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A Complex Sampling Distributions and Input Distribution Analysis

For unknown F,, some recent work
(e.g., Li et al. 2018; Shen et al.
2021) in the R&S literature sug- —
gests estimating the sampling dis- |
tribution through the input model- 71\
ing process (Law and Kelton 2000).
This process typically hypothesizes
F, based on the similarity between
the shape of the histogram of col-
lected samples and the density plots
of some general distribution families
(e.g., normal, exponential, Poisson), A ‘ ‘ ‘ ‘ ‘ ‘
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and then perform goodness-of-fit hy-
pothesis testing (e.g., x? test) to de-
termine whether the hypothesized dis- (a) (b)
tribution is a good fit. However, iden- Figure 3: Mixture distribution.
tifying F, correctly through such a
process in practice can be quite hard
if not completely impossible, especially when F), is complex. In Figure 3, we consider a mixture distribution family
F, ~B-N (p21,02) + (1 — B) - Exp (1/pa,2), where B ~ Bernoulli (0.4), f151 is generated from U[0.6,1.6], 1152 is
generated from U[0.4,1.4], o, is generated from U[0.75,1.25], and B, N’ (,uzJ,ag) and Exp (1/p42) are indepen-
dent. There are 25 alternatives. The goal is to find the optimal alternative that has the minimum population
mean. The allocation strategies are implemented the same way as in Section 5.2. Figure 3a gives an example of
the histogram of 100 i.i.d. samples drawn from alternative 8, of which the shape is quite similar to the density
of a normal distribution. More interestingly, in this case, a x? goodness-of-fit test will even fail to reject the null
hypothesis (at significance level 5%) that the samples are from a normal distribution. However, as shown in Figure
3b (as well as in Figure 2), if F, is misspecified as a normal distribution, then even a well-designed allocation
strategy under the (incorrecly) assumed distribution, such as BOLD and AOAP, may deteriorate substantially
and can be outperformed by a naive one like EA when the budget gets large. This demonstrates the importance
of developing an efficient allocation strategy capable of handling complex non-Gaussian distributions, or more
broadly, unknown sampling distributions.

B Proof of Lemma 2
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The convexity of W¥,(y) can be shown by Holder’s inequality. Since %HI = (%22‘1’1, we have that H,(v) is
increasing in . For the LHS of (12), we can see that, for any = # z*, at v = 0, Hy+(0) — Hz(0) = g+ — g > 0.

Nn* * * .
Furthermore, 8% [Hm*(fy) — H, <_N7$g;7>} = (%Hm*(’y) + o a%HI <—%’y) > 0. Thus, the LHS of (12) is an

increasing function of 4. Therefore, (12) has a unique negative root. Note that I.(y) = 0 if ¥ = 0. In addition,
a%lz(fy) = fya%Hz(fy) + H,(v) - H,(y) = 'y%Hm('y). ’I:hus, I,(7y) is decreasing in v when v < 0 and increasing in
v when v > 0. Consequently, I,(v) > 0 for all , and I,(y) = 0 if and only if v = 0.

C Proof of Lemma 3

First, for any x, by the Cauchy-Schwarz inequality, we can see that
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where the inequality holds strictly since p # v. Second, since %\I’Q = (%H;‘, we obtain the convexity of
U2 (). For the LHS of (16), we can see that, at v = 0, H%»(0) — H (0) = 6%, — 602 > 0, where the equality
holds by (5), and the inequality holds by the definition of *". Furthermore, % [H ren(y) — HY (—N]’\“‘,Z;" ’y)} =

X
n n
N™ s

%H;L*,n (v) + N7 %HQ (—N]’\J,;; fy) > 0. Thus, the LHS of (16) is an increasing function of . Therefore, (16)
has a unique negative root. Third, we have
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where %Hg(v) > 0 by (34). Thus, I}}(v) is decreasing in v when v < 0 and increasing in v when v > 0. Finally,
we can see that I7(0) = 0. From above, we have I7(v) > 0 for all v, and = 0 is the only root of I?(y) = 0.

D Proof of Theorem 1

To establish the proof, we introduce two technical lemmas first:

Lemma 4. Let Assumption 1 hold. For any z € {1,..., M}, if alternative z is only sampled finitely often as
n — 00, i.e., lim,_ oo NI' < 00, then ™" # z for all large enough n.

Lemma 5. Let Assumption 1 hold. For all large enough n, condition (22) will be checked. Furthermore, there are
infinitely many times n at which condition (22) does not hold.

In short, Lemma 4 states that, under Algorithm 1, for all large n, the alternative that has the largest sample
mean cannot be an alternative that is only sampled finitely many times, thus must be an alternative that is
sampled infinitely often. By the law of large numbers, this further implies that 67, — piz+n» — 0 as n — oco. Then,
Lemma 5 shows two facts of DDOA. First, condition (22) being checked for all large n suggests that arg max, 67 is
unique for all large n, thus guarantees that DDOA will not malfunction in situations such as discrete F,. Second,
condition (23) must be invoked infinitely often when (22) does not hold. Thus, ™ is not always equal to ™",
yielding that alternatives with smaller sample means are also sampled infinitely often.

Now we establish the proof for Theorem 1 by contradiction. Assume there exists some alternative z such that
lim,, oo N < oo. First, from Lemma 4, we know that ™™ # z for all large enough n. More specifically, let
T = argmaxye [y, where A = {x|N]' — oo}. Then, for all large enough n, we always have ™™ = Z. Second,
from Lemma 5, condition (22) will be checked for all large enough n, and there are infinitely many times n at
which condition (22) does not hold. Then, for all large enough n, there must exist some alternative y # x*" that
is sampled when condition (22) does not hold. Obviously, N} — co and Ny — oo.

