
Online Appendix of “Entropic-based robust vehicle
rental revenue management with substitution and

repositioning”

A. Proof of results

For simplification, before providing any further proof, we make the following clarification.

1. To facilitate the forthcoming derivation, we first define the following notations: ĥt−1,τ−1
ijd =∏t−2∧τ−1

s=0 (1 − ht−1−s,τ−1−s
ijd ) and ȟt−1,τ−1

ijd = ht−1,τ−1
ijd

∏t−2∧τ−1

s=1 (1 − ht−1−s,τ−1−s
ijd ). q̂t−1,τ−1,s

l =∏t−2∧τ−1

τ̄=0

(
1− qτ+s−1−τ̄

l − aτ+s−1−τ̄
l

)
and q̌t,τ,sl = qτ+s

l

∏t−1∧τ

τ̄=1

(
1− qτ+s−τ̄

l − aτ+s−τ̄
l

)
.

2. Since S̄ is the maximum lead time of customers, the state variable ζ̃t,τijd (l, s) = 0 when τ+s > S̄

so that Equation (4c) can be rewritten as ỹt,0ijd(ζ̃, l, s) =
∑

τ∈[0,S̄]Bin
(
ζ̃t,τijd (l, s) , q

τ+s
l

)
.

3. In (2b), when substitution occurs, the probability of pickup and cancellation is not affected.

Since rt,τijl = r̄t,s,τijll , ∀l ∈ [D], i, j ∈ [I], t ∈ [T ], s ∈ [0, S̄], τ ∈ [0, S], the term d ̸= l can be removed

from all the relevant equations (i.e., (1b), (4a), (7c)) without loss of generality.

Proof of Proposition 1.

Gθ

(
Bin

(⌊
bξ̃
⌋
, q
))

= θ logEP

[
exp

(
Bin

(⌊
bξ̃
⌋
, q
)
/θ
)]

= θ logEξ

[
EP

[
exp

(
Bin

(⌊
bξ̃
⌋
, q
)
/θ
)∣∣∣ξ̃ ]]

= θ logEξ

[⌊
bξ̃
⌋
δ(q)/θ

]
=Gθ

(⌊
bξ̃
⌋
δ(q)

)
where δ(q) = θ log (1− q+ q exp (1/θ)). The first equation is derived by the conditional expectation,

while the second incorporates the moment-generating function of the binomial distribution. □

Proof of Proposition 2. Based on Proposition 1, we have Gθ

(
Bin

(⌊
bξ̃
⌋
, q
))

=Gθ

(⌊
bξ̃
⌋
δ(q)

)
,

where δ(q) = θ log (1− q+ q exp (1/θ)) Since q ∈ [0,1], we have δ(q)∈ [0,1].

Similarly, we have Gθ

(
Bin

(
bξ̃, q

))
= Gθ

(
bξ̃δ(q)

)
. Since Gθ (·) is a monotonically increasing

function and δ(q)≥ 0, we have
⌊
bξ̃
⌋
δ(q)≤ bξ̃δ(q), and thus

Gθ

(
Bin

(⌊
bξ̃
⌋
, q
))

=Gθ

(⌊
bξ̃
⌋
δ(q)

)
≤Gθ

(
Bin

(
bξ̃, q

))
=Gθ

(
bξ̃δ(q)

)
Because of the monotonicity of Gθ (·), we have

Gθ

(
bξ̃δ(q)

)
−Gθ

(⌊
bξ̃
⌋
δ(q)

)
=Gθ

(
bξ̃δ(q)

)
−Gθ

(
bξ̃δ(q)− δ(q)

)
= δ(q)≤ 1 □

Proof of Proposition 3.

Gθ

∑
d∈[D]

z̃tid −Bi

=
∑

j∈[I]/{i}

Gθ

−
∑
d∈[D]

∑
t̄∈[t−1]

ỹt̄,0ijd(ξ̃)+
∑
l∈[D]

∑
s∈[0,S̄]

ỹt̄,0ijd(ζ̃, l, s)+
∑

s∈[0,S̄]

x̄t̄,s
ijdξ̃

t̄,s
ijd


+

∑
j∈[I]/{i}

Gθ

∑
d∈[D]

∑
t̄∈[t−1]

 ∑
s∈[0,S̄]

x̄t̄,s
jidξ̃

t̄,s
jid +

∑
l∈[D]

∑
s∈[0,S̄]

∑
τ̄∈[0,t̄−1]

Bin
(
ỹt̄−τ̄ ,0
jid (ζ̃, l, s), ȟt̄,τ̄

jil

)
1
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+
∑

s̄∈[0,t̄−1]

Bin
(
ỹt̄−s̄,0
jid (ξ̃), ȟt̄,s̄

jid

)+
∑
d∈[D]

z1id +
∑
d∈[D]

∑
t̄∈[t−1]

∑
j∈[I]

(
x0,t̄
jid −x0,t̄

ijd

)
−Bi

+Gθ

∑
d∈[D]

∑
t̄∈[t−1]

∑
l∈[D]

∑
s∈[0,S̄]

∑
τ̄∈[0,t̄−1]

Bin
(
ỹt̄−τ̄ ,0
iid (ζ̃, l, s), ȟt̄,τ̄

iil

)
+

∑
s̄∈[0,t̄−1]

Bin
(
ỹt̄−s̄,0
iid (ξ̃), ȟt̄,s̄

iid

)
−ỹt̄,0iid(ξ̃)−

∑
l∈[D]

∑
s∈[0,S̄]

ỹt̄,0iid(ζ̃, l, s)

+
∑
d∈[D]

∑
l∈[D]

∑
j∈[I]

∑
s∈[0,S̄]

Gθ

 ∑
t̄∈[t−1]

∑
τ̄∈[t̄,S]

Bin
(
y1,τ̄−t̄+1
jid (ζ̃, l, s), ȟt̄,τ̄

jil

)
+
∑
d∈[D]

∑
j∈[I]

Gθ

 ∑
t̄∈[t−1]

∑
s̄∈[t̄,S]

Bin
(
y1,s̄−t̄+1
jid (ξ̃), ȟt̄,s̄

jid

) (14)

The last two terms in Equation (14) are independent on the order demand over the decision peri-

ods. Hence, we have Gθ

(∑
t̄∈[t−1]

