Online Appendix of “Entropic-based robust vehicle
rental revenue management with substitution and
repositioning”

A. Proof of results

For simplification, before providing any further proof, we make the following clarification.

1. To facilitate the forthcoming derivation, we first define the following notations: hfjdl =

t—2AT—1 t—1—s,7—1—s t—1,7—1 t—1,7—1 7pt—2AT—1 t—1l—s,7—1—s st—1,7—1,8 __
Hs 0 (1 - h’z_]d ) and hzjd hz]d Hs 1 (1 - hzgd ) QZ -
t—2A7—1 THs—1—7 7—+s—1 7 st 7,8 T4s TTE—INT THs—T THs—T
| (1 —4q - ) and ¢ =¢q/ [ (1 —4q —qQ )

2. Since S is the maximum lead time of customers, the state variable (17 a(l,8) =0 when 745 > S
so that Equation (4c) can be rewritten as ?/ijd(CJa $) =2, cio,5 Bin (C”d (1,s), q[*s).

3. In (2b), when substitution occurs, the probability of pickup and cancellation is not affected.
Since rij] =757, Vi€ [Dl],i,j € [I],t €[T],s€[0,5],7€[0,5], the term d # [ can be removed
from all the relevant equations (i.e., (1b), (4a), (7c)) without loss of generality.

Proof of Proposition 1.

Go (Bin Qb{J q>> = 0logEp [exp (Bin Qbéj ,q) /0)} = flogE, [EP [exp (Bin (LbéJ ,q) /9) )5 H
—010gEe | b€ 3(0)/6] =Go (|0€] 6(a))

where 6(q) =0log (1 — g+ gexp(1/0)). The first equation is derived by the conditional expectation,
while the second incorporates the moment-generating function of the binomial distribution. O
Proof of Proposition 2. Based on Proposition 1, we have Gy (Bin (Lb«SNJ ,q)) =Gy <Lb§~’J 6(q)>,
where 6(q) =60log (1 — g+ gexp(1/6)) Since ¢ € [0,1], we have §(q) € [0,1].
Similarly, we have Gy (Bin (bg, q)) = Gy <b§~5(q)). Since Gy () is a monotonically increasing
function and §(q) > 0, we have {be d(q) < béé(q), and thus

G (o [€]0) =0 (] 30) <4 (1 (10) =4 (s50)
Because of the monotonicity of Gy (-), we have

Go (660()) = Go ([b€] 3(0)) = Go (b60(0)) = G (bE3(0) = 3(0)) = 0(@) <1 O
Proof of Proposition 3.

(Zz ) > Gg( > D (z?;% VD2 D Talols)+ }’;wad))

de[D] Je[I/{i} de[D] te[t—1] le[D] s€[0,9] s€lo0,S

+ Z G9 (Z Z Z _;:dfﬂd—’—z Z Z Bin <y;szO Calﬂs)?h;z‘ll—)

Je/{i} de[D]telt—1] \s€[0,5] le[D] s€[0,5] 7€[0,t—1]
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2
SR CRCR] FEDIERD WD ID M C IR
9€[Ot 1] de[D] de[D] telt—1] j€[I]
S Y B (G A+ Y Bin (i), 75
de[ ]te [t—1] \!€[D]se[0,5] 7€[0,t—1] 5€[0,t—1]
“Ga@) =D D TGl | |+ DD D > G Bin (y)i~ " (C.1.#). K
le[D] s€[0,9] de[D]le[D] je[I] s€[0,5] tet—1] 7€[t,S5]
+3 36| Y B (v ELR) (14)
de[D] je[I] tet—1] 5€t,9]

The last two terms in Equation (14) are independent on the order demand over the decision peri-
ods. Hence, we have G0 (Efe[tfl] Zre [£,5] Bin (yjlz; t+1(<7 l7 S)’ h;;)) = ZEE[S] yglzfi(év l7 S)Tiztl( )
where T;’fd(:c) = flog (1 + 2 el 1A —E11)] h;;ﬂ ' exp (2) - 1)) , and similarly, we have

