,kE
t0+E−1∑

t=t0

η2
t

∥∥∇ℓk(θt,k, ξ
k,i
t )
∥∥2 (b2)

≤
K∑

k=1

φt,kη
2
t0
E2G2

(b3)

≤
K∑

k=1

φt,k4η
2
tE

2G2 = 4η2
tE

2G2,

(A.12)

where (b1) uses the expression: E∥X −EX∥2
=E∥X∥2−∥EX∥2, X represents (θt,k−θt0) in (A.12). (b2) includes

the inequality ||
∑E

t=1
at||2 ≤ E

∑E

t=1
||at||2, ηt ≤ ηt0 for t ≥ t0 (which implies that ηt is non-increasing), and the

assumption 4: E
∥∥∇ℓk(θ

k
t , ξ

k,i
t )
∥∥≤G2. (b3) is based on the assumption ηt0

ηt
≤ 2.

Proof of Lemma 4. If we define wt = (a+ t)2 and ηt =
4

µ(a+t)
, we have:

at+1 ≤ (1−µηt)at −Aηtet + η2
tB− η3

tC. (A.13)

Now multiply equation A.13 with wt

ηt
, which yields: at+1

wt

ηt
≤ (1− µηt)

wt

ηt
at −wtetA+wtηtB −wtη

2
tC. By recur-

sively replacing wt−1

ηt−1
, we obtain: aT

wT−1

ηT−1
≤ (1−µη0)

w0

η0
a0 −

∑T−1

t=0
wtetA+

∑T−1

t=0
wtηtB−

∑T−1

t=0
wtη

2
tC. i.e.

A

T−1∑
t=0

wtet ≤ (1−µη0)
w0

η0
a0 +

T−1∑
t=0

wtηtB−
T−1∑
t=0

wtη
2
tC. (A.14)

We will now derive upper bounds for the terms on the right hand side. We have w0

η0
= µa3

4
. Then:

T−1∑
t=0

wtηt =

T−1∑
t=0

4(a+ t)

µ
=

2T 2 +4aT − 2T

µ
≤ 2T (T +2a)

µ
,

T−1∑
t=0

wtη
2
t =

T−1∑
t=0

16

µ2
=

16T

µ2
. (A.15)

Let ST :=
∑T−1

t=0
wt =

∑T−1

t=0
(a+ t)2 = T

6
(2T 2 + 6aT − 3T + 6a2 − 6a+ 1). Then ST ≥ T3

3
+ aT 2 − T2

2
+ a2T −

aT
(c1)

≥ T3

3
, (c1) is due to aT 2 − T2

2
+ a2T − aT = T 2(a− 1

2
)+ aT (a− 1)≥ 0, where a≥ 1 and T ≥ 0.

Taking into account Assumption 1, Assumption 3, and the AFLAM convergence proof process, we can provide

the parameter value ranges as follows: In Lemma 1, it is required that ηt ≤ 1
4L

. In Lemma 3, the condition is that:

ηt =
4

µ(a+t)
and ηt0

ηt
≤ 2, so ηt =

4
µ(a+t)

≤ 1
4L

, which implies a≥ 16L
µ

. Also, ηt0
ηt

≤ 2,which means
4
µa
4

µ(a+t)

≤ 2, leading

to a≥E. Therefore a=max{ 16L
µ
,E}.
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A.2. Proof of Theorem

Proof of Theorem 1. From Lemma 1, we can deduce that

E
∥∥θt+1 − θ∗

∥∥2 ≤ (1−µηt)E
∥∥θt − θ∗

∥∥2 +2(1−Lηt)

K∑
k=1

φt,kE
∥∥θt − θt,k

∥∥2
︸ ︷︷ ︸

F1

− 3

4
ηtE

[
ℓ(θt)− ℓ(θ∗)

]
+E [6Lη2

tQ− 4L2η3
tQ] + η2

tE∥gt − gt∥2︸ ︷︷ ︸
F2

+2ηtE
〈
θt − θ∗ − ηtgt, gt − gt

〉︸ ︷︷ ︸
F3

.