On the one hand, from the proof of Lemma 4, we can see that vz.» , — 0 and limsup,_, ‘fy?x*n‘ < 0.
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Moreover, since N7k /N' — oo, we have
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where the inequality holds by Lemma 3, the first equality holds due to (17), the second equality holds by Taylor’s
theorem, the third equality holds by (17) and (35), and the fourth equality holds by Lemmas 1-3. Then, (21)
implies
F;L*,n,z = N‘/?*,n ;.L*,n (’}/;L*,n7z) + Nznlg (’YZ:B*,'IL) = N;L*,nlg (’YZIE**") . O (N;L/Nx*,n) + N;LI;L (’}/Zm*,n)
=0 (NI (12en)) = O (N2, (37)
where the second equality holds by (36), the third equality holds since lim,_,oo N7 < 0o and limy,_yoo NJkn = 00,

and the last equality holds due to Lemma 3 and limsup,,_, ., "ygzn‘ < 00. Since limy, 00 NI' < 00, (37) implies
that I'}..» , must be bounded by some fixed constant.



On the other hand, let (ny) denote the sequence of stages at which (22) does not hold and y is sampled. Then,
along the sequence (ny), we cannot have both limy_,o 7%, = 0 and limp_,eo Py;“; «m, = 0 simultaneously. We

show this by contradiction. Assume that both 7%, Y and 7;”;*,% converge to 0. Note that Ny’ — oo and Ngin —

oo. Then, by Lemmas 1-3, H ¥, (’ygf,nk,y) —Hy* (’y”’“* n ) — Hz(0)—H, (0), where Hz(0) — Hy(0) = p1z — 1y > 0.

Y,z "k

Thus, for all large enough k, we have H ¥, (775, y) — Hy* ('y"k ) > 0. However, this contradicts the fact that

y7x*,nk

V;Lfvnk,y is the root of (16). Therefore, we cannot have both ’ny,nhy and fy;”;nk converge to 0 simultaneously.

We consider the case where liminf,_,. 'y:f,nk y‘ > 0. A symmetric argument can be established when

> 0. Then, for all large enough £k,
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where the inequality holds by Lemma 3, and the last equality holds due to liminfg_,

ng,nk’y‘ > (0 and Lemmas

k

kY
Fgf,nk y > FZ’f,nk .- From Step 4 in Algorithm 1, y will not be sampled at stage ny. However, this contradicts the
definition of the sequence (ny). Therefore, it must be the case that all alternatives are sampled infinitely many

times.
E Proof of Lemma 4

1-3. Since limy_,o N;*’ink = 00, (38) implies that I‘;l — o0 as k — oo. Then, for all large enough k, we have

Let 0, = lim,,_,o0 07, the final value of the sample mean for alternative z since lim, .o N7 < co. We will show
that £*" cannot be z for all large enough n by contradiction.

Assume ™" = 2z infinitely often. First, there must exist some suboptimal alternative y # z that is sampled
infinitely often, i.e., lim, o N, = co. Obviously, if py > 6., we will have 0 > 07 = 0. for all large n by the law
of large numbers. Then, ™" can never be z. So, we must have p, <0..

Now, assume p, < 6.. By the law of large numbers, for all large enough n, we have 07 = 6, > 0, . Note

that by assumption, there are infinitely many time stages at which x*™ = z. Then, at these stages, from (17),
Vo= NI

as n — 0o, we have = —NZL — 0. Note that 77, is the root of (16). Then, since lim, N, = o0, by
Lemmas 1-3, we must have limsup,,_, ., hgyy < oo. Consequently, vy, = —%ygy — 0. Furthermore, we have
’ I y ’

I (vy,) = vp Hy (vp,) — Ve (.) — 0. At the same time, since 7', — 0, from (16)-(17), we also have
a? ('yzy) = Hy (’YZ},Z) — py. Then, we must have liminf, h?,y} > 0, as py < 0, by assumption. By Lemma 3,
I (v;l*,n,z) S 1 (v2,)
JEYCTS B 1 CT
which implies that alternative z will be sampled for any large enough n if ™™ = 2. However, this contradicts that
2z is only sampled finitely often. Thus, it must be the case that the assumption p, < 0. is false, so we must have
fy = 0. B B
Finally, assume p, = 0,. By the law of large numbers, 6 — 6.. Note that there are assumed to be infinitely
many times that ™" = z, and by the definition of z*", we must have 0 < 0, at such stages. First, as n — oo,
from (16), we have H (0) — H,’ (0) = 02 —0;; — 0. —p, = 0. Then, by Lemmas 1-3, we must have lim, o 72, = 0,

we obtain that lim inf,, . I7 ('y?,y) > (0. Then, for all large enough n, we have Zx?ﬁz*,n > 1,

which also implies that lim,, . 7;‘72 = —lim, o0 %7234 = 0. Then, for all large enough n,
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where the first equality holds by Taylor’s theorem, the second equality holds due to (35), the third equality holds
due to (17), and the fourth equality holds by Lemmas 1-3. By assumption, Ny /N — oo because y is sampled
Lon (Veme) o 12(02,)

Iﬁ(vﬁw*,n) RS
will be sampled infinitely often if 2*™ = z occurs infinitely often. However, this contradicts that z is only sampled
finitely often. Therefore, it must be the case that x*™ # z for all large enough n.

infinitely often. Then, from (39), as n — oo, we have >, ..n — 00, which implies that z



F Proof of Lemma 5

Let A = {z|N} — oo} be the set of alternatives that are sampled infinitely often. Obviously, A # ), because
there is at least one alternative that will be sampled infinitely many times as n — oco. Note that, for any two
different alternatives y and z, p, # p,. Then, if A contains more than one alternative, then we must have
limy, 00 (9’; — 02) = iy — iz # 0, for any two different alternatives y,z € A. Now, take n to be large enough such
that the alternatives in A° will not be sampled from stage n onwards and inf,c 4 NJ' > sup,c 4c INV};. For such
n, if condition (22) is not checked, it must be the case that there exist x € A and 2z’ € A° such that 07 = 67,.
However, from Step 1 of Algorithm 1, we will sample z’ in such a situation, but this will contradict the fact that
a2’ cannot be sampled for such n. Therefore, condition (22) will be checked for all large enough n.