Gy (Zt—e[t_l] de[m] Bin (yjlzfl t“(&'),hz;i)) Zte (5] yﬂd( )T;fd( ). The first term in Equation

(14) can be reformulated as follows:

- Z Z :&:J(()i + Z Z yUd C,Z,S Z _:]fifzyd

de[D] te[t-1] le[D] s€[0,9] s€[0,5]
- . ct—1t+s,s t—t+s+1,54+1 t—t+s,s s
E g Go | - E (Bm (gijl o] /O‘zjz 7ql)
le[D] te[t—1] s€[0,t—1]
. ct—t+s,s t—t+s,s t—t+s,8 ~t—t+s+7,7,8 _t—t+s,5 ;t—t+s,s
+ E E Bin (é-ijl Yigua /g )4, ) +Z it (15a)

de[D] T€(0,t—s-1]

. Ft—t+s,s t—t+s+1,5+1 t—t+s,s s
+§ E Go | — E <B1n <£z‘jl Q5 /aijl 7ql>

le[D] te[t,5+1] s€lf—t+1,7—1]

. t f+s€ t—t+s,s t—t+s,s vt t+s+7,7,8 _t—t+s,s t—t+s,s
+ E E Bin (fm Yijld /O‘Ul 4 )"‘%J‘l fijl (15b)

de[D] r€[0,i—s—1]

. Ft—t+s,s t—t+s+1,5+1 t—t+s,s s
+ g E Go | - E (Bm (fijz T /O‘m 7ql)

le[D] te[S+2,t+5-1] s€[t—t+1,9]

. Ft—t+s,s _ t—t+s,s t—t+s,s ~t—t+s+7,7,8 _t—t+s,5 ;t—t+s,s
+ E E Bin (fijl Yigua /i , 4, ) + T it (15¢)

de[D] r€[0,t—s—1]

Y Y Ye- Y Bu(cie.gTt) (154)

d,le[D] s€0,S] t€[S] TE[(t—1)A(S—T+1)]
where Equation (15d) = 7, cip) 2 ecio.5 2oie(s) & ( $)THE(—1), T (z) =
flog (1 + 2 relt—1)AG—F+1)] g (exp % ) Equatlon (15a) can be reformulated as

follows:

Z Z QIOng exp . Z <B1n (éfj—lf—i-s,sa:ﬁf—i-s+l,s+1/afﬁf+s,s’qls>

le[D] fe[t—1] s€[0,¢—1]
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3
Ft—t+s,s t—t+s,s t—1+s,s vt t+s+7,7,8 _t—t+s,s ft—t+s,s
§ ( m Yijid /aqz 14 ) +T; gijl
€[D] reo, f‘
_ . Ft—t+s,s t—t+s+1,s+1 ) t—t+s,s s

E E OlogEEp | exp 5 (Bm (fijz Qi1 /i an)

le[D] te[t—1] s€[0,t—1]
t—t+s,s t t+s,s t—t+s,s vt t+s+7,7,8 _t—t+s,5 t—1t+s,s ct—1,t—1

+ E E Bin (fm Yijid /am 14 ) +Z; §zjl fz‘jl

de[D] r€[0,t—s—1]

1 . Ft—t+s,s t—t+s+1,s $,8
Z Z OlogE: |Ep |:exp ol Z Bin <§fjlt+ ’ afﬂH 1 Jrl/ozfﬂtJr ,ql>+ Z

le[D] te[t—1] s€[0,t—2] de([D]

t,Ei—1
ct—1,t—1 d)ml

= . t—t+s,s t—t+s,s t—t+s,s vt t+s+7,7,5 _t—t+s,5 ft—t+s,s
E : Bin (62]1 Vz]ld /az]l ' 4, )—{_’:Eijl gijl +62]l 9 t—1,6—1

