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Online Appendix for ‘“Adversarial Training-Based Deep
Imbalanced Learning”

Appendix A: Proof of Theorem 1 and Related Lemmas
A.1. Proof of Lemma 1
LEMMA 1. Let p be the probability density function of D, with support R, For o — 0, we have:
Laae =E[llz —r(2) 3]+ 0*E[| 752 | 2] + AE[f (r(2))] + o(®). (AD)

(9'r(a:) €+ o(c?). Substituting this into Lag:

Proof. By Taylor expansion, r(z +¢) =r(x) +
Luss =5 | (@) =7+ T ZET) (1)~ + ) 4 A(00) + AZEEL 2 4 ofo?)
(T (T T
=E [(T(x)T — ") (r(2) —a) + (r(2)" —2") P+ " 5D (r(2) — )

(T T (T r(x
+ " BT ¢\ f(r(2)) + ALEEL 2B | 4 o(”). (A2)

Since € and x are independent and E[e] = 0, the linear terms in € vanish:

Lass = E[r(2) — 2[3] + Ele" 22" 242 ] 4 AR[£ (r())] + o(0?). (A3)

Using the trace trick for the quadratic term e ar(z) BT(;”) e and E[ee’] = oI

ox ox ox ox

]E[GT ar(z)TaT(CD) ] Ty (]E |: Tar(z)Tar(z):|) 2]E |:|| 3T(I) H :| . (A4)

Substituting Equation (A4) into Equation (A3) yields the final result:

Laae = E[[[r(x) — 2|l3] + o E[[| %52 2] + AE[f (r(2))] + o(c®). (AS)
This completes the proof.

A.2. Proof of Theorem 1

THEOREM 1. Given:

Lase =E [|Ir(z) — z]2] + Har FAE[f (r(x))]
:/ ) [Hr(x)—x”i—&—aQ % +Af(r(x))] dz,

where p(z) is first-order differentiable, and r:R% — R® is second-order differentiable. Let r*(x) represent the

optimal AAE that minimizes L s ag, then:

ey AOf(r(x)) | ,0logp(x)
(@)= 2 87"() T

Ao® 0*f (r(z)) , dlogp(x) 8*f (r(z)) ,
2 <8xf8r(x) + oz,  0r,0r(z) ) +o(0?).

(A6)
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Proof. Let
ar(z) |I?
F@h@,uwmnuwuynwunpu>“mmx@+o2 i) +xmmmﬂ
F
represent a functional defined over the function r, where
OF
= (331,.1‘2, cee ,de) 7T(x) = (7’1(33),7“2(37), cee ,’/‘d(ﬂj)) yTay = .
We express Laag in a more concrete form:
d d d 2
Lpag = / p(x) [Z (ri(x) — 331 Z (T(x))] dz. (A7)
Rd i=1 i=1 j=1

According to the Euler-Lagrange equation, when Lag attains its minimum, r should satisfy:

d

OF 0 OF
o = 2 on, (A%
We have:
OF _ _ of (r(z))
5 =p(x) <2r(m) 24+ A o) ) (A9)
oF ., ory(z) Ory(x) org(z)]”
87",”720 P(f){ or, ' 0w, 7 ou ) (A10)
oF _o ,Op(x) [Or(x) Ory(z) ory(z) r
ar 7 al’l 5392 ’ ({9% Y axl
*ri(x) Ora(x) ?rq(z)]"
2 1
+20 p(x){ Tt (Al1)

Therefore, Equation (A8) transforms into:

ng(:) Bglz(jv) er( )9 Tl(z)

p(x) (27“( ) — 2x+A8fa£> Z : . (A12)

9p(z) Orgq(z) %rg(x)
ox; ox; + ( ) Bac?

Equation (A12) can be decomposed into d equations, and for k=1, --- ,d, we have:

p(z) (rk( )—a:,ﬁ—%agm ) zd:( o 62’; )+p(x)82;;éz)>. (A13)

Furthermore, according to the assumption that p(z) # 0, dividing both sides of Equation (A13) by p(z) yields:

re(@) —z g = om, o a2

A0 ) ¢/ dlogp(x or(z)  0%*ri(z
O _ i (o) 0ne) Ot i)

=1
It is not difficult to observe that the partial differential equation in Equation (A14) is a recursive relation con-

cerning r(z), therefore:

_NOF®) | ax (Dlogp(e) Orlz) | ru(a)
ri(@) =z = 2 Or(x) ; ( Ox; Ox; 0x? )
_ AOf(r(z)) | dlogp(z) » o 027 ()
TRy Ory(z) Z ( Ox; Ii= k)> o Ox?