∑
τ̄∈[t̄,S]Bin

(
y1,τ̄−t̄+1
jid (ζ̃, l, s), ȟt̄,τ̄

jil

))
=
∑

t̄∈[S] y
1,t̄
jid(ζ̃, l, s)Υ̌

t,t̄
jil(1),

where Υ̌t,t̄
jid(x) = θ log

(
1+

∑
τ̄∈[(t−1)∧(S−t̄+1)] ȟ

τ̄ ,t̄+τ̄−1
jid

(
exp

(
x
θ

)
− 1
))
, and similarly, we have

Gθ

(∑
t̄∈[t−1]

∑
s̄∈[t̄,S]Bin

(
y1,s̄−t̄+1
jid (ξ̃), ȟt̄,s̄

jid

))
=
∑

t̄∈[S] y
1,t̄
jid(ξ̃)Υ̌

t,t̄
jid(1). The first term in Equation

(14) can be reformulated as follows:

Gθ

−
∑
d∈[D]

∑
t̄∈[t−1]

ỹt̄,0ijd(ξ̃)+
∑
l∈[D]

∑
s∈[0,S̄]

ỹt̄,0ijd(ζ̃, l, s)+
∑

s∈[0,S̄]

x̄t̄,s
ijdξ̃

t̄,s
ijd


=
∑
l∈[D]

∑
t̄∈[t−1]

Gθ

−
∑

s∈[0,t̄−1]

(
Bin

(
ξ̃t−t̄+s,s
ijl αt−t̄+s+1,s+1

ijl /αt−t̄+s,s
ijl , qsl

)
+
∑
d∈[D]

∑
τ∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
ijl γt−t̄+s,s

ijld /αt−t̄+s,s
ijl , q̌t−t̄+s+τ,τ,s

l

)
+ x̄t−t̄+s,s

ijl ξ̃t−t̄+s,s
ijl

 (15a)

+
∑
l∈[D]

∑
t̄∈[t,S̄+1]

Gθ

−
∑

s∈[t̄−t+1,t̄−1]

(
Bin

(
ξ̃t−t̄+s,s
ijl αt−t̄+s+1,s+1

ijl /αt−t̄+s,s
ijl , qsl

)
+
∑
d∈[D]

∑
τ∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
ijl γt−t̄+s,s

ijld /αt−t̄+s,s
ijl , q̌t−t̄+s+τ,τ,s

l

)
+ x̄t−t̄+s,s

ijl ξ̃t−t̄+s,s
ijl

 (15b)

+
∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

Gθ

−
∑

s∈[t̄−t+1,S̄]

(
Bin

(
ξ̃t−t̄+s,s
ijl αt−t̄+s+1,s+1

ijl /αt−t̄+s,s
ijl , qsl

)
+
∑
d∈[D]

∑
τ∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
ijl γt−t̄+s,s

ijld /αt−t̄+s,s
ijl , q̌t−t̄+s+τ,τ,s

l

)
+ x̄t−t̄+s,s

ijl ξ̃t−t̄+s,s
ijl

 (15c)

+
∑

d,l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄]

Gθ

−
∑

τ∈[(t−1)∧(S̄−t̄+1)]

Bin
(
ζ1,t̄ijd(l, s), q̌

τ,t̄+τ−1,s
l

) (15d)

where Equation (15d) =
∑

d,l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄] ζ

1,t̄
ijd(l, s)Υ

t,t̄,s
l (−1), Υt,t̄,s

l (x) =

θ log
(
1+

∑
τ∈[(t−1)∧(S̄−t̄+1)] q̌

τ,t̄+τ−1,s
l

(
exp

(
x
θ

)
− 1
))

. Equation (15a) can be reformulated as

follows:

∑
l∈[D]

∑
t̄∈[t−1]

θ logEP

exp
1

θ

−
∑

s∈[0,t̄−1]

(
Bin

(
ξ̃t−t̄+s,s
ijl αt−t̄+s+1,s+1

ijl /αt−t̄+s,s
ijl , qsl

)
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+
∑
d∈[D]

∑
τ∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
ijl γt−t̄+s,s

ijld /αt−t̄+s,s
ijl , q̌t−t̄+s+τ,τ,s

l

)
+ x̄t−t̄+s,s

ijl ξ̃t−t̄+s,s
ijl


=
∑
l∈[D]

∑
t̄∈[t−1]

θ logEξEP

exp
1

θ

−
∑

s∈[0,t̄−1]

(
Bin

(
ξ̃t−t̄+s,s
ijl αt−t̄+s+1,s+1

ijl /αt−t̄+s,s
ijl , qsl

)

+
∑
d∈[D]

∑
τ∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
ijl γt−t̄+s,s

ijld /αt−t̄+s,s
ijl , q̌t−t̄+s+τ,τ,s

l

)
+ x̄t−t̄+s,s

ijl ξ̃t−t̄+s,s
ijl

∣∣∣ξ̃t−1,t̄−1
ijl



=



∑
l∈[D]

∑
t̄∈[t−1]

θ logEξ

EP

exp
1

θ

−
∑

s∈[0,t̄−2]

Bin
(
ξ̃t−t̄+s,s
ijl αt−t̄+s+1,s+1

ijl /αt−t̄+s,s
ijl , qsl

)
+
∑
d∈[D]∑

τ∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
ijl γt−t̄+s,s

ijld /αt−t̄+s,s
ijl , q̌t−t̄+s+τ,τ,s

l

)
+ x̄t−t̄+s,s

ijl ξ̃t−t̄+s,s
ijl

+ ξ̃t−1,t̄−1
ijl

ϕt,t̄,t̄−1
ijl

θαt−1,t̄−1
ijl


ϕt,t̄,t̄−1
ijl ≥ αt,t̄

ijlρ
t̄−1
l (−1,0)+

∑
d∈[D]

γt−1,t̄−1
ijld ρ̌t,t̄,t̄−1

l (−1)−x1,t−1,t̄−1
ijl , ∀ l ∈ [D], t̄∈ [t− 1]

=



∑
l∈[D]

∑
t̄∈[t−1]

Gθ

[
ξ̃t−t̄,0
ijl

ϕt,t̄,0
ijl

αt−t̄,0
ijl

]
ϕt,t̄,t̄−1
ijl ≥ αt,t̄

ijlρ
t̄−1
l (−1,0)+

∑
d∈[D]

γt−1,t̄−1
ijld ρ̌t,t̄,t̄−1

l (−1)−x1,t−1,t̄−1
ijl ∀ l ∈ [D], t̄∈ [t− 1]