T€[0,t—s5—1] Q51
t,t,t—1 tttl t—1,6—1 «t,t,t—1 1,t—1,t—1 n
¢z]l > awlpl - Z Vz]ld pl (_1) _'1:1]1 ) Vie [D]7 te [t - 1]
de[D]
,£,0
z Z G t t,0 ¢z_]l
¢ Ul t—£,0
le[D]te[t—1] ijl
t,t,t—1 tttl t—1,t— lvtff—l 1,t—1,t—1 Iy
¢1]l > azglpl Z fyzjld (_1) _xul Vi € [D]7 te [t_ 1]
fd dE D]
¢tts+1
t,t,s t—t+s+1,5+1 ’L]l t t+55vtts 1,t—t+s,s
¢wl Z Qi pi | —1, t—t+s+1,5+1 +Z%ﬂd (=1) - Liji
ijl de[D]

Vie[D], t#2, te[2,t—1], s€[0,t—2]

where  pj (z,2) = 6Olog (1 +q (exp (%) — 1) +(1—q¢ —a}) (exp (5) — 1)) and p'f 2 (x) =
log (1 + e 1] gttt (exp (%) — 1)) Similarly, since %1]:[5 = 51-1;1{7”1, Equations

(15b) and (15¢) have the equivalent reformulations:

¢ttt t+1
1Lt—t+1 Fegl tt,t—t+1
Z Z gwl 1,t—t+1 Z Z ¢'le
le[D] te[t,S+1] aljl le[D]te(t,5+1]
t,t,t—1 tttl t—1,t— lvtttl 1,t—1,t1—1 T o
bz e (= Z Vigid P (1) —z;; Vie[D],telt,S+1]
de[D]
t,t,s+1
t,t, t—t+s+1,5+1 s ¢zgl t—t+ vtt 1,t—t+s,
¢ij1520%jz T ) (‘17 t i+t Q_H) + Z Yijid (= 1)_552']'1 >*
Qiji de[D]
VIie[D], t#2,tet,S+1], se[t—t+1,{—2]
¢f,t,f t+1
l tt,t—t+1
DD DI s ==l DR DR
+1 t
le[D]te[S+2,t+5-1] awl le[D]te[S+2,t+5-1]

¢ttS> t—1+5+1,5+1 S 10_{_27;;#854155( 1)_:6115 45,5 Vie[D], f€[§+2,t—|—g—1]

gl = 2]l a5l
de[D]

d)t,t,s-i-l
t,t,s t—t+s+1,5+1 s gt t—t+s,s vt t,s 1,t—t+s,s
Piji 2 iy 208 Bt M srwmrs oy ittt | T D Vi (=1) =z,

il de[D]
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Vie[D], t#2,te[S+2,t+5-2], se[t—t+1,5—1]

Then for the second term in Equation (14), we can reformulate it as follows:

o[ S X Egn > > > Bin (G hT) - Y Bin (570(€), )

de[D]tet—1] \ s€[0,5] le[D] sg[0,5] T7€[0,t—1] 5€(0,t—1]
_t—t+s,5 ft—t+s,s t—t+s,s t t+s+1,5+1 t—t+s,s t—t+s+35,5
= E E Gy E il 5jiz + E Bin (fﬂl Qi /ajil )4 hjzl )
le[D] te[t—1] s€[0,t—1] 5€[0,—s—1]

. t—t+s,s t— t+5s t t+ss vt t+.s+‘r7'5 t t+s+7’+7‘7’
+ Z Z Z Bin <§]1l fyjzld /a]zl 4 hﬂl ) (168.)

de[D] 7€[0,t—s—1] T7€[0,f—s—T—1]

z : § : § : _t—t+s,5 ft—t+s,s § : t t+sa t—t+s+1,s+1 t—t+s,s t—t+s+5,5
+ G’g xjil gjil + Bin (gjzl ]zl /ajll 1 g h]zl )

le[D] te[t,S+1] s€t—t+1,t—1] 5€[0,t—s—1]

: t t+99 t—1t+s,s t—1t+s,s vt t+s+7,7,8 t—t+s+7+71,7
+ Z Z Z Bin <£jll ]zld /a_]ll i hﬂl ) (16b)

de[D] 7€[0,t—s—1] 7€[0,f—s—7—1]

