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Appendix A: Proofs of Theorems 1-3

Proof of Theorem 1 We first show the weak duality. Since V,L(z,z,u,v) = 0 for any y € Y(x)
and (z,u,v) € Fi(x), it follows from the pseudoconvexity of L(x, -, u,v) that L(z,y,u,v) > L(z, z,u,v).
Then, for u € R, y € Y(z), and (z,u,v) € Fi(x), we have

f(@y) > fz,y) +ulg(z,y) = Lz, y,u,0) > Lz, 2,u,0) = f(z,2) +u" g(z, 2).
By the arbitrariness of y € Y (z) and (z,u,v) € Fi(z), we have

min f(x,y) > max z,z) +ulg(x, 2).
yem)f( y) (w,v)eﬂ(w)f( ) 9(z, 2)

Next, we show the strong duality. Since P, satisfies the GCQ at y, € S(z), there is (ug, v;) such that
vyL(xvyiEvufb)UI) = Oa ug‘g(xvyx) - 07 uz 2 07 h(%yz) - 07
from which we have (Y, tuz,v,) € F1(z). Then, we have

min f(z,y) >  max f(z,2)+ulg(x,2) > f(2,y.) +ugg(x,92) = f(2,4a).
yeY(z) (z,u,v)eF1(x)

Since y, € S(x), the above inequalities are all equalities. Therefore, we have

min _f(2,y) = f(2,y:) = f(2,y:) +ug g(x,92) =  max  f(z,2) +ulg(,2).
yeY () (z,u,v)EF (x)

This completes the proof.

Proof of Theorem 2 We first show the weak duality. For any y € Y (z) and (z,u,v) € F;(x) (i = 2,4),

we have
ulg(z,y) + v h(z,y) — (ulg(z, 2) + vTh(z, 2)) < 0. (A1)
Since u”g(x,-) + vTh(z,-) is quasiconvex, (A.1) implies
(y — 2)T(Vg(z, 2)u + Vh(z, 2)v) <O0. (A.2)
Since V f(x, z) + Vg(z, z)u + Vh(z, z)v = 0, it follows that
(y — 2)T(Vf(z,2) + Vyg(z, 2)u + Vh(z, 2)v) = 0. (A.3)

(A.2)-(A.3) implies (y — 2)TVf(z,2) = —(y — 2)T(Vg(z,2)u + Vh(z,z)v) > 0. Since f(z,-) is
pseudoconvex, we have f(xz,y) > f(x,z). By the arbitrariness of y € Y(z) and (z,u,v) € F;(x)



(i =2,4), we have

flz,2) (i=2,4).

max
(z,u,v)EF;(x)

yg}{;)f(x Y) >

Next, we show the strong duality. Since P, satisfies the GCQ at y, € S(x), there is (uy,v,) such
that V,L(z, Y, Uz, vz) = 0, ulg(z,y,) =0, uy > 0, h(z,y,;) = 0, from which we have (y,us,v,) €
Fi(z) (i =2,4). Then, we have

fl,2) 2 f(2,9.) (i =2,4).

max
(z,u,v)EF;(x)

mm X
,in flz,y) >

Since y, € S(x), the above inequalities are all equalities. Therefore, we have

min =
yeY (z)

max
(z,u,v)€Fi(x)

f(xvy) =f(x,yz) = f(xvz) (Z 2»4)'

This completes the proof.

Proof of Theorem 3 Since the proof of this theorem is similar to Theorem 2.2 and so we omit it here.

Appendix B: Proofs of Theorems 8 and 9

For simplicity, we ignore the upper constraint (z,y) € £ throughout this appendix.

