Appendix A: Convergence Proof for Full Client Participation Under Convex Condition
A.1. Proof of Lemmas

Proof of Lemma 1. In section 4.2, we have 0, , = 0, — n,g,, then
HgtJrl - G*HQ = Hgt — g — 0" = Hgt — 0" =09, + 1.9, — 77t9tH2

=10: — 0" —n.9,|1> + 0719, — 9:/1* +2n:(0: — 0" —1:9,, G, — 9¢) -

A Az Az

(A1)

First, we bound the term A, as follows: A; = ||, — 0* —n,g,||*> = ||0: — 0*||* +171|9,]|* — 21 (0, — 67,7, . To further
—_—— —— —

By By
bound the term B;, we have:
2 2 2 = ’ (aD) 2 = 2 (a2) 2 =
By =n|[g.|° =n; Z eVl (Oui)|| < Z o [V (Oer)||” < 2L, Z%,k [0 (O:) — €5] - (A-2)
k=1 k=1 k=1

Z.Iil a;? * vazl b;>. (a2) is due to the L-smoothness
property of £, (-): ||V (0s) — VEL|* < 2L 1[4, (F)t,k) - EZ}. To further bound the term B,, we have:

where (al) is the Cauchy—Schwarz inequality H

B, = 277t<9 —0%,9,) =2 <9t 0 Z@t £ V(6: 1) > —277tz<,0tk 9t,k+9t,k_9*7v‘€k(9t,k)>

k=1

K B K (A.3)
=2n, Z Ptk <9z - 9t,k7 vgk(et,k» +2n, Z Ptk <0t,k' - 0*7V£k(0t,k')> .
— k=1
C1 Ca
To further bound the term C';, we get:
K B (3) K B ) . K ,
—Cy=—2n, Z(pt,k <9t — O s vgk(et,k» < Z‘Pt,k Het - et,kH +n; Z Ptk ||v£k(9t,k)||
k=1 k=1 k=1 (A 4)
(ad) K B ) , K .
<Y @00 = 0ukll” + 2007 Y @ik [06(0) — 6],
k=1 k=1

where (a3) is an inequality: 2(a,b) < Al|al|* + 2[[b]|*,A > 0, s0 —2(0, — 0,4, VL (0:1)) < A]|0, _etkaZ
LIV (0, )]” and X = - >0, (a4) is the property of L-smoothness: || V¢, (0, 1) — V|2 < 2L [€4(0,.0) — 4]

Then, in order to further bound the term C5, we obtain:

K
~Co==20> ¢u i (0rs — 0", ka(&,k)) < _277t Z {oen [Ce(Bck) — (6]} — pme Z% K10k =071,

k=1 k=1 k=1

(A.5)
where (as) is the p — strong convexity of £, (0, k) : — (x —y, VL (x)) < — (Le(x) — l(y)) — & [l — ylI?.
With the above results of the term C; and C,, we have:
K _ ) K
By=Ci+Cy>— {Zm 10 = 00 k]|” + 2277 > o [64(61.1) fz]}
k=1 k=1 (A6)

K K
- {—27% D Aeenlle(Our) = 60} — pme Y pu 100k — 9*||2} :
k=1 k=1
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By combining B;, By, we have:

K K K
Ay =<0, —0"|]” +2Ln; Z%,k [ () — €] + {Z%,k H@t - 9t,k||2 + 2Ly} Z@,k[&c(ﬁt,k) - 52]}

k=1 k=1 k=1

K K
+ {—277t Z {@enlli(Be) — €:(67)]} — pme Z s e ||2}
k=1

k=1

K K K
=(1- W?t)”gt - 9*”2 + 4L77152 Z@t,k[gk(et,k) — L] —2m, Z@t,k[ek(et,k) — L (07)] + Z@t,k H@t - et,kHz .

k=1 k=1

D

K
Now, to further bound the term D, we have: D = 2n,(2Ln, — I)Z%,k[ﬁk(ﬂt,k)—ﬁk(ﬁ*)] +4Ln?[e(6%) —

k=1

E

S @url;]. Next, let’s define @ = £(0*) — 01| ¢, x¢;. Consequently, we can express D as follows:

K
D= 277t(2L77t - 1) Z Spt,k[gk (at,k) — 4 (9*)] +4L77t2Q- (A7)

k=1

E

Then, to further bound the term F.