_t—t+s,8 Ft—t+s,s t—1i+s,s f t+s+1,5+1 ;) t—t+s,s t—1+5+35,5
+ E E Gy E it fjiz + E Bin (Qu Ay /ajil h]zl )

le[D] te[S+2,t+5—1] s€[t—t+1,5] 5€[0,t—s—1]

. t—t+s,s t— t+ss t t+ss vt t+s+~r-rs t t+s+T+TT
+ E : E : E : Bin <€]zl 7]21(1 /a]ll ’ l hj'll ) (160)

de[D] 7€[0,t—s—1] 7€[0,t—s—T—1]

+3 Y Y Y 3 Y Bin (gj,d(z s),q " “h;‘;”) (16d)

de[D]1e[D] s€0,5] t€[S] FE[(S—t+1)A(t—1)] T€[0,t—T—1]

SimilaYIY7 Equation (lﬁd) = Zd ZE[D 256 0 S] ZtG[S jlzctl(l S)Tzztl S( ) Where T;ztl S( ) =
0log (1 + ) (Bt A1) 2re0t—7 1] gt Sh;;l” 7 (exp (%) — 1)) Then Equation (16a),
(16b), and (16¢) can be reformulated as

t,t,0

Gg t t0¢jll

2: 2: ﬂl t—t,0
al=b

le[D] telt—1] jil
Wiz el T L0 + Y v T (W e Ve [D), feft—1]

de[D]

t,s —t+s+1,s t,s wtlt o 5,8 s 8,8 Iy T
Php > aly by (1 = tgi+1 |+ ) AR () el Yl e D]t £2,E € (2, —1],5 € [0,E— 2]

jil de[D]
t,t,t—t+1
51 t t+1 ]’Ll
§ : § : gl 1t t+1
le[D] te[t,S+1] iy
t,t,t—1 t,t tttl 2: tltltttl 1,t—1,t—1 T o
¢jll > j’Llﬂ-j’Ll ’inld ]Zl (1) + xgzl v l € [DL te [t> S + 1]
de[D]
/llz)t t s+1
t,t,s t—t+s+1,s+1 _t,t,s e 2 : t—t+s,5 ~ tt s 1,t—t+s,s
¢jil 2 ajil Trjil 1 Clt t+s+1,s+1 + ]zld j’Ll (1) +J;jil
jil de[D]

VIe[D], t#2, tet,S+1], se[t—t+1,t—2]
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5
t,t,t—t+1
Z Z fl,f—t+1 jil
Jil 1,t—t+1
le[D] te[S+2,t+5-1] Qjit
t,t,S t—t+S5+1,5+1 _t,t, S t— t+SS t,t,5 1,t—t+5,5 I a a
dj]zl > jll Trjil Z fy]zld ]zl (]‘) + gil v ! € [‘D]7 te [S+ 27t+ S - 1]
de[D]
wt t,s+1
t,t,s t—t+s+1,s+1__t,t,s _ Pgu t—t+s,s ~ t t,s 1,t—t+s,s
,l/}jll > ajil 7Tjil 17 t—t+s+1,5+1 + Z fY]lld jll (]‘) +‘T]zl
Jul de[D]
Vie[D], t#2, te[S+2,t+S5-2], se[t—t+1,5—1]
t,t, t—t+s+s .
where 745%(z,2) = Olog (1+ Soepne oy arAT (exp (2) — 1) + (1— gt —a) (exp (5) = 1)),
t—t+s+7,7,8] t—t+s+7+7,7
q hgzl (GXp (%) - 1)) :

and 7Tt i " (z) =0log (1 + Z%E[O,f—s—l] ZTE[O,E—S—%—H
Finally, we consider the reformulation of the fourth line in Equation (14), which also includes

four terms. The first, second, and third terms are reformulated as below

ttO

t t,0 zl
> 2. G| & =g
azzl

le[D] te[t—1]
t,t tt,t— 1(_170)_’_ Z ,yfzzdl,fflﬁ;sl,f,ffl(_l)

tEI—1 ,
Vi > Qg

Vie[D], te[t—1]