ϕt,t̄,s
ijl ≥ αt−t̄+s+1,s+1

ijl ρsl

(
−1,

ϕt,t̄,s+1
ijl

αt−t̄+s+1,s+1
ijl

)
+
∑
d∈[D]

γt−t̄+s,s
ijld ρ̌t,t̄,sl (−1)−x1,t−t̄+s,s

ijl

∀ l ∈ [D], t ̸= 2, t̄∈ [2, t− 1], s∈ [0, t̄− 2]

where ρsl (x, z) = θ log
(
1+ qsl

(
exp

(
x
θ

)
− 1
)
+(1− qsl − asl )

(
exp

(
z
θ

)
− 1
))

and ρ̌t,t̄,sl (x) =

θ log
(
1+

∑
τ∈[0,t̄−s−1] q̌

t−t̄+s+τ,τ,s
l

(
exp

(
x
θ

)
− 1
))

. Similarly, since α1,t̄−t+1
ijl = ξ1,t̄−t+1

ijl , Equations

(15b) and (15c) have the equivalent reformulations:∑
l∈[D]

∑
t̄∈[t,S̄+1]

ξ1,t̄−t+1
ijl

ϕt,t̄,t̄−t+1
ijl

α1,t̄−t+1
ijl

=
∑
l∈[D]

∑
t̄∈[t,S̄+1]

ϕt,t̄,t̄−t+1
ijl

ϕt,t̄,t̄−1
ijl ≥ αt,t̄

ijlρ
t̄−1
l (−1,0)+

∑
d∈[D]

γt−1,t̄−1
ijld ρ̌t,t̄,t̄−1

l (−1)−x1,t−1,t̄−1
ijl ∀ l ∈ [D], t̄∈ [t, S̄+1]

ϕt,t̄,s
ijl ≥ αt−t̄+s+1,s+1

ijl ρsl

(
−1,

ϕt,t̄,s+1
ijl

αt−t̄+s+1,s+1
ijl

)
+
∑
d∈[D]

γt−t̄+s,s
ijld ρ̌t,t̄,sl (−1)−x1,t−t̄+s,s

ijl

∀ l ∈ [D], t ̸= 2, t̄∈ [t, S̄+1], s∈ [t̄− t+1, t̄− 2]∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

ξ1,t̄−t+1
ijl

ϕt,t̄,t̄−t+1
ijl

α1,t̄−t+1
ijl

=
∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

ϕt,t̄,t̄−t+1
ijl

ϕt,t̄,S̄
ijl ≥ αt−t̄+S̄+1,S̄+1

ijl ρS̄l (−1,0)+
∑
d∈[D]

γt−t̄+S̄,S̄
ijld ρ̌t,t̄,S̄l (−1)−x1,t−t̄+S̄,S̄

ijl ∀ l ∈ [D], t̄∈ [S̄+2, t+ S̄− 1]

ϕt,t̄,s
ijl ≥ αt−t̄+s+1,s+1

ijl ρsl

(
−1,

ϕt,t̄,s+1
ijl

αt−t̄+s+1,s+1
ijl

)
+
∑
d∈[D]

γt−t̄+s,s
ijld ρ̌t,t̄,sl (−1)−x1,t−t̄+s,s

ijl
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∀ l ∈ [D], t ̸= 2, t̄∈ [S̄+2, t+ S̄− 2], s∈ [t̄− t+1, S̄− 1]

Then for the second term in Equation (14), we can reformulate it as follows:

Gθ

∑
d∈[D]

∑
t̄∈[t−1]

 ∑
s∈[0,S̄]

x̄t̄,s
jidξ̃

t̄,s
jid +

∑
l∈[D]

∑
s∈[0,S̄]

∑
τ̄∈[0,t̄−1]

Bin
(
ỹt̄−τ̄ ,0
jid (ζ̃, l, s), ȟt̄,τ̄

jil

)
+

∑
s̄∈[0,t̄−1]

Bin
(
ỹt̄−s̄,0
jid (ξ̃), ȟt̄,s̄

jid

)
=
∑
l∈[D]

∑
t̄∈[t−1]

Gθ

 ∑
s∈[0,t̄−1]

x̄t−t̄+s,s
jil ξ̃t−t̄+s,s

jil +
∑

s̄∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
jil αt−t̄+s+1,s+1

jil /αt−t̄+s,s
jil , qsl ȟ

t−t̄+s+s̄,s̄
jil

)
+
∑
d∈[D]

∑
τ̄∈[0,t̄−s−1]

∑
τ∈[0,t̄−s−τ̄−1]

Bin
(
ξ̃t−t̄+s,s
jil γt−t̄+s,s

jild /αt−t̄+s,s
jil , q̌t−t̄+s+τ̄ ,τ̄ ,s

l ȟt−t̄+s+τ̄+τ,τ
jil

) (16a)

+
∑
l∈[D]

∑
t̄∈[t,S̄+1]

Gθ

 ∑
s∈[t̄−t+1,t̄−1]

x̄t−t̄+s,s
jil ξ̃t−t̄+s,s

jil +
∑

s̄∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
jil αt−t̄+s+1,s+1

jil /αt−t̄+s,s
jil , qsl ȟ

t−t̄+s+s̄,s̄
jil

)
+
∑
d∈[D]

∑
τ̄∈[0,t̄−s−1]

∑
τ∈[0,t̄−s−τ̄−1]

Bin
(
ξ̃t−t̄+s,s
jil γt−t̄+s,s

jild /αt−t̄+s,s
jil , q̌t−t̄+s+τ̄ ,τ̄ ,s

l ȟt−t̄+s+τ̄+τ,τ
jil

) (16b)

+
∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

Gθ

 ∑
s∈[t̄−t+1,S̄]

x̄t−t̄+s,s
jil ξ̃t−t̄+s,s

jil +
∑

s̄∈[0,t̄−s−1]

Bin
(
ξ̃t−t̄+s,s
jil αt−t̄+s+1,s+1

jil /αt−t̄+s,s
jil , qsl ȟ

t−t̄+s+s̄,s̄
jil

)
+
∑
d∈[D]

∑
τ̄∈[0,t̄−s−1]

∑
τ∈[0,t̄−s−τ̄−1]

Bin
(
ξ̃t−t̄+s,s
jil γt−t̄+s,s

jild /αt−t̄+s,s
jil , q̌t−t̄+s+τ̄ ,τ̄ ,s

l ȟt−t̄+s+τ̄+τ,τ
jil

) (16c)

+
∑
d∈[D]