We prove the second part by contradiction. First, for all 2/ € A¢, define 8, = lim,_o0 07,. Assume there are
only finitely many times that condition (22) does not hold. That is, condition (22) holds for all large enough n.
Then, A must contain at least two alternatives. Assume this is not the case, i.e., there is only one alternative
in A. Denote this alternative by z. Then, A = {z} and A° = {2/|2' # z}. By assumption, condition (22) holds
for all large enough n, and z is the only alternative that is sampled infinitely many times. Then, we must have
x*" = z for all large enough n. By the definition of ™", this implies p. > sup,/c 4c .. However, from the

proof of Lemma 4, we can see that, for any =’ # z, lim,, o0 I? (7:@’> = 0 and liminf, . I7, (72,72) > 0, which
implies that I7 (7?,27’) / I (72,72) < ﬁ for all large enough n. Consequently, condition (22) will not hold, because

Zm’;éx*v" I (7:’;*7”@,)/]2, (7;1,@*7”) = Zx,;& I7 (7233,)/1;1, (’yg,’z> < Zx,¢2 ﬁ < 1. However, this contradicts
the assumption that condition (22) holds for all large enough n. Therefore, it must be the case that A contains at
least two alternatives.

Let z and y be two different alternatives in A. By the law of large numbers, lim, o 07 = . and lim,,_, 9;‘ =
py. Without loss of generality, suppose p, < py. Then, for all large enough n, we must have 67 < 60, and
consequently, ™™ # z. At the same time, note that condition (22) holds for all large enough n by assumption,
which implies that only x*" is sampled for all large enough n. Then, z will not be sampled for any large n, which
contradicts the fact that z € A. Therefore, there must be infinitely many times n at which condition (22) does
not hold.

G Proof of Theorem 2
We will establish the proof by contradiction. Depending on whether x* is one of the alternatives in the comparison,

we have the following cases.
Case 1. y = z*.

Assume the result does not hold, i.e., there exists some z # z* such that limsup,,_, . ]]ﬁl = oo. Then,
nk x
there must exist a subsequence (ny) such that limg_, % = 00. Define a subsequence (my), where my =

. ™ . . . ,
sup {l <nmy:at = ZL’} We must have limj_, o % = oo for this subsequence (my) since limy_, oo Ngf = 0o and

N is monotonically increasing in n. Note that only x is sampled along the subsequence (my). From (17), as

my mp,
Vo w* N_, . . .

k — oo, we have - = —& — 0. Note that Yy 18 the root of (16). Then, since limy oo Ny = oo and
‘,L.*,‘,L, x

limy_,00 N,+* = 00, by Lemmas 1-3, we must have lim sup;,_, . "y;’i‘}‘ < oo. Consequently, 7,5 = — N Voety = 0.

Furthermore, we have I (V;n;) = ok HI" (,y;n;*) — Pk ('y;n:’g) — 0. At the same time, since 7%, — 0,

from (16)-(17), we also have H,.* (yﬁka:) = H™Mk ('y;n;*) — pz. Then, we must have liminfy_,

> 0, as

my,

Vx*,a:

pz < piz+. By Lemmas 1-3, we obtain that liminfy_,o I,2* (7;1]}) > 0. Then, for all large enough k, we have

AN M > 1. From Step 3 in Algorithm 1, z* will be sampled along (my) for all large enough k. But this
v

T z,z*

contradicts the definition of (my) that ™ = z for all k. Therefore, it must be the case that limsup,, . 1]}7—5 < 00
for all x # x*. ’
Case 2. z,y # x*.

Assume the result does not hold, i.e., there exist z,y # z* such that limsup,,_, ., % = o0. By repeating the



same argument from above, there must exist a subsequence (ny) such that limg % = oo and only alternative
Y

x is sampled along this subsequence.

On the one hand, we will show that lim infj_, . > 0 by contradiction. Assume that liminfy_ ..

Nk Nk
f)/:v,x* 71:@*
n
0, i.e., there exists a subsequence (mj) such that limg o 7, 5+ = 0. Since limsup,, . 7 < oo for all z # 27,
x

(17) implies that, as k — oo, 7,25, = Ny b me . Then, by Lemmas 1-3, H_.* (’y?%) H™ (’y?}) —

Nmk ’yxar
H,«(0) — Hy(0), where Hyx(0) — Hy(0) = pigx — ptz > 0. Thus, for all large enough k, we have H M (v,2%,) —

H* ('y;n 3’2*) > (0. However, this contradicts the fact that 'yx*@ is the root of (16). Therefore, it must be the case

that liminf,_, o

> 0. At the same time, by Lemmas 1-3, for all large enough k, Tk = N F I (’y”f ) +

Nk
’yx,az* ¥, T
NpeIpe (s ) = NpeIe (335, Since liminfy oo |17 | > 0, by Lemmas 1-3, we have 7%, = @ (NJ').

On the other hand, we will show that Fn,’f =0 (N "k) There are two possible cases, depending on whether

n n

N*is O (N"k) First, suppose liminfy_, ]]gnk > 0. Since we know that limsup,,_, N" < 00, we have N 'F =

C] (N”k) Then, Lemmas 1-3 lead to 0 < lim infy_, oo "yy - < ooand 0 < liminfg

< limsup,_, "sz Vot ) <

lim supy,_, oo %W‘ < o00. Consequently, we have FZf’y = N FIk (’yx*,y> + NyFI* (”yy@*) =0 (N;”v) Sec-
ng, "kj
ond, suppose 1iminf;€_>oo% = 0. Let (nk]) denote the subsequence of (ny) such that lim; . Nka] = 0.

¥

< o0, and, for all large

Nk . Nk .
From the proof of Theorem 1, we can see that, lim;_,. fyxij — 0, limsup;_, "yyzj*

”k

) ) ) ) N\ 2 ) ) ) )
enough j, IZf] (’y:f]y> /I;k” (’yyz ) =0 ((N;Lk] /N:fj> > Consequently, we have Ffoy = N:fj I:f] ('ygk]y) +

N1 () = 0 (Ny'7),

Finally, since limy_o0 NZZ = o0, Ik, = Q(NJ*) and T = © (N;"), we have that T}% > T2k for all large
enough k. From Step 3 of Algorlthm 1, « will not be sampled along (ny) for any large enough k. However this
contradicts the definition of (ny) that 2™ = z for all k. Therefore, it must be the case that limsup,,_, ., %n < 00

Y

for all xz,y # z*.
Case 3. z = z*. N7
Assume the result does not hold, i.e., there exists some z # z* such that limsup,,_,., 3% = 0o. By repeating
. : NTE .
the same argument from above, there must exist a subsequence (ny) such that limy_, .o Vi = 00 and only x* is
sampled along this subsequence. Furthermore, since 0 < liminf,,_, % < lim sup,,_ye0 % < oo for all y # x*, we
Y Y

