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EC.1. Miscellaneous Proofs
EC.1.1. Proof of Proposition 1

Proof. We show that the conditional probability formulation is a transformation from the two-

dimensional formulation. First, we express the joint probability P{n,Bm} as

P{n,Bm}= p(n) · pn(Bm). (EC.1)

Next, the balance equations (4) become, form∈Cn and n= 0,1 . . . ,N ,

p(n)pn(Bm) (λm +µm) =
∑

l∈Cn−1

p(n− 1)pn−1(Bl)λlm +
∑

l∈Cmn+1

p(n+ 1)pn+1(Bl)µlm. (EC.2)

We note that p(n) represents the steady-state probability in the birth-death process, and is determined by

p(n) =
1

G

n∏
s=1

λ(s− 1)

µ(s)
, where G= 1 +

N∑
n=1

n∏
s=1

λ(s− 1)

µ(s)
.

Here, G serves as a normalization factor for the birth-death process. Applying the formula of p(n) to the

above equation (EC.2), we obtain

1

G

n∏
s=1

λ(s− 1)

µ(s)
pn(Bm) (λm +µm) =

∑
l∈Cn−1

1

G

n−1∏
s=1

λ(s− 1)

µ(s)
pn−1(Bl)λlm

+
∑

l∈Cmn+1

1

G

n+1∏
s=1

λ(s− 1)

µ(s)
pn+1(Bl)µlm.

After canceling G and terms in the product, the equation simplifies to

pn(Bm) (λm +µm) =
∑

l∈Cn−1

pn−1(Bl)
µ(n)

λ(n− 1)
λlm +

∑
l∈Cmn+1

pn+1(Bl)
λ(n)

µ(n+ 1)
µlm.

By dividing both sides of this equation by λm +µm, we obtain

pn(Bm) =
∑

l∈Cn−1

pn−1(Bl)
µ(n)

λ(n− 1)

λlm
λm +µm

+
µlm

λm +µm

∑
l∈Cmn+1

pn+1(Bl)
λ(n)

µ(n+ 1)
.

ec1
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We also require that the conditional probabilities sum to 1 for each layer Cn, for n= 0,1, . . . ,N ,

∑
m∈Cn

pn(Bm) = 1.

In the concluding step, we determine the probability distribution of steady states using the conditional

probabilities pn(Bm). The relationship is expressed as

P{Bm}= P{w(Bm),Bm}= p(w(Bm)) · pw(Bm)(Bm).

where we replace n=w(Bm) in Equation (EC.1) in the above equation. �

EC.1.2. Proof of Lemma 1

Proof. We prove this lemma by induction. For k = 1, we initialize p1
n(Bm) = p1,1

n (Bm) = 1

(Nn)
. This

ensures
∑

m∈Cn
p1,1
n (Bm) = 1 for all n= 0,1, . . . ,N .

Assuming the statement holds for k−1, we proceed with the inductive hypothesis to verify the properties

for k. Note that λm =
∑

l λml = λ, which is valid for every state except when all units are busy. This is

attributed to the sum of transition rates out of state Bm upon arrival being equal to the total system arrival

rate λ. Subsequently, we derive the following results:

(i) For n= 0, we have only one state, B0. Using Equation (12), we can simplify this as:

pk,r0 (B0)λ=
∑
l∈C1

pk−1
1 (Bl)

λk−1(0)

µk−1(1)
µl0 =

λk−1(0)

µk−1(1)

∑
l∈C1

pk−1
1 (Bl)µl0.

By utilizing Equations (13) and (14), we have:

pk,r0 (B0)λ=
λk−1(0)

µk−1(1)
µk−1(1) = λk−1(0) = pk−1

0 (B0)λ.

Thus, pk,r0 (B0) = pk−1
0 (B0) for all r= 1,2, . . .. Given our assumption that the two statements are true

for k− 1, they are also valid for k when n= 0.

(ii) Assume the statements hold for n− 1, with pk,rn−1(Bm), λk,r(n) converging to pkn−1(Bm) and λk(n)

respectively. Then, using Equation (12) (i.e., subtracting it by replacing r with r−1) in Equation (12),

we have:

(
pk,rn (Bm)− pk,r−1

n (Bm)
)

(λ+µm) =
∑

l∈Cn−1

pkn−1(Bl)
µk,r−1(n)

λk(n− 1)
λlm−

∑
l∈Cn−1

pkn−1(Bl)
µk,r−2(n)

λk(n− 1)
λlm.