E= Z O [le(Oc k) — ek(a ) Jrfk( —£,(0")] Z@z k[0 (0:1) Ek(gt)] + Zsﬁt,kwk(?t) —0,(6")]

k=1
(ab) _ _ _
> Zsot k (V0(8:), 00— Be) + [8) — €(67)]

o (A8)
(a?) 5 1 K . B )

Z%k”vék t)|| —Tzﬁpt,knet,k—@zn +[4(0,) — £(0")]
(a8) _
> LmZ%k (0. - ;) Zm”etk 2+ [6@,) — 06%)).
t

k=1
Where (a6) is the convexity of ¢, (a7) is an inequality 2(a,b) < Allal|* + 1[b]|2,A > 0, resulting in: —2(6, —
O, VE(Or 1)) < N0 —Op k|24 2|V (O, 0) |2, A = n—lt > 0, (a8) signifies the use of the L-smoothness property. Then,

K
D<(1-2Ln) Y @ |0 — 0 I” +20:(2L — 1)(1 = L) [€(8,) — £(67)] + 6Ln? Q — 4L} Q

k=1

(A9)
<(1-2Ln,) Z% k Het K — 0, H *Wt E(?t) —£(07)] +6L77152Q_ 4L2an.

k=1

We have already defined Q = £(0%) — Y"1, ¢, (5. Given that 7, < .-, we have Lz, < 1 +and (2Ln, —1)(1 — Ln,) <

< 4L,
—%. Now, we can obtain A; as follows:
_ ) K _ 3 _
Ay =(1—pn,) H‘gt =07 +(1—-2Ln,) Z‘Pt,k”et,k - 9t||2 - inz[f(&) —£(07)]
k=1
al — 2
+6Ln?Q — AL} O+ u k|0 — Oui (A.10)

k=1

K
_ 3 _
TH2(1— L) Y pnallf = 00l = Jmill(8:) — €07)] +6Ln? Q — AL Q.

k=1

= (1—pn,) |6, — 0"
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Hence,

||§t+1 — 9*”2 = A1 +A2 +A3 = (]. — H/r]t) Hat — 0"

+2(1*L7]t Z@tk”et 6tk| **Th[g(?t)*f(e*)]

k=1
+6L0;Q — AL} Q+1;1[G, — gell* + 20 (02 — 0" = 1T, G — g ) -

Proof of Lemmas 2 Notice that g; and g,are defined in 4.2 and we have:

2

K K
D eVl 6 =D 00k Vi (6,)

k=1 k=1

Ellg. —7.|"=E

(A.11)

K

K
Z VB[V (Ok, 65 = VO | =D 7007

= k=1

The final step is due to the Assumption 3, which bounds the variance of the stochastic gradients for client k by o2.
Proof of Lemmas 3. Each time client k receives the model parameters from the server, it performs local updates

for E steps before sending the locally updated model back to the server. Let ¢, denote the starting time at which the

server sends the model parameters to client & for updating.

K K K
E ZSOt,k Hgt - et,kHQ] = Z‘PukE Hgt - et,kHQ = Z‘Pt,kE H(et,k _gto) - (gt _gtO)HQ
k=1 k=1 k=1

(b1) K _ B _ K B
< B0 — O~ [[E@ —00)||” <D 00k E [0 — Ouo)” (A.12)
k=1 k=1
K to+E—1 ) K (b3) K
SZ‘Pt,k]E Z UfHVEk(Gt,k, f 0 < Zipt,kntzoEQGz < Z‘Pt,k477?E2G2 477tE2G2
k=1

t=tg k=1 k=1

where (b1) uses the expression: E | X — EX||> =E || X||* — |[EX ||, X represents (6, , — 0y,) in (A.12). (b2) includes
the inequality || 37, a,]|* <

2, ny <y, for t >ty (which implies that 7, is non-increasing), and the
assumption 4: E | V£,.(6F, &%)

. (b3) is based on the assumption 7:—:’ <2.