(A.16)

Let’s calculate the bounds for each term separately. First, we can obtain the bound for the term F1 from Lemma 3:

F1 = 2(1−Lηt)

K∑
k=1

φt,kE
∥∥θt − θt,k

∥∥2 ≤ 8η2
t (1−Lηt)E

2G2. (A.17)

Secondly, we can get the bound for the term F2 from Lemma 2: F2 = η2
tE∥gt − gt∥2 ≤ η2

t

∑K

k=1
φ2

t,kσ
2
k. Finally, we

can derive the bound for the term F3 from E∥gt∥=E∥gt∥: F3 = 2ηtE⟨θt − θ∗ − ηtgt, gt − gt⟩= 0.

In conclusion, when ηt ≤ 1
4L

, ηt is non-increasing, and a=max{ 16L
µ
,E}, we have:

E
∥∥θt+1 − θ∗

∥∥2 ≤ (1−µηt)E
∥∥θt − θ∗

∥∥2 +8η2
t (1−Lηt)E

2G2 − 3

4
ηtE

[
ℓ(θt)− ℓ(θ∗)

]
+ η2

t

K∑
k=1

φ2
t,kσ

2
k +6Lη2

tQ− 4L2η3
tQ

≤ (1−µηt)E
∥∥θt − θ∗

∥∥2 − 3

4
ηtE

[
ℓ(θt)− ℓ(θ∗)

]
+

(
8E2G2 +

K∑
k=1

φ2
t,kσ

2
k +6LQ

)
η2
t − (8LE2G2 +4L2Q)η3

t .

As known from Lemma 4:

A

T−1∑
t=0

wtet ≤ (1−µη0)
w0

η0
a0 +

T−1∑
t=0

wtηtB−
T−1∑
t=0

wtη
2
tC ≤ w0

η0
a0 +

2T (T +2a)

µ
B− 16T

µ2
C. (A.18)

Now multiply equation (A.18) with 1
ST

, which yields:

A

ST

T−1∑
t=0

wtet ≤
w0

η0ST

a0 +
2T (T +2a)

µST

B− 16T

µ2ST

C, (A.19)

for A = 3
4
, B = 8E2G2 +

∑K

k=1
φ2

t,kσ
2
k + 6LQ, C = (8LE2G2 + 4L2Q), Q = ℓ(θ∗) −

∑K

k=1
φt,kℓ

∗
k, et =

E
[
ℓ(θt)− ℓ(θ∗)

]
. We know that ST ≥ T3

3
and due to the property of the convex function ℓ(·), we have:

E
[
ℓ(θ̂T )− ℓ(θ∗)

]
≤ 1

ST

∑T−1

t=0
wtE

[
ℓ(θt)− ℓ(θ∗)

]
, where θ̂T = 1

ST

∑K

k=1

∑T−1

t=0
wtφt,kθt,k,wt = (a + t)2, ηt =

4
µ(a+t)

,w0

η0
= µa3

4
.

E
[
ℓ(θ̂T )− ℓ(θ∗)

]
≤ µa3

3ST

||θ0 − θ∗||2 + 8T (T +2a)

3µST

(
8E2G2 +

K∑
k=1

φ2
t,kσ

2
k +6LQ

)
− 64T

3µ2ST

(8LE2G2 +4L2Q).

We utilize Lemma 2 from Rakhlin et al. (2012): E∥θ0 − θ∗∥2 ≤ 4G2

µ2 for u-strongly convex ℓ. When both θ̂T and a

meet the conditions mentioned earlier, we can derive the following results:

E
[
ℓ(θ̂T )− ℓ(θ∗)

]
≤ 4G2a3

3µST

+
8T (T +2a)

3µST

(
8E2G2 +

K∑
k=1

φ2
t,kσ

2
k +6LQ

)
− 64T

3µ2ST

(8LE2G2 +4L2Q) .
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Appendix B: Convergence Proof for Partial Client Participation Under Convex Condition

B.1. Proof of Lemmas

Proof of Lemma 10. Let {ai}Ki=1 represent any fixed deterministic sequence. For each value, the probability is

denoted as p′
i. We draw M values to form the set St, where St = {i1, i2, . . . , iM} ⊂ [K]. Then,

ESt
ai =ESt

M∑
k=1

aik =MESt
ai1 =M

K∑
k=1

p
′

kxk. (B.1)

Given Equation B.1 holds for both uniform and non-uniform client sampling (i.e., whether p
′

i is equal or not).