By the induction hypothesis, λk(n− 1) = λ because of the normalization property. We define

∆k,r
n,m = pk,rn (Bm)− pk,r−1

n (Bm),
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and rewrite the above equation as:

∆k,r
n,m (λ+µm) =

 1

λ

∑
l∈Cn−1

pkn−1(Bl)λlm

(µk,r−1(n)−µk,r−2(n)
)

=

 1

λ

∑
l∈Cn−1

pkn−1(Bl)λlm

(∑
m∈Cn

µm∆k,r−1
n,m

)
,

where the second equality arises from Equation (14). By applying the Triangle Inequality, and taking

absolute values on both sides, we obtain

(λ+µm)
∣∣∆k,r

n,m

∣∣≤
 1

λ

∑
l∈Cn−1

pkn−1(Bl)λlm

(∑
m∈Cn

µm
∣∣∆k,r−1

n,m

∣∣) .
Summing both sides over allm∈Cn, we obtain∑

m∈Cn

(λ+µm)
∣∣∆k,r

n,m

∣∣ ≤ (∑
m∈Cn

µm
∣∣∆k,r−1

n,m

∣∣) ∑
m∈Cn

 1

λ

∑
l∈Cn−1

pkn−1(Bl)λlm



=

(∑
m∈Cn

µm
∣∣∆k,r−1

n,m

∣∣)
 1

λ

∑
l∈Cn−1

pkn−1(Bl)
∑
m∈Cn

λlm︸ ︷︷ ︸
=λ


=

(∑
m∈Cn

µm
∣∣∆k,r−1

n,m

∣∣)( 1

λ
λk(n− 1)

)
=
∑
m∈Cn

(λ+µm)
∣∣∆k,r−1

n,m

∣∣−λ ∑
m∈Cn

∣∣∆k,r−1
n,m

∣∣ .
Define Ar =

∑
m∈Cn

∣∣∆k,r
n,m

∣∣. Then, for all r, we have
Ar <

∑
m∈Cn

(λ+µm)
∣∣∆k,r

n,m

∣∣
≤
∑
m∈Cn

(λ+µm)
∣∣∆k,r−1

n,m

∣∣−λAr−1

≤ . . .

≤
∑
m∈Cn

(λ+µm)
∣∣∆k,1

n,m

∣∣−λ r−1∑
s=1

As.

Using the induction hypothesis
∑

m∈Cn
pk−1
n (Bm) = 1, we have∑

m∈Cn

(λ+µm)
∣∣∆k,1

n,m

∣∣≤ ∑
m∈Cn

(λ+µm)
(
pk,1n (Bm) + pk−1

n (Bm)
)

=Dk,1
n .

At iteration k, pk−1
n (Bm) is fixed, and given all probabilities and transition rates before layer n at step k,

pk,1n (Bm) is known, soDk,1
n is fixed. BecauseAs ≥ 0 for any s≥ 1, the sum

∑r−1

s=1As is nondecreasing

and bounded above by Dk,1
n /λ. Therefore,

lim
r→∞

∣∣∆k,r
n,m

∣∣≤ lim
r→∞

Ar = 0,
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and
∣∣pk,rn (Bm)− pk,r−1

n (Bm)
∣∣ converges to 0 as r approaches infinity.

To prove the normalization property, we revisit Equation (12) and take the sum of both sides:∑
m∈Cn

(λ+µm)pk,rn (Bm)

=
∑
m∈Cn

∑
l∈Cn−1

pkn−1(Bl)
µk,r−1(n)

λk(n− 1)
λlm +

∑
m∈Cn

∑
l∈Cmn+1

pk−1
n+1(Bl)

λk−1(n)

µk−1(n+ 1)
µlm

=


µk,r−1(n)

λk(n− 1)

∑
l∈Cn−1

pkn−1(Bl)
∑
m∈Cn

λlm︸ ︷︷ ︸
=λk(n−1)

+


λk−1(n)

µk−1(n+ 1)

∑
l∈Cn+1

pk−1
n+1(Bl)

∑
m∈Cn

µlm︸ ︷︷ ︸
=µk−1(n+1)


= µk,r−1(n) +λ

=
∑
m∈Cn

µmp
k,r−1
n (Bm) +λ.

Taking the limit of both sides of the equation, we have:

lim
r→∞

∑
m∈Cn

µmp
k,r
n (Bm) + lim

r→∞

∑
m∈Cn

λpk,rn (Bm) = lim
r→∞

∑
m∈Cn

µmp
k,r−1
n (Bm) +λ.

