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Online Supplement A: Proofs

A.1. Proof of Proposition 1

Proof: Given a convex function ϕ(x) and |ϕ(0)|<∞, due to the convexity of ϕ(x) (Hiriart-Urruty and

Lemaréchal 1996), for y ∈ [0,1], the following inequality holds :

yϕ(
x

y
)+ (1− y)ϕ(0)≥ ϕ(yx

y
+(1− y)0) = ϕ(x).

Given that for all j ∈ [n], ϕj(0) = 0, the above inequality implies that
∑

i∈[m]

∑
j∈[ni]

yiϕj(
x∗
j

yi
)≥
∑

j∈[n] ϕj(x
∗
j ).

As x∗ and x⋆ are the feasible solutions of the optimality subproblems of (P) with x⋆ being the optimal solu-

tion, then
∑

j∈[n] ϕj(x
∗
j ) ≥

∑
j∈[n] ϕj(x

⋆
j ). Therefore it holds that

∑
i∈[m]

∑
j∈[ni]

yiϕj(
x∗
j

yi
) ≥

∑
j∈[n] ϕj(x

∗
j ) ≥∑

j∈[n] ϕj(x
⋆
j ). □

A.2. Proof of Proposition 2

Proof: Given a feasible solution of the relaxed master problem y and optimal solution x∗ for SP, summing

the perspective cuts separated at the point (x∗,y) and the constraints of SP weighted with the optimal

∗ These authors contributed equally to this work.
† The corresponding author.
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multipliers (λ∗,α∗,β∗) will yield the following linear inequality:

θ≥
∑
i∈[m]

∑
j∈[ni]

((ϕj(
x∗
j

yi
)−

x∗
j

yi
ϕ′
j(
x∗
j

yi
))yi +ϕ′

j(
x∗
j

yi
)xj︸ ︷︷ ︸

the right-hand side of perspective cuts

)+λ∗T (Bx− r)+
∑
i∈[m]

α∗
i
T (Dixi− yidi)−β∗Tx

=
∑
i∈[m]

∑
j∈[ni]

yiϕj(
x∗
j

yi
)+

∑
i∈[m]

(
∑

j∈[ni]

(ϕj(
x∗
j

yi
)−

x∗
j

yi
ϕ′
j(
x∗
j

yi
)))(yi− yi)+

∑
i∈[m]

∑
j∈[ni]

ϕ′
j(
x∗
j

yi
)(xj −x∗

j )

+λ∗T (Bx− r)+
∑
i∈[m]

α∗
i
T (Dixi− yidi)−β∗Tx.

Reformulate the right-hand sides of the inequality using the first-order approximation of the linear con-
straints at the point (x∗,y), resulting in the following inequality:

θ≥
∑
i∈[m]

∑
j∈[ni]

yiϕj(
x∗
j

yi
)+

∑
i∈[m]

(
∑

j∈[ni]

(ϕj(
x∗
j

yi
)−

x∗
j

yi
ϕ′
j(
x∗
j

yi
)))(yi− yi)+

∑
i∈[m]

∑
j∈[ni]

ϕ′
j(
x∗
j

yi
)(xj −x∗

j )+λ∗T (Bx∗− r)

+λ∗TB(x−x∗)+
∑
i∈[m]

α∗
i
T (Dix

∗
i − yidi)+

∑
i∈[m]

α∗
i
TDi(xi−x∗

i )−
∑
i∈[m]

α∗
i
Tdi(yi− yi)−β∗Tx∗−β∗T (x−x∗).

Due to complementary slackness, it holds that λ∗T (Bx∗−r) =α∗
i
T (Dix

∗
i −yidi) =β∗Tx∗ = 0. Therefore,

the inequality can be simplified as follows:

θ≥
∑
i∈[m]

∑
j∈[ni]

yiϕj(
x∗
j

yi
)+

∑
i∈[m]

(
∑

j∈[ni]

(ϕj(
x∗
j

yi
)−

x∗
j

yi
ϕ′
j(
x∗
j

yi
))−dT

i α
∗
i )(yi− yi)

+
∑
i∈[m]

∑
j∈[ni]

ϕ′
j(
x∗
j

yi
)(xj −x∗

j )+λ∗TB(x−x∗)+
∑
i∈[m]

α∗
i
TDi(xi−x∗

i )−β∗T (x−x∗).