Proof of Lemma 4.  If we define w, = (a4 t)? and 1, = we have:

_4
(att)’
Qpq1 < (1—unt)at—Antet+nfB—nf’C- (A.13)

Now multiply equation A.13 with o~ , which yields: A1yt < (1- /mt)%at —we; A+ wyn, B —wn?C. By recur-

sively replacing > r-t <(1—M770) ay — ZtT;Ol wtetA—i-Zt Y w,n B — Zt o Lwn?C. ie.

T—1 T—1
AZwtet l—uno)—ao—l—ZwmtB Zwme (A.14)
t=0 t=0

We will now derive upper bounds for the terms on the right hand side. We have % = “T“?’. Then:

dla+t) 272 +4aT —2T 2T(T +2a) = 116 16T
Zwtnt Z< )_ < (u ),Zwﬁ: =—. (A.15)

22
o e Y o M H

Let S =3, w, =31 (a+1)* = (272 + 6aT — 3T + 6a> — 6a + 1). Then Sy > T +aT? — T + a>T —
aT (? %3, (1) is due to aT? — % +a*T —aT =T*(a—3)+aT(a—1) >0, where a > 1 and T > 0.

Taking into account Assumption 1, Assumption 3, and the AFLAM convergence proof process, we can provide
the parameter value ranges as follows: In Lemma 1, it is required that 7, < ;--. In Lemma 3, the condition is that:
Ny = M((Ht) and ’”0 <2,s0m = M(a+t) <-L 15
toa>E. Therefore a=maz{* E}.

4
which implies a > 1%, Also, 20 < 2,which means —— < 2, leading
u(a+t)
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A.2. Proof of Theorem

Proof of Theorem 1.  From Lemma 1, we can deduce that

K
E (0 — 07" < (1= i )E |0, — 07" + 200 — Lne) Y 00 sl || — 00|

k=1
pe (A.16)
3 n * — n * - =
- ME [0(8,) — £(67)] + E[6Ln; Q — 4L°n; Q] + nE ||g, — g.|I* + 2n.E (0, — 0" — .G, G, — 91 -
Fa F3

Let’s calculate the bounds for each term separately. First, we can obtain the bound for the term F; from Lemma 3:

K
Fr=2(1-Ln) Y @ik |0 —0.]) <8021 - L) E*G*. (A.17)

k=1
Secondly, we can get the bound for the term F, from Lemma 2: F, = n?E ||g, — g.||> < n? 25:1 ©; wor. Finally, we
can derive the bound for the term F; from E ||g,|| = E||g.||: Fs = 2n,E(0, — 6* — 0,9,, G, — g.) = 0.

In conclusion, when 7; < E’ 7); 1s non-increasing, and a = mam{%, E}, we have:
_ _ 3 _
E ||9t+1 -0 ||2 < (1—pne)E ||9t - 9*H2 +8n; (1 - Ln,) E*G* — ZmE V(Qt) - 6(9*)]

K
07y ot +6Ln7Q — AL} Q

k=1

_ 3
<(1—pn)E |0, — 07|

K

E V(?t) — K(O*)] + <8E2G2 + Z(pf,kai + 6LQ> nf — (8LE*G” +4L2Q) nf.
k=1

As known from Lemma 4:

T-1 T-1

AZwtet l—myo)n—ao+2wtm3 Zwtnfc< n—a0+

27(T + 2a) 5 167
% W

C. (A.18)

Now multiply equation (A.18) with é which yields:

A2 OT(T +2 16T
Y we, < wo o, 20T +20) p 16 (A.19)