Proof of Lemma 11. We have θ̀t =
∑

k∈St

K
M
φt,kθt,k, where the balancing factors are bounded: ϵ̃≤φt,k ≤ ζ.

ESt

∥∥∥θ̀t − θ̃t

∥∥∥2 =ESt

∥∥∥∥∥∑
k∈St

K

M
φt,kθt,k − θ̃t

∥∥∥∥∥
2

=
1

M2
ESt

∥∥∥∥∥
K∑

k=1

I{k ∈ St}
(
Kφt,kθt,k − θ̃t

)∥∥∥∥∥
2

=
1

M2

 K∑
k=1

P{k ∈ St}
∥∥∥Kφt,kθt,k − θ̃t

∥∥∥2 + ∑
ki ̸=kj

P(ki, kj ∈ St)
〈
Kφt,ki

θt,ki
− θ̃t,Kφt,kj

θt,kj
− θ̃t

〉
(c1)

≤ G
M2

 K∑
k=1

∥∥∥Kφt,kθt,k − θ̃t

∥∥∥2 +F
∑

ki ̸=kj

〈
Kφt,ki

θt,ki
− θ̃t,Kφt,kj

θt,kj
− θ̃t

〉 (c2)
=

GF
M2

K∑
k=1

∥∥∥Kφt,kθt,k − θ̃t

∥∥∥2︸ ︷︷ ︸
G

.

(c1) is due to the fact that P{k ∈ St} = 1 −
∏|St|

v=1

(
1− pk∑

k′∈Kv
pk′

)
. Here, Kv represents the set of remain-

ing elements during the v-th sampling. Since client sampling in FL is performed without replacement, the

probability that element k is ultimately selected into the subset St is calculated. P{ki, kj ∈ St} = P{ki ∈

St}
(
1−

∏|St|−1

v=1

(
1− p

′

k

))
, where, p

′

k = pk∑
k′∈K(v,i)

pk′
,K(v,i) denotes the set of remaining elements during the v-

th sampling after excluding client i. We introduce the upper bound of the probability pk = max([pk,k∈[K]]) and

the lower bound pk = min([pk,k∈[K]]). Then, P{k ∈ St} ≤ 1 −
∏|St|

v=1

(
1− pk

pk·|Kv|

)
= G, P{ki, kj ∈ St} = P{ki ∈

St}
(
1−

∏|St|−1

v=1

(
1− p

′

k

))
≤ P{ki ∈ St}

(
1−

∏|St|−1

v=1

(
1− pk

pk·|Kv,i|

))
= F . let F =

∏|St|−1

v=1

(
1− pk

pk·|Kv,i|

)
. (c2)

uses the equality
∑K

k=1

∥∥∥Kφt,kθt,k − θ̃t

∥∥∥2 +∑ki ̸=kj

〈
Kφt,ki

θt,ki
− θ̃t,Kφt,kj

θt,kj
− θ̃t

〉
= 0.

Next, we will prove the upper bound for the term G. The proof for G is similar to Lemma 3 in the convergence

analysis when all clients participate. Therefore, we’ll streamline the identical steps during the proof.

G=

K∑
k=1

∥∥∥Kφt,kθt,k − θ̃t

∥∥∥2 = K∑
k=1

∥∥∥(Kφt,kθt,k −Kφt,kθt0
)
−
(
θ̃t −Kφt,kθt0

)∥∥∥2
≤

K∑
k=1

∥∥Kφt,kθt,k −Kφt,kθt0
∥∥2 =K2

K∑
k=1

φ2
t,k

∥∥θt,k − θt0
∥∥2 ≤K2

K∑
k=1

φt,k

∥∥θt,k − θt0
∥∥2 ≤ 4η2

tK
2E2G2.

(B.2)

The final inequality is proven in Lemma 3’s proof, so get: ESt

∥∥∥θ̀t − θ̃t

∥∥∥2 ≤ GF
M2 4η

2
tK

2E2G2.

B.2. Proof of Theorem

Proof of theorem 3. E
∥∥∥θ̀t+1 − θ∗

∥∥∥2 =E
∥∥∥θ̀t+1 − θ̃t+1

∥∥∥2︸ ︷︷ ︸
H1

+E
∥∥∥θ̃t+1 − θ∗

∥∥∥2︸ ︷︷ ︸
H2

+2E
〈
θ̀t+1 − θ̃t+1, θ̃t+1 − θ∗

〉
︸ ︷︷ ︸

H3

.

