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EC.1. Miscellaneous Proofs
EC.1.1. Proof of Proposition([i|

Proof. We show that the conditional probability formulation is a transformation from the two-

dimensional formulation. First, we express the joint probability P{n, B,,} as
P{n,B,,} =pn) - p.(Bn). (EC.1)
Next, the balance equations (@) become, for m € 6, and n=0,1..., N,

p(n)pn(Bm) <)\m + um) = Z p(n - l)pn—l(Bl)Alm + Z (TL + 1)pn+1(Bl)//le- (ECZ)

1€C)_1 l€E

We note that p(n) represents the steady-state probability in the birth-death process, and is determined by

1 As—1 NN —1
:Gsl_[l(;(s))’ where G—1+ZH (s

n=1s=1 ,U,
Here, G serves as a normalization factor for the birth-death process. Applying the formula of p(n) to the

above equation (EC.2), we obtain

15 A5 —1
+ Z g (B1) .-
After canceling G and terms in the product, the equation simplifies to

( ) A(n)
Pn(Bm )‘m_'_:um Pn— B < Aim + DPn B Him -
(B Ot )= 52 g B bt 52 ety 2

By dividing both sides of this equation by \,,, + f,,,, we obtain

n A m An
Z Pn— 1 Bl ( ) : + ad E pn+1 B)L

ez, ) Am tlm  Amt lee, M(n + 1)
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We also require that the conditional probabilities sum to 1 for each layer ¢, forn=0,1,..., N,
> pu(Bn)=1.
meeCn

In the concluding step, we determine the probability distribution of steady states using the conditional

probabilities p,, (B,,). The relationship is expressed as

P{B,.} = P{w(By.), B} =p(w(By)) * Puw(Bm)(Bm)-
where we replace n = w(B,,) in Equation (EC.I) in the above equation. [J

EC.1.2. Proof of Lemmafi]

Proof.  We prove this lemma by induction. For k£ = 1, we initialize p.,(B,,) = p.'(B) = m This
ensures Y .. py'(By)=1foralln=0,1,...,N.

Assuming the statement holds for k£ — 1, we proceed with the inductive hypothesis to verify the properties
for k. Note that \,, = Y, A,y = A, which is valid for every state except when all units are busy. This is
attributed to the sum of transition rates out of state B,,, upon arrival being equal to the total system arrival
rate \. Subsequently, we derive the following results:

(i) For n =0, we have only one state, By. Using Equation (I2), we can simplify this as:

"(Bo)A= Zp (B)) )\kil(o) = )\2*1(0) Zpl H(By) puo-

ey

By utilizing Equations (I3) and (14)), we have:

)‘kil(o) k—1 1) = )\k_l(O) :pg—l (BO) )\

P (BN = Sy )

Thus, py"(By) = pi~1(By) for all 7 = 1,2, .. .. Given our assumption that the two statements are true
for k — 1, they are also valid for £ when n = 0.
(ii) Assume the statements hold for n — 1, with p"", (B,,,), A*"(n) converging to p*_,(B,,) and \*(n)

respectively. Then, using Equation (i.e., subtracting it by replacing r with r — 1) in Equation (12]),

we have:
kyr kyr—1 pEr ptr3(n)
( n (B ) by ( ) )‘+:U‘m Z pn 1 Bl )\k )\lm_ Z pn 1 Bl )\k ))\lm
1€, _ 1E€EL,, _

By the induction hypothesis, A\*(n — 1) = X because of the normalization property. We define

A]” _pn "(Bm) — pﬁr 1(Bm)v



Hua et al.: Geometrically Convergent Spatial Hypercube Queue
Article submitted to INFORMS Journal on Computing ec3

and rewrite the above equation as:

AR (A ) = Z PE_ (B | (157 () — pF7 2 (n))
le G
EY Z p]:hl(Bl))‘lm (Z /’LmAl’;:L::TL1>7
l€ECH—1 meén

where the second equality arises from Equation (I4). By applying the Triangle Inequality, and taking

absolute values on both sides, we obtain

(A+ )

k,r
An,m <

LT A, (zumwrl)