(A.1)

According to the first-order condition, it holds that ∂L
∂xi

∣∣
xi=x∗

i

= 0 for each i ∈ [n], which leads to the
following equality:∑

i∈[m]

∑
j∈[ni]

ϕ′
j(
x∗
j

yi
)(xj −x∗

j )+λ∗TB(x−x∗)+
∑
i∈[m]

α∗
i
TDi(xi−x∗

i )−β∗T (x−x∗) = 0,

then the inequality (A.1) can be further simplified into the perspective Benders cuts as inequality (20).
□

A.3. Proof of Theorem 2

*

1 1x y=*

3x*

2 0x =

3y2y



*

1y

Figure 1 Illustrative example of the relation between λ∗ and x∗ for the proof of Theorem 2.
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Proof: Assuming Slater’s condition holds, the convexity of (QP1) ensures that a solution satisfying the
KKT conditions is optimal. Specifically, we aim to find a solution (x∗, λ∗,α∗,β∗) that satisfies the following
KKT conditions:

∂L(x∗, λ∗,α∗,β∗)

∂x∗
i

=
x∗
i

ai
+ bi−λ∗ +α∗

i −β∗
i = 0, ∀i∈ [m], (A.2)

(x∗,α∗,β∗)≥ 0, (A.3)∑
i∈[m]

x∗
i = 1, (A.4)

x∗
i ≤ yi, ∀i∈ [m], (A.5)

α∗
i (x

∗
i − yi) = 0, ∀i∈ [m], (A.6)

β∗
i x

∗
i = 0, ∀i∈ [m]. (A.7)

According to the complementary slackness condition, when 0< x∗
i < yi, it follows that α∗

i = β∗
i = 0. Conse-

quently, from the first-order conditions, we obtain x∗
i = ai(λ

∗− bi). Furthermore, since other xi can only take
boundary values of either 0 or yi, and given that x∗

i is a monotonically increasing function of λ∗, we conclude
that x∗

i is the projection of ai(λ∗−bi) onto the interval [0, yi]. In other words, for any given λ∗, the correspond-
ing x∗

i (λ
∗) is computed as x∗

i (λ
∗) = min{max{0, ai(λ∗ − bi)}, yi}. This can be visually illustrated by Figure

1. The value set for λ∗ determines associated values for x∗
i . Let r(λ∗) :=

∑
i∈[m]min{max{0, ai(λ∗− bi)}, yi}.

Consequently, finding the optimal solution to (QP1) is equivalent to identifying a value λ∗ such that r(λ∗) =

1. Before introducing the algorithm for finding the optimal multiplier λ∗, let us first explore the following
residual problem, (QP2), which disregards the box constraints (34)–(35), with S ⊆ [m] and r̃ ∈ [0,1]:

(QP2) min
∑
i∈S

x̃2
i

2ai
+ bix̃i (A.8)

s.t.
∑
i∈S

x̃i = r̃. (A.9)

Let λ̃∗ ≥ 0 be the optimal dual multiplier for constraint (A.9). It is well-known (Günlük et al. 2007) – and
easily derived from the KKT conditions – that the closed-form solution of (QP2) is as follows:λ̃∗ =

r̃+
∑

i∈S
aibi∑

i∈S
ai

;

x̃∗
i (λ̃

∗) = ai(λ̃
∗− bi), ∀i∈ S.

(A.10)

An efficient strategy for finding the optimal multiplier λ∗ in (QP1) involves initializing it with the optimal
multiplier λ̃∗ obtained from the corresponding (QP2). Under the initial conditions, let S be the set [m], and
r̃ equals 1. The relationship between r(λ̃∗) and r̃ is as follows:

r(λ̃∗)− r̃=
∑
i∈S

min{max{0, ai(λ̃∗− bi)}, yi}− r̃=
∑
i∈S

min{max{0, ai(λ̃∗− bi)}, yi}−
∑
i∈S

x̃∗
i

=
∑
i∈S−

(0− x̃∗
i )+

∑
i∈S+

(yi− x̃∗
i )+

∑
i∈S′

(ai(λ̃
∗− bi)− x̃∗

i ) =
∑
i∈S−

(0− x̃∗
i )+

∑
i∈S+

(yi− x̃∗
i ) := δ−− δ+,

where S+ denotes the set {i ∈ S : x̃∗
i ≥ yi}, S− denotes the set {i ∈ S : x̃∗

i ≤ 0} and S′ denotes the set
S\(S+ ∪ S−). Notice that r(λ) is a monotonically increasing, piecewise linear function of λ. Therefore, we
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Figure 2 Examples to illustrate the correlation between the value of the optimal multipliers, λ∗ for (QP1) and
λ̃∗ for (QP2), in relation to the value of δ− and δ+. The graphical representation depicts the details of
solutions for (QP1) in red and those for (QP2) in black.