Given our earlier proof that pk,rn (Bm) converges, the first terms on both sides of the above equation are

equal. Therefore,

λ lim
r→∞

∑
m∈Cn

pk,rn (Bm) = λ.

This implies

lim
r→∞

∑
m∈Cn

pk,rn (Bm) = 1.

We have thus demonstrated that these properties are valid for layer n at step k, which concludes our

proof. �

EC.1.3. Proof of Theorem 1

Proof. By Lemma 1, we can write Equation (12) as

pkn(Bm) =
∑

l∈Cn−1

pkn−1(Bl)
µk(n)

λk(n− 1)

λlm
λm +µm

+
∑

l∈Cmn+1

pk−1
n+1(Bl)

λk−1(n)

µk−1(n+ 1)

µlm
λm +µm

. (EC.3)

By subtracting the value at the k-th iteration from the value at the (k+ 1)-th iteration, we obtain

pk+1
n (Bm)− pkn(Bm) =

∑
l∈Cn−1

(
µk+1(n)

λk+1(n− 1)
pk+1
n−1(Bl)−

µk(n)

λk(n− 1)
pkn−1(Bl)

)
λlm

λ+µm

+
∑

l∈Cmn+1

(
λk(n)

µk(n+ 1)
pkn+1(Bl)−

λk−1(n)

µk−1(n+ 1)
pk−1
n+1(Bl)

)
µlm

λ+µm
.
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By taking the absolute values on both sides and applying the Triangle Inequality, we obtain

∣∣pk+1
n (Bm)− pkn(Bm)

∣∣ ≤
∣∣∣∣∣∣
∑

l∈Cn−1

(
µk+1(n)

λk+1(n− 1)
pk+1
n−1(Bl)−

µk(n)

λk(n− 1)
pkn−1(Bl)

)
λlm

λ+µm

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑

l∈Cmn+1

(
λk(n)

µk(n+ 1)
pkn+1(Bl)−

λk−1(n)

µk−1(n+ 1)
pk−1
n+1(Bl)

)
µlm

λ+µm

∣∣∣∣∣∣
≤ 1

λ+µ
n

∣∣∣∣∣∣
∑

l∈Cn−1

(
µk+1(n)

λk+1(n− 1)
pk+1
n−1(Bl)−

µk(n)

λk(n− 1)
pkn−1(Bl)

)
λlm

∣∣∣∣∣∣
+

1

λ+µ
n

∣∣∣∣∣∣
∑

l∈Cmn+1

(
λk(n)

µk(n+ 1)
pkn+1(Bl)−

λk−1(n)

µk−1(n+ 1)
pk−1
n+1(Bl)

)
µlm

∣∣∣∣∣∣ .
Taking the sum on both sides, we obtain

∑
m∈Cn

∣∣pk+1
n (Bm)− pkn(Bm)

∣∣ ≤ 1

λ+µ
n

∑
m∈Cn

∣∣∣∣∣∣
∑

l∈Cn−1

(
µk+1(n)

λk+1(n− 1)
pk+1
n−1(Bl)−

µk(n)

λk(n− 1)
pkn−1(Bl)

)
λlm

∣∣∣∣∣∣
+

1

λ+µ
n

∑
m∈Cn

∣∣∣∣∣∣
∑

l∈Cmn+1

(
λk(n)

µk(n+ 1)
pkn+1(Bl)−

λk−1(n)

µk−1(n+ 1)
pk−1
n+1(Bl)

)
µlm

∣∣∣∣∣∣ .
According to Lemma 1, we have:

λk+1(n− 1) = λk(n− 1) = λk−1(n) = λk(n) = λ;

µk+1(n)≤ µn, µk(n)≤ µn, µk(n+ 1)≥ µ
n+1

, µk−1(n+ 1)≥ µ
n+1

.

We also define:

∆k
n,m = pkn(Bm)− pk−1

n (Bm).