Nk
can see that limg_, % = oo for all y # z*. Repeating the argument in Case 1, we have that, for all y # z*,
Yy

limy o0 ’ym Y= = 0 and liminfg_, "yy “«| > 0. Consequently, Lemmas 1-3 imply that lim_, I (’yl, y) =0 and

*

I’Vlk 7lk
lim infy o0 I (75’;) > 0. Then, for all large enough k, we have A™ = 3" - M < 1. From Step 3 in

Algorithm 1, * will not be sampled along (ny) for any large enough k. But this contradicts the definition of (ny)
that ™ = * for all k. Therefore, it must be the case that limsup,, ., % < oo for all x # z*.
H Proof of Proposition 1

Note that 7. , is the root of (16). By Lemma 3, 77 , is always negative. By Theorem 2, we also have Ny /Ny =
©(1). Thus, by Lemmas 1-3, (24) holds. Then, (25) follows due to (17) and (24). Consequently, by Lemmas 1-3,
(24) and (25) lead to (26) and (27), respectively.

I Proof of Proposition 2

First, for any z and positive integers n and m, let L™ £ N"+™m _ N™ denote the number of samples allocated
to 2 from stage n to n+m — 1. For tidiness, we abbreviate L™ to L™ whenever it causes no misunderstanding.



Note that L7* < m for all z. Thus, we have L)' = O (nf") for all x. First, we can see that

AR e — it = g™ Vo — N AR = Ny & Ly Vot = Ny Vo (40)
x,Tr x,r Ng—&-m x*,x Ng TrT,xr NQ +L;n x*,x N;L TT,xr
_ N:;L*+Lgcri 7Nzn* n+m+N£* n+m7N:?* n
= \Npwzp ) Ee P Ee T g e
LT N — LN, N
= eI e e (R )
x x x x
= 0B +6(1)- (v =) (41)

where (40) holds due to (17), and (41) holds by Theorem 2 and Proposition 1. Note that v , and [

x*,x
are the root of (16) at time stages n and n + m, respectively. Then, for all large enough n, 0 = Hp. (v3x ) —
H (7] o) = [HG ™ (et = H ™ ()] = Hie (3 o) = He (9= )+ Hte (0 = Hp ™ (3) = [H (v o) =
HH (g )] [HE ™ (o) = H (g )] = Hie (Ve o) = Hin (9 5") + O(8") + [H (v 10) — HR (77 )] + O(B7) =
O(1)- (Ve o = Yo +O(1) - (i =t ) +O(B") = O(1) - (Vi , — 722" ) +O(B™), where the third equality holds
by the uniform convergence of H}, the fourth equality holds by Lemmas 1-3, Proposition 1 and the mean value
theorem, and the last equality holds due to (41). Then, this implies |y , — *y;”r | = O(B"™), and consequently,
(41) implies |v7 ;- — 52" = O(B").

J Proof of Proposition 3

Since 7y , is the root of (28), by Lemma 2, 47 , is always negative. By Theorem 2, we also have N,. /N;' = ©(1).
Thus, by Lemmas 1-3, (30) holds. Then, (31) follows by (29) and (30). Thus, by Lemmas 1-3, (32) and (33) follow
by (30) and (31), respectively. Finally, (16) and (28) imply

0 = Hp(v-,) = Hy (v
HPL () — HI(

= 0(1)-
= 01)-

where (42) follows from the uniform convergence of HY,

h;a,x — &g*7x| = O (B"). Then, (17) and (29) imply yry;;,x* — A

and (43) holds due to (17), (29) and Theorem 2. Thus,
=0 (p").

K Proof of Proposition 4

Note that 7, , and ;% , are the roots of (28) at stage n and m, respectively. Suppose that

%:Z* > ]]\\,i,{ By Lemma
2 and Proposition 3, H, () is increasing in y and 7. , < 0 for all n, we can see that Hy« (7. ) —Hy (—%iﬁ» >
Hype (Y ) — Hy (—%ﬁ/g*,m) = 0. Also, by Lemma 2, the LHS of (28) is increasing in . Thus, we must have

Vory < Voxy- With a similar argument, we can also show that 7%, > . if % < . Therefore, we have
(11\\,[% - ]]\\,fi ) (ng*x — wm) > 0, and the equality holds if and only if x%: = ]]\% . The other inequality can be

¥

shown with the same argument by noting that 7, . is the root of Hy~ (—]{,V—{ﬁgﬁ) —H, (ﬁgﬁ) =0.

L Lemma 6

Lemma 6. Under Assumption 1 and Algorithm 1, between two samples of the optimal alternative, the number of
samples that can be allocated to any suboptimal alternatives is O (nf™). Symmetrically, between two samples of
any suboptimal alternatives (i.e., two time stages when (22) fails), the number of samples that can be allocated to
the optimal alternative is also O (nf™).

Proof. Consider a stage n such that A” > 1 and A""! < 1. From Algorithm 1, 2* will be sampled at stage n
and a suboptimal alternative will be sampled at stage n + 1. Define s, 2 inf{l > 0 : A" > 1}. Note that stage



n + s, is the first time that =* will be sampled after stage n. Then, in order to show that between two samples of
x*, the number of samples that can be allocated to any suboptimal alternatives is O (n"), it is sufficient to show
sp = O (np").