∑
l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄]

Gθ

 ∑
τ̄∈[(S̄−t̄+1)∧(t−1)]

∑
τ∈[0,t−τ̄−1]

Bin
(
ζ̃1,t̄jid(l, s), q̌

τ̄ ,t̄+τ̄−1,s
l ȟτ̄+τ,τ

jil

) (16d)

Similarly, Equation (16d) =
∑

d,l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄] ζ

1,t̄
jid(l, s)Ῡ

t,t̄,s
jil (1) where Ῡt,t̄,s

jil (x) =

θ log
(
1+

∑
τ̄∈[(S̄−t̄+1)∧(t−1)]

∑
τ∈[0,t−τ̄−1] q̌

τ̄ ,t̄+τ̄−1,s
l ȟτ̄+τ,τ

jil

(
exp

(
x
θ

)
− 1
))

. Then Equation (16a),

(16b), and (16c) can be reformulated as

∑
l∈[D]

∑
t̄∈[t−1]

Gθ

(
ξ̃t−t̄,0
jil

ψt,t̄,0
jil

αt−t̄,0
jil

)
ψt,t̄,t̄−1

jil ≥ αt,t̄
jilπ

t,t̄,t̄−1
jil (1,0)+

∑
d∈[D]

γt−1,t̄−1
jild π̌t,t̄,t̄−1

jil (1)+x1,t−1,t̄−1
jil ∀ l ∈ [D], t̄∈ [t− 1]

ψt,t̄,s
jil ≥ αt−t̄+s+1,s+1

jil πt,t̄,s
jil

(
1,

ψt,t̄,s+1
jil

αt−t̄+s+1,s+1
jil

)
+
∑
d∈[D]

γt−t̄+s,s
jild π̌t,t̄,s

jil (1)+x1,t−t̄+s,s
jil ∀l ∈ [D], t ̸= 2, t̄∈ [2, t− 1], s∈ [0, t̄− 2]

∑
l∈[D]

∑
t̄∈[t,S̄+1]

ξ1,t̄−t+1
jil

ψt,t̄,t̄−t+1
jil

α1,t̄−t+1
jil

ψt,t̄,t̄−1
jil ≥ αt,t̄

jilπ
t,t̄,t̄−1
jil (1,0)+

∑
d∈[D]

γt−1,t̄−1
jild π̌t,t̄,t̄−1

jil (1)+x1,t−1,t̄−1
jil ∀ l ∈ [D], t̄∈ [t, S̄+1]

ψt,t̄,s
jil ≥ αt−t̄+s+1,s+1

jil πt,t̄,s
jil

(
1,

ψt,t̄,s+1
jil

αt−t̄+s+1,s+1
jil

)
+
∑
d∈[D]

γt−t̄+s,s
jild π̌t,t̄,s

jil (1)+x1,t−t̄+s,s
jil

∀ l ∈ [D], t ̸= 2, t̄∈ [t, S̄+1], s∈ [t̄− t+1, t̄− 2]
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∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

ξ1,t̄−t+1
jil

ψt,t̄,t̄−t+1
jil

α1,t̄−t+1
jil

ψt,t̄,S̄
jil ≥ αt−t̄+S̄+1,S̄+1

jil πt,t̄,S̄
jil (1,0)+

∑
d∈[D]

γt−t̄+S̄,S̄
jild π̌t,t̄,S̄

jil (1)+x1,t−t̄+S̄,S̄
jil ∀ l ∈ [D], t̄∈ [S̄+2, t+ S̄− 1]

ψt,t̄,s
jil ≥ αt−t̄+s+1,s+1

jil πt,t̄,s
jil

(
1,

ψt,t̄,s+1
jil

αt−t̄+s+1,s+1
jil

)
+
∑
d∈[D]

γt−t̄+s,s
jild π̌t,t̄,s

jil (1)+x1,t−t̄+s,s
jil

∀ l ∈ [D], t ̸= 2, t̄∈ [S̄+2, t+ S̄− 2], s∈ [t̄− t+1, S̄− 1]

where πt,t̄,s
jil (x, z) = θ log

(
1+

∑
s̄∈[0,t̄−s−1] q

s
l ȟ

t−t̄+s+s̄,s̄
jil

(
exp

(
x
θ

)
− 1
)
+(1− qsl − asl )

(
exp

(
z
θ

)
− 1
))

,

and π̌t,t̄,s
jil (x) = θ log

(
1+

∑
τ̄∈[0,t̄−s−1]

∑
τ∈[0,t̄−s−τ̄−1] q̌

t−t̄+s+τ̄ ,τ̄ ,s
l ȟt−t̄+s+τ̄+τ,τ

jil

(
exp

(
x
θ

)
− 1
))

.

Finally, we consider the reformulation of the fourth line in Equation (14), which also includes

four terms. The first, second, and third terms are reformulated as below:

∑
l∈[D]

∑
t̄∈[t−1]

Gθ

(
ξ̃t−t̄,0
iil

νt,t̄,0il

αt−t̄,0
iil

)
νt,t̄,t̄−1
il ≥ αt,t̄

iilη
t,t̄,t̄−1
il (−1,0)+

∑
d∈[D]

γt−1,t̄−1
iild η̌t,t̄,t̄−1

il (−1) ∀ l ∈ [D], t̄∈ [t− 1]

νt,t̄,sil ≥ αt−t̄+s+1,s+1
iil ηt,t̄,sil

(
−1,

νt,t̄,s+1
il

αt−t̄+s+1,s+1
iil

)
+
∑
d∈[D]

γt−t̄+s,s
iild η̌t,t̄,sil (−1)∀ l ∈ [D], t ̸= 2, t̄∈ [2, t− 1], s∈ [0, t̄− 2]

∑
l∈[D]

∑
t̄∈[t,S̄+1]

ξ1,t̄−t+1
iil

νt,t̄,t̄−t+1
il

α1,t−t̄+1
iil

=
∑
l∈[D]

∑
t̄∈[t,S̄+1]

νt,t̄,t̄−t+1
il

νt,t̄,t̄−1
il ≥ αt,t̄

iilη
t,t̄,t̄−1
il (−1,0)+

∑
d∈[D]

γt−1,t̄−1
iild η̌t,t̄,t̄−1

il (−1) ∀ l ∈ [D], t̄∈ [t, S̄+1]

νt,t̄,sil ≥ αt−t̄+s+1,s+1
iil ηt,t̄,sil

(
−1,

νt,t̄,s+1
il

αt−t̄+s+1,s+1
iil

)
+
∑
d∈[D]