ZE%”” meEbn

Summing both sides over all m € %,,, we obtain

Z(/\Jrum)!Aﬁln!S(sz’Aﬁ%l >3 X

mESGn meEbn > meEbGn IS

Z Pra(B) Z Aim

le%’n_l me®n
N—_——
=\

<Zﬂm‘Akr 1

me%”n

= <m;numlﬁifnl> ( (n—1)>

= 3 Ot pa) [ARTT A DT AR

meeCn meeCn
Define A, =) ‘AZ:ZR ‘ Then, for all , we have
A < D (At ) |ALT,
meE&n
<Y ) [AE <A,
meEEn
<.
r—1
<3 () [ARL AT A,
meE&n s=1

Using the induction hypothesis ) ... p"~1(B,,) =1, we have

S i) [AELL € 5 i) (054 (Bo) + 957 (B)) = D,

mECn meE®€n

Atiteration k, p*~1(B,,) is fixed, and given all probabilities and transition rates before layer n at step ,
pE1(B,,) is known, so D¥! is fixed. Because A, > 0 for any s > 1, the sum Y’ A, is nondecreasing
and bounded above by D! /\. Therefore,

lim ‘A’” ‘< hmA =0,

T—00
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kr— 1(Bm)‘ converges to 0 as r approaches infinity.

and [p}" (Byn) = piy
To prove the normalization property, we revisit Equation (I2) and take the sum of both sides

> At )Pl (Bia)

meEbn
k*l (n)

=2 2 ma Azm+ > Z P B
méﬁa”nleg ( +1)

MEGn l€ECH—1

k'r‘ 1 k—1
Z pn 1 Bl Z )\lm —|— )\ n+ 1 Z pn+1 Bl Z /,le
me®n

le%ﬂﬂ_'.l

le%’ 1 meEn
=pk=1(n+1)

=\F(n—1)

= 1" (n) + A

me%n
Taking the limit of both sides of the equation, we have:
. k,r . k,r _ k,r—1
lim Y ppl”(By) + lim ; AP (Br) = lim ;ﬁ pnl" " (Byn) + A,

me%n
(B,,) converges, the first terms on both sides of the above equation are

Given our earlier proof that p*

equal. Therefore,

s k,r
Mim 3 (B

m€<(9pn

This implies

lim »  py(B

meEbn

We have thus demonstrated that these properties are valid for layer n at step k, which concludes our

proof. [

EC.1.3. Proof of Theorem[i]

Proof. By Lemmal[l] we can write Equation (12)) as
A (ORI (EC.3)

(n) )\lm
= 20 By 2 pnB) -
le€n—1 )\ _1 A +'U/7n lEgm (n+1))\ + Hom

By subtracting the value at the k-th iteration from the value at the (k + 1)-th iteration, we obtain

p(n) k+1 prn) Atm
<)\k+1(n—l) 1(Br) — )\k(n_l)l?n_l(Bz)> Nt

At (n) Hi
B) — —————pFY(B -,
+ Z ( TL+1 n+1( l) uk‘l(n+1)p"+1( l)) A+Mm

leg)

pﬁ-H(Bm) *plri(Bm) = Z

1€Cn -1
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By taking the absolute values on both sides and applying the Triangle Inequality, we obtain

k+1 k by
1B ) — p (B < Z p ) B — ptn) B lm
’p ) pn( m)‘ - W ()\k+1(n_1)pn 1( l) )\k(n—l)p"_l( l) )\+,Um

Ne(n) Nt ) Him
+ Z (anﬂ(Bz)—k_l(nman(Bl)) Mt o

I€ET H

1 pEM) prn)
=2 an <)\k+1(n_1)pn 1(By) = )\k(n_l)pnl(Bl)> Aim

1 Ne(n) AR (n)
>\+'un IG; </~Lk(n+1)p"+1(3l) (‘f‘l)anrl(Bl)) Him | -

Taking the sum on both sides, we obtain

k+1 1 M(n k41 *(n k
Z ‘p m ‘ = >\+M Z Z ()\k,lil(n(_)l)pn 1(Bl)_)\k,u(ln(_)1)pn1(Bl)> )‘lm

mESn En metn |1€6,_

1 AF(n) i AF=1(p)
+)\+M Z Z <M’“(n+1)pn+l(3l)_(—Fl)p”“(Bl)>mm'

En me%, 16, ut

According to Lemmal(I] we have:

Nt (n—1) =AM (n—1) = "1 (n) =\ (n) = \;