1], se€[0,t—2]

de[D]
I/t t,s+1
tts tt+s+1s+1 tts tt+35vtts s
Vi > Qi 7711 _1 +— t+é+1 s+1 =+ Z Yiild )v ! € [ ]’If;é 27 te [Z’t -
@il de[D]

Li—t+1
1,5— t+1sz z: 2: tht t+1

Z Z S 1,t—t+1
1€[D) Fe[t,5+1] Qi 1€[D] Felt,5+1]
vt = el + > Va1 Vie[D], telt,S+1]
de([D]

Vtterl
t,t,s t—t+s+1,s+1_tt,s ttbSvtté
V > aul et nzl _17 t—t+s+1,5+1 + Z /yzzld+ nzl ]')

a5l de[D]

Vie[D], t#2, tet,S+1], sc[t—t+1,f—2]

tt—t+1 o
1,i—t+1 sz tEE—t+1
Vit

Z Z 5”1 1,6—t+1
le[D] te[S+2,t4+5-1] i 1€[D] te[S+2,t+5—1]
Vztzt > ZzzHSH S+177¢tlt S(-1, 0) + Z ’thzl;JrS S??fzt S( 1) Vie[D], te[S+2,t+5-1]
de[D]

_ _ _ l/t t,s+1

vt Z gyt | L S | D v (1)
44l de[D]
Vie[D], t#2, te[S+2,t+5-2], se[t—t+1,5—1]

The fourth term is reformulated as >°,; c1p; 2 sci0.5 2iels] CHH1, )T (=1). where

ey =0log { 1qr (1= 0 RGN (exp (5) < 1)+ (1 —a) (exp (§) 1)

nzl
5€[0,t—s—1]
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6
=t,t,s t—T+s5+7,7,8 t—Ftstrtr,T x
() =0log [ 1 S . h (exp (%) 1)

i (2) og | 1+ ] Z q Z o ha exp (5
7€[0,t—s—1] T€[0,t—s—7T—1]

. s x

Tzit,S(‘r) _ Hlog 1+ Z qvl‘r,t+7'71,s 1_ Z h:jT T <exp (5) _ 1)
7e[(S—t+1)A(t—1)] r€[0,t—7—1]

Combining the above results, we have the reformulation of Equation (14).

For Constraint (7b), when ¢ =1, for i € [I] and d € [D], the left-hand side of equation is

2.2 |G¢ PRI MGHUD R O) R DL L

71,1,0
10¢’L]ld

ul 1,0
O(H _ _
je[lie[D] ijl Te[2,14-5] s€[0,5] t€[8] JE]
T1,t,s 1—t+s5+2,5+1 s 1—t+s+1,s <2,t,s 1,1—t+s+1,s
Gijdd = Yija P (1,0) +ijaa Py (1) + 230 (17)

Vje[ll], te[1+S], s=min{t—1,5}
GH 2 ALI ) v jell), Fe(1+8), L€ (D]/{d), s=min{f—1,5}

ijld = lijld

\

Secondly, considering t > 2, for any i € [I] and d € [D], we have:

Z Z Z i ¢, s) +gf;;(5)+gz§jd —zl, | = =z}, + Four terms (18)

jeln] \ie[D] se[o,8]

The four terms can be formulated as

Tt,t,0
t t+1,0 ¢z jld Ttt,t—t t+1,t,s
Z ZG" ijl ot i+1 o| T Z Z Pijla + Z Z Z de s) T, (1)
le[D] te(t] Ul le[D] te[t+1,t+9] le[D] s€[0,5] t€[S]

Gigia = g T (1,0) i T () b Ve i), Ee[t+ 8], s=min{t - 1,5}

G =V A1) Y jen)/{i}, te(t+5), 1€ [D])/{d}, s=min{f—1,5}
t,t,s+1
“Tt,t,s t—t+s+2,5+1 s ¢z‘jdd t—t+s+1,s «t+1,t,s 1,t—t+s+1,s
> 1, ——— 1
¢ijdd—aijd Pa\ L T irst2sm1 + Yijdd Pa ( )+xijd
ijd