γt−t̄+s,s
iild η̌t,t̄,sil (−1)

∀ l ∈ [D], t ̸= 2, t̄∈ [t, S̄+1], s∈ [t̄− t+1, t̄− 2]∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

ξ1,t̄−t+1
iil

νt,t̄,t̄−t+1
il

α1,t̄−t+1
iil

=
∑
l∈[D]

∑
t̄∈[S̄+2,t+S̄−1]

νt,t̄,t̄−t+1
il

νt,t̄,S̄il ≥ αt−t̄+S̄+1,S̄+1
iil ηt,t̄,S̄il (−1,0)+

∑
d∈[D]

γt−t̄+S̄,S̄
iild η̌t,t̄,S̄il (−1) ∀ l ∈ [D], t̄∈ [S̄+2, t+ S̄− 1]

νt,t̄,sil ≥ αt−t̄+s+1,s+1
iil ηt,t̄,sil

(
−1,

νt,t̄,s+1
il

αt−t̄+s+1,s+1
iil

)
+
∑
d∈[D]

γt−t̄+s,s
iild η̌t,t̄,sil (−1)

∀ l ∈ [D], t ̸= 2, t̄∈ [S̄+2, t+ S̄− 2], s∈ [t̄− t+1, S̄− 1]

The fourth term is reformulated as
∑

d,l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄] ζ

1,t̄
iid(l, s)Υ̂

t,t̄,s
il (−1). where

ηt,t̄,sil (x, y) = θ log

1+ qsl

1−
∑

s̄∈[0,t̄−s−1]

ȟt−t̄+s+s̄,s̄
iil

(exp(x
θ

)
− 1
)
+(1− qsl − asl )

(
exp

(y
θ

)
− 1
)
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η̌t,t̄,sil (x) = θ log

1+
∑

τ̄∈[0,t̄−s−1]

q̌t−t̄+s+τ̄ ,τ̄ ,s
l

1−
∑

τ∈[0,t̄−s−τ̄−1]

ȟt−t̄+s+τ̄+τ,τ
iil

(exp(x
θ

)
− 1
)

Υ̂t,t̄,s
il (x) = θ log

1+
∑

τ̄∈[(S̄−t̄+1)∧(t−1)]

q̌τ̄ ,t̄+τ̄−1,s
l

1−
∑

τ∈[0,t−τ̄−1]

ȟτ̄+τ,τ
iil

(exp(x
θ

)
− 1
)

Combining the above results, we have the reformulation of Equation (14).

For Constraint (7b), when t= 1, for i∈ [I] and d∈ [D], the left-hand side of equation is

∑
j∈[I]

∑
l∈[D]

Gθ

[
ξ̃1,0ijl

ϕ̄1,1,0
ijld

α1,0
ijl

]
+

∑
t̄∈[2,1+S̄]

ϕ̄1,t̄,t̄−1
ijld +

∑
s∈[0,S̄]

∑
t̄∈[S̄]

ζ1,t̄ijd(l, s)Υ
2,t̄,s
l (1)

+
∑
j∈[I]

x0,1
ijd − z1id

ϕ̄1,t̄,s
ijdd ≥ α1−t̄+s+2,s+1

ijd ρsd (1,0)+ γ1−t̄+s+1,s
ijdd ρ̌2,t̄,sd (1)+x1,1−t̄+s+1,s

ijd

∀ j ∈ [I], t̄∈ [1+ S̄], s=min{t̄− 1, S̄}

ϕ̄1,t̄,s
ijld ≥ γ1−t̄+s+1,s

ijld ρ̌2,t̄,sl (1) ∀ j ∈ [I], t̄∈ [1+ S̄], l ∈ [D]/{d}, s=min{t̄− 1, S̄}

(17)

Secondly, considering t≥ 2, for any i∈ [I] and d∈ [D], we have:

Gθ

∑
j∈[I]

∑
l∈[D]

∑
s∈[0,S̄]

ỹt,0ijd(ζ̃, l, s)+ ỹt,0ijd(ξ̃)+ x̃t
ijd

− z̃tid

=−z1id +Four terms (18)

The four terms can be formulated as∑
l∈[D]

∑
t̄∈[t]

Gθ

[
ξ̃t−t̄+1,0
ijl

ϕ̄t,t̄,0
ijld

αt−t̄+1,0
ijl

]
+
∑
l∈[D]

∑
t̄∈[t+1,t+S̄]

ϕ̄t,t̄,t̄−t
ijld +

∑
l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄]

ζ1,t̄ijd(l, s)Υ
t+1,t̄,s
l (1)

ϕ̄t,t̄,s
ijdd ≥ αt−t̄+s+2,s+1

ijd ρsd (1,0)+ γt−t̄+s+1,s
ijdd ρ̌t+1,t̄,s

d (1)+x1,t−t̄+s+1,s
ijd , ∀ j ∈ [I]/{i}, t̄∈ [t+ S̄], s=min{t̄− 1, S̄}

ϕ̄t,t̄,s
ijld ≥ γt−t̄+s+1,s

ijld ρ̌t+1,t̄,s
l (1) ∀ j ∈ [I]/{i}, t̄∈ [t+ S̄], l ∈ [D]/{d}, s=min{t̄− 1, S̄}

ϕ̄t,t̄,s
ijdd ≥ αt−t̄+s+2,s+1

ijd ρsd

(
1,

ϕ̄t,t̄,s+1
ijdd

αt−t̄+s+2,s+1
ijd

)
+ γt−t̄+s+1,s

ijdd ρ̌t+1,t̄,s
d (1)+x1,t−t̄+s+1,s

ijd

∀ j ∈ [I]/{i} s∈ [0, S̄− 1], t̄∈ [s+2, s+ t]

ϕ̄t,t̄,s
ijld ≥ αt−t̄+s+2,s+1

ijl ρsl

(
0,

ϕ̄t,t̄,s+1
ijld

αt−t̄+s+2,s+1
ijl

)
+ γt−t̄+s+1,s

ijld ρ̌t+1,t̄,s
l (1)∀j ∈ [I]/{i}, s∈ [0, S̄− 1], l ∈ [D]/{d}, t̄∈ [s+2, s+ t]

∑
l∈[D]

∑
t̄∈[t−1]

Gθ

[
ξ̃t−t̄,0
jil

ψ̄t,t̄,0
jild

αt−t̄,0
jil

]
+
∑
l∈[D]