Author: Adversarial Training-Based Deep Imbalanced Learning
Article submitted to INFORMS Journal on Computing 3

A (et 0 (2112

d
2 dlogp(z) 0 (Odlogp(z) Ory(z)  O*rp(x)
2
to ZZ( ox, Oz, Ox; oz ; + or?

J

AOf (r(z)) ,0logp(z) ) 4 0*ry,(x)
2 Org(x) o Oz, T ox?

o2 & <6logp(x) O f (r(x))
2 Ox;  Ox;0ry(x)

>+022p(02,x). (A15)

23 In fact, Z & T"(z) contains terms with quadratic or higher powers of o; thus, Equation (A15) can be further

24 s1mp11ﬁed To achleve this, let’s consider taking the second partial derivative of r with respect to a certain z;:

Oy ()

A f (r(z)) Lo? 0 log p(x)
axl

2 0z, 0ry,(x) 7 0x,0xy,

9 0 d 82rk(x) _é d 8logp(x) 52f(7“(x)) , ,
v 8”’“<i_1 Ox} 22_;( o, axiark(x)>+”f’(" ) | (A16)

—I(=k)—

() _APf(r(@) | .0 logp(z)
0x? 20220 (n) 0x3 0w,

2 0 %r(x) A (dlogp(x) O f (r(z)) s
+085512<i1 Ox} 22( Ox; axiam(m))+0p(g’x) ' (A

25 Substituting Equations (A16) and (A17) into Equation (A12), we have:

1=

AOf (r(z)) Lo Ologp(x)
2 8rk(x) Oxy,

Ao <03f (r(z)) | Ologp(x) O f (r(x))

2 =\ 0220r () Ox;  Ox,0ry(x)

_AOf(r(x)) Jrggalogp(x)
) ark() oxy,

RNt <03f (r()) | dlogp(z) 0*f (r(x))
0x}0ry(z) Ox;  0x;0r(x)

) +0%° (0%, 2) (A18)

> +0%n (0% ). (A19)

26 Then, we have:

__A0f(r(z)) | ,0logp(x)
rie)=z— 2 8 (x +o? Ox

17) , Ologp(z) O*f (r(x)) >
896287" (z) dr;  Ox;0r(x) > +olo).

(A20)

27 This completes the proof of Theorem 1.
2  Appendix B: Proof of Theorem 2 and Related Lemmas
29 B.1. Proof of Lemma 2

30 LEMMA 2. Based on Assumptions 2 and 3, L,(0) is L-smooth where L = Loy Lo/ 1t + Lyg, i.e., for any 0, and
31 0y, the following holds:

||VLS(91)—VL5(92)||2<L||91 92”27 (A21)
L. (61) < L. (62) + (VL. (62) .61 — 62) + —||91 Ball5 - (A22)
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Proof. According to Assumption 2, for any given ¢, and 6,, we have:

h(02,¢" (61) ,2) < h (02,67 (02),2) + (Voh (02,07 (02) ,2) , 9" (61) — ¢" (62))
~ £ e (6~ ¢ (B (A23)

This inequality holds because (V ,h (0, ¢* (62) , ), ¢* (61) — ¢* (62)) < 0. Similarly, according to Assumption 2,

we know that:

h(92a¢* (92) 7$) < h(927¢* (91) ,IU) + <V¢h (927(25* (91) ax)agb* (92) -9 (91)>
=L lé" (00) - ¢ (Ba)]l;- (A24)

Combining inequalities (A23) and (A24) yields:

plo" (61) = 6" (8:)3 < (Voh (65,67 (61) 7). ¢" (62) — 6" (61))
<(Vh (02,67 (01),2) = Voh (01,07 (01),2), 6" (02) — ¢" (61))
< |IVoh (82,97 (61),2) = Voh (61,67 (61),2)ll, |97 (62) — ¢ (1)1,
< Lo [|62 = 041, (|97 (02) — ¢ (61)], (A25)

where the second inequality holds because (V4h (01,0 (0:1),x),¢* (65) — ¢* (61)) < 0, the third uses Cauchy-