For all large n, by Lemmas 1-3, Propositions 1 and 3 and the mean value theorem, we have

aoo 3 B O] g B ) S () 4 E )
rH£T* Ig (’Yg,x*) TFET* I:? <'Y;L7x*> - Ig (ﬁaﬁm*) + I:;L (&g,x*)
Ig* (:yg*,a:) + O (5n> I;:L* (:Yg*,x)

- x; I (:yg’x*) +0(8) - m; m +0(8"). (44)

Consider a stage n + m, where 0 < m < s,. Let \, = % At stage n, since A™ > 1, by (44), we must

~n

have Zméx* I’:((%S) > 1— C15", where C is a fixed positive constant. At stage n + m, by (44), we also have

z,z*

ety B (EE) o gn where O s a fixed positi Therefore, in ord
D wta W > > tar W — (98", where Cy is a fixed positive constant. erefore, in order to

z T,z x z,z*

n+m ( xn+m n ~n
have A"™ > 1, it is suffici h e \Vata) o gn > Lo U)o gn ivalent]
ave > 1, it is sufficient to have >° . W — O >3 e W + C1 8™, or, equivalently,
z,x* x z,x*

e () TN
> o () 2 %

> C36", (45)
x#z* lx x,z* TH£T* Iz (793,36*)

where C3 = C1 + (s is a fixed positive constant.
On the one hand, note that there must be at least one alternative y # z* such that L' > % Then, for all
large enough n,

ey My NpHLY O Np o Ly Ny Ny (46)
Yoar Tyar Ni+1  Npo NA+1 \NL Np+1
Bt Ny BT O An
- 2 —— 2>\ Ca) S A7
= M NLNLA1S M w2 \w )P (47)

where Cj is a fixed positive constant, (46) holds due to (17), the first inequality holds since Ly’ > %, the
second inequality holds since N = ©(n) for all x, and the third inequality holds since lim,,_,o.(y/78")~! = 0. In
the meantime, Propositions 1 and 3 imply that

n+m ~n+m

e T o o) = e (A — A + 0 ()
R s L T T Tt T et
- M (3 (At = A ) + e (3 =AY ] + 0 (8
= 0(1) - (G — A5t + 001 - (58, = A7) +O (8. (48)

n+m n
Note that % > ]]\,V—ﬁ for all large enough n when lim inf,,_,o, A, > 0. Then, by (47), (48) and Proposition 4, for all
large n, we have max {&g*,y - %L;f;q’, Voo — ’yg;l”} > Cs ()‘M" — C5) " and min {&;;*,y - '73;'7’;1, Yy awr — ’?;L:;l"} >0,
where C5 and Cg are fixed positive constants. Consequently, we have
LGt I G at™) = I (e ) /1y ()
o LGt G S A Y Cne 0| ATl Cire ST HCHIN]



I Gpae) [T G = T (e )|+ T G ) | 10 Gl ) = T3 (i)

Ly (e ML () 00 )

y,a*
= O(1) - [LE ) — L () + I () = 1 (3 )|
+O(1) - [ (igae) = L Gs™) + I (F) = L ()| (49)
= O()- [ () — I (i )| + 0 - [ Gpe) — LG | + 0(8") (50)
= (1) (31, — T + O(1) - Gitae — T35 + O(5") (51)
An n
> O <M - Cs) B, (52)

where C7 and Cy are fixed positive constants, (49) holds by Proposition 3, (50) holds by Proposition 3 and the
uniform convergence of H) and ¥, and (51) holds by Lemmas 1-3, Proposition 3 and the mean value theorem.
On the other hand, for any suboptimal alternative z # y and all large enough n,
Veidt A, NPHLT NP NP NP N1

Cy
- TN T TN T > —— > =Cyp" 53
mm T on T NR 41 NL T NA+1 NL O NARNR+LT n o 68", (53)

where Cy is a fixed positive constant, the first equality holds due to (17), the second inequality holds by Theorem
2, and the last inequality holds since lim,, o (y/78"%)~! = 0. At the same time, from (48), we also have that

Tora Ve
e+ = O(1) - (T — ) + O (5. — ) + O (8. (54)
Vx,x* Pyx,fl‘*

Then, from (53) and (54), by Proposition 4, there must exist some fixed positive constant Co such that, for all

large n, we have min {ﬁ;x — Anrm Vo ar — ’7;‘;1”} > —(C108", which implies

Igj_m(:ygj:;n’) I;L* (:Y;L*@) _ ~n ~n+m ~n ~n+m n n
n+m/ ~n+t+m\  n(an =0 ’Yx,a:* - ’ym,m* + © FYI*,LE - ’Ym*,m + @) (/8 ) Z _011/8 y (55)
Ix (’YZ‘,JJ* ) Ix (/Yx,x*)

Injm ~n*+m

where C11 is a positive constant, and the equality holds by (51). Finally, (52) and (55) lead to >_, . % —
DG TG DGR G R N

Drtet TG )~ G I ) T eyt TG~ v T ) = C7(1 —OR)FT — MOt =

y,z*

[07(%" —Cs) — MC’H] B™. Note that M, Cy,Cg, Cy; are all fixed positive constants. Thus, this implies that (45)
will be satisfied if \,, > C1o = M (Mclcilj(’% + Cg), with C12 being a positive constant. This implies that, with

m = (Ci2 + 1)nB", we will have A" > 1 and thus 2™ = x* at stage n + m. Consequently, by the definition of
Sn, we must have s, < (C12 + 1)nB". Therefore, we have s, = O (n").

With a symmetric argument, we can show that, between two samples of any suboptimal alternatives (not
necessarily same), the number of samples that can be allocated to z* is also O (nfg"). O

M Lemma7

Lemma 7. Under Assumption 1 and Algorithm 1, for any time n at which some suboptimal z is sampled, let
my 2 inf {l >0: 2"t = z}. Then, there exist a fixed positive constant C and a time stage ng such that, for all

n > ngy, we have Lgi’ner") < Cnpg™.

Proof. Define t,, £ sup {l <yt £ 33*} For convenience, we abbreviate Lgi’wrm”) to L. and so forth.
Obviously, if ¢, = 0, then Lemma 6 implies L:* = O(nf"). Suppose t,, > 0. Then, to show L:* = O(np"), it is
sufficient to show Li’i = O0(nB"), as L;ﬁ+t”’n+mn) = O(np"™) due to Lemma 6. To establish the proof, we introduce
the following technical lemma:



Lemma 8. For a time stage n where some suboptimal alternative z # x* is sampled, let m,, = inf {l >0: 2"t = z}
(n,n+tn)
A L

and t, = sup {l < my, a4 a:*} Let A\, = W Then, under Algorithm 1, there exists a fized positive

constant C1 such that, for any large enough n at which ™ = z, if A\, > C1, then there exists some suboptimal
n+s
alternative y # z and a time stage n + s,, such that y is sampled at stage n + s, and Y N”+Sn > ijvn (1+ X, Co8™)

holds, where s, < t, and Cs is a fized positive constant.