∑
t̄∈[t,t+S̄−1]

ψ̄t,t̄,t̄−t+1
jild +

∑
l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄]

ζ1,t̄jid(l, s)Ῡ
t,t̄,s
jil (−1)

ψ̄t,t̄,s
jidd ≥ αt−t̄+s+1,s+1

jid πt,t̄,s
jid (−1,0)+ γt−t̄+s,s

jidd π̌t,t̄,s
jid (−1)−x1,t−t̄+s,s

jid ∀ j ∈ [I]/{i}, t̄∈ [t+ S̄− 1], s=min{t̄− 1, S̄}

ψ̄t,t̄,s
jild ≥ γt−t̄+s,s

jild π̌t,t̄,s
jil (−1) ∀ j ∈ [I]/{i} l ∈ [D]/{d}, t̄∈ [t+ S̄− 1], s=min{t̄− 1, S̄}

ψ̄t,t̄,s
jidd ≥ αt−t̄+s+1,s+1

jid πt,t̄,s
jid

(
−1,

ψ̄t,t̄,s+1
jidd

αt−t̄+s+1,s+1
jid

)
+ γt−t̄+s,s

jidd π̌t,t̄,s
jid (−1)−x1,t−t̄+s,s

jid

∀ j ∈ [I]/{i}, s∈ [0, S̄− 1], t ̸= 2, t̄∈ [s+2, s+ t− 1]

ψ̄t,t̄,s
jild ≥ αt−t̄+s+1,s+1

jil πt,t̄,s
jil

(
0,

ψ̄t,t̄,s+1
jild

αt−t̄+s+1,s+1
jil

)
+ γt−t̄+s,s

jild π̌t,t̄,s
jil (−1)
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∀ j ∈ [I]/{i}, s∈ [0, S̄− 1], t ̸= 2, l ∈ [D]/{d}, t̄∈ [s+2, s+ t− 1]∑
l∈[D]

∑
t̄∈[t]

Gθ

[
ξ̃t−t̄+1,0
iil

ν̄t,t̄,0ild

αt−t̄+1,0
iil

]
+
∑
l∈[D]

∑
t̄∈[t+1,t+S̄]

ν̄t,t̄,t̄−t
ild +

∑
l∈[D]

∑
s∈[0,S̄]

∑
t̄∈[S̄]

ζ1,t̄iid(l, s)Ῠ
t,t̄,s
il (1)

ν̄t,t̄,sidd ≥ αt−t̄+s+2,s+1
iid ρsd(1,0)+ γt−t̄+s+1,s

iidd ρ̌t+1,t̄,s
d (1) ∀ t̄∈ [t+ S̄], s=min{t̄− 1, S̄}

ν̄t,t̄,sild ≥ γt−t̄+s+1,s
iild ρ̌t+1,t̄,s

l (1) ∀ l ∈ [D]/{d}, t̄∈ [t+ S̄], s=min{t̄− 1, S̄}

ν̄t,t̄,sidd ≥ αt−t̄+s+2,s+1
iid η̄t,t̄,sid

(
1,

ν̄t,t̄,s+1
idd

αt−t̄+s+2,s+1
iid

)
+ γt−t̄+s+1,s

iidd η̆t,t̄,sid (1), ∀ s∈ [0, S̄− 1], t̄∈ [s+2, s+ t]

ν̄t,t̄,sild ≥ αt−t̄+s+2,s+1
iil η̄t,t̄,sil

(
0,

ν̄t,t̄,s+1
ild

αt−t̄+s+2,s+1
iil

)
+ γt−t̄+s+1,s

iild η̆t,t̄,sil (1), ∀ s∈ [0, S̄− 1] l ∈ [D]/{d}, t̄∈ [s+2, s+ t]

and
∑

l∈[D]

∑
j∈[I]

∑
s∈[0,S̄]

∑
t̄∈[S] y

1,t̄
jid(ζ̃, l, s)Υ̌

t,t̄
jil(−1)+

∑
j∈[I]

∑
t̄∈[S] y

1,t̄
jid(ξ̃)Υ̌

t,t̄
jid(−1), where

η̄t,t̄,sil (x, y) = θ log

1+ qsl

1−
∑

s̄∈[0,t̄−s−2]

ȟt+1−t̄+s+s̄,s̄
iil

(exp(x
θ

)
− 1
)
+(1− qsl − asl )

(
exp

(y
θ

)
− 1
)

η̆t,t̄,sil (x) = θ log

1+
∑

τ̄∈[0,t̄−s−1]

q̌t+1−t̄+s+τ̄ ,τ̄ ,s
l

1−
∑

τ∈[0,t̄−s−τ̄−2]

ȟt+1−t̄+s+τ̄+τ,τ
iil

(exp(x
θ

)
− 1
)

Ῠt,t̄,s
il (x) = θ log

1+
∑

τ̄∈[(S̄−t̄+1)∧(t)]

q̌τ̄ ,t̄+τ̄−1,s
l

1−
∑

τ∈[0,t−τ̄−1]

ȟτ̄+τ,τ
iil

(exp(x
θ

)
− 1
)

□

Proof of Proposition 4 Constraint Gθ(R̄− R̃)≤ 0 is equivalent to Gθ(−R̃)≤ R̄. The reformula-

tion of Gθ(−R̃) follows the proof of Proposition 3 and is thus omitted here, and is shown below:

∑
i,j∈[I]

∑
l∈[D]

∑
t∈[T ]

Gθ

[
ξ̃T−t+1,0
ijl

ψ̂t,0
ijl

αT−t+1,0
ijl

]
+

∑
t∈[T+1,T+S̄]

ψ̂t,t−T
ijl +

∑
d∈[D]

∑
s∈[0,S̄]

∑
t∈[S̄]

ζ1,tijd(l, s)Υ̇
T+1,t,s
ijld


+
∑

i,j∈[I]

∑
t∈[T ]

∑
d∈[D]

cijdx
0,t
ijd +

∑
d,l∈[D]

∑
i,j∈[I]

∑
s∈[0,S̄]

∑
t∈[S]

y1,tijd(ζ̃, l, s)Ϋ
T+1,t,s
ijld +

∑
d∈[D]

∑
i,j∈[I]

∑
t∈[S]

y1,tijd(ξ̃)
...
Υ

T+1,t

ijd

ψ̂t,s
ijl ≥ αT−t+s+2,s+1

ijl π̄T+1,t,s
ijl (0)+

∑
d∈[D]