< a -
10ST 0 uSt p2Sy

for A= 2 B =8E>G*+ Y, ¢?.02 +6LQ, C = (8LE>G? + 4L%Q), Q = L(0*) — S/ penli, € =

u> |

E [E £(0%) ] We know that Sp > %3 and due to the property of the convex function /(-), we have:
E [0 ) (0] < &5 wE[0) 0], where br = LT T vt = (o + 00, =

_4 %o = pa®

pla+t)’ 4

X 3 + K 64T
E [e(eT) —e(e*)] < %Hao 0P+ % <8E2G2+Z¢3ka;ﬁ+6LQ> ~ 5, BLEG +417Q)
k=1

We utilize Lemma 2 from Rakhlin et al. (2012): E ||, — 6*||* < 4#%2 for u-strongly convex £. When both A7 and a

meet the conditions mentioned earlier, we can derive the following results:

E |¢(67) — 0(67)| <

A AG2a®  8T(T + 2a)
- 3NJST 3NJST

K

64T

BE*G*+) 700+ 6LQ> 305, (SLE?G? +4L%Q).
k=1
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Appendix B: Convergence Proof for Partial Client Participation Under Convex Condition
B.1. Proof of Lemmas

Proof of Lemma 10. Let {a;}X represent any fixed deterministic sequence. For each value, the probability is

denoted as pj. We draw M values to form the set S,, where S, = {iy, is,...,ip } C [K]. Then,

M K
Es,a; =Es, Y a;, = MEs,a0 =M Y _ pas. (B.1)

k=1 k=1
Given Equation B.1 holds for both uniform and non-uniform client sampling (i.e., whether p; is equal or not).

Proof of Lemma 11. 'We have 0, = D kes, & 01 10y 1, where the balancing factors are bounded: € < ¢, , < (.

2 2

c2 K - 1 .
Es,, 0,—0,) = Es,, Z M@z,ket,k -0 = WEst } (KSDz,koz,k - 9z>

keS¢

1 K
=[S P{ke s
W |2

L2
’Kipt,kat,k—at +

Z P(k;, k; € S,) <K§0t,k7¢ O — ém Kipt,kj at,kj - ét>
ki £k

(61)
= M2 Z HKCPt k9t k *915

+.7: Z <KSOtk 9tk *Qt,KSOtk etk *~t> <C2) gFZHK@tketk*Qt

7R

G

(c1) is due to the fact that P{k € S;} =1 — H‘S” ( pi"). Here, K, represents the set of remain-

Zk’e)cv Py
ing elements during the v-th sampling. Since client sampling in FL is performed without replacement, the
probability that element % is ultimately selected into the subset S, is calculated. P{k; k; € S;} = P{k; €
‘St‘ 1 ) / Pk ) .. . _
Si} ( o I (1 pk)) where, p, = 72;«%( o JK(v,i) denotes the set of remaining elements during the v

th sampling after excluding client i. We introduce the upper bound of the probability 7 = max([px,re(x]) and
the lower bound pj, = min([pk,ke(x)]). Then, P{k € S,} <1 — 1% (1 ( — Pk ) =G, P{k;,k; € S;} =P{k; €

v=1 Pk Ko
}(1_H\St\ 1( p;c)) <P{k € Stz( Hlst| 1 ( — |p)ckvl|>> — F. let F = HISt\ 1 ( _ pfkllpzvﬂ) (c2)
K‘Pt,kot,k - ét +Zki7’£k]’ <K<Pt,k,i9t,k enK(Pt kj '9t k; '9 > =0.

Next, we will prove the upper bound for the term G. The proof for G is similar to Lemma 3 in the convergence

uses the equality S5 o1

analysis when all clients participate. Therefore, we’ll streamline the identical steps during the proof.

2

K
G= Z HKQDt,kHt,k - ét
k=1

2 _ i H (K(pt,ket,k _ K@tykgto) — (ét — K@t,kgto)
k=1

(B.2)
K K K
S B erbis — Kool = K23 02 10— uo||” < K2 0o || — uo||” < 4P K2 E2G2.
k=1

2
< AP K EG.