Next, we will derive the bounds for H1, H2, and H3 separately. First, from Lemma 10, we can deduce that H3 = 0.

Second, according to Lemma 11, we have H1 ≤ GF
M2 4K

2η2
tE

2G2. Finally, H2 corresponds to the result of Lemma 1

under full client participation. Therefore, under partial client participation, E
∥∥∥θ̀t+1 − θ∗

∥∥∥2 satisfies:
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E
∥∥∥θ̀t+1 − θ∗

∥∥∥2 ≤ (1−µηt)E
∥∥∥θ̃t − θ∗

∥∥∥2 − 3

4
ηtE

[
ℓ(θ̃t)− ℓ(θ∗)

]
+

(
8E2G2 +

K∑
k=1

φ2
t,kσ

2
k +6LQ+

GF
M2

4K2E2G2

)
η2
t − (8LE2G2 +4L2Q)η3

t .
(B.3)

Let θ̀T = 1
ST

∑T−1

t=0

∑
k∈St

wt
K
M
φt,kθt,k, and Q= ℓ(θ∗)−

∑K

k=1
φt,kℓ

∗
k, then equation (B.4) holds.

E
[
ℓ(θ̀T )− ℓ(θ∗)

]
≤ 4a3G2

3µST

+
8T (T +2a)

3µST

(
8E2G2 +

K∑
k=1

φ2
t,kσ

2
k +6LQ+

GF
M2

4K2E2G2

)

− 64T

3µ2ST

(8LE2G2 +4L2Q) ,

(B.4)

It’s important to note that in this context, E
∥∥∥θ̀t+1 − θ∗

∥∥∥2 involves θ̀t+1 =
∑

k∈St+1

K
M
φt+1,kθt+1,k, which is not the

same as the algorithm θ̄t+1 =
∑

k∈St+1

φt+1,k∑
k′∈St+1

φt+1,k
θt+1,k′ designed in Section 3. Therefore, we need to further

modify the local loss functions. Let ϑ=
∑

k∈St
φt,k denote the sum of balance factors of the clients sampled in the t-th

iteration. In Section 3, we know that φt,k has upper and lower bounds. Let’s denote them as ϵ̃≤φt,k ≤ ζ. Consequently,

we have Mϵ̃≤ ϑ≤ 1. When M =K, ϑ= 1. Now, let ℓ̃k(θ) = M
Kϑ

ℓk(θ). This operation effectively scales the local loss

functions of the clients. The global objective then becomes min
θ∈Rd

ℓ(θ) =
∑K

k=1
φt,k ℓ̃k(θ). It can be observed that (B.4)

still holds in this case. Here, we define L̃≜ ωL, µ̃≜ υµ, σ̃k ≜
√
ωσ, and G̃≜ ωG, where ω = M

K
max

{
1∑

k∈St
φt,k

}
and υ= M

K
min

{
1∑

k∈St
φt,k

}
. Then, for θ̂T = 1

ST

∑T−1

t=0

∑
k∈St

wt
φt,k

ϑ
θt,k, the following equation holds:

E
[
ℓ(θ̂T )− ℓ(θ∗)

]
≤ 4a3G̃2

3µ̃ST

+
8T (T +2a)

3µ̃ST

(
8E2G̃2 +

K∑
k=1

φ2
t,kσ̃

2
k +6L̃Q+

GF
M2

4K2E2G̃2

)

− 64T

3µ̃2ST

(
8L̃E2G̃2 +4L̃2Q

)
.

Appendix C: Convergence Proof for Full Client Participation Under Non-convex Condition

C.1. Proof of Lemmas

Proof of Lemma 5. The goal is to compute the upper bound of E∥∇ℓk(θt,k, ξ
k,i
t )∥2. First, we have:

E∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt)∥2 =E

∥∥∇ℓk(θt,k, ξ
k,i
t )
∥∥2 +E

∥∥∇ℓk(θt)
∥∥2 − 2E

〈
∇ℓk(θt,k, ξ

k,i
t ),∇ℓk(θt)

〉
. (C.1)

According to Assumption 4 (the gradient upper bound assumption), we have E∥∇ℓk(θt,k, ξ
k,i
t )∥2 ≤G2. Then,

E∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt)∥2 ≤G2 +E

∥∥∇ℓk(θt)
∥∥2 − 2E

〈
∇ℓk(θt,k, ξ

k,i
t ),∇ℓk(θt)

〉
. (C.2)

To simplify the inner product term, we introduce the variable: Z =
√
E∥∇ℓk(θt)∥2. Using the Cauchy-Schwarz

inequality, we have: E
〈
∇ℓk(θt,kξ

k,i
t ),∇ℓk(θt)

〉
≤
√
Z2E

∥∥∇ℓk(θt,k, ξ
k,i
t )
∥∥2. Substituting this and simplifying:

G2 +Z2 − 2

√
Z2E

∥∥∇ℓk(θt,k, ξ
k,i
t )
∥∥2 ≤ σ2

k. (C.3)

According to Assumption 3, we have E
∥∥∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt,k)

∥∥2 ≤ σ2
k. So,(G−Z)2 ≤ σ2

k (whenG≥ 0), (G+

Z)2 ≤ σ2
k (when G< 0). We have (G− |σk|)≤ Z ≤ (G+ |σk|), so Z2 ≤ (|G|+ |σk|)2, i.e., E∥∇ℓk(θt)∥2 ≤ (|G|+

|σk|)2 is have upper bound.
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Proof of Lemma 6. Using the notation E and t0 from the proof of Lemma 3, we further prove this Lemma.

E
∥∥∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt)

∥∥2 =E
∥∥∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt0)− (∇ℓk(θt)− ℓk(θt0))

∥∥2
≤E

∥∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt0)

∥∥2 − ∥∥E[∇ℓk(θt)− ℓk(θt0)]
∥∥2 (d1)

≤ E
∥∥∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt0)

∥∥2
(d2)

≤ L2E
∥∥θt,k − θt0

∥∥2 ≤L2E
t0+E−1∑

t=t0

η2
t

∥∥∇ℓk(θt,k, ξ
k,i
t )
∥∥2 ≤ 4L2η2

tE
2G2,

(C.4)

d1 is due to E∥X −EX∥2 =E∥X∥2 −∥EX∥2. (d2) is the property of L-smoothness.

Proof of Lemma 7. The goal is to compute the upper bound of ℓ(θt+1)− ℓ(θt).

ℓ(θt+1)− ℓ(θt)≤
〈
∇ℓ(θt), θt+1 − θt

〉
+

L

2

∥∥θt+1 − θt
∥∥2 ≤−ηt

〈
gt,∇ℓ(θt)

〉︸ ︷︷ ︸
H

+
Lη2

t

2
∥gt∥2

. (C.5)

H =−ηt
〈
gt,∇ℓ(θt)

〉
=−ηt

2

[
∥gt∥2 + ∥∇ℓ(θt)∥2 −∥gt −∇ℓ(θt)∥2

]
=−ηt

2
∥gt∥2 −

ηt
2
∥∇ℓ(θt)∥2 +

ηt
2
∥gt −∇ℓ(θt)∥2 ≤−ηt

2
∥gt∥2 −µηt(ℓ(θt)− ℓ(θ∗))+

ηt
2
∥gt −∇ℓ(θt)∥2︸ ︷︷ ︸

H1

. (C.6)

The final inequality follows from the µ-PL in Assumption 2: ∥∇ℓ(θt)∥2 ≥ 2µ(ℓ(θt)− ℓ(θ∗)).

H1 = ∥gt −∇ℓ(θt)∥2 =

∥∥∥∥∥
K∑

k=1

φt,k∇ℓk(θt,k, ξ
k,i
t )−∇ℓ(θt)

∥∥∥∥∥
2

=

∥∥∥∥∥
K∑

k=1

φt,k

[
∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt)

]∥∥∥∥∥
2

≤K

K∑
k=1

φt,k

∥∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt)

∥∥2 . (C.7)

The final inequality follows from the bound ||
∑K

k=1
at||2 ≤K

∑K

k=1
||at||2.