γT−t+s+1,s
ijld π̆T+1,t,s

ijld + cijlx
1,T−t+s+1,s
ijl

∀ i, j ∈ [I], l ∈ [D], t∈ [T + S̄], s=min{t− 1, S̄}

ψ̂t,s
ijl ≥ αT−t+s+2,s+1

ijl π̄T+1,t,s
ijl

(
ψ̂t,s+1

ijl

αT−t+s+2,s+1
ijl

)
+
∑
d∈[D]

γT−t+s+1,s
ijld π̆T+1,t,s

ijld + cijlx
1,T−t+s+1,s
ijl

∀ i, j ∈ [I], l ∈ [D], s∈ [0, S̄− 1], t∈ [s+2, s+T ]

where

π̄T+1,t,s
ijl (z) = θ log

1+
∑

s̄∈[0,t−s−1]

qsl ȟ
T+1−t+s+s̄,s̄
ijl

(
exp

(
−rT−t+s+s̄+1,s̄

ijl

θ

)
− 1

)
+(1− qsl − asl )

(
exp

(z
θ

)
− 1
)
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π̆T+1,t,s
ijld = θ log

1+
∑

τ̄∈[0,t−s−1]

∑
τ∈[0,t−s−τ̄−1]

q̌T+1−t+s+τ̄ ,τ̄ ,s
l ȟT+1−t+s+τ̄+τ,τ

ijl

(
exp

(
−r̄T−t+s+τ̄+τ+1,s,τ

ijld

θ

)
− 1

)
Υ̇T+1,t,s

ijld = θ log

1+
∑

τ̄∈[(S̄−t+1)∧(T )]

∑
τ∈[0,T−τ̄ ]

q̌τ̄ ,t+τ̄−1,s
l ȟτ̄+τ,τ

ijl

(
exp

(
−r̄τ̄+τ,s,τ

ijld

θ

)
− 1

)
ΫT+1,t,s

ijld = θ log

1+
∑

τ̄∈[(T )∧(S−t+1)]

ȟτ̄ ,t+τ̄−1
ijl

(
exp

(
−r̄τ̄ ,s,t+τ̄−1

ijld

θ

)
− 1

)
...
Υ

T+1,t

ijd = θ log

1+
∑

s̄∈[(T )∧(S−t+1)]

ȟs̄,t+s̄−1
ijd

(
exp

(
−rs̄,t+s̄−1

ijd

θ

)
− 1

) .

□

Proof of Corollary 1 It is straightforward based on proposition of the entropic measure. □

B. Extension model with cancellation fee

Our model can be extended to incorporate the cancellation fee, whereby customers are required

to pay a certain fee upon canceling their order. This cancellation fee is also counted as part of the

rental company’s revenue. Let r̂t,τijd denote the cancellation fee for an order for vehicle type d on arc

(i, j) that has been placed for τ period at time t, that is canceled without substitution. Similarly,

let řt,s,τijld be the cancellation fee for an order for vehicle type l on arc (i, j) that is substituted with

vehicle type d after waiting s periods since placement, that continues to wait for τ periods at time

t and is subsequently canceled. Accordingly, the cancellation fee can be formulated as follows:

R̃′ =
∑

i,j∈[I]

∑
t∈[T ]

∑
d∈[D]

 ∑
τ̄∈[0,S̄]

r̂t,τ̄ijdBin

ξ̃t,τ̄ijd

1−
∑
l∈[D]

βt,τ̄
ijdl

 , aτ̄d

+
∑

s∈[0,S̄]

∑
l∈[D]

řt,s,τ̄ijld Bin
(
ζ̃t,τ̄ijd (l, s) , a

τ̄+s
l

)
(20)

Constraint (20) includes two terms that account for the cancellation fees corresponding to the

customers in the waiting lists ξ̃ and ζ̃, respectively. The following proposition shows that Constraint

(20) can be reformulated as convex constraints. We omit its proof for brevity.

Proposition 7. Constraint Gθ

(
R̄− R̃− R̃′

)
≤ 0 can be reformulated as the following set of

exponential conic constraints under the non-integral approximation.

∑
i,j∈[I]

∑
l∈[D]

∑
t∈[T ]

Gθ

[
ξ̃T−t+1,0
ijl

ψ̌t,0
ijl

αT−t+1,0
ijl

]
+

∑
t∈[T+1,T+S̄]

ψ̌t,t−T
ijl

+
∑

d,l∈[D]

∑
i,j∈[I]

∑
s∈[0,S̄]

∑
t∈[S̄]

ζ1,tijd(l, s)
....
Υ

T+1,t,s

ijld

+
∑

i,j∈[I]

∑
t∈[T ]

∑
d∈[D]

cijdx
0,t
ijd +

∑
d,l∈[D]

∑
i,j∈[I]

∑
s∈[0,S̄]

∑
t∈[S]

y1,tijd(ζ̃, l, s)Ϋ
T+1,t,s
ijld +

∑
d∈[D]

∑
i,j∈[I]

∑
t∈[S]

y1,tijd(ξ̃)
...
Υ

T+1,t

ijd ≤ R̄

ψ̌t,s
ijl ≥ αT−t+s+2,s+1

ijl π̇T+1,t,s
ijl (0)+

∑
d∈[D]

γT−t+s+1,s
ijld π̈T+1,t,s

ijld + cijlx
1,T−t+s+1,s
ijl

∀ i, j ∈ [I], l ∈ [D], t∈ [T + S̄], s=min{t− 1, S̄}
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ψ̌t,s
ijl ≥ αT−t+s+2,s+1

ijl π̇T+1,t,s
ijl

(
ψ̂t,s+1

ijl

αT−t+s+2,s+1
ijl

)
+
∑
d∈[D]

γT−t+s+1,s
ijld π̈T+1,t,s

ijld + cijlx
1,T−t+s+1,s
ijl

∀ i, j ∈ [I], l ∈ [D], s∈ [0, S̄− 1], t∈ [s+2, s+T ]

where Υ̇T+1,t,s
ijld , ΫT+1,s,t

ijld and
...
Υ

T+1,t

ijd are defined as in the proof of Proposition 4. Denote ǎt,τ,sl =

aτ+s
l

∏t−1∧τ

τ̄=1

(
1− qτ+s−τ̄

l − aτ+s−τ̄
l

)
, and the other parameter is defined as follows:

π̇T+1,t,s
ijl (z) = θ log

1+ ∑
s̄∈[0,t−s−1]

qsl ȟ
T+1−t+s+s̄,s̄
ijl

(
exp

(
−rT−t+s+s̄+1,s̄

ijl

θ

)
− 1

)

+asl

(
exp

(
−r̂T−t+s+1,s

ijl

θ

)
− 1

)
+(1− qsl − asl )

(
exp

(z
θ

)
− 1
)]

π̈T+1,t,s
ijld = θ log

1+ ∑
τ̄∈[0,t−s−1]

∑
τ∈[0,t−s−τ̄−1]

q̌T+1−t+s+τ̄ ,τ̄ ,s
l ȟT+1−t+s+τ̄+τ,τ

ijl

(
exp

(
−r̄T−t+s+τ̄+τ+1,s,τ

ijld

θ

)
− 1

)

+
∑

τ̄∈[0,t−s−1]

ǎT+1−t+s+τ̄ ,τ̄ ,s
l

(
exp

(
−řT+1−t+s+τ̄ ,s,τ̄

ijld

θ

)
− 1

)
....
Υ

T+1,t,s

ijld = θ log

1+ ∑
τ̄∈[(S̄−t+1)∧(T )]

∑
τ∈[0,T−τ̄ ]

q̌τ̄ ,t+τ̄−1,s
l ȟτ̄+τ,τ

ijl

(
exp

(
−r̄τ̄+τ,s,τ

ijld

θ

)
− 1

)

+
∑

τ̄∈[(T )∧(S−t+1)]

ǎτ̄ ,t+τ̄−1,s
ijl

(
exp

(
−řτ̄ ,s,t+τ̄−1

ijld

θ

)
− 1

)
C. SAA model

The dynamics of the SAA model for every sample e∈E is formulated as follows:

ξt,0,eijd = λ̂t,e
ijd, (22a)

ξt,s,eijd = ξt−1,s−1,e
ijd

1−
∑
l∈[D]

βt−1,s−1
ijdl

 (1− qs−1
d − as−1

d ) ∀s∈ [S̄], (22b)

ζt,0,eijd (l, s) = βt,s
ijldξ

t,s,e
ijl , ∀l ∈ [D], s∈ [0, S̄], (22c)

yt,eijd(ξ) =
t−1∑
s=0

ξt−s,0,e
ijd qsd +

S̄∑
s=t

ξ1,s−t+1
ijd qsd, (22d)

yt,eijd(ζ, l, s) =
t−1∑
s=0

ζt−s,0,e
ijd (l, s)qsl +

S̄∑
s=t

ζ1,s−t+1
ijd (l, s)qsl , ∀l ∈ [D], s∈ [0, S̄], (22e)

xt,e
ijd =

∑
s∈[0,S̄]

x1,t,s
ijd

αt,s
ijd

ξt,s,eijd +x0,t
ijd. (22f)

Compared with our model, SAA model (22) cannot capture the dynamics of the vehicle rental

system via distributional laws, and thus employs sample realizations. For every sample e ∈E and

every i∈ [I], d∈ [D], the inventory zt,eid and associated SAA model can be formulated as below:

max
α, γ, x≥0

R=
∑

i,j∈[I]

∑
t∈[T ]

∑
d∈[D]

∑
e∈[E]

1

E

(
t−1∑
τ=1

yt−τ,e
ijd (ξ)hτ

ijdr
t,τ
ijd +

S∑
τ=t

y1,τ−t+1
ijd (ξ)hτ

ijdr
t,τ
ijd
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(a) Average of revenue (b) Quantiles of revenue (c) Weekly revenue

Figure 10 Out-of-sample revenue comparison of the RO-θ̄, Real decision and RL algorithm

+
∑

s∈[0,S̄]

∑
l∈[D]

(
t−1∑
τ=1

yt−τ,e
ijd (ζ, l, s)hτ

ijlr̄
t,s,τ
ijld +

S∑
τ=t

y1,τ−t+1
ijd (ζ, l, s)hτ

ijlr̄
t,s,τ
ijld

)−
∑

i,j∈[I]

∑
d∈[D]

∑
t∈[T ]

∑
e∈[E]

1

E
cijdx

t,e
ijd

s.t. zt,eid = zt−1,e
id −

∑
j∈[I]

yt−1,e
ijd (ξ)+

∑
s∈[0,S̄]

∑
l∈[D]

yt−1,e
ijd (ζ, l, s)

−
∑
j∈[I]

xt−1,e
ijd +

∑
j∈[I]

xt−1,e
jid

+
∑
j∈[I]

 t−1∑
τ=1

yt−τ,e
jid (ξ)hτ

jid +
S∑

τ=t

y1,τ−t+1
jid (ξ)hτ

jid +
∑

s∈[0,S̄]

∑
l∈[D]

(
t−1∑
τ=1

yt−τ,e
jid (ζ, l, s)hτ

jil +
S∑

τ=t

y1,τ−t+1
jid (ζ, l, s)hτ

jil

)
∑
d∈[D]

zt,eid ≤Bi, ∀i∈ [I], t∈ [2, T ], e∈ [E]∑
j∈[I]

∑
l∈[D]

∑
s∈[0,S̄]

yt,eijd(ζ, l, s)+ yt,eijd(ξ)

+
∑
j∈[I]

xt,e
ijd ≤ zt,eid , ∀i∈ [I], d∈ [D], t∈ [T ], e∈ [E]

∑
d∈[D]

γt,s
ijld ≤ αt,s

ijl, ∀i, j ∈ [I], l ∈ [D], t∈ [T ], s∈ [0, S̄]

D. Revenue comparison with benchmarks in practice

To assess practical effectiveness, we benchmark our model against real company decisions (Real)

and a reinforcement learning (RL) baseline. For the real policy, we aggregate operational data to

compute substitution proportions and repositioning volumes across stores and vehicle types. For

RL, we implement a Proximal Policy Optimization (PPO) agent with a Multi-Layer policy (MLP)

with learning rate 3× 10−4, batch size 32, 10 epochs per update, γ = 1.0, and rollout length 512,

trained for 50,000 steps to ensure convergence. Figure 10(a) shows that RO-θ̄ models consistently

outperform both baselines under 1000 experiments using real data, especially improving revenues

by 5–15% over real decisions. Figures 10(b) and 10(c) further display that the RL policy yields

greater variability and unstable weekly performance. By contrast, RO-θ̄ models achieve higher

medians with lower variance, and we see the RO-5 model dominates across four weeks.