PN ) <Fiy 0t (0) < Ty pF () 2p o @ T ) 2
We also define:
Ay =05 (Bn) = pp " (Bm)-
Therefore, we have
1
Z ’Ak+1 < o Z Z Nn)\lm‘AkH ’_1_ Z Z Nlm‘AiH,z}
me€n Hn MEEn lEG,, — me%nle%”m —n+1
1
— | X B Y A Y *\A vl D b
H'ﬂf l€Cp—1 meE%n lecgn+1 *n“!‘l mEEn
~——
=) =
1 A
- Ak + B
A +Hn le; H IE;,hLl n+1 o
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= A"‘Hn n 1l +1,1

1€%n_1 Entl 1€6nqq
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Let My =3 e, ‘Aﬁﬂ and 7y, = Z—” Then, we have

1
Myiq, < —— (1, Myiq 1l AM i) -
k1 < ey (B Mit1m—1 + Yng1 AM e 1)

For every step k, we have:

Mo = Z !p’S(Bz) _pg_l(Bl)’ = ‘pg(Bo) —pg_l(Bo)’ =[1-1|=0,

USA
Mk,N = Z ‘p]fv(Bl) —péﬁv_l(Bl)‘ = |plfv(BQN_1) —Plfv_l(BzN—l)‘ = |1 - 1’ =0.
I€ECN
Let M, = sup,, My ,,
1
M, < — (u, M, + Y AM = M, 5 < M,
E+1,1 S )‘+Bl (,ul k41,0 T 72 k,z) )‘+H1’Y2 k2 S )\_{_le k

1 _ A fo
M, < M + 3 AM;. 3) < + M
k+1,2 S )‘+H2 (,ug k+1,1 T 73 k,3) = A"‘Hg <)\+M1% 73) Kk

1 _ A s o
M, < — M, FAAM 1) < + + M,
k41,3 > )‘+H3 (,Ug E+1,2 T Y4 k,4) > /\+H3 ()\4-,&2 </\+M1’Y2 3 Y4 k

A _ _ _
_ ( Hs Ho o+ 3 ’73+’Y4>Mk

>‘+H3 )\+g2)\+g1 >\+g2
1
M < — (u,M, + vs AM,
k+1,4_)\+ﬁ4 (M4 k+1,3 T 75 k,5)
A iy iy i i3
< + +91 |+ | M,
_)‘+H4 ()\+u3 <>\+M2>\+M1% )\—i—g;m m o ¥

A Hy M3 o oy 3 Hy
= + +7s | M.
)‘+H4 <A+M3>\+M2)\+M1% )‘+H3)‘+H2% )\—1—3374 & F

For notational convenience, we define:

M .
Ono =]l (2<a<n) and Guni =i,

We proceed by induction to show that for any n > 2,
Mii1,.0 < o M. (EC.4)
We have previously shown the case for n = 2. Assuming the formula holds for n = s, for the casen =s+1,

we have

1 _
Mk+1,s+1 < — Msiq Mk+1,s +Ys42A Mk,s+2
A —|—HS+1 —— ——

<Ps My, <My,
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A 1 < 1
N . °w N S N S S M
>‘+Hs+1 </~L3+1 <)\+M Z:¢ q T )\+HS’Y +1> +v +2> k

)‘ ﬁerl ﬁs+1
= E + o1+ Vs M
)‘+Hs+1 ()\4‘# ’YqH B )\_1_&87 +1 T Vs42 k

s q=2 Jj=q

s s+1 — —
:us+1
- Z 'Yq H + ’75+1 +’75+2 Mk
)\ + M q=2 Jj=q -1 A + Hs
:Z;ié ¢s+1,q
— ®3+1Mk.

Thus, we confirm that (EC.4) holds and is independent of k. Notice that &y = max,, ®,, < 1, where this
inequality follows from Assumption [3.1] Therefore, M), 1 < @ M, for each k because

M1y =sup Myp1, < M. (EC.5)

Moreover, based on (EC.3),
M1 < Oy My, < OYMy_y < PN M. (EC.6)

Given that &y < 1 and is independent of k,
lim My, < lim ®5 M, =0.
k—oo k— o0

Hence, for all n and £,

P (B) = ph(B)| <> [phTH(B1) = PE(BY)| = Misrn < SUp My = My
LECn

In conclusion,

lim ’pkﬂ 1) — pﬁ(Bl)} < klggo M < klggo oh M, =0.