Therefore, we have

∑
m∈Cn

∣∣∆k+1
n,m

∣∣ ≤ 1

λ+µ
n

∑
m∈Cn

∑
l∈Cn−1

µn
λ
λlm

∣∣∆k+1
n−1,l

∣∣+ ∑
m∈Cn

∑
l∈Cmn+1

λ

µ
n+1

µlm
∣∣∆k

n+1,l

∣∣

=
1

λ+µ
n


∑

l∈Cn−1

µn
λ

∣∣∆k+1
n−1,l

∣∣ ∑
m∈Cn

λlm︸ ︷︷ ︸
=λ

+
∑

l∈Cn+1

λ

µ
n+1

∣∣∆k
n+1,l

∣∣ ∑
m∈Cn

µlm︸ ︷︷ ︸
=µl


=

1

λ+µ
n

 ∑
l∈Cn−1

µn
∣∣∆k+1

n−1,l

∣∣+ ∑
l∈Cn+1

λµl
µ
n+1

∣∣∆k
n+1,l

∣∣
≤ 1

λ+µ
n

µn ∑
l∈Cn−1

∣∣∆k+1
n−1,l

∣∣+ λµn+1

µ
n+1

∑
l∈Cn+1

∣∣∆k
n+1,l

∣∣ .
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LetMk,n =
∑

l∈Cn

∣∣∆k
n,l

∣∣ and γn = µn
µ
n
. Then, we have

Mk+1,n ≤
1

λ+µ
n

(µnMk+1,n−1 + γn+1λMk,n+1) .

For every step k, we have:

Mk,0 =
∑
l∈C0

∣∣pk0(Bl)− pk−1
0 (Bl)

∣∣= ∣∣pk0(B0)− pk−1
0 (B0)

∣∣= |1− 1|= 0,

Mk,N =
∑
l∈CN

∣∣pkN(Bl)− pk−1
N (Bl)

∣∣= ∣∣pkN(B2N−1)− pk−1
N (B2N−1)

∣∣= |1− 1|= 0.

LetMk = supnMk,n,

Mk+1,1 ≤
1

λ+µ
1

(µ1Mk+1,0 + γ2λMk,2) =
1

λ+µ
1

γ2λMk,2 ≤
λ

λ+µ
1

γ2Mk

Mk+1,2 ≤
1

λ+µ
2

(µ2Mk+1,1 + γ3λMk,3)≤ λ

λ+µ
2

(
µ2

λ+µ
1

γ2 + γ3

)
Mk

Mk+1,3 ≤
1

λ+µ
3

(µ3Mk+1,2 + γ4λMk,4)≤ λ

λ+µ
3

(
µ3

λ+µ
2

(
µ2

λ+µ
1

γ2 + γ3

)
+ γ4

)
Mk

=
λ

λ+µ
3

(
µ3

λ+µ
2

µ2

λ+µ
1

γ2 +
µ3

λ+µ
2

γ3 + γ4

)
Mk

Mk+1,4 ≤
1

λ+µ
4

(µ4Mk+1,3 + γ5λMk,5)

≤ λ

λ+µ
4

(
µ4

λ+µ
3

(
µ3

λ+µ
2

µ2

λ+µ
1

γ2 +
µ3

λ+µ
2

γ3 + γ4

)
+ γ5

)
Mk

=
λ

λ+µ
4

(
µ4

λ+µ
3

µ3

λ+µ
2

µ2

λ+µ
1

γ2 +
µ4

λ+µ
3

µ3

λ+µ
2

γ3 +
µ4

λ+µ
3

γ4 + γ5

)
Mk.

For notational convenience, we define:

φn,q = γq

n∏
j=q

µj
λ+µ

j−1

(2≤ q≤ n) and φn,n+1 = γn+1,

Φn =
λ

λ+µ
n

n+1∑
q=2

φn,q, (n≥ 2).

We proceed by induction to show that for any n≥ 2,

Mk+1,n ≤ΦnMk. (EC.4)

We have previously shown the case for n= 2. Assuming the formula holds for n= s, for the case n= s+ 1,

we have

Mk+1,s+1 ≤
1

λ+µ
s+1

µs+1Mk+1,s︸ ︷︷ ︸
≤ΦsMk

+γs+2λMk,s+2︸ ︷︷ ︸
≤Mk


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≤ λ

λ+µ
s+1

(
µs+1

(
1

λ+µ
s

s∑
q=2

φs,q +
1

λ+µ
s

γs+1

)
+ γs+2

)
Mk

=
λ

λ+µ
s+1

(
µs+1

λ+µ
s

s∑
q=2

γq

s∏
j=q

µj
λ+µ

j−1

+
µs+1

λ+µ
s

γs+1 + γs+2

)
Mk

=
λ

λ+µ
s+1


s∑
q=2

γq

s+1∏
j=q

µj
λ+µ

j−1

+
µs+1

λ+µ
s

γs+1︸ ︷︷ ︸
=
∑s+1
q=2 φs+1,q

+γs+2

Mk

= Φs+1Mk.