The final inequality is proven in Lemma 3’s proof, so get: Eg, 0, — 0,

B.2. Proof of Theorem

*

2 ~ N - -
+E||041 — <9t+1 — 011,001 — 0*> .

Proof of theorem 3. E ‘ 9t+1 —0*|| =E 9t+1 — éz+1

2 ’

H H H.
Next, we will derive the bounds for H,, H,, and 11*{ 3 separately. Firstz, from Lemma 10, we cafn deduce that H; = 0.

Second, according to Lemma 11, we have H, < 2Z4K?;? E*G?. Finally, H, corresponds to the result of Lemma 1

N 2
under full client participation. Therefore, under partial client participation, E ‘ 0; 1 — 0" H satisfies:
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2

N 2 3 -
El, . — 07| <(1—um)E et—e*H ~ SnE [6(9,5)—4(9*)}
K oF (B.3)
+ 8E2G2+Z<pf’ka,§+6LQ+ﬁ4K2E2G2 n? — (SLE*G? +4L2 Q) n?
k=1
Let 9T— 1 Z Zkesf thgot x0: k. and Q =£(6") — Zle ©:.105, then equation (B.4) holds.
N 403G?  8T(T + 2a) - GF
E _ 9* < E2 2 2 2 L 74K2E2 2
[é(eT) % )] < 3u8 s <8 G2+ Y0t +6LQ+ G
k=1 (B.4)
64T
LE*G? +4L*
3.5, (8LE*G* +4L%Q),

. 2 N
It’s important to note that in this context, E ||0,,, — 6* H involves 0, = Zkes,+1 %cptﬂ,k@tﬂ,k, which is not the

Ptyi1,k

same as the algorithm 6,,, = P

D ke See1 T 0:11,, designed in Section 3. Therefore, we need to further

€541
modify the local loss functions. Let 9 = >, ¢ : ; denote the sum of balance factors of the clients sampled in the ¢-th

iteration. In Section 3, we know that ¢, , has upper and lower bounds. Let’s denote them as € < ¢, ,, < (. Consequently,

we have Mé <9 <1.When M = K, 9 = 1. Now, let gk(ﬁ) = %ék(e). This operation effectively scales the local loss

functions of the clients. The global objective then becomes min 00) =328 0, 1Li(6). Tt can be observed that (B.4)
0eR

still holds in this case. Here, we define L £ wL, ji £ v, &), £ \/wo, and G £ wG, where w = Ymax {m}
s, Pk

and v = min { é} Then, for ., = o Z DI s, Wi £LE G, 1, the following equation holds:

Zkgst(Pt,k
A 403G2  8T(T + 2a) = 5 oy s GF -
E |6(07) —0(67)| < E*G? 2 52+ 6L0+ T AK*E*G?
[(0n) 0] < g+ o (s G+ 3o+ 6LO+ T EG
6AT [ = oy =
— 2 (8LE*G*+4L°Q).
35, (8 G* + Q)

Appendix C: Convergence Proof for Full Client Participation Under Non-convex Condition
C.1. Proof of Lemmas

Proof of Lemma 5. The goal is to compute the upper bound of E||V £, (6, ., &) ||?. First, we have:

E[[ V(00 65°) — VE(0,)]* = EHV&@ (Or i, &0

@) = 2E V(0 1, £8), V(D). (C.1)

According to Assumption 4 (the gradient upper bound assumption), we have E||V £, (6, &, &%) ||> < G?. Then,

B[ V(0.0 €8) = VEB)? < G+ B | V()" — 2B (Ve (01,65, VE(L)) - €2)
To simplify the inner product term, we introduce the variable: Z = 1/E|V/,(0,)|?. Using the Cauchy-Schwarz
inequality, we have: E <V€k(9t7k§f ), VI (6 \/Z2]E HVE,C ks é”) . Substituting this and simplifying:

Gy 2\/Z2IE 90 (01| < 02, (C3)

According to Assumption 3, we have E ||V, (6,4, &) — Vi (0:1) H2 <02.S0,(G — Z)? <o} (when G > 0), (G +
Z)? < o} (when G < 0). We have (G — |o,,]|) < Z < ( ), s0 Z2 < (|G| + |ow])? ie., E||[ V() < (|G| +

|ok|)? is have upper bound.