Let \, £ thﬁ /nB™. By Lemma 8, there exists a fixed positive constant C; such that, for all large enough n at
which z is sampled, if A\, > (4, then there exists some suboptimal y # z and a time stage n + s,, such that y is

S

ntsn NP . ..
sampled at stage n + s, and % > N—% (1 4+ X\, C28™), where s, < t,, and C is a fixed positive constant. Then,
this leads to ’
LSn n n

LSn NZ (1 + )\nC26n) LSn
T* T*

Y\, Caf3". (56)

The proof will be established by showing contradiction. More specifically, we will show that, if A\, is larger than
a certain positive constant, then we will have Fz;‘: o< I’Zﬁ: Z” and y will not be sampled at stage n + s,, which
contradicts the definition of Sn- For notation convenience, let §, = n + s,. Since 2" = z, by Step 3 of Algorithm
1, we must have I'y. , <T7. .1

NPT (72 ) 4 NEIE (72 ) < NEID (37,) + N2 (42 ). (57)

Note that L3» = 1. Then, there exist fixed positive constants C5,Cy, C5,Cs and C'7 such that

D5, = NI () + N e (s L) = NP3 ) 4 Ny L (332 ) + O(n™(1 4+ X 87)) (58)
< NI L2 pe) + Nt L () + CanB"(1 4 A\ 8") (59)
= NIL(V2 o) + N Lpe (3 ) + L3 (32 ) + L2 L= (5 Q*,z)+03n/6’”(1+knﬂ”)
= NI (Y2 o) + NI (i) + O(nBY) + L3 L3 ) + L3 Lw () + Canf" (1 + M\ 3") (60)
S NJLP (v o) + N (e ) + LS (32 ) + L3R z*(%‘* 2+ CamB" (14 A\, 8") (61)
= NJ' Ly (33 o) + NiIow (e ) + O(nB") + LI L (2 o) + L3 L () + CanB™(1 + A 8") (62)
< Ny Ly(Fye) + N Lo (352 ) + L L (32 ) + L33 e (3 2) + ConB (1t A" (63)
= NI (yime) + N L2 (e ) + O(nB™) + L L3 ) + L3k Lo (V2 ) + Csn™ (1 + AnB") (64)

STy = Ly L () = LRI (02 ) + DL (Re) + Lt (32.2) + Can™ (14 Auf8")
=Tty = Ly Ly () = Lt Lo (332 ) + OOun(8)?) 4+ L L (R e) + Lt (33.2) + Can” (1 4+ Auf8")
(65)

- Pir*b,y - LGjjn (’Yj?x*) - L;jS* (:Yx* ) + LSTLI (f)/z T* ) + L;sz* (:Y;:L*,z) + C7n/8n(1 + )‘nﬁn>7

where (58), (60), (62), (64) and (65) hold due to Lemmas 1-3, Proposition 3, the mean value theorem and the
uniform convergence of Hy' and W7, (59) and (63) hold due to (2), (10)-(11) and (28)-(29), and (61) holds due to
(57). Therefore, I';t | < I'j%  is equivalent to

L Iin <’yy$> + LT, (% y) > L L (V0,0) + L e (3 ) + ConfB (14 A B™). (66)

IA

We will proceed the proof in two situations, depending on whether ﬁiﬁ’y < Yy« holds. First, suppose ﬁﬁ’y

IN

Yz .- Then, there exists a fixed positive constant Cs such that, for all large enough n, if max {30%7 +1,C
Mo < 2max {362 11,01} + 1, we have LI (vin ) + Linke (33,) = LB (v ) + LitLe (33.)
Ny A Cgﬁ”[gn (’yj"m*) + Li’ifx* (’y;f*’z) > A Csnf™ + LS”I (’yg*,z) > 3Cmp"™ + LS”I (&;L*’z) > Cmp™(1 +

") + (’)'Z * ) + Lififw* ('ﬁ}*,z), where the first and last inequality hold by Lemma 2 and Proposition 3, the
second inequality holds due to (56), and the third inequality holds by Theorem 2 and Proposition 1. Consequently,

v



(66) holds, which implies Fi{z < I’fﬁ,y and y cannot be sampled at stage 5,. Therefore, we have the desired
contradiction. i
Second, suppose ’7;?4/ > 4y .. Note that (66) is equivalent to

Crnfm(1 4+ AB™) + I, (32,.)  far (Fi2) = I (iil”,y) Ly (67)

gy (v ) 5 (75 Lz

For all large enough n, by Lemma 2, Proposition 1 and Proposition 3, we can see that
CnB(1+ AfB") + I (240) _ ConB"(1+28") (68)

- - = Sn )
ey (o) L
where Cy is a fixed positive constant. In the meantime, by Theorem 2, (56) implies

Y Y n Y n Y n n

> 14+ M\,C A Co 8" > A C _— 69

where Cyg and C; are fixed positive constants. Furthermore, similarly as in (60)-(64), we also have N/% I« (Y= ) <
NIL (3200 + N Foe (32 ) = NP2 (3250) + N2 I (3 ) + O(nB") < NP (yie) + NI (2 ) + Cram™ =
N;Ig(:y’;@)—l—]\/'g*[m*(’yg*vy)—kO(nﬁ”)ﬂ—Clznﬂ” §~N;I~y(~;fx*)+N£Jx* (’?;?711)—1-01371,8” = N, 1" (’yij;*)—l—O(nB")-i-
NI I (ﬁ;’i’y) + C13nf" < N;Ijn(yjfx*) + NI I (?;3,3,) + C14nf", where C1o,C13 and Cp4 are fixed positive
constants. Consequently, there exists a fixed positive constant C'5 such that

Np | N Lo () = B (532,)| = Cung® Lo (32 ) — For (322,
e NIy (25 - 5 ()

where (70) holds by Theorem 2 and Proposition 1. Then, for all large enough n, if max {% +1, %2 +1, C’l} <

L (30 )= Lo (52 ) n

) - C158", (70)

. Sn N© n
A, < 2 max {% +1,88 11, Cl}+1, (68)-(70) imply that 22 > i), Crofn2nCund” > =" es .
. z* z* ~ B B Z* y y,:L‘*~
MaComdn — Lot G )=l (30 ) ConBn(14angn) — Lor (G )=Le(E0 ) Conpn (1AM +L G20
(nCio = Cis) 3" + 2 > =i gl > = . ,
x y,x*

+ = > 2 —
L% I (7, ) LIy (v, ")

Thus, (67) holds, which implies Fi’{z < Fiﬁ:’y and y cannot be sampled at stage 5,,. Therefore, we have the desired
contradiction. Consequently, we must have A\, = ©(1) and thus L:* = O(ng"). O

N Lemma 9

Lemma 9. Under Assumption 1 and Algorithm 1, for any time n at which some suboptimal z is sampled, let
my 2 inf {l >0: 2"t = z} Then, there exist a fixed positive constant C and a time stage ng such that, for all

n > ng and any y # z, we have L?(Jn’ner”) < Cng".