k—o0

(B)) —pk (Bl)’ converges to 0 as k approaches infinity at a geometric rate.
Next, we show that it converges to the original hypercube solution. Suppose the algorithm converges to
Pn(Bp), with limy,_, o p¥ (B,,) = pn(Bm) # pn(By,). If the algorithm converges, there exists an M > 0 and

an infinitesimally small € > 0 such that for all m > M,

P (Bm) = Pu(Bm)| <€, and  |p]'™(Bu) = pu(Bm)| <€,

foralln=0,1,..., N and all m. By proving this and noting that p"(B,,) and p™~!(B,,) follow Equation
(EC.3), we can infer that p, (B,,) also satisfies Equation (EC.3) when e — 0. We then have both p,,(B,,)

and p,,(B,,) as solutions.
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Given that all states in our model are positive recurrent and the continuous Markov process for the
spatial queueing system is irreducible, there is a guarantee of a unique positive stationary distribution.
Thus, the steady state distribution P{n, B,,} corresponding to (d)) and (5) is unique. We have p,(B,,) =
P{n,B,,}/p(n), which is a one-to-one mapping from state joint probability P{n,B,,} to conditional
probability p,(B,,). Consequently, we have p,,(B,,) =pn(B). O

EC.2. Extended Numerical Analysis
This section provides detailed times, including both coefficient generation and computation, for St. Paul,
MN, and Greenville County, SC.

EC.2.1. Heterogeneous Case

In this section, we present the time for heterogeneous service rates for different cases, detailed in Table[EC.1]
In these instances, our CPU algorithm (i.e., Algorithm[I]) is compared with a method that solves the problem
using a sparse solver, given that both the original hypercube model and the modified model employing
alternating hyperplane methods are infeasible for heterogeneous service rates.

For each scenario, we detail the computation times for both the sparse solver and our algorithm, with the
latter emphasized in boldface. Note that NA indicates that results are omitted because the original hypercube
solution becomes computationally prohibitive for systems with more than 20 units. From the tables, we
note that the computation time for the sparse solver increases significantly as /N grows. For instance, the
sparse solver requires more than 9,000 seconds to tackle a 15-unit problem and becomes impractical for
scenarios with over 15 units. Conversely, our method is able to solve considerably larger problems efficiently.

Specifically, for the 15-unit case, our method is 2,000 times faster compared to the sparse solver.

EC.2.2. Homogeneous Case
This section evaluates the total time for cases with homogeneous service rates, using the CPU algorithm and

the alternating hyperplane method by [Larson|(1974). We find that our coefficient generation operates almost

Table EC.1 Detailed Time (s) for the Heterogeneous Case.

# Units (N)

? 11 12 13 14 15 16 17 18 19 20
01 25 1.3 233 2.0 1985 3.2 11201 6.1 90429 9.7 NA 35.2 NA 108.8 NA 265.1 NA 606.7 NA 1764.4
02 25 0.7 229 0.9 1948 1.6 10860 3.2 92263 3.5 NA 10.6 NA 53.0 NA 123.9 NA 291.9 NA 645.2
03 24 0.7 229 1.0 1944 1.9 1097.1 2.6 90120 4.1 NA 13.0 NA 63.8 NA 148.9 NA 342.1 NA 715.9
04 24 0.7 230 1.0 1934 2.0 10886 2.5 92271 4.3 NA 14.0 NA 68.2 NA 155.5 NA 356.5 NA 718.0
St. Paul 05 25 0.8 230 1.0 1939 1.9 10755 2.5 93108 4.2 NA 13.8 NA 69.7 NA 156.6 NA 360.4 NA 702.6
06 25 0.8 229 1.0 1950 1.8 10867 2.4 92762 4.1 NA 13.4 NA 65.8 NA 150.1 NA 344.5 NA 674.6
07 25 0.8 228 0.9 1941 1.7 11131 2.2 91852 3.9 NA 12.8 NA 63.7 NA 139.6 NA 327.2 NA 645.6
08 25 0.8 228 0.9 1941 1.6 1087.1 2.1 92263 3.6 NA 11.9 NA 59.4 NA 133.1 NA 310.2 NA 601.8
09 25 0.8 228 0.9 1936 1.4 10970 2.0 92466 3.4 NA 11.0 NA 53.9 NA 123.5 NA 283.4 NA 575.3
01 25 1.5 245 1.7 1773 3.2 10062 4.4 87134 8.7 NA 25.4 NA 76.4 NA 188.7 NA 575.8 NA 1152.4
02 25 0.7 235 0.8 1724 1.1 10354 1.7 91655 5.3 NA 15.4 NA 40.4 NA 100.9 NA 253.0 NA 475.4
03 24 0.8 236 1.0 1723 1.4 10243 2.0 8581.8 6.4 NA 18.8 NA 48.1 NA 121.5 NA 301.8 NA 622.0
04 24 0.9 239 1.1 1743 1.5 11927 2.1 88839 6.9 NA 20.4 NA 52.6 NA 127.7 NA 338.0 NA 674.6
Greenville 05 24 0.9 242 1.2 1756 1.6 10198 2.2 88131 7.1 NA 21.2 NA 54.2 NA 130.8 NA 345.4 NA 690.6
06 25 0.9 235 1.1 1759 1.6 10228 2.2 91843 6.9 NA 21.1 NA 54.3 NA 127.7 NA 327.9 NA 676.0
07 24 0.9 235 1.1 1757 1.5 1021.3 2.1 85214 6.9 NA 20.8 NA 52.7 NA 124.7 NA 308.4 NA 632.3
08 24 0.8 247 1.1 1723 1.4 11327 2.0 85774 6.7 NA 20.0 NA 51.1 NA 121.4 NA 293.0 NA 603.9