Proof of Theorem 8 (i) Note that the case of MDP has been shown in Theorem 9 of Li et al. (2024b),
while other cases of eMDP/TWDP/TMDP/eTMDP/ETMDP/eETMDP can be shown in a similar Way

KKT point of WDP, there is (¢9, ¢, Y, ,5) € R?pHati+m guch that

Vo F(2,9) + 8(Vof(2,9) = VaL(Z,2,1,9)) + VI, L(Z,2,0,9)5 + Vag(2,9)¢! + Vh(z,5)¢" = 0,B.1)
v F(f )+ 89, £(29) + V0067 + Vb )6" = 0 (B.2)
LL(%,%,u,0)B =0, (B.3)
—ag(i‘ 2)+V.og(@.2) 8- =0 (B4)
—ah(z,z) + V.h(z,2) T8 =0, (B.5)
0<a L f(z,9)— L(z,z,a,v) <0, (B.6)
0<¢9 L g(z,5) <0, 0<¢* La>0, (B.7)
V.L(Z,z,4,v) =0, h(Z,g) =0. (B.8)
Bysettingngzcg7 nh:Chvn :Cu7a:a7B:B\u&q:(af"7a)T€RP7and€h:_(a7"'ua)TE
RY, (B.1)-(B.8) can be rewritten equivalently as
Vo F(@0) + o(Vaf(2.0) = Vo f (5.9) = ¥ Veou(a el + - Vohi(, o]
+V2L(E,2,4,0)8 + Vag(2,9)0° + Vs h(fv " =0, (B.9)
P q
—avzf(.f,f) "‘szL(f»Ey 7:6, @)ﬂ - szgz(j7§)u1£zg +szhz(‘%72>vz§zh = (Bll)

=1

i=1



—diag(g1(Z,2), -+ , 9p(%, 2))67 + V.g9(2,2)" 8 — n* =0, (B.12)
diag(hi(7,2),- -+, he(7,2))" + V.h(z,2)"5 = 0, (B.13)
0<n? Lg(zy) <0, 0<n*La>0, (B.14)
V.L(z,z,u,0) =0, h(z,y)=0. ( )

By (B.6), we further have
a(f(jﬂj) - L(i’v zZ, 7-_"71_))) = a(f(‘i'vg) - f((f,,?)) - a(ﬂTg(:ﬁ 2) + ’l_}Th«Z'v 2)) =0.

Since (Z, 7, z, 4, v) is feasible to eMDP, we have f(Z,y) — f(Z,2) <0, wog(Z,z) >0, and o h(Z,Z) =0,
which implies

Ogaj_f(a‘:,gj)—f(f,f)g(), (B16)
0<aLalg(z,z)>0 (B.17)

by the nonnegativity of . Moreover, it is easy to verify that (B.17) is equal to

0<¢ Lauog(z,z) >0 (B.18)

Thus, (B.9)-(B.15) and (B.16)-(B.18) mean that (Z,9, z, 4, v) is a KKT point of eMDP.
(ii) We take the case of eMDP as an example since the other four cases TMDP/eTMDP/

+V2,L(2, 2,1, 0)B + Vog(2,5)¢ + Voh(z,5)C" =0, (B.19)
VyF(Z,9) +aVy, f(%,9) + Vyg(Z,§)¢7 + Vyh(z, 5)¢" =0, (B.20)
—aV.f(Z,7) — 7(V.g(Z, 2)u + V.h(Z,2)0) + V2, L(Z, ,1,7) = 0, (B.21)
~39(,2) + Vyg(7,2) "B - ¢" =0, (B.22)
—Ah(%,2) + V.h(z,2) 7B =0, (B.23)
0<al f(z,y) - f(z,2) <0, (B.24)
0<7 Lalg(z z)+0"h(z,2) >0, (B.25)
0<¢9 Lg(z,y)<0,0<¢*La>0, (B.26)
V.L(%,%,4,7) = 0, h(Z,5) =0 (B.27)

By lettlng 77g = Cg7 77h = Ch’ 77“ = Cu’ a = &7 ﬂ = 37 gg = (:Y\a 7§)T S RP’ and gh = _($7 aa)T S
RY, (B.19)-(B.27) are equivalent to
p q
VmF(j>g) + a(wa(a’s,y) - va:f(-f7 2)) - Z vwgi(i'a 2)’[‘%5? + Z vwhi(i‘>2)6i§£b
=1 =1
+V2,L(Z, 2,0,0)8 + Vaog(Z,g)n° + Vo h(Z,5)0" = 0, (B.28)