Thus, we confirm that (EC.4) holds and is independent of k. Notice that ΦN = maxnΦn < 1, where this

inequality follows from Assumption 3.1. Therefore,Mk+1 ≤ΦNMk for each k because

Mk+1 = sup
n
Mk+1,n ≤ΦNMk. (EC.5)

Moreover, based on (EC.5),

Mk+1 ≤ΦNMk ≤Φ2
NMk−1 ≤Φk

NM1. (EC.6)

Given that ΦN < 1 and is independent of k,

lim
k→∞

Mk+1 ≤ lim
k→∞

Φk
NM1 = 0.

Hence, for all n and k,

∣∣pk+1
n (Bl)− pkn(Bl)

∣∣≤∑
l∈Cn

∣∣pk+1
n (Bl)− pkn(Bl)

∣∣=Mk+1,n ≤ sup
n
Mk+1,n =Mk+1.

In conclusion,

lim
k→∞

∣∣pk+1
n (Bl)− pkn(Bl)

∣∣≤ lim
k→∞

Mk+1 ≤ lim
k→∞

Φk
NM1 = 0.

Thus, for each n,
∣∣pk+1
n (Bl)− pkn(Bl)

∣∣ converges to 0 as k approaches infinity at a geometric rate.

Next, we show that it converges to the original hypercube solution. Suppose the algorithm converges to

p̄n(Bm), with limk→∞ p
k
n(Bm) = p̄n(Bm) 6= pn(Bm). If the algorithm converges, there exists anM > 0 and

an infinitesimally small ε > 0 such that for allm>M ,

|pmn (Bm)− p̄n(Bm)| ≤ ε, and |pm−1
n (Bm)− p̄n(Bm)| ≤ ε,

for all n= 0,1, . . . ,N and all m. By proving this and noting that pmn (Bm) and pm−1
n (Bm) follow Equation

(EC.3), we can infer that p̄n(Bm) also satisfies Equation (EC.3) when ε→ 0. We then have both p̄n(Bm)

and pn(Bm) as solutions.
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Given that all states in our model are positive recurrent and the continuous Markov process for the

spatial queueing system is irreducible, there is a guarantee of a unique positive stationary distribution.

Thus, the steady state distribution P{n,Bm} corresponding to (4) and (5) is unique. We have pn(Bm) =

P{n,Bm}/p(n), which is a one-to-one mapping from state joint probability P{n,Bm} to conditional

probability pn(Bm). Consequently, we have p̄n(Bm) = pn(Bm). �

EC.2. Extended Numerical Analysis
This section provides detailed times, including both coefficient generation and computation, for St. Paul,

MN, and Greenville County, SC.

EC.2.1. Heterogeneous Case

In this section, we present the time for heterogeneous service rates for different cases, detailed in Table EC.1.

In these instances, our CPU algorithm (i.e., Algorithm 1) is compared with a method that solves the problem

using a sparse solver, given that both the original hypercube model and the modified model employing

alternating hyperplane methods are infeasible for heterogeneous service rates.

For each scenario, we detail the computation times for both the sparse solver and our algorithm, with the

latter emphasized in boldface. Note that NA indicates that results are omitted because the original hypercube

solution becomes computationally prohibitive for systems with more than 20 units. From the tables, we

note that the computation time for the sparse solver increases significantly as N grows. For instance, the

sparse solver requires more than 9,000 seconds to tackle a 15-unit problem and becomes impractical for

scenarios with over 15 units. Conversely, our method is able to solve considerably larger problems efficiently.

Specifically, for the 15-unit case, our method is 2,000 times faster compared to the sparse solver.

EC.2.2. Homogeneous Case

This section evaluates the total time for cases with homogeneous service rates, using the CPU algorithm and

the alternating hyperplane method by Larson (1974). We find that our coefficient generation operates almost

Table EC.1 Detailed Time (s) for the Heterogeneous Case.