09 24 0.8 236 1.0 1817 1.4 13413 1.9 86197 6.2 NA 19.5 NA 49.6 NA 116.2 NA 278.0 NA 560.1
Note. Regular: computation time of the sparse solver. Bold: computation time of CPU algorithm. NA: results not included.
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twice as fast as the original TOUR method, and the computation time using our algorithm is more than 97%
faster than the computation time using the alternating hyperplane method. To make a fairer comparison, we
improved the alternating hyperplane method by using current computer methodologies. We implemented
sparse matrix manipulation while adhering to Larson’s method in the other portions of his procedure. We
then compared our algorithm with the enhanced version of Larson’s method. Our method reduces the total
time by about 50% compared to the enhanced Larson method.

In the Tables [EC.2] and [EC.3] CPU represents our method, and AH denotes the original alternating
hyperplane solution. The original version used point updating with for-loops. We also modified the original
code to enhance its speed, labeling it as MAH, which stands for the modified solution of the original
hypercube method. In this modified solution, we first convert the storage vector into a sparse matrix and then
replace the for-loops with sparse matrix multiplications. For each case, we report the times for generating the
transition rates (highlighted in boldface) and for computation. The original alternating hyperplane solution
requires a significant amount of time for systems larger than 20 units, taking over 20 minutes for the 21-unit

case and more than four hours for the 25-unit case. Therefore, we did not include these results in the table.

References
Larson RC (1974) A hypercube queuing model for facility location and redistricting in urban emergency services.

Computers & Operations Research 1(1):67-95.
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Table EC.2 Detailed Time (s) for the Homogeneous Case, St. Paul.
# Units (V)
P
11 12 13 14 15 16 17 18 19 20 21 2 23 24 25