Author: Formatting Instructions for INFORMS Author Styles
Article submitted to Any INFORMS Journal 7

Proof of Lemma 6.  Using the notation E and t, from the proof of Lemma 3, we further prove this Lemma.

B[V (00, €8) = VE(0,)||” = E|| V(B e, €8) = VEL(B) — (VE(B:) — £4(B2,)) ||
) — (d1) ) —
§E||V€k(9tk,§f”)—v& 0i)|* = [EIVEE) — 6@))|* < B[ Va0 - V6@
to+E—1
< LQEHetk—GtOH <LE Y 2 ||VO(0. &) <AL EG?,
t=tg
dlis due to E|| X — EX||? = E|| X||*> — ||EX]|. (d2) is the property of L-smoothness.
Proof of Lemma 7. The goal is to compute the upper bound of £(6,,,) — £(6,).
_ — L 2 s Lt e
0(041) = £(0:) < (V(B,), 041 — 9t>+§|‘9t+1—9t” < = (g:, VL(0:)) + 9 llg:ll” - (C.5)
H
H=-n, <gt7v£(§t)> [Hgt||2 + ||V€( )H2 - ||9t - Vg(@t)HQ]
n n n il * Ui a C.6
:—gugth—;wat)n%;ngt—wwt)nZ <~ gl — (68— 6°)) + 2 g ve@| . ©O
—_—
Hy
The final inequality follows from the y-PL in Assumption 2: [|[V£(8,)[|? > 2u(£(0,) — £(6%)).
2 2
H, =g, — V@, = O, €87) = V(O Zsotk [V (001, E5) = VL (B,)]
k=1
B - (C.7)
SKY k|| V(00 &) = V()
k=1
The final inequality follows from the bound || Y1, a.||> < K Y7 [|a.]]?.
_ K _
H < =L gul* = pm(68,) - 667) + =" 3 b (96000, — V0 (€3)
k=1
Substituting H into Equation (C.5), we get:
_ _ — K — Ln,—1
(B01) — 6) < ~mle(B) — 06°)] + " Zmnwk €)@+ T g 2 (o)

Proof of Lemma 8. In proving the upper bound of E || g, ||2, we consider the impact of heterogeneity on the results
based on the client data distribution, analyzing both scenarios with and without heterogeneity. When the heterogeneity

of client data is not considered, then

@ K 2
§KZ§0§’,€EH€1€(9LM £

k=1 k=1

Eg:|*=E

K 2
Z‘Pt,kVKk(et,kyff’i)’ 27 G2, (C.10)

k=1

(d) includes the inequality || ", 2, and the final step is due to the Assumption 4.

When the heterogeneity of client data is considered, compute the upper bound of E ||g, ||*.

2

K K
<KEY @2 V00 &) <2KLE | Y i (014, €57) —

k=1 k=1

K
Z @t,kvgk (et,kv fé“)

k=1

E|lg:|*=E

I

Then, to further bound the term 1.
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Porli(Brp, E) — Lr = Zm [0k (B0 65 +Zm [6:(0,) — ;]

quw

sz ek (V(0:), 0,1 — Zgotknatk 0||2+Zmek —4;] (C.11)
_Z%,kfzt}'
k=1

K
1 1
siz Pl V@I +5( -+ 1) Zgomnatk—atn?
The final step is the 1nequa11ty 2(a,b) < Mlal]* + 10| |2, )\ =1, > 0. By combining I, we have:

[\]