can determine the relationship between λ̃∗ and the optimal multiplier λ∗ based on the comparison of δ−−δ+

with 0. Since r(λ) is monotonic and r̃ is initiated to 1, there is λ̃∗ = λ∗ when r(λ̃∗) = r̃= 1.
As illustrated in Figure 2, if δ−− δ+ = 0, then we can conclude that λ̃∗ is the optimal multiplier λ∗, and

the associated optimal solution x∗
i (λ

∗) is calculated as min{max{0, ai(λ∗− bi)}, yi}. If δ−− δ+ < 0, then we
can infer that λ̃∗ < λ∗, and yi < x̃∗

i (λ̃
∗) < x̃∗

i (λ
∗) for each i ∈ S+. Therefore, we can set x∗

i as yi for each
i∈ S+ at Step 26 in Algorithm 1 without compromising the optimality of the solution. If δ−− δ+ > 0, then
we can conclude that λ̃∗ >λ∗, and 0> x̃∗

i (λ̃
∗)> x̃∗

i (λ
∗) for each i∈ S−. Hence, we can set x∗

i as 0 at Step 21
in Algorithm 1 for each i∈ S− without losing the optimality of the solution.

The aforementioned procedure, initiated by setting S as [m] and r̃ as 1, involves solving the corresponding
residual problem in a single iteration (a complete inner loop from Step 7 to Step 28), thereby it can fix
at least one variable. Subsequently, we utilize S′ to further initialize S while continuing the next iteration
by employing 1 minus the relevant fixed variable values to update r̃. This iterative process is repeated to
effectively fix variables. As the decision variables x have a finite dimension m, when all dimensions of the
variables are fixed, the algorithm converges to the optimal solution of the problem. In the worst-case scenario,
the algorithm fixes one variable in each iteration, requiring at most m iterations. Since the dimension of
variables x is initially m and we fix at least one variable after each iteration, the total work is linear in
(m+(m− 1)+ (m− 2)+ ...+1) =m/2(m+1), so the time complexity of Algorithm 1 is O(m2).

□

A.4. Compute the Multiplier λ∗ Using an Incremental Updating Approach

The procedure in A.3 for updating λ̃∗ using Equation (A.10) requires computing
∑

i∈S
aibi and

∑
i∈S

ai from
scratch. Here, we present a more efficient incremental updating approach that avoids this recalculation. Let
λ and λ′ be the value of λ̃∗ at Step 28 in Algorithm 1 before and after the removal of i from S arising at
Step 26, respectively, and let r and r′ be the corresponding values of r̃, then the following relationships can
be established:

λ′
∑
i∈S′

ai = r′ +
∑
i∈S′

aibi = r−
∑
i∈S+

yi +
∑
i∈S

aibi−
∑
i∈S+

aibi = λ
∑
i∈S

ai−
∑
i∈S+

yi−
∑
i∈S+

aibi

= λ
∑
i∈S′

ai +
∑
i∈S+

((aiλ− aibi)− yi) = λ
∑
i∈S′

ai +
∑
i∈S+

(x̃∗
i − yi).



Yang et al.: Perspective Benders Decomposition
5

Let τ :=
∑

i∈S′ ai =
∑

i∈S
ai−

∑
i∈S+ ai and δ+ :=

∑
i∈S+ (x̃∗

i − yi), then we have following update equation
at Step 28 in Algorithm 1:

λ′ = λ+ δ+/τ.

Similarly, the following equality can be established:

λ′
∑
i∈S′

ai = r′ +
∑
i∈S′

aibi = r+
∑
i∈S

aibi−
∑
i∈S−

aibi = λ
∑
i∈S

ai−
∑
i∈S−

aibi

= λ
∑
i∈S′

ai +
∑
i∈S−

(aiλ− aibi) = λ
∑
i∈S′

ai +
∑
i∈S−

x̃∗
i .