Proof. First, if y = «*, then the desired result holds by Lemma 7. For any y # z*, let t,, £ sup {l <my, ™t = y}.
Then, it is sufficient to show Lty” = O (np"), as Ly = L?t]‘ + 1. Since 2" = y, by Step 3 of Algorithm

1, we must have Tln < TR e, Nptinfmttn (qntin) 4 Nz st (qnte) < ottt (470 ) o

¥,z
NIFin prtin (72%”) Note that L'» = 1 and L% = O (nB"). For notation convenience, denote f, £ n + t,.

Then, for all large enough n,
t'fl Eﬂ gn p— Eﬂ/ En En En ETL En fn ETL fn E”l gﬂ
Lyl (v ) = Ny (v ) + Nisie (3, ) = Moty (adne ) = Mg (5 ,)
< Ninpte (72;*) + N1l (7;2@) — NJ Il (7;3*) — N1l (7227y)

= NI'L (3l ) + N (502.) = Ny (lnee ) = Nl (522, ) + O (nB™) (71)
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< NIL (32,) + Nt (322) = NIy (ke ) = N Le (32,) + Cimg” (72)
P L L (33) = Dl (302,) + NIE () + NE e (31
) = NI (382,) + Cing"

)
(
<L (i) + Ll (3 2) = Dl (82,) + NPT (320) + N2 Loe (33 )
(
)
(
)

— NIy (o) = Nt Lo (i) + Cin 8" (73)
= L (320) + Lt Lo (3 ) = Dl e (302,) + NI (1250) + N2 (338 )

— NI (g o) = NI (i) + O (n8™) + Cinf8" (74)
<L) + Lindpe (3 ) — Lin e (”Nyiﬁ’y> + Cyn " (75)
<L (30,+) + LinLp- (3% .) + ConB™ = O (nf™) + Canp™ < C3np™, (76)

where C1, Co and C5 are fixed positive constants, (71) and (74) hold due to Lemmas 1-3, Proposition 3, the mean
value theorem and the uniform convergence of H)' and U7, (72) and (73) hold due to (2), (10)-(11) and (28)-(29),
(75) holds since 2™ = z, and (76) holds due to Lemma 2 and Proposition 3. Consequently, by Proposition 1, there

exists a fixed positive constant C4 such that, for all large enough n, LZ" < C3np” / I?f" (753:*) < Cynpm. O

O Proof of Theorem 3

For all large enough n, if ™ = x*, by Step 3 of Algorithm 1, we have A™ > 1. Let m,, = inf{l > 0: A" > 1}.
Note that A" > 1. By Lemma 6, we know that m, = O (n8"). Then, for all x # z* and any 0 < s < my,

n+s n+s

Proposition 2 implies that |v;. , — v, 2| = O (8"), "y;ﬁm* — Vpar| = O (B™). Consequently, as in the proof of

*

. e () ()
Lemma 6, for all z # z* and any 0 < s < my,, this implies A"™ — A" = 37 , . Tnts <7n+s> T <7n ) =

> pta [@ (’y;}x* - 7??) +0 (7;&36 - vgti) +0 (ﬁ”)} = O (p"). Therefore, there exists some fixed positive
constant C such that, for all n and any 0 < s < m,, A" > 1 — C18". Consequently, liminf, .., A" = 1.
Similarly, we can show that limsup,,_,,, A" = 1. Therefore, we have lim,,_,oc A™ = 1.

P Proof of Theorem 4

Fn
A * . A . .
For any y, 2z # z*, define ry , = . For any n at which 2™ = z, let m,, = inf {l >0: "t = z} Obviously, ry , >
x* z
roftpn, _pnitpe (ot —rm, e (T —rrE)r,
n+m n+t n __ “z*y =¥z z* z ¥y ™,y ™,y ™,z T,z T,z 7,y
Land ry7™" > 1. For any 0 <t < my, ry" — 1y, = T Tn = TR >
¥,z ¥ 2 x*,2" ¥ 2

n+t _pn n
Fz*,y Fz*,y Fm*‘z‘i'

n _1mntt n
Fa:*,z Fz*,z Fz*,y

Note that, by Theorem 2 and Proposition 1, we have I'"t T7,  T7ft [ . = ©(n). In addition, by Lemmas

TRy Tty a2
7 and 9, we also have m = O(nf"). Consequently, we have

Dol = T | = [N st + NPT () = NI (3 ) = NI I (3 )|
< [Nt ) - Ny ()
L () — Iy ()

=0(n) - | (V) = L) () o)

| N ) — NR T ()|

t rn+t +t
< NP + LLITH (3t + N2

L) = T ()| + Lo T ()

L () = T ()| + 08",

+O(n) -

’7;7—9"0_5 — Vyar| = O(B™). Then, there

Moreover, m = O(nf") and Proposition 2 imply that, for all 0 < ¢t < my,,
L yat) = I (v as)| = | Ty (r ) = Iy(Vyae) + O(8™)| <

+ C18™ = O(B™), where the first equality holds due to

must exist some fixed positive constant C7 such that

+ C18" = 0(1) -

Ly(vyat) = Iy (v o) Tyar ~ Voar

11



the uniform convergence of H and U7, and the second equality holds due to Lemma 2 and the mean value
L (yty) — I (’yg*,y)) = O(p™). Consequently, we have

theorem. Similarly, we also have

Fn-‘rt ’ _

n—+t _Fn

z*,y

_Fn+t

.Z

O(nB™). Similarly, we also have

O(np™)- 6((73)%)((3)5 1)6(n O(B"). Therefore, there must exist a fixed positive constant Cy such that, for all large

n at which 2" = zand all 0 <t < my, r ”*t >y, — Coff" > 1 — (™. Then, this leads to liminf, ;oo 7y, = 1.