2

E|\g:|* < KL, Zstot,kEHWk( 0.)1° +KL(7] +L Zwt ¢Ellfer — 0% +2KL Zwt Wlp| - (C12)
k=1 k=1
Proof of Lemma 9.  Following the proof strategy of Lemma 4, let a,, < (1 — un,)a, + n>A+n3 B, then
ar < (1= ) JC:BT)S a 27;8;’;;? . (64+TT)3 B (C.13)
Similarly, by transforming a,,; < (1 — un, + KLn,(Ln, — 1))a, + 12 A +n? B +n*C, we obtain:
< (1= + K Lo ~ 1) fT)S a0+ if((j Iﬁ;} M3(24+T B (iGJFTT)S c. (€1

. T-1 _ 4T
In this process, we use >, w,ni => . Hg(aJrT) T

C.2. Proof of Theorem

Proof of theorem 2. Under non-convex conditions, without considering Non-IID, according to Lemma 7, we have

K

B[((F1) — (6%)] < (1 pm B — 0]+ 2003 o0 ||V 61065~ 90|+ 1D g, 2

k=1

K
< (1 mBI@) — (0] + 27 Kt 2+ D 5
k=1

— KLn?
< (L= ELL@,) — ((07)] + =5 2GR 2L RGP,
= (C.15)
The penultimate inequality is based on Lemma 6 and Lemma 8. According to Lemma 9, we can obtain:
~ a? . T(T +2a)K L 128T LK E*G?
E[¢(0 -0 <(1- ———E[¢(00) — (6" _— G+ ————— (C.16
[ ( t+1) ( )] —( MT]O) (a+T)3 [ ( 0) ( )} + ,u2(a+T)3 ;@t,k u3(a+t)3 ( )

Under non-convex conditions, considering client data heterogeneity, according to Lemma 7, we have

_ _ K1, & .z, n(Ln,—1)
E[0(0i1) — £(07)] < (1 — pme) [6(6,) — £(07)] + 277t Z‘Pt,kE vak(et,kaff’i) - ng(et)H + %E ||gt||2

< (1 EI@,) — 0°)] + 202K 27 4 M)

K
KLy wt,kEWk(Gt)IIQ]

k=1
K
—z%,kz;]
k=1

(1G] +owl)?

KL(Ln, —1)

5 + K Ln,(Ln, —1) €6

K
L+ Ln) > e iEll0r — 0

k=1

+

KLn;(Ln, —1)
2

K
—z%,kz;]
k=1

< (1—pn)E(0:) — £(07)] +2L° K B*G* +

+2K Ly E*G*(L*n; — 1) + K Ly, (L, — 1) | £(6)
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K
= (1= pne + K Ln,(Ln, — 1)E[((8,) — €(0")] + KLn; |£(0.) = > erily — (|G| +|ow])* — 2E°G?
k=1 (C.17)
KL?
2

The final inequality is based on Lemmas 5, 6, and 8. We define Q = £(0%) — 321 ¢, x¢;, and ¢ = (|G| +|o|)?. Then,

F P (2KL2E2G? + (|G| + |ow])?) + 2K L* E2G2.

E[0(0s1) — £(07)] < (1 — e + K L, (L, — 1))E[(8,) — £(67)]
KL? (C.18)
+ KL (Q — ¢ = 2B°G°) + i} QK L B*G? + = () + 2K} L B° G,

According to Lemma 9, we can obtain:

— 3 — 8T(T'+ 2
E[£(6:41) —€(67)] < (1 — pno + K Lno(Lno — 1))(a17T)3E[€(90) —0(67)] + ;ﬂ((a—i—T;)KL(Q —(-2E°G?)
64T Y KL? 327 s
oy PRGSO e KB,

Appendix D: Convergence Proof for Partial Client Participation Under Non-convex Condition

In the proof of this section, we adopt the same definitions as in the convex function proof. That is, we have 0, =