Let τ :=
∑

i∈S′ ai =
∑

i∈S
ai−

∑
i∈S− ai and δ− :=

∑
i∈S− (0− x̃∗

i ), then we have following update equation
at Step 23 in Algorithm 1:

λ′ = λ− δ−/τ.

A.5. Proof of Proposition 3

Proof: The KKT conditions for the (SP1) problem are as follows:

∂L(x∗, λ∗,α∗,β∗)

∂x∗
i

= ϕ′
i(
x∗
i

yi
)−λ∗ +α∗

i −β∗
i = 0, ∀i∈ [m], (A.11)

(x∗,α∗,β∗)≥ 0, (A.12)∑
i∈[m]

x∗
i = 1, (A.13)

x∗
i ≤ yi, ∀i∈ [m], (A.14)

α∗
i (x

∗
i − yi) = 0, ∀i∈ [m], (A.15)

β∗
i x

∗
i = 0, ∀i∈ [m]. (A.16)

After the execution of Algorithm 1, if the set S is non-empty, implying the existence of 0 < x∗
i < yi

for i ∈ [m], according to complementary slackness, we have α∗
i = β∗

i = 0. Furthermore, from the first-order
condition (A.11), it can be inferred that λ∗ = ϕ′

i(x
∗
i /yi). If the set S is empty, then the solution already

satisfies constraint (33). Therefore, constraint (33) is redundant, thus λ∗ equals 0. When x∗
i = 0 < yi, we

have α∗
i = 0. When x∗

i = yi, we have β∗
i = 0, furthermore, it can be derived that α∗

i = λ∗ − ϕ′
i(x

∗
i /yi) =

λ∗ − ϕ′
i(yi/yi). Considering that ϕ′

i(x
∗
i /yi) is a monotonically increasing function with respect to x∗

i , when
0 < x∗

i < yi, we have λ∗ − ϕ′
i(yi/yi) < λ∗ − ϕ′

i(x
∗
i /yi) = 0 = α∗

i , thus all α∗
i can be calculated uniformly by

max{λ∗−ϕ′
i(yi/yi),0}. It is worth noting that not all yi/yi are equal to 1, as yi may be equal to 0, for which

0/0 is set to 0. □

A.6. Proof of Theorem 3

Proof: Let points (0,0, z0)∈C0 = {(x, y, z)∈C : y= 0} and points (x1,1, z1)∈C1 = {(x, y, z)∈C : y= 1},
and conv(C) is the convex hull of C. We prove the two directions of the theorem sequentially:

• We first prove conv(C)⊆CPR. Consider that an arbitrary point (x, y, z) of conv(C) is a convex combi-
nation of (0,0, z0) and (x1,1, z1), as follows:

(x, y, z) = λ(x1,1, z1)+ (1−λ)(0,0, z0) = (λx1, λ,λz1 +(1−λ)z0), ∀λ∈ [0,1].
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Since l≤ x1 ≤ u, then lλ≤ λx1 ≤ uλ, and observe that f(x1)≤ z1 and f(0)≤ z0, then:

λf(
λx1

λ
)+ (1−λ)f(0) = λf(x1)+ (1−λ)f(0)≤ λz1 +(1−λ)z0,

we therefore have conv(C)⊆CPR.
• Then we prove CPR ⊆ conv(C). Apparently, the function yf(x/y) is ill-defined when y = 0. However,

assuming the continuity of f(x) and |f(0)|<∞, we can define 0f(0/0) = 0. This implies that when y= 0 or
y = 1, then (x, y, z) ∈ CPR ⊆ conv(C). When 0< y < 1, then an arbitrary point (x, y, z) ∈ CPR is a convex
combination of (0,0, f(0))∈C0 and (x/y,1,

z− (1− y)f(0)
y

), as follows:

(x, y, z) = (1− y)(0,0, f(0))+ y(x/y,1,
z− (1− y)f(0)

y
), ∀y ∈ (0,1).

In order to prove CPR ⊆ conv(C), it is sufficient to prove that an arbitrary point (x/y,1,
z− (1− y)f(0)

y
) ∈

C1 ⊆ conv(C). Since ly≤ x≤ uy, then l≤ x/y≤ u. and observe that yf(x/y)+ (1− y)f(0)≤ z, then:

f(
x

y
)≤ z− (1− y)f(0)

y
,

therefore (x/y,1,
z− (1− y)f(0)

y
)∈C1 ⊆ conv(C), we have that CPR ⊆ conv(C).