Schwarz inequality, and the last uses Assumption 1. Inequality (A25) finally becomes:

L
9™ (61) — ¢~ (92)||2§7¢9H92—91||2- (A26)

Next, we have:

[Vsh (61,97 (61) ,x) = Vh (62,07 (62) ,7)|,
S IVeh (61,07 (61),2) = Vsh (61,07 (62), 7),
T IVoh (01,07 (02) ,2) = Voh (62,07 (02) )],
< Log |97 (61) — ¢" (02)[], + Lo [|61 — 621,
< (LQZL""’ +L99> 161 — 6]l , (A27)

where the first inequality follows from the triangle inequality, the second uses Assumption 1, and the last uses

inequality (A26). Finally, by the definition of L, (6), we have:

IVL, (61) = VL. (6:)],

N+Nagv N+Naqv
Jr (& w8 v s00)

2

1 N+Nygv
S NN 2 [Veh@670),2) = Veh (6,67 (0) 2]
LysL
S ((90;@9 +L09> ||91 _922> . (A28)

This completes the proof of Lemma 2.
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422 B.2. Proof of Lemma 3

43 LEMMA 3. Under Assumptions 1 and 2, the approximate stochastic gradient §(0) satisfies:

5
9(6) —g(0)ll, SL%\/;. (A29)

44 Proof. By the triangle inequality and Assumption 1, we have:

19(0) —9(0)ll, = ‘

ﬁ >~ (Voh(6.6(0),2) — Voh(6. " (6).2))

1
<—5N'L
5 2

45 Based on the p-strong concavity in Assumption 2, we have:

2

60)=6°0)|), = Lus

60) =67 (0)]| - (A30)

h(8,6(6),z) < h(8,6"(8),2) +(V,h(8,6"(8),2), () = ¢"(8)) — gHiﬁ(@) AGIE (A31)
h(8,¢"(60),2) < h(8,9(8),2) +(V,h(8,6(8),2), 6" (6) = §(6)) — ngb*(@) — ()3 (A32)

46 Adding inequalities (A31) and (A32) yields:

ull9" (6) = S(O)13 < (Voh(8,6"(8),2) = Voh(8,6(6),2),0(8) — 6" (6)). (A33)

47 Since $(6) is a 5-approximation and ¢*(6) is the optimum, we have:

(*(0) — $(0), V4h(0,6(0),2)) <6 and  (¢(0) — ¢*(0), V,h(0,6(0),2)) <0. (A34)

4 Summing these gives (¢(0) — ¢* (0), Voh(0, ¢ (0),2) — V 3h(6, $(0), z)) < 8. Thus, we obtain ||¢* (0) — $(0)]|» <
49 +/0/p. Substituting this into inequality (A30) completes the proof.
50 B.3. Proof of Theorem 2
51 THEOREM 2. Let A=L,(6°) — mgin L,(0), and n, = n=+/A/ (T LI?) represent the step size for the outer
52 optimization in Problem (5). Based on Lemmas 2, 3, and Assumption 3, we have:

T—1 LA L3¢6

1 2
— < R —
T;_OjIE[HVLS (03] <30 Tt (A35)

53 Proof. According to Lemma 2, we have:

L
Ly (0) S L (6 + (VL (6,67 = 0) + 5 0 o'

L.

—L.(0)-n (1— '

VIVEL @+ 1.1~ L) (VL. (0.9 (0) - §0°)

+ 1 (1= Lne) (VL. (0°), VL, (0°) — g (6)) + %ﬁ 15(0%) =g (0") +9(6") = VL. ("),
<Ly (6) — 3 VL 05+ 5 136 — g (63

(1 L) (VL. (6). VL. (6) — g (0) + 22 g (6') — VL. (09

54 where the last inequality is due to Young’s inequality. Taking the expectation on both sides of the equation with

55 respect to the variable *, we have:

77tL627¢5 n L773792
2u 2

E[L. (60"") — L. (6] < — TE[IVL. (6)];] + (A36)
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The inequality relies on Assumption 3 and Lemma 3. The summation is performed over the inequalities (A36) for

t=0,1,---T — 1, resulting in:

T—1 e , T—1 77tL§¢,5 T—1 Li29?
§ : ya t 0y T 2 : 2 : t
t=0 2 : [HVLS ¥ )HQ} =F [LS -t (9 )} i t=0 2 i t=0 2 (A3
Considering that A = L, (6°) — m@in L,(6), we have:
E[L,(6°) - L. (67)] <A. (A38)

Substituting inequality (A38) and n; = \/A/ (T'LY?) into inequality (A37), we obtain:

1 ) LA L2,0
72 EIVL (093] <39y 7 + = (A39)
T~ [ 2} T I

This completes the proof of Theorem 2.
Appendix C: Detailed Experimental Setup

To ensure robust evaluation, we employ ten runs of five-fold cross-validation. In each fold, the training data is
further split into a 90% training subset and a 10% validation subset for hyperparameter optimization. The classifier
is then retrained on the complete training set using the optimal parameters and evaluated on the held-out test set.
The final results are reported as the average across all ten repetitions.

We employ a fixed DNN backbone for each dataset to control for model capacity, with architectures detailed
in Table Al. The backbone comprises a 2-3 layer feedforward network (with Batch Normalization, ReL.U, and
Dropout) and a sigmoid output. Training uses dataset-adjusted batch sizes and runs for up to 200 epochs with early
stopping (patience = 10). All imbalanced learning methods are evaluated on this standardized setup, ensuring that
observed performance gaps result exclusively from the methods themselves.

As for the learning rate 1 of ATDIL, we assume 7 = \/W to ensure convergence to a first-order station-
ary point. In practice, however, the constants L, 1, and A are generally unknown or difficult to estimate precisely.
Therefore, we do not explicitly set the learning rate according to this theoretical formula. Instead, the empirically
chosen value (1 x 1073) has been found to implicitly satisfy the theoretical stability condition, in the sense that
the training loss decreases monotonically and the gradients remain bounded throughout the optimization process.
The optimizer is uniformly set to Adam with this learning rate, which provides stable training dynamics and aligns

with the theoretical stability condition discussed in Theorem 2.

Table A1 Backbone DNN Configurations per Dataset (Fixed Across All Compared Methods)

Dataset Hidden layers (activation) Dropout Norm Batch size Learning rate
Home [64 (ReL.U), 32 (ReLL.U)] 0.1/0.1 BN 32 1x1073
LC [128 (RelLU), 64 (ReLU), 32 (ReLU)] 0.1/0.1/0.1 BN 64 1x1073
IEEE [256 (ReLU), 128 (ReL.U), 64 (ReLU)] 0.1/0.1/0.1 BN 64 1x1073
Prosper [64 (ReLU), 32 (ReLLU)] 0.1/0.1 BN 32 1x1073
Bank [128 (ReLU), 64 (ReLU), 32 (ReLU)] 0.1/0.1/0.1 BN 32 1x1073
CCFD-A [64 (ReLU), 32 (ReLU)] 0.1/0.1 BN 128 1x1073
CCFD-B [64 (ReLU), 32 (ReLLU)] 0.1/0.1 BN 128 1x1073

Notes: (i) BN denotes Batch Normalization applied before each hidden layer’s activation; (ii) The output layer uses a single

sigmoid unit for binary classification; (iii) Early stopping on validation AUROC with patience = 10, maximum epochs = 200.
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According to Algorithm 1, ATDIL requires configuring the AAE structure and parameters A, o, ¢, T. We imple-
ment AAE with four hidden layers, a squeeze-and-excitation module, and ReLU activation. Since the misclas-
sification cost ¢ has the most significant impact on performance, we fix A = 0.001, 0 = 0.01, and 7" = 100 to
demonstrate robustness without extensive tuning. The optimal ¢ is determined via a grid search on each dataset
within the range [5, 60] with a step size of 5.