0. 0.2 00 0.4 0.1 0.9 0.1 1.8 02 3.6 03 7.4 05 15.1 09 30.4 22 62.1 46 126.6 118 257.0 295 522.2 637 1064.0 1434 2111.5 3243 4374.1 6926
02 0.2 01 0.4 0.1 0.9 02 1.8 02 3.7 04 7.4 07 15.1 14 31.0 31 62.5 67 126.3 162 254.3 408 519.0 874 1060.8 1989 2155.2 4562 4326.9 997.2
03 0.2 0.1 0.4 0.1 0.9 02 1.8 03 3.6 04 7.4 08 15.3 17 30.4 36 62.1 79 126.3 181 255.6 451 520.4 982 1052.7 2289 2117.4 5254 4383.1 11669
04 0.2 0.1 0.4 0.1 0.9 02 1.7 03 8.6 05 7.4 09 15.3 18 30.8 39 62.1 83 126.4 184 255.9 451 519.7 983 1060.7 233.1 2143.8 5393 4366.4 12156
CPU 05 0.2 0.1 0.4 0.1 0.9 02 1.7 03 3.6 05 7.5 09 15.2 19 30.5 40 62.1 84 126.4 181 255.4 442 525.1 984 1061.1 226.1 2130.7 5238 4354.4 11876
06 0.2 0.1 0.4 0.1 0.9 02 1.7 03 3.6 04 7.4 09 15.1 18 30.6 38 61.9 81 126.7 173 255.7 425 521.9 947 1079.2 2149 2133.5 4994 4370.3 11137
07 0.2 0.1 0.4 0.1 0.9 02 1.8 02 3.6 04 7.3 08 15.2 17 30.4 36 62.9 77 126.4 166 254.9 408 513.9 881 1065.7 203.0 2132.3 4655 4260.4 10403
08 0.2 0.1 0.4 0.1 0.9 02 1.7 02 3.6 04 7.4 07 15.3 16 31.0 33 62.0 72 125.5 154 257.3 382 503.4 834 1065.8 1915 2086.9 4315 4386.2 941.7
09 0.2 0.1 0.4 0.1 0.9 02 1.7 02 3.7 04 7.4 07 15.1 15 30.6 32 62.0 68 126.4 147 256.8 353 521.8 783 1067.9 1794 2112.3 4069 4251.2 9055
0.1 0.5 02 1.0 0.7 2.1 1.7 4.2 39 8.4 86 16.6 200 32.5 440 65.7 936 133.6 2152 267.6 5109 NA NA NA NA NA NA NA NA NA NA
02 0.5 03 1.0 08 2.1 23 4.2 51 8.2 11.3 16.6 269 32.6 594 65.8 1234 133.7 2817 269.2 6661 NA NA NA NA NA NA NA NA NA NA
03 0.5 03 1.0 09 2.1 2.5 4.2 56 8.3 130 16.2 307 32.5 69.1 65.9 143.6 133.1 319.1 269.2 7263 NA NA NA NA NA NA NA NA NA NA
04 0.5 03 1.0 09 2.1 2.6 4.2 56 8.4 129 16.3 324 32.6 728 65.8 1481 134.6 3376 268.5 7270 NA NA NA NA NA NA NA NA NA NA
AH 05 0.5 04 1.0 09 2.1 2.6 4.2 54 8.4 128 16.3 317 32.6 708 65.7 148.1 132.8 3270 269.4 7121 NA NA NA NA NA NA NA NA NA NA
06 0.5 03 1.0 0.8 2.1 2.5 4.3 53 8.4 122 16.4 294 32.5 664 65.9 1372 133.3 3161 268.1 6637 NA NA NA NA NA NA NA NA NA NA
07 0.5 03 1.0 08 2.1 23 4.2 50 8.4 114 16.3 279 32.1 623 66.0 130.6 133.7 2889 269.2 6094 NA NA NA NA NA NA NA NA NA NA
08 0.5 03 1.0 0.7 2.1 2.1 4.2 46 8.5 104 16.5 254 32.5 569 66.1 1214 133.7 2606 268.8 5726 NA NA NA NA NA NA NA NA NA NA
09 0.5 03 1.0 0.7 2.1 2.0 4.3 42 8.4 97 16.5 23.1 32.4 520 65.9 110.6 132.5 2455 263.7 5362 NA NA NA NA NA NA NA NA NA NA
0.1 0.5 00 1.0 00 2.1 0.1 4.3 0.1 8.4 03 16.6 07 32.4 14 66.9 29 133.8 63 262.3 140 535.5 302 1075.0 602 2107.0 1465 4271.5 3008 8456.6 725.9
02 0.5 00 1.0 00 2.1 0.1 4.2 02 8.4 03 16.5 07 32.6 15 66.6 36 133.6 75 263.3 170 533.0 327 1070.6 747 2105.0 177.2 4246.7 373.6 8554.4 857.0
03 0.5 00 1.0 00 2.1 0.1 4.2 02 8.3 03 16.5 07 32.2 16 66.5 40 133.7 81 262.0 180 531.8 365 1072.3 83.1 2111.5 1884 4233.8 4158 8460.6 931.1
04 0.5 00 1.0 00 2.1 0.1 4.2 02 8.4 03 16.5 08 32.5 17 66.7 42 133.8 84 264.2 181 534.0 37.5 1070.5 853 2116.7 189.6 4245.9 4264 8477.9 967.6
MAH 05 0.5 00 1.0 0.0 2.1 0.1 4.2 02 8.4 03 16.5 08 32.7 17 66.3 41 134.7 83 264.9 179 530.6 374 1080.4 846 2121.2 187.1 4242.7 4232 8451.6 9579
06 0.5 00 1.0 0.0 2.1 0.1 4.2 02 8.3 03 16.4 07 32.9 16 66.4 39 134.3 81 263.1 169 527.1 361 1077.2 79.8 2101.1 181.1 4200.3 403.1 8520.9 903.6
07 0.5 00 1.0 0.0 2.1 0.1 4.3 02 8.3 03 16.4 07 32.8 15 67.1 38 134.0 76 262.9 161 526.1 339 1075.1 763 2118.9 172.6 4216.5 389.7 8497.2 863.9
08 0.5 00 1.0 00 2.1 0.1 4.3 0.1 8.3 03 16.4 07 32.8 14 66.4 36 134.4 72 263.7 153 526.7 324 1077.9 723 2092.2 161.6 4196.4 367.1 8490.5 819.0
09 0.5 00 1.0 0.0 2.1 0.1 4.2 0.1 8.4 03 16.4 0.6 32.8 14 66.5 34 134.7 70 264.3 147 527.1 312 1080.7 69.6 2112.5 153.1 4230.6 3443 8481.0 788.0
Note. Bold: coefficient generation time. Regular: computation time. NA: results not included. CPU: our algorithm. AH: alternating hyperplane algorithm.