H ≤−ηt
2
∥gt∥2 −µηt(ℓ(θt)− ℓ(θ∗))+

Kηt
2

K∑
k=1

φt,k

∥∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt)

∥∥2 . (C.8)

Substituting H into Equation (C.5), we get:

ℓ(θt+1)− ℓ(θt)≤−µηt[ℓ(θt)− ℓ(θ∗)] +
Kηt
2

K∑
k=1

φt,k

∥∥∇ℓk(θt,k, ξ
k,i
t )−∇ℓk(θt)

∥∥2 + ηt(Lηt − 1)

2
∥gt∥2 . (C.9)

Proof of Lemma 8. In proving the upper bound of E∥gt∥2, we consider the impact of heterogeneity on the results

based on the client data distribution, analyzing both scenarios with and without heterogeneity. When the heterogeneity

of client data is not considered, then

E∥gt∥2 =E

∥∥∥∥∥
K∑

k=1

φt,k∇ℓk(θt,k, ξ
k,i
t )

∥∥∥∥∥
2

(d)

≤ K

K∑
k=1

φ2
t,kE

∥∥ℓk(θt,k, ξk,it )
∥∥2 ≤K

K∑
k=1

φ2
t,kG

2, (C.10)

(d) includes the inequality ||
∑K

k=1
at||2 ≤K

∑K

k=1
||at||2, and the final step is due to the Assumption 4.

When the heterogeneity of client data is considered, compute the upper bound of E∥gt∥2.

E∥gt∥2
=E

∥∥∥∥∥
K∑

k=1

φt,k∇ℓk(θt,k, ξ
k,i
t )

∥∥∥∥∥
2

≤KE
K∑

k=1

φ2
t,k

∥∥∇ℓk(θt,k, ξ
k,i
t )
∥∥2 ≤ 2KLE

[
K∑

k=1

φt,kℓk(θt,k, ξ
k,i
t )− ℓ∗k

]
︸ ︷︷ ︸

I

.

Then, to further bound the term I .
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I =

K∑
k=1

φt,kℓk(θt,k, ξ
k,i
t )− ℓ∗k =

K∑
k=1

φt,k

[
ℓk(θt,k, ξ

k,i
t )− ℓk(θt)

]
+

K∑
k=1

φt,k

[
ℓk(θt)− ℓ∗k

]
≤

K∑
k=1

φt,k

〈
∇ℓk(θt), θt,k − θt

〉
+

L

2

K∑
k=1

φt,k∥θt,k − θt∥2 +

K∑
k=1

φt,k

[
ℓk(θt)− ℓ∗k

]
≤ ηt

2

K∑
k=1

φt,k∥∇ℓk(θt)∥2 +
1

2
(
1

ηt
+L)

K∑
k=1

φt,k∥θt,k − θt∥2 +

[
ℓ(θt)−

K∑
k=1

φt,kℓ
∗
k

]
.

(C.11)

The final step is the inequality 2⟨a, b⟩ ≤ λ||a||2 + 1
λ
||b||2, λ= ηt > 0. By combining I , we have:

E∥gt∥2 ≤KLηt

K∑
k=1

φt,kE∥∇ℓk(θt)∥2 +KL(
1

ηt
+L)

K∑
k=1

φt,kE∥θt,k − θt∥2 +2KL

[
ℓ(θt)−

K∑
k=1

φt,kℓ
∗
k

]
. (C.12)

Proof of Lemma 9. Following the proof strategy of Lemma 4, let at+1 ≤ (1−µηt)at + η2
tA+ η3

tB, then

aT ≤ (1−µη0)
a3

(a+T )3
a0 +

2T (T +2a)

µ2(a+T )3
A+

64T

µ3(a+T )3
B. (C.13)

Similarly, by transforming at+1 ≤ (1−µηt +KLηt(Lηt − 1))at + η2
tA+ η3

tB+ η4C, we obtain:

aT ≤ (1−µη0 +KLη0(Lη0 − 1))
a3

(a+T )3
a0 +

8T (T +2a)

µ2(a+T )3
A+

64T

µ3(a+T )3
B+

16T

µ4(a+T )3
C. (C.14)

In this process, we use
∑T−1

t=0
wtη

3
t =

∑T−1

t=0
4

µ3(a+T )
= 4T

µ3(a+T )
.