V,F(Z,9) +aV,f(z,9) + V,9(Z,9)n? + V,h(z,5)n" =0, (B.29)

p q
—aV.f(%,2) + VI, L(Z,2,0,0)8 - Y V.g:(T, 2wl + > _ Vohi(Z,2)vill =0,  (B.30)

i=1 =1



—diag(91(7,2), -+, 9p(7, 2))&7 + V.g(2,2)" B — 0" = 0, (B.31)

diag(h1(Z, 2), -, he(T, 2))E" + V.h(Z,2)" 8 =0, (B.32)

0<al f(z,9)— f(z,2) <0, (B.33)

0<n9 Lg(z,y) <0,0<n* Lu>0, ( )

V.L(Z,z,4,0) =0, h(Z,7) =0. ( )
By (B.25), we have 0 <74 L u%g(z,2) + vTh(z,2) > 0. Since (7,7, z, 4, v) is feasible to eMDP, we have
h(z,z) = 0, which implies

0<¢ Lauog(z,z)>0. (B.36)

(B.28)-(B.36) mean that (Z, 7, z, 4, v) is a KKT point of eMDP.
(iii) This result is almost the same to (ii) and so we omit its proof here.
(iv) This result is almost the same to (ii) and so we omit its proof here.

Proof of Theorem 9 For a feasible point (Z,¥,u,v) of MPCC, we define the following index sets:
IO+ = {Z : gz(jag) = Oa u; > O}a I—O = {7’ : gz(f7y) < 07 Uy = 0}7 IOO = {Z : gz(iay) = Oa Ui = 0}

Recall that (Z,7,,0) is strongly stationary to MPCC if there is (A9, A", X%, A\F) € R2PFT4+™ guch that

Vo F(2,9) + Vo, L(Z, 5, 0, 0)A" + Vag(Z, 5N + Voh(z, 7)A" =0, (B.37)
VyF(Z,9) + V3, L(Z, 5,8, 0)A" + V,g(Z, )M + V,h(zZ, 5)A" = 0, (B.38)
Vy9(z,9)TAF — A" =0, (B.39)
V,h(z,5) A =0, (B.40)
V,L(Z,5,u,9) =0, g(Z,9) <0, >0, h(z,y) =0, (B.41)
N =0, i€cly, (B.42)
MN=0, i€y, (B.43)
A >0, A >0, i€ I (B.44)

Note that the cases of WDP and MDP have been shown in Theorem 4.2 of Li et al. (2023) and Theorem
10 of Li et al. (2024b), respectively. Actually, the other cases of eMDP/TWDP/TMDP/eTMDP/
ETMDP/eETMDP can be shown in a similar way. For completeness, we give a proof for the case of eMDP

R3P+2¢+1+m gych that

p q

V. F(,9) + Vi, L(Z,5,4,0)8 + 3. Vagi(@ 7)(nf —uwd) + 3. Vahi(z, 7)(nl +v:£M) =0, (B.45)

VyF(Z,9) + aVy f(Z,9) + Vyg(Z,§)n° + Vyh(Z,5)n" = 0, (B.46)

—aV, f(Z,7) + Vo, L(Z,7,1,)8 — i Vi (Z, §)u:&d + i V., hi(z,g)vi€l =0, (B.47)
=1 i=1

—diag(g1(Z,9),- -, 9p(%, )67 + Vyg(z,9)" B —n* =0, (B.48)

diag(hy (Z,9), -+ , he(2,9)E" + V,h(2,5)" B =0, (B.49)



0<n? Lg(zy) <0, (B.50)
o<y La>0, (B.51)
V.L(Z,y,u,0v) =0, h(Z,5) =0. (B.52)

Adding (B.46) and (B.47) together yields
P q
VyF (@, y) + Vi, L(z,,u,0)8 + 2 Vygi(@, ) () — wEl) + 3 Vyhi(a, 7} +v:€l) =0.  (B.53)
Set M =n9 —wol9, N =nh+ooh N\ =n"+¢90g(z,7), and \X = 3. We obtain (B.37)-(B.41) from