□

Online Supplement B: The Details of the Rewriting Process

In this section, we provide a detailed rewriting process from yiϕi(xi/yi) to aiψ(xi/ai + bi) in Table 1.
• For ϕi(x) := cix

p, the yiϕi(xi/yi) can be rewritten as aiψ(xi/ai + bi) by choosing ai =
yi

c
1

p−1

i

and bi = 0

for each i∈ [m] and ψ(x) := xp with p > 1:

ciyi(
xi

yi
)p = cix

p
i /y

p−1
i =

yi

c
1

p−1

i

(
xic

1
p−1

i

yi
)p = aiψ(

xi

ai
).

• For ϕi(x) :=
cix

1−x/ki
, the yiϕi(xi/yi) can be rewritten as aiψ(xi/ai + bi) by choosing ai =

√
ciyiki and

bi =−
1√
ci

for each i∈ [m] and ψ(x) :=− 1

x
with x< 0:

cixi

1−xi/(kiyi)
=−ciyiki +

ciy
2
i k

2
i

yiki−xi

=−ciyiki−
√
ciyiki

xi/(
√
ciyiki)− 1/

√
ci

=−ciyiki + aiψ(
xi

ai
+ bi).

• For ϕi(x) := ci(exp(−kix)− 1), the yiϕi(xi/yi) can be rewritten as aiψ(xi/ai + bi) by choosing ai =
yi
ki

and bi =− log(ciki) for each i∈ [m] and ψ(x) := exp(−x) with x∈R:

ciyiexp(−kixi/yi)− ciyi =−ciyi +
yi
ki
exp(

−xi

yi/ki
+ log(ciki)) =−ciyi + aiψ(

xi

ai
+ bi).

• For ϕi(x) := −ci log(1 + ki), the yiϕi(xi/yi) can be rewritten as aiψ(xi/ai + bi) by choosing ai = ciyi

and bi =
1

kici
for each i∈ [m] and ψ(x) :=− log(x) with x> 0:

−ciyi log(1+ kixi/yi) =−ciyi log(kici
yi/ki +xi

ciyi
) =−ciyi log(

xi

ciyi
+

1

kici
)− ciyi log(kici) = aiψ(

xi

ai
+ bi)− ciyi log(kici).
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• For ϕi(x) :=
ci

kix+1
, the yiϕi(xi/yi) can be rewritten as aiψ(xi/ai + bi) by choosing ai = yi

√
ci
ki

and

bi =
1√
ciki

for each i∈ [m] and ψ(x) :=
1

x
with x> 0:

ciyi
kixi/yi +1

=
ciy

2
i

kixi + yi
=

√
ciy

2
i

ki

1

xi

√
ki
ciy

2
i

+
1√
ciki

= aiψ(
xi

ai
+ bi).

• For ϕi(x) := xf(cix), the yiϕi(xi/yi) can be rewritten as aiψ(xi/ai + bi) by choosing ai =
yi
ci

and bi = 0

for each i∈ [m] and convex function ψ(x) := xf(x):

xif(ci
xi

yi
) =

yi
ci

xi

yi/ci
f(

xi

yi/ci
) = aiψ(

xi

ai
).

Online Supplement C: The Details of Constructing the SOCP Representations

In this section, we provide a detailed introduction to the construction of SOCP representations for different
perspective functions, including rational power and delay functions.

C.1. The Details of Constructing the SOCP Representations of Rational Power Functions

Lemma 2. (Alizadeh and Goldfarb 2003) For a positive integer l, an inequality of the form x2l ≤

s1s2, ..., s2l , for x ∈ R and s1, s2, ..., s2l ≥ 0, can be expressed equivalently by 2l−1 inequalities of the form
w2 ≤ uv, where the variables w,u, v are all nonnegative.

In this section, we present construction details of the SOCP representations for rational power functions
xp/yp−1 when p= 1.5 and 2.5. The construction details for p= 2 and 3 can be found in Aktürk et al. (2009).
First let the rational exponent p= a/b > 1, where the integers a≥ b > 0. Then constraint xp ≤ y(p−1)z can
be transformed into constraint xa ≤ y(a−b)zb, and constraint xa ≤ y(a−b)zb can be rewritten as constraint
x2l ≤ y(a−b)zbx2l−a. Based on Lemma 2 and the construction method using the binary tree in Alizadeh and
Goldfarb (2003), we can reformulate constraint xp ≤ y(p−1)z to a set of SOC constraints.