MAH: modified alternating hyperplane algorithm.
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Table EC.3 Detailed Time (s) for the Homogeneous Case, Greenville County.
# Units (V)
P
11 12 13 14 15 16 17 18 19 20 21 2 23 24 25

0.1 0.3 0.1 0.6 0.1 1.2 0.1 2.4 0.1 4.8 02 9.7 03 20.1 0.7 40.5 15 82.7 36 166.4 89 339.4 199 687.5 437 1405.0 108.7 2859.1 246.1 5690.8 526.1
02 0.3 0.1 0.6 0.1 1.2 0.1 2.4 02 4.9 03 9.9 05 20.0 1.0 40.5 22 82.4 54 166.8 134 336.4 284 689.3 635 1382.9 1563 2802.2 370.9 5687.1 7922
03 0.3 0.1 0.6 0.1 1.2 0.1 2.4 02 4.8 03 9.9 06 20.1 12 40.7 27 82.0 66 166.3 162 335.1 353 688.0 780 1406.6 1830 2823.4 463.5 5725.9 982.8
04 0.3 01 0.6 0.1 1.2 02 2.4 02 4.9 04 9.9 06 20.1 13 40.8 30 82.5 72 164.8 183 336.4 395 683.2 853 1400.9 202.8 2789.1 5225 5723.8 11054
CPU 05 0.3 0.1 0.6 0.1 1.2 02 2.4 02 4.9 04 9.9 07 20.1 14 40.6 3.1 82.6 76 166.7 191 336.3 412 686.3 90.7 1397.4 2068 2825.7 541.9 5733.1 11652
06 0.3 0.1 0.6 0.1 1.2 02 2.4 02 4.9 04 9.9 07 20.0 14 40.5 3.1 82.2 74 166.2 187 338.0 412 683.4 89.0 1412.1 2112 2812.2 5339 5673.4 11493
07 0.3 0.1 0.6 0.1 1.2 02 2.4 02 4.8 04 10.0 0.6 20.0 13 40.4 30 82.1 7.1 166.6 179 334.7 395 686.8 872 1407.4 202.8 2840.0 4998 5650.6 1080.4
08 0.3 0.1 0.6 0.1 1.2 0.1 2.4 02 4.9 04 9.9 06 20.1 13 40.3 29 82.0 69 166.5 17.1 336.9 369 692.2 817 1408.4 191.1 2784.5 463.6 5712.9 1009.8
09 0.3 0.1 0.6 0.1 1.2 0.1 2.4 02 4.8 03 9.8 06 20.0 12 40.7 28 82.6 66 166.8 163 335.5 352 679.1 78.1 1403.4 1805 2814.8 430.5 5831.0 9375
0.1 0.6 03 1.3 07 2.5 1.6 5.3 38 10.7 85 21.5 189 42.9 408 86.5 900 171.1 2172 354.5 4832 NA NA NA NA NA NA NA NA NA NA
02 0.6 04 1.3 08 2.6 2.1 5.4 49 10.3 109 21.4 230 43.3 527 86.6 119.1 173.0 2918 353.4 6581 NA NA NA NA NA NA NA NA NA NA
03 0.7 05 1.3 1.0 2.5 24 5.1 51 10.5 11.6 21.2 258 42.8 609 88.6 138.0 172.6 337.7 356.0 748.1 NA NA NA NA NA NA NA NA NA NA
04 0.6 05 1.3 1.0 2.6 24 5.5 59 10.6 132 21.7 28.5 43.1 653 87.6 1468 172.8 3573 350.8 7883 NA NA NA NA NA NA NA NA NA NA
AH 05 0.6 05 1.3 1.0 2.6 2.6 5.2 56 10.2 12.5 21.5 28.3 43.3 655 86.9 1410 172.7 361.8 350.3 8140 NA NA NA NA NA NA NA NA NA NA