The imbalanced learning methods SGAN, DFG, CEGAN, DS, GANOS and VAEOS are all based on the gen-
erative model VAE or GAN to synthesize the minority-class samples. We first determine the appropriate structure
and parameters for the generative models involved in these methods, and then determine the IR of each dataset
after resampling. Similarly, GAEOS parameters are set based on the recommendations in Zhang et al. (2022). For
FL, we conduct a grid search for the focusing parameter vy € {1, 2,3} and weighting factor « € [0.1, 1] (step 0.1).
DWRB has a single hyperparameter, the misclassification cost, which is tuned using the same strategy as ATDIL.

Appendix D: Additional Experimental Results for Section 4.4 in the Main Text

This section presents additional experimental results that are not included in Section 4.4 of the main text. The

detailed results are provided in Figure Al.
Appendix E: Additional Experimental Results for Section 4.5 in the Main Text

Table A2 presents ablation results, while Figure A2 shows that integrating ATDIL with tree-based ensembles

(XGBoost, LightGBM, and CatBoost) yields consistent gains across various imbalance ratios.
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Figure A2  Performance Comparison of Tree-Based Models and Their ATDIL-Enhanced Versions Under
Varying Imbalance Ratios

Appendix F: Additional Experimental Results for Section 4.7 in the Main Text

Figures A3-A4 provide additional experimental evidence supporting the security of our proposed approach.
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Table A2  Results of Ablation Experiments on Metrics AUROC and AUPRC
Dataset | AUROC (%) (IR) AUPRC (%) (IR)
Method\ = 0715 00 40 60 |5 10 15 20 40 60
Home
ATDIL |72.44 7543 73.92 76.04 74.70 72.09|39.05 25.79 18.84 18.95 7.65 4.01
CM-1I 71.27 7529 73.43 73.27 73.68 69.55|36.12 23.99 18.02 16.14 5.59 2.54
CM-II 71.97 72.38 72.41 72.55 71.61 70.92|37.93 25.11 1855 17.30 6.02 2.30
LC
ATDIL [95.26 94.82 95.30 96.49 95.68 94.12|80.45 68.26 62.43 60.97 48.41 38.88
CM-I 93.05 92.81 92.25 95.05 93.62 93.29(77.70 67.61 61.19 58.27 47.75 37.48
CM-II 94.46 94.65 95.18 94.79 93.21 92.87 |78.87 67.94 60.28 58.80 45.44 38.41
CIS
ATDIL [90.03 89.58 90.39 90.01 89.73 88.56|74.83 65.86 61.94 57.52 49.79 40.23
CM-1 87.11 86.78 87.26 88.62 87.68 88.35|72.04 64.90 61.62 55.29 47.24 37.26
CM-II 87.68 87.05 88.52 88.56 87.32 87.22|72.33 64.70 59.68 55.22 48.83 39.77
Prosper
ATDIL |74.61 72.32 72.62 73.69 71.78 72.89|37.20 21.37 14.94 13.18 6.67 4.45
CM-I 71.95 70.35 71.70 70.44 69.98 70.03|35.92 20.03 13.44 11.30 4.55 2.30
CM-II 72.28 68.96 70.31 71.48 70.15 70.45|34.39 19.71 13.61 12.73 5.38 4.13
Bank
ATDIL |96.82 94.67 96.28 96.83 94.43 94.94 | 89.67 80.18 83.28 75.34 61.57 65.57
CM-1 93.37 94.50 94.09 96.72 93.14 92.39|89.30 78.09 83.28 72.73 60.36 63.19
CM-II 94.11 91.63 95.37 9595 92.11 91.83|87.69 79.46 80.64 74.07 60.72 65.29
CCFD-A
ATDIL |98.18 99.11 98.41 97.40 98.31 98.04 | 95.69 94.37 93.71 92.87 91.95 89.98
CM-I 97.88 97.84 97.57 94.03 97.52 96.71|94.22 93.16 92.41 90.73 90.57 87.19
CM-II 94.88 96.04 96.90 96.58 98.25 96.79(94.73 92.09 93.04 90.06 91.64 88.37
CCFD-B
ATDIL |97.18 98.58 98.63 98.76 96.52 94.76 | 79.08 84.52 80.22 88.01 70.74 75.20
CM-1 94.48 95.59 96.38 98.14 94.21 92.69 |78.85 83.81 78.17 86.19 69.58 74.69
CM-II 96.65 95.64 95.14 95.66 95.24 94.33|77.83 81.76 79.16 85.91 70.25 73.76