(B.45) and (B.48)-(B.53) immediately. Next, we show (B.42)-(B.44).

e If i € I_y, which means ¢;(Z,y) < 0 and 4; = 0, we have n{ = 0 by (B.50) and hence \/ =
n? — w;&) = 0. Namely, (B.42) holds.

o If i € Iy, which means ¢;(Z,5) = 0 and 4; > 0, we have n¥* = 0 by (B.51) and hence \} =
nt + & g;(z,y) = 0. Namely, (B.43) holds.

e If i € Iy, which means ¢;(Z,y) = 4; = 0, we have XY =7/ > 0 and A = n¥* > 0 by (B.50) and
(B.51) respectively. Namely, (B.44) holds.

This completes the proof.

Appendix C: Proof of Theorem 11

We only show the case of TWDP(t) because the cases of TMDP(¢)/eTMDP(¢)/ETMDP(t)/eETMDP(t)
can be shown in a similar way. For simplicity, we take the upper constraint (x,y) € Q away from
TWDP(¢). In addition, we denote

w=(Z,y,2,u,0), wk = (xk,yk,zk,uk,vk), w=(x,y, z,u,v),

FO(w :F(xay)7 GO(w):f(xvy)ff(maz)fuTg(xaz)v
gi(z,y) 1 <i<p), Gi(w)=—-uip (p+1<i<2p), Hi(w)=hi(z,y) (1<i<q),
Hi(w) = hi—¢(2,2) (¢ +1<i<2q), Hi(w)=V._, Lx,z,uv) (2¢+1<i<2¢+m).

Then, TWDP and TWDP(¢)) become

min Fy(w)
s.t Gi(w) <0 (i=0,1,---,2p), (C.1)
Hiw) =0 (i =1, 2 +m)
and
min Fo(w)
s.t. Go(w) < ty, (C.2)

Gi(w)<0(i=1,---,2p), Hi(w)=0(@G=1,---,2¢+m).

Obviously, w is a feasible point of TWDP and, without loss of generality, we may assume that the whole

sequence {wk} converges to w. Since w* is a KKT point of (C.2), it follows from Lemma A.1 in Steffensen



and Ulbrich (2010) that there exists (A§, \F, u*) € R x R?PT! x RI*™ such that

V Fy(w®) + NV Go(w) + VG (w*)NF + VH (w*)pF = 0,
G(wH)T k=0, A\ >0,

and the gradients
{VGi(w") : \F > 0,0 <i<2p} U{VH;w") : uF # 0} (C.4)
are linearly independent. To show that w is a KKT point of (C.1), it is sufficient to show the boundedness

of the sequence {\E, \¥, ¥}

Assume by contradiction that {\5, A\¥, ¥} is unbounded. Taking a subsequence if necessary, we may

assume
(G A EE)
lim ————— = (A\j, \", "). (C.5)
K=o [[(AG, ¥, k)| ’
In particular, for every k sufficiently large, we have
MN>0 = MN>0, ur#£0 = pf#£o. (C.6)

Dividing by [|(AE, A¥, )| in (C.3) and taking a limit, we have

AN VGo(w) + > NIVG(w) + Y piVH;(w) =0, Aj>0. (C.7)
A;>0 py#0

Since ||(A§, A*, u*)|| =1 by (C.5), (C.7) implies that the gradients
{VG;(w) : \; > 0,0 <i<2p} U{VH;(w) : u; # 0}

are positive-linearly dependent. Since problem (C.1) satisfies the CPLD in Qi and Wei (2000) at w,
it is not difficult to see that the gradients {VG;(w) : Af > 0,0 < i < 2p} U {VH;(w) : uf # 0} are
linearly dependent in a neighborhood. This, together with (C.6), contradicts the linear independence of
the vectors in (C.4). Consequently, {\k, \*, 1/*} is bounded. This completes the proof.