With a symmetric argument, one can ShOW that hm SUP;,_s00 Ty » = 1. Therefore, we have limy, oo 7y, = 1.

n n—+t
FCL’*,Z - 1—‘1.*72

(ns™). Then, we have Fnﬂ F"

x* Y4 x* Y4

Q Proof of Lemma 8

As one can see from the definition of m,, and t,, stage n + m,, is the first time at which z is sampled after stage n,
and stage n —+t, is the last time at which a suboptimal alternative is sampled before stage n +m,,. First, similarly
as in (44), for all x and all large enough n, we have

Sl BTl o = R I T ) g
x (ﬁ)/m,z*) x (’ym,:p*) Ig( x,x*) - I$ (’Yx,:c*) + Ix (’yx,a:*)
L+ (33 ) + O(B) o Lo (3 ) n
where the third equality holds by the uniform convergence of H}' and ¥.
Since " = z at stage n, we must have
A" — Z w <1. (78)
x> I:c (P)/x,m*)

At the same time, since it is some suboptimal alternative that is sampled at stage n—+t,, from the proof of Theorem
3, we must also have

In+tn (,Y;LJrgtEn)

A= = T ity 2 L G (79)
xAr* (/yx,z* )
In+tn( n+tn)

’yz* x

In* n*
where Cf is a fixed positive constant. Combining (78) and (79), we have >_ . W > D b % _

n+tn

I+ (3" I+ (3™
C35™. Then, (77) implies that, for some fixed positive constant Cjy, Zx#ﬁ M > Zx?éx* Lo o) _ Cyp",

THCD L3 )
which leads to

L (332) Lo (2,) _ Le(R.) e (70)
Soomes o Y me sy e e

L LS > . & — Cyf". (80)
I (Fysz_zn) TAT* 2 Iz(fyg,x*) IZ(72,1*> I( zl_f )

TH#T*Z

+tn n
Note that & Nan < ]]\\,ffl for all large n when liminf, ., A, > 0. Repeating the arguments established in

(46)-(52), we have that, for all large n, Ip«(¥% .)/L(32,+) — L= (5 00) JL(A2H) = ©(1) - (Ftl — A L) +
O(1) - (’y?}t” — VL) + O(B") = Cs5(A\y — C6)B", where Cj and Cs are two positive constants. Then, (80)

n+tn T « ~n*
I (gt ) > M > (CsA — C7)B", where C7 = Cy + C5C is a fixed posi-

implies that >, .. W ee* 2 Toam )

tive constant. Therefore, there must exist some suboptimal alternative y # z such that I- ’y;lj bn / I ’yg ﬁ”

f (Y ) /f (Vyar) = %B”. At the same time, from the arguments in (52) and (77), we also have that

Loe () [T, (0 Ee ) = Loe (2 ) /Iy (F ) = O(1) + (A, — Aoim) + ©(1) - (e — Fotin) + O(B™).  Note
that, by Prop081t10n 4, we have (., — 'yg:rt")(:y% — ’y;j;f") > 0. Thus, for A\, > C; + 1, we must have
max {’y}’} v ’72+;”7’~}’gz ﬁ;”;t"} > 7g f‘]’h 5) 8™ and min {’yz v 'yg+;”,'~yyz 7;?"} > 0, where Cg and Cy
are two positive constants. Then, repeating the arguments in (48), we obtain that N;‘H" /N;ft” A /NI =

12



Yo T Ay V= O) - (T e — Ay at™) +O(1) - (3 =7 ,") +O(8") = (Crodn — C11)B", where Cho
and C7; are fixed positive constants.
Finally, let s,, £ sup {l <ty "t = y}, i.e., stage n+s, is the last time at which y is sampled till n+t,,. Then,

there must exist a fixed positive constant C1o such that, for all large enough n, if A\, > max {g—; +1, % + 1},

n+sn n n+tn
thenxn“n ]]\\,:,f{ > % - N— > (CroAn — C11)p" — % > %5”, where the second inequality holds
by Theorem 2, and the last 1nequahty holds by lim, s (v/n8%) ! = 0 Consequently, by Theorem 2, for all

NHon
large enough n, there exists a positive constant C13 such that N”+S" > N" (1 + M B"). Obviously, we can

n+sn

let C7 = max{ +1, 20“ + 1} and Cy = 32 Then, for all large enough n, if A, > Ci, we have Ny

201.3 N;L:—Sn
M (14 AnCaB™).

>

R Empirical Behavior of I7. . (%’;x), I (%’}w) and I'}. .

We construct a simple setting to illustrate the empirical behavior of the proposed point estimators. Let M = 2,
i.e., there are two alternatives. Let F} and F» be NV (1,1) and N (0.6, 1), respectively. Then, z* = 1, the optimal
allocation is oy = ap = 0.5, and the true optimal large deviation rates are Iy (u12) = I (u1,2) = I'1 2(a1, a2) = 0.02.
Figure 4 illustrates the empirical performance (in a single replication) of I}’ (7{32), 13 (’yg‘,l) and I'ly, where
the sampling budget is allocated using EA. As the total budget n increases, the empirical results demonstrate
convergence of these point estimators toward their corresponding true rates.

3 e |
S -
—— DDOA(0)
g | © —— BOLD
S © AOAP
—— DDOA(20)
° [}
£ 8]
. 0
2y T«
83 3
S N
o o
8 4 o |
5 o
e T T T T T T T T T T T
0 5000 10000 15000 20000 0 5000 10000 15000 20000 25000
n n
Figure 4: Point estimators of optimal large devia- Figure 5: DDOA, BOLD and AOAP under normal
tion rates. sampling distributions.

S Comparison Between DDOA and AOAP Under Normal Sampling Distributions

Since the closed-form expression of the AOAP selection criterion is derived under normal sampling distributions
in Peng et al. (2018), we also evaluate the performance of AOAP under the same setting as in Figure la. Figure
5 shows that its performance does not differ significantly from that of BOLD and DDOA(20).
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