For example, consider the two cases:

Constraint 1 : x1.5 ≤ y0.5z, Constraint 2 : x2.5 ≤ y1.5z.

We can rewrite the above constraints to:

Constraint 1 : x4 ≤ xyz2, Constraint 2 : x8 ≤ x3y3z2.

Introducing the auxiliary variables, the corresponding binary trees of these formulations can be illustrated
below:

x y z2

w

x

x y x2 y2 z2

w

u v

x
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Finally, these constraints can be represented respectively by inequality systems as follows:

Constraint 1 :

{
w2 ≤ xy
x2 ≤wz

, Constraint 2 :


w2 ≤ xy
u2 ≤ xw
v2 ≤ yz
x2 ≤ uv

.

From the binary tree construction method presented in Alizadeh and Goldfarb (2003), it is apparent that
the SOCP representations for Constraint 2 are not unique.

C.2. Construction of Delay Function’s SOCP Representations

In this section, we provide the details of constructing the SOCP representations of delay function x
1−x/(ky)

,
where 0<k≤ 1, as discussed in Günlük and Linderoth (2010).

Consider the epigraph constraint including delay function x
1−x/(ky)

as follows :

x

1−x/(ky)
≤ z.

Rewrite the above constraint to:

kxy+(x2−x2)≤ (ky−x)z,

the above constraint can be simplified as follows:

x2 ≤ (ky−x)(z−x). (C.1)

Given that the variables x are continuous and normalized within the interval [0,1], with ky being the upper
bounds, both ky−x and z−x are non-negative terms. Therefore, we can introduce non-negative continuous
variables u and v to replace z−x and ky−x, respectively. This allows us to transform the constraint (C.1)
into an equivalent inequality system, as follows:

x2 ≤ uv
u= z−x
v= ky−x

.

Online Supplement D: Construction of AP2R Formulations

In this section, we present the detailed procedure of constructing AP2R formulations for specific GSPP
variants, including rational power and delay functions, as discussed in Frangioni et al. (2011) and Frangioni
et al. (2016). In this section, we only deal with the AP2R formulation for one block at a time. For ease of
notation, we omit the subscript i in this section. Furthermore, based on the formulation of GSPP, it is given
that the univariate y falls within the interval [x,1] with x≥ 0.

D.1. The Details of Constructing AP2R Formulations of Rational Power Functions

The perspective function of an objective function of the form fy+ cxp is fy+ cxp

yp−1 . The optimal solution of
the unconstrained optimization problem with respect to variable y can be obtained by solving the first-order
optimality condition f + c(1−p)xp

yp = 0, which yields ŷ= x
(

c(p−1)

f

) 1
p . Below, we will discuss the different cases

based on whether ŷ falls within the interval [x,1]:
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• If ŷ= x
(

c(p−1)

f

) 1
p ≤ x, then

(
f

c(p−1)

) 1
p ≥ 1. In this case, the optimal solution is the projection of ŷ over

the feasible interval [x,1], i.e., y∗ = x, and the objective function value is (f + c)x.

• If ŷ = x
(

c(p−1)

f

) 1
p

> x, then
(

f

c(p−1)

) 1
p

< 1. In this case, we need to further discuss the relationship

between ŷ and 1 in order to determine the optimal solution y∗. If ŷ = x
(

c(p−1)

f

) 1
p ≥ 1, then we have x ≥(

f

c(p−1)

) 1
p . In this case, the optimal solution is the projection of ŷ over the feasible interval [x,1], i.e., y∗ = 1.

If ŷ = x
(

c(p−1)

f

) 1
p

< 1, then we have x <
(

f

c(p−1)

) 1
p . In this case, the optimal solution is y∗ = x

(
c(p−1)

f

) 1
p .

The optimal objective function value is a piecewise function with respect to variable x, as follows:
(

p

p−1
(c(p− 1)fp−1)

1
p

)
x, 0≤ x<

(
f

c(p−1)

) 1
p

,

f + cxp,
(

f

c(p−1)

) 1
p ≤ x≤ 1.