ρ
# Units (N )

11 12 13 14 15 16 17 18 19 20

St. Paul

0.1 2.5 1.3 23.3 2.0 198.5 3.2 1120.1 6.1 9042.9 9.7 NA 35.2 NA 108.8 NA 265.1 NA 606.7 NA 1764.4

0.2 2.5 0.7 22.9 0.9 194.8 1.6 1086.0 3.2 9226.3 3.5 NA 10.6 NA 53.0 NA 123.9 NA 291.9 NA 645.2

0.3 2.4 0.7 22.9 1.0 194.4 1.9 1097.1 2.6 9012.0 4.1 NA 13.0 NA 63.8 NA 148.9 NA 342.1 NA 715.9

0.4 2.4 0.7 23.0 1.0 193.4 2.0 1088.6 2.5 9227.1 4.3 NA 14.0 NA 68.2 NA 155.5 NA 356.5 NA 718.0

0.5 2.5 0.8 23.0 1.0 193.9 1.9 1075.5 2.5 9310.8 4.2 NA 13.8 NA 69.7 NA 156.6 NA 360.4 NA 702.6

0.6 2.5 0.8 22.9 1.0 195.0 1.8 1086.7 2.4 9276.2 4.1 NA 13.4 NA 65.8 NA 150.1 NA 344.5 NA 674.6

0.7 2.5 0.8 22.8 0.9 194.1 1.7 1113.1 2.2 9185.2 3.9 NA 12.8 NA 63.7 NA 139.6 NA 327.2 NA 645.6

0.8 2.5 0.8 22.8 0.9 194.1 1.6 1087.1 2.1 9226.3 3.6 NA 11.9 NA 59.4 NA 133.1 NA 310.2 NA 601.8

0.9 2.5 0.8 22.8 0.9 193.6 1.4 1097.0 2.0 9246.6 3.4 NA 11.0 NA 53.9 NA 123.5 NA 283.4 NA 575.3

Greenville

0.1 2.5 1.5 24.5 1.7 177.3 3.2 1006.2 4.4 8713.4 8.7 NA 25.4 NA 76.4 NA 188.7 NA 575.8 NA 1152.4

0.2 2.5 0.7 23.5 0.8 172.4 1.1 1035.4 1.7 9165.5 5.3 NA 15.4 NA 40.4 NA 100.9 NA 253.0 NA 475.4

0.3 2.4 0.8 23.6 1.0 172.3 1.4 1024.3 2.0 8581.8 6.4 NA 18.8 NA 48.1 NA 121.5 NA 301.8 NA 622.0

0.4 2.4 0.9 23.9 1.1 174.3 1.5 1192.7 2.1 8883.9 6.9 NA 20.4 NA 52.6 NA 127.7 NA 338.0 NA 674.6

0.5 2.4 0.9 24.2 1.2 175.6 1.6 1019.8 2.2 8813.1 7.1 NA 21.2 NA 54.2 NA 130.8 NA 345.4 NA 690.6

0.6 2.5 0.9 23.5 1.1 175.9 1.6 1022.8 2.2 9184.3 6.9 NA 21.1 NA 54.3 NA 127.7 NA 327.9 NA 676.0

0.7 2.4 0.9 23.5 1.1 175.7 1.5 1021.3 2.1 8521.4 6.9 NA 20.8 NA 52.7 NA 124.7 NA 308.4 NA 632.3

0.8 2.4 0.8 24.7 1.1 172.3 1.4 1132.7 2.0 8577.4 6.7 NA 20.0 NA 51.1 NA 121.4 NA 293.0 NA 603.9

0.9 2.4 0.8 23.6 1.0 181.7 1.4 1341.3 1.9 8619.7 6.2 NA 19.5 NA 49.6 NA 116.2 NA 278.0 NA 560.1

Note. Regular: computation time of the sparse solver. Bold: computation time of CPU algorithm. NA: results not included.
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twice as fast as the original TOUR method, and the computation time using our algorithm is more than 97%

faster than the computation time using the alternating hyperplane method. To make a fairer comparison, we

improved the alternating hyperplane method by using current computer methodologies. We implemented

sparse matrix manipulation while adhering to Larson’s method in the other portions of his procedure. We

then compared our algorithm with the enhanced version of Larson’s method. Our method reduces the total

time by about 50% compared to the enhanced Larson method.

In the Tables EC.2 and EC.3, CPU represents our method, and AH denotes the original alternating

hyperplane solution. The original version used point updating with for-loops. We also modified the original

code to enhance its speed, labeling it as MAH, which stands for the modified solution of the original

hypercube method. In this modified solution, we first convert the storage vector into a sparse matrix and then

replace the for-loops with sparse matrix multiplications. For each case, we report the times for generating the

transition rates (highlighted in boldface) and for computation. The original alternating hyperplane solution

requires a significant amount of time for systems larger than 20 units, taking over 20 minutes for the 21-unit

case and more than four hours for the 25-unit case. Therefore, we did not include these results in the table.

References
Larson RC (1974) A hypercube queuing model for facility location and redistricting in urban emergency services.

Computers & Operations Research 1(1):67–95.
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