06 0.6 05 1.2 1.0 2.6 2.5 5.3 54 10.5 11.6 21.0 269 43.8 629 85.5 1132 178.7 3568 350.4 7672 NA NA NA NA NA NA NA NA NA NA
0.7 0.6 04 1.3 09 2.6 20 5.2 52 10.8 12.0 21.5 257 42.9 59.1 75.5 1149 175.3 3322 351.6 730.6 NA NA NA NA NA NA NA NA NA NA
08 0.7 04 1.2 08 2.5 2.2 5.4 50 10.1 108 21.6 255 43.2 55.5 83.1 121.7 172.5 296.1 355.7 6868 NA NA NA NA NA NA NA NA NA NA
09 0.6 04 1.1 09 2.6 2.1 4.9 47 10.6 109 21.0 237 42.7 537 85.4 114.1 172.9 2783 350.9 5704 NA NA NA NA NA NA NA NA NA NA
0.1 0.6 00 1.3 00 2.5 0.1 5.1 0.1 10.2 03 20.6 0.6 41.7 12 84.1 26 168.4 58 341.7 122 684.7 27.3 1409.3 584 2648.4 1266 5243.0 317.3 12649.3 778.0
0.2 0.6 0.0 1.2 00 2.5 0.1 5.1 0.1 10.3 0.3 20.7 0.6 41.8 1.2 84.5 3.1 168.1 6.7 341.0 148 688.3 325 1411.9 71.2 2651.7 1539 5264.2 386.7 12561.3 903.0
03 0.6 00 1.2 00 2.5 0.1 5.1 0.1 10.2 03 20.5 06 41.8 14 84.3 34 168.1 74 340.8 163 686.4 355 1418.6 77.7 2649.1 1692 5225.6 421.6 12571.4 9933
04 0.6 00 1.3 00 2.5 0.1 5.1 0.1 10.2 03 21.0 0.6 41.7 14 84.1 35 167.9 78 340.8 17.1 685.1 367 1418.5 80.8 2656.6 1782 5339.2 438.6 12494.7 1047.8
MAH 05 0.6 0.0 1.3 0.0 2.5 0.1 5.1 0.1 10.2 03 20.7 06 41.6 14 84.3 35 168.2 7.8 340.9 174 686.8 367 1417.5 80.8 2636.6 1 1 5260.8 438.5 12527.6 1047.6
0.6 0.6 00 1.3 00 2.5 0.1 5.1 0.1 10.2 03 20.5 0.6 42.0 14 84.5 34 168.0 7.6 842.5 169 687.4 355 1415.7 78.5 2643.4 1779 5272.8 4234 12547.9 1017.7
07 0.6 00 1.3 00 2.5 0.1 5.1 0.1 10.2 03 20.6 06 41.7 13 84.5 33 168.3 73 342.9 163 686.3 342 1418.4 75.7 2647.9 1704 5262.0 4082 12553.3 982.0
08 0.6 00 1.3 0.0 2.5 0.1 5.1 0.1 10.2 03 20.7 06 41.8 13 85.4 32 167.9 69 342.6 154 686.3 323 1414.9 717 2647.9 1638 5258.7 3850 12681.9 929.6
09 0.6 00 1.3 00 2.5 0.1 5.1 0.1 10.2 03 20.7 0.6 41.5 12 84.3 3.1 168.5 66 343.5 146 685.3 310 1419.6 67.6 2643.7 157.1 5258.4 369.5 12516.2 877.3
Note. Bold: coefficient generation time. Regular: computation time. NA: results not included. CPU: our algorithm. AH: alternating hyperplane algorithm.

MAH: modified alternating hyperplane algorithm.
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