Based on the above analysis, it is evident that we can eliminate the binary variable y through projection

operations, thereby avoiding the intractability caused by the fractional term yiϕj(xj/yi). This allows us to
construct a relaxed model with respect to the continuous variable x. Considering that when

(
f

c(p−1)

) 1
p

< 1,

the objective function is a two-piecewise function with respect to the continuous variable x, we can employ

the scheme proposed by Frangioni and Gentile (2011) to transform the two-piecewise objective function into

an equivalent non-piecewise function with respect to two continuous variables x1 and x2, as follows:

min

(
p

p− 1

(
c(p− 1)fp−1

) 1
p

)
x1 +(f + c(x2 + x̂)p)− (f + cx̂p)

s.t. 0≤ x1 ≤ x̂,

0≤ x2 ≤ 1− x̂,

x= x1 +x2,

where x̂ := ( f

c(p−1)
)

1
p .

Although the intractability caused by the fractional term yiϕj(xj/yi) can be avoided through projection

operations, it also eliminates the binary variable y in the model, which means that only a relaxed model

of the original model can be solved. Using this projection, one cannot apply an off-the-shelf solver such

as CPLEX or GUROBI to solve the original problem completely. To address this issue, we can utilize the

scheme proposed by Frangioni et al. (2016) to “lift” the relaxed model back to the original variable space to

construct an AP2R formulation that includes the binary variables y. We distinguish between two cases:

• When
(

f

c(p−1)

) 1
p ≥ 1, the AP2R formulation of one block is as follows:

min (f + c)y,

s.t. y ∈ {0,1},

x= y.
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• When
(

f

c(p−1)

) 1
p

< 1, according to Theorem 1 of Frangioni et al. (2016), the AP2R formulation of one
block is as follows:

min
pf

p− 1
(y− 1)+ f + c(z+ x̂)p

s.t. − x̂y≤ z ≤ (1− x̂)y,

y ∈ {0,1},

x= x̂y+ z.

By reintroducing other neglected constraints that are solely related to x, the complete AP2R formulation
in Section 5.3.2 can be derived.

D.2. The Details of Constructing AP2R Formulations of Delay Function

For the objective function of the form fy+ cx
1−x/k

, the perspective function is fy+ ckxy

ky−x
. The optimal solution

of the unconstrained optimization problem with respect to variable y can be obtained by solving the first-
order optimality condition f − ckx2

(ky−x)2
= 0 (0 ≤ x ≤ ky, 0 < k ≤ 1), which yields ŷ = x

k
+
√

c
fk
x. Below, we

will discuss the different cases based on whether ŷ falls within the interval [x,1]:
Since ŷ > x clearly holds, we need to further discuss the relationship between ŷ and 1 in order to determine

the optimal solution y∗. If ŷ= x
k
+
√

c
fk
x≥ 1, then we have x≥ 1

1
k
+
√

c
fk

. In this case, the optimal solution is

the projection of ŷ over the feasible interval [x,1], i.e., y∗ = 1. If ŷ= x
k
+
√

c
fk
x< 1, then we have x< 1

1
k
+
√

c
fk

.

In this case, the optimal solution is y∗ = x
k
+
√

c
fk
x. The optimal objective function value is a two-piecewise

function with respect to variable x, as follows:(c+2
√

fc

k
+ f

k
)x,0≤ x≤ 1

1
k
+
√

c
fk

,

f + ckx
k−x

, 1
1
k
+
√

c
fk

≤ x≤ 1.

Similarly, we can also transform the two-piecewise objective function into an equivalent non-piecewise
function with respect to two continuous variables x1 and x2, as follows:

min

(
c+2

√
fc

k
+
f

k

)
x1 +

(
f +

ck(x2 + x̂)

k− (x2 + x̂)

)
−
(
f +

ckx̂

k− x̂

)
s.t. 0≤ x1 ≤ x̂,

0≤ x2 ≤ 1− x̂,

x= x1 +x2,

where x̂ := 1
1
k
+
√

c
fk

. And, similarly, we can also “lift” the above relaxed model back to the original variable
space to construct an AP2R formulation of one block as follows:

min (f +
√
kcf)(y− 1)+ f +

ck(z+ x̂)

k− (z+ x̂)

s.t. − x̂y≤ z ≤ (1− x̂)y,

y ∈ {0,1},

x= x̂y+ z.

By reintroducing other neglected constraints that are solely related to x, the complete AP2R formulation
in Section 5.3.2 can be derived.
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