Vjie[I)/{i} s€[0,S—1], t€[s+2,5+1]

, _ bé,s+1 _ _
Bt > aly e (o, ¢> e g () € 1)/ {i), s €105 — 1), 1 € [D)/{d}.Fe [+ 2,5 +1

ijld = “ijl l t—t+s5+2,5+1
ijl
d)tto
ct—t,0 Tgild Tt E—t41 1t t,t,s
E : E : G9 jzl t—t,0 +§ : E : ¢jild +§ : E E C]Zd T]zl (_ )
le[D] tet—1] Jgil le[D] telt,t+S—1] le[D] s€(0,5] t€[S]

Pl > al e B (1,0) 4l i (1) — 2l TV e [1)/{i), T [t + 5 — 1), s =min{f — 1,5}

jidd = “jid jld j’Ld jid
Giita = Vgaa Tt (1) v jel]/{i} le[D]/{d}, te[t+S~1], s=min{t 1,5}
t,t,s+1
Ttk t—t+s+1,s+1__t,t,s jid; t—t+s,s - t t,s 1,t—t+s,s
Db > o Y 1
jidd = ]zd 7Tjid B m + ’szdd _]zd (_ ) - xjid
jid

Vjie[I)/{i}, s€[0,S—1], t#2, t€[s+2,5+t—1]

/llz)t t,s+1
Tt,t,s t—t+s+1,s+1 _t,t,s jild t—t+s,5 ~ t Jt,s
¢jild 2 ajil Trjil 07 t—t+s+1,5+1 + ’7]7.ld jll (_1)

il
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Vje[I/{i}, s€[0,S—1], t#2, l€[D])/{d}, t€[s+2,s+t—1]

zzGe[waxﬁm YD IS o o BicH Lt

le[D]telt] il le[D] te[t+1,t+S] le[D] s€0,5] t€[S]
Viad” > ol (1,0) Al (1) Ve b+ 8], s=min{7— 1,5}
Zig" =g A1) v i1e[D]/{d}, telt+5S], s=min{t 1,5}
—t,t,s+1
Viai” > o T (17 ”i‘t+> Fiian (1), Vs €[0,8 1], T€[s+2,5+1]
iid

21l t—t+s+2,s+1
21l

B B B —1_£,t,5+1 ~ B _ _
P > ol TRt s (0’ ) A (1), V s €10,5 1] 1€ [D/{d}, Fels+2s+
and ZZG[D] Zje[[} Zse[O,S'] ZEE[S] yyl'éd(CalaS> ﬂl( 1)+ E;e[z Zte [S] yjzd( )Tzqii( 1), where

M (w,y) =0log | 14+q [ 1= > hipimrrss (exp(e)—l)w% Q7—ai)(eXp(%)—1)

5€[0,t—s—2]
Ct.f,s <t 1—Ftst7,7,s thl—thstrdrT Z
—flog [ 1 R h ( (*>_1>
i () = 0log | 14 > i Z il “P\y
7€[0,t—s—1] T€[0,f—5—T—2]
Vo T Fi4+7—1.5 T+T,T x
tr@=tos (14 Y g (1o Y B (e (2) 1)
Fe[(S—T+1)A(t)] TE[0t=7—1]

g

Proof of Proposition 4 Constraint Gy(R— R) <0 is equivalent to Gy(—R) < R. The reformula-

tion of Gy(—R) follows the proof of Proposition 3 and is thus omitted here, and is shown below:

£,0
T —t+1,0 wijl

2 | 2Ge LD D DD DD WY UD Rt i

zgl W
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O

Proof of Corollary 1 1t is straightforward based on proposition of the entropic measure. O