C.2. Proof of Theorem

Proof of theorem 2. Under non-convex conditions, without considering Non-IID, according to Lemma 7, we have

E[ℓ(θt+1)− ℓ(θ∗)]≤ (1−µηt)E[ℓ(θt)− ℓ(θ∗)] +
Kηt
2

K∑
k=1

φt,kE
∥∥∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt)

∥∥2 + ηt(Lηt − 1)

2
E∥gt∥2

≤ (1−µηt)E[ℓ(θt)− ℓ(θ∗)] + 2L2Kη3
tE

2G2 +
Kηt(Lηt − 1)

2

K∑
k=1

φ2
t,kG

2

≤ (1−µηt)E[ℓ(θt)− ℓ(θ∗)] +
KLη2

t

2

K∑
k=1

φ2
t,kG

2 +2L2Kη3
tE

2G2.

(C.15)

The penultimate inequality is based on Lemma 6 and Lemma 8. According to Lemma 9, we can obtain:

E[ℓ(θt+1)− ℓ(θ∗)]≤ (1−µη0)
a3

(a+T )3
E[ℓ(θ0)− ℓ(θ∗)] +

T (T +2a)KL

µ2(a+T )3

K∑
k=1

φ2
t,kG

2 +
128TL2KE2G2

µ3(a+ t)3
. (C.16)

Under non-convex conditions, considering client data heterogeneity, according to Lemma 7, we have

E[ℓ(θt+1)− ℓ(θ∗)]≤ (1−µηt)[ℓ(θt)− ℓ(θ∗)] +
Kηt
2

K∑
k=1

φt,kE
∥∥∇ℓk(θt,k, ξ

k,i
t )−∇ℓk(θt)

∥∥2 + ηt(Lηt − 1)

2
E∥gt∥2

≤ (1−µηt)E[ℓ(θt)− ℓ(θ∗)] + 2L2Kη3
tE

2G2 +
ηt(Lηt − 1)

2

[
KLηt

K∑
k=1

φt,kE∥∇ℓk(θt)∥2

]

+
KL(Lηt − 1)

2

[
(1+Lηt)

K∑
k=1

φt,kE∥θt,k − θt∥2

]
+KLηt(Lηt − 1)

[
ℓ(θt)−

K∑
k=1

φt,kℓ
∗
k

]

≤ (1−µηt)E[ℓ(θt)− ℓ(θ∗)] + 2L2Kη3
tE

2G2 +
KLη2

t (Lηt − 1)

2
(|G|+ |σk|)2

+2KLη2
tE

2G2(L2η2
t − 1)+KLηt(Lηt − 1)

[
ℓ(θt)−

K∑
k=1

φt,kℓ
∗
k

]
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= (1−µηt +KLηt(Lηt − 1))E[ℓ(θt)− ℓ(θ∗)] +KLη2
t

[
ℓ(θ∗)−

K∑
k=1

φt,kℓ
∗
k − (|G|+ |σk|)2 − 2E2G2

]

+ η3
t (2KL2E2G2 +

KL2

2
(|G|+ |σk|)2)+ 2Kη4

tL
3E2G2.

(C.17)

The final inequality is based on Lemmas 5, 6, and 8. We define Q= ℓ(θ∗)−
∑K

k=1
φt,kℓ

∗
k, and ζ = (|G|+ |σk|)2. Then,

E[ℓ(θt+1)− ℓ(θ∗)]≤ (1−µηt +KLηt(Lηt − 1))E[ℓ(θt)− ℓ(θ∗)]

+KLη2
t (Q− ζ − 2E2G2)+ η3

t (2KL2E2G2 +
KL2

2
ζ)+ 2Kη4

tL
3E2G2.

(C.18)

According to Lemma 9, we can obtain:

E[ℓ(θt+1)− ℓ(θ∗)]≤ (1−µη0 +KLη0(Lη0 − 1))
a3

(a+T )3
E[ℓ(θ0)− ℓ(θ∗)] +

8T (T +2a)

µ2(a+T )3
KL(Q− ζ − 2E2G2)

+
64T

µ3(a+T )3
(2KL2E2G2 +

KL2

2
ζ)+

32T

µ4(a+T )3
KL3E2G2.

Appendix D: Convergence Proof for Partial Client Participation Under Non-convex Condition

In the proof of this section, we adopt the same definitions as in the convex function proof. That is, we have θ̀t =∑
k∈St

K
M
φt,kθt,k, where the weighting factor is bounded, i.e., ϵ̃≤ φt,k ≤ ζ. Therefore, even when ℓ and ℓk are non-

convex functions, Lemma 10 and 11 still hold. Based on this conclusion, we further prove Lemma 12.