> keS, %gpt, x0:.1, where the weighting factor is bounded, i.e., € < ¢, ; < (. Therefore, even when ¢ and ¢;, are non-

convex functions, Lemma 10 and 11 still hold. Based on this conclusion, we further prove Lemma 12.
Proof of Lemma 12.  Eg,[£(0,) — £(6,)] < Eg, <V€(§t)79t —§t> + LEs, |16, — 6,]]*>. From Lemma 10, we can

deduce that the expectation of the first term is 0. Thus, based on Lemma 11, we have,

R R eXa
Eg, [6(6;) —£(0:)] < §Est|\9t —0,)* < W2ﬂ3K2E2G2'

Proof of Theorem 4. E[((6,) — £(6*)] = E[£(8,) — £(8,)] + E[£(8,) — £(6*)] < L9Z 21> K> E*G* + E[4(6,) — £(67)).

M2

The last inequality is based on Lemma 12. So, according to Equation C.15, without considering heterogeneity, then:

K

E[((0,) — £(6")] < (1 — pun)E[£(8,) — £(07)] + ?G2K L (; S+ %2}@2) FOL2KnPE*GR. (D.1)

k=1

According to Lemma 9, we can obtain:

. T(T +2a)KLG? & GF 128T LK E*G?
_— Z‘P?,k+M24KE2 ittt

) gy < (Lot o
E[¢(0,) — £(67)] < (@i T) E[£(00) — £(07)] + (0t T) 1#(a+T)3

k=1

When considering heterogeneity, according to Equation C.18, then:

N — KL?
E[£(6,) — £(0%)] < (1 — pm, + K Ln,(Ln, — 1))E[£(0,) — £(6")] +n} (2K L*E*G* + 9]
GF (D.2)
+ KLnf(Q —(—2E%*G* + —2KE2G2) + 2anL3E2G2.
M2
According to Lemma 9, we can obtain:
N a® — 64T KL?
E[4(0,)—£(0")] <(1-— KILny(Lny —1))———=E[¢(0,) — £(6* — (2K L?*E*G*
[€(0:) — £(67)] < (1 — pmo + K Lno (Lo ))(GJFT)3 [€(60) — £( )}+u3(a+T)3( G+ <)
8T(T+2a) 2 2 g]: 2,2 32T 4713122
— K —(— — 2K _— .
E(at T) L(Q—-(—-2E°*G +M22 EG)+M4(a+T)3KntLEG
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Appendix E: AFLAM vs. baselines in complex models.
We compare the AFLAM with four SOTA baselines (FedAvg, FedProx, FedBN, CReFF) on USPS and MNIST using

a more complex CNN model. In the experiments, we generated 10 Non-IID client datasets per dataset using a Dirichlet
distribution and compared the results of each experiment with their average. Fig. E.1 (a) shows that with full par-
ticipation, AFLAM outperforms three baselines and achieves comparable accuracy to CReFF. However, Fig. E.1 (b)
reveals that AFLAM surpasses all baselines, including CReFF, under partial participation, where CReFF’s perfor-
mance declines. Fig. E.1 (b) also fully shows that the proposed scheme 1 and 2 can achieve the optimal results relative
to other models under different E. By comparing the results of Fig. E.2 (a) and Fig. E.2 (b), it is clear that the AFLAM
has the best performance on the MNIST, whether in the case of full participation (Fig. E.2 (a)) or partial participation
(Fig. E.2 (b)).

Figure E.1 Comparison results between AFLAM and baselines in the USPS dataset.

(a) Full clients participate (b) Partial clients participate
Note. In (a) and (b), E values (left to right): 1, 2, 5; ds; (1 <4 < 10) represents the i-th Non-IID client data distribution generated via
Dirichlet sampling; Avg shows 10-experiment mean. In (b), Ours1 and Ours2 denote Schemes 1 and 2 of the AFLAM, respectively.

Figure E.2  Comparison results between AFLAM and baselines in the MNIST dataset.

(a) Full clients participate (b) Partial clients participate
Appendix F: Comparison between original data and attack reconstruction
Fig. F.1 compares attacker-reconstructed data via gradient inversion with original data.
Figure F.1 Comparison of Gradient Inversion Reconstruction Results.
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