B. Extension model with cancellation fee

Our model can be extended to incorporate the cancellation fee, whereby customers are required
to pay a certain fee upon canceling their order. This cancellation fee is also counted as part of the

rental company’s revenue. Let 7/ denote the cancellation fee for an order for vehicle type d on arc

ijd
(7,7) that has been placed for 7 period at time ¢, that is canceled without substitution. Similarly,
let 7 sq be the cancellation fee for an order for vehicle type [ on arc (7, 7) that is substituted with
vehicle type d after waiting s periods since placement, that continues to wait for 7 periods at time

t and is subsequently canceled. Accordingly, the cancellation fee can be formulated as follows:

=YY (B (G- B el |+ X i Bin (8 (1s) a7 )

i,jeI]t€[T] de[D] | 7€]0,9] le[D] s€[0,5]1€[D]
(20)

Constraint (20) includes two terms that account for the cancellation fees corresponding to the
customers in the waiting lists é and f , respectively. The following proposition shows that Constraint

(20) can be reformulated as convex constraints. We omit its proof for brevity.

ProprosiTION 7. Constraint Gy (R—R—R’) <0 can be reformulated as the following set of

exponential conic constraints under the non-integral approximation.

2.2 | 2 Goft LI R DD DD DD B Uk i
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where T”ld ngld and de are defined as in the proof of Proposition 4. Denote a;""”° =

al T (1—¢/ ™" —a[**"7), and the other parameter is defined as follows:
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C. SAA model

The dynamics of the SAA model for every sample e € E is formulated as follows:

€ =N (22a)
it = (1= Bhat T | (=g — ey vs € (3], (22b)
le[D]
ijge( ,8) = @]zdgf;’ea vie [D],s€]0,9], (22¢)
yz]d ngjds 'y + 2621]2 i 9 (22d)
(A Zcfj;“ (1, 9)q; +Z<3J§ L s)ar, vie[D],s€0,85], (22¢)
.'L'l t s
e ijd s,e
l.:}d = Z i,s gztjd +T zyd (22f)
s€f0,5]  4d

Compared with our model, SAA model (22) cannot capture the dynamics of the vehicle rental
system via distributional laws, and thus employs sample realizations. For every sample e € F and

every i € [I],d € [D], the inventory 2z, and associated SAA model can be formulated as below:

t— ‘re 1,7— t+1 t,T
. y a0 R= Z Z Z Z (Z Yija wdrwd+§:ywd )hijarisa

i,jEI] t€[T] d€[ D]eE[E] =1



Meng et al.: Entropic-based robust vehicle rental revenue management with substitution and repositioning

10
120 — Real 32 3 == RO-5
~ RL 32.5{= RL
115 - RO 30 i - Real
9 30.0
g -3 ~
g 1o % 2 %ﬁ ‘%’ %, % 27.5
E 2 = 2250
218 2 + s
= 2
20.0
100
20 175
18
» 0 20 40 60 80 RO-0.003 ROS RO-45 RO85 Real RL 150 1 2 3 4
o Model Week
(a) Average of revenue (b) Quantiles of revenue (c) Weekly revenue

Figure 10 Out-of-sample revenue comparison of the RO-0, Real decision and RL algorithm
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D. Revenue comparison with benchmarks in practice

To assess practical effectiveness, we benchmark our model against real company decisions (Real)
and a reinforcement learning (RL) baseline. For the real policy, we aggregate operational data to
compute substitution proportions and repositioning volumes across stores and vehicle types. For
RL, we implement a Proximal Policy Optimization (PPO) agent with a Multi-Layer policy (MLP)
with learning rate 3 x 10~%, batch size 32, 10 epochs per update, v = 1.0, and rollout length 512,
trained for 50,000 steps to ensure convergence. Figure 10(a) shows that RO-0 models consistently
outperform both baselines under 1000 experiments using real data, especially improving revenues
by 5-15% over real decisions. Figures 10(b) and 10(c) further display that the RL policy yields
greater variability and unstable weekly performance. By contrast, RO-6 models achieve higher

medians with lower variance, and we see the RO-5 model dominates across four weeks.