Proof of Lemma 12. ESt
[ℓ(θ̀t) − ℓ(θ̃t)] ≤ ESt

〈
∇ℓ(θ̃t), θ̀t − θ̃t

〉
+ L

2
ESt

∥θ̀t − θ̃t∥2. From Lemma 10, we can

deduce that the expectation of the first term is 0. Thus, based on Lemma 11, we have,

ESt
[ℓ(θ̀t)− ℓ(θ̃t)]≤

L

2
ESt

∥θ̀t − θ̃t∥2 ≤
LGF
M2

2η2
tK

2E2G2.

Proof of Theorem 4. E[ℓ(θ̀t)−ℓ(θ∗)] =E[ℓ(θ̀t)−ℓ(θ̃t)]+E[ℓ(θ̃t)−ℓ(θ∗)]≤ LGF
M2 2η2

tK
2E2G2+E[ℓ(θ̃t)−ℓ(θ∗)].

The last inequality is based on Lemma 12. So, according to Equation C.15, without considering heterogeneity, then:

E[ℓ(θ̀t)− ℓ(θ∗)]≤ (1−µηt)E[ℓ(θt)− ℓ(θ∗)] + η2
tG

2KL

(
1

2

K∑
k=1

φ2
t,k +

GF
M2

2KE2

)
+2L2Kη3

tE
2G2. (D.1)

According to Lemma 9, we can obtain:

E[ℓ(θ̀t)− ℓ(θ∗)]≤ (1−µη0)a
3

(a+T )3
E[ℓ(θ0)− ℓ(θ∗)] +

T (T +2a)KLG2

µ2(a+T )3

(
K∑

k=1

φ2
t,k +

GF
M2

4KE2

)
+

128TL2KE2G2

µ3(a+T )3
.

When considering heterogeneity, according to Equation C.18, then:

E[ℓ(θ̀t)− ℓ(θ∗)]≤ (1−µηt +KLηt(Lηt − 1))E[ℓ(θt)− ℓ(θ∗)] + η3
t (2KL2E2G2 +

KL2

2
ζ)

+KLη2
t (Q− ζ − 2E2G2 +

GF
M2

2KE2G2)+ 2Kη4
tL

3E2G2.

(D.2)

According to Lemma 9, we can obtain:

E[ℓ(θ̀t)− ℓ(θ∗)]≤ (1−µη0 +KLη0(Lη0 − 1))
a3

(a+T )3
E[ℓ(θ0)− ℓ(θ∗)] +

64T

µ3(a+T )3
(2KL2E2G2 +

KL2

2
ζ)

+
8T (T +2a)

µ2(a+T )3
KL(Q− ζ − 2E2G2 +

GF
M2

2KE2G2)+
32T

µ4(a+T )3
Kη4

tL
3E2G2.
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Appendix E: AFLAM vs. baselines in complex models.

We compare the AFLAM with four SOTA baselines (FedAvg, FedProx, FedBN, CReFF) on USPS and MNIST using

a more complex CNN model. In the experiments, we generated 10 Non-IID client datasets per dataset using a Dirichlet

distribution and compared the results of each experiment with their average. Fig. E.1 (a) shows that with full par-

ticipation, AFLAM outperforms three baselines and achieves comparable accuracy to CReFF. However, Fig. E.1 (b)

reveals that AFLAM surpasses all baselines, including CReFF, under partial participation, where CReFF’s perfor-

mance declines. Fig. E.1 (b) also fully shows that the proposed scheme 1 and 2 can achieve the optimal results relative

to other models under different E. By comparing the results of Fig. E.2 (a) and Fig. E.2 (b), it is clear that the AFLAM

has the best performance on the MNIST, whether in the case of full participation (Fig. E.2 (a)) or partial participation

(Fig. E.2 (b)).

Figure E.1 Comparison results between AFLAM and baselines in the USPS dataset.
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Figure E.2 Comparison results between AFLAM and baselines in the MNIST dataset.
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Appendix F: Comparison between original data and attack reconstruction

Fig. F.1 compares attacker-reconstructed data via gradient inversion with original data.

Figure F.1 Comparison of Gradient Inversion Reconstruction